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Topological, étale and ample groupoids

A topological groupoid is a groupoid object in Top.
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A topological groupoid G is:

étale if d: G(1)→ G(0) is a local homeomorphism and G(0) is LCH.
ample if G is étale and G(0) is totally disconnected.

ExAmples:

topological spaces   G(1) = G(0) = X (ample if X is LCH and td),
discrete groups   G(0) = ∗ (ample),
translation groupoids Go X when Gx X (ample if X is LCH and td),
discrete groupoids G

G =
⊔

[x]∈G(0)/G
G · x .

Steinberg algebra

If Z is a topological space, we define the R-module:

Cc(Z , R) := 〈χU : U ⊆ Z compact open〉 ⊆ RZ .

G ample   Steinberg algebra [2] AR(G) = Cc(G(1), R) with product:

(ψ ∗ϕ)(g) :=
∑

d(g)=d(h)
ψ(gh−1)ϕ(h).

System of local units: {χU : U ⊆ G(0) compact open}.

Groupoid homology : H∗(G) = TorAZ(G)∗ (Cc(G(0),Z), Cc(G(0),Z)).

ExAmples:

X LCH and td   AR(X ) = Cc(X , R), where R is discrete.
G discrete group   AR(G) = RG, the group algebra.
GX full equivalence relation in X × X  AR(GX ) = MX (R).
G discrete groupoid

AR(G) =
⊕

[x]∈G(0)/G
MG·x
�

R[G x
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�
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Local description of proper Hausdorff groupoids

An étale groupoid G is proper if (d, r): G(1)→ G(0)× G(0) is proper.
If x ∈ G(0) the stabilizer group is G x

x := d−1(x)∩ r−1(x).

Theorem (N. [1]): If G is étale (ample) proper and Hausdorff then for
every x ∈ G(0) there exists an (compact) open set x ∈ Ux ⊆ G(0) such that

G x
x o Ux

∼= G|Ux
Ux

.

Corollary: If G x X properly over a LCH space X , then for every x ∈
U ⊆ X there exists x ∈ Ux ⊆ U such that Ux is stabG(x)-invariant.
There are counterexamples for non-Hausdorff or non-proper groupoids
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Two-headed snake

Modules over Steinberg algebra as sheaves

A G-space is a space Z together with an action of an étale groupoid:

ρ : Z → G(0) Zρ ×d G(1)
•
−→ Z

A sheaf of R-modules is a G-space with ρ etale and its fibers in modR.
Theorem (Steinberg [3]) There is an equivalence of categories

ModAR(G) ' Sh(G,modR).

Idea: use Steinberg’s equivalence to describe ProjAR(G).

F.g. projective modules are idempotents χUAR(G)n→ χUAR(G)n.
What sheaf corresponds to χUAR(G)n?
G étale, free (i.e. (d, r) is injective) and proper   G 'morita G(0)/G.

Theorem (N. [1]): If G is ample, free and proper then

H0(G)∼= K0(AZ(G)).

Farrell-Jones conjecture

Idea: compute K-theory of group ring in terms of simpler things.
General version in terms of homotopy colimits over the orbit category :

Or(G,F) = {discrete spaces G/H, H ∈ F with G-equivariant maps}.

FJ conjecture: The assembly map is a weak equivalence:

hocolim
Or(G,VCYC)

KR
'
−→ K(RG),

where VCYC is the family of virtually cyclic subgroups.

Applications of Farrell-Jones to topology?

FJ conjecture for Whitehead group: If G is torsion free, Wh(G) = 0.
By means of surgery theory:
Conjecture (Borel ’53): any homotopy equivalence between closed as-
pherical topological manifolds is homotopic to a homeomorphism.

Isomorphism conjectures for groupoids

Cortiñas-Li (’26): orbit category Or(G,F) and assembly map for K(AR(G)).

which family of subgroupoids is analogue to virtually cyclic subgroups?

Goal: reduce FJ for groupoids to the discrete group case.
Discretization idea: G nice ample groupoid   Gd discrete groupoid s.t.

K∗(AR(G)) ∼=conj.
K∗(AR(Gd))∼=

⊕

[x]∈G(0)d /Gd

K∗(R[(Gd)
x
x]).

Examples of nice groupoids: spaces, groups acting on lattices, graphs.
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