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Problem set

Throughout this problem set all C*-algebras and *-homomorphisms are assumed to be unital.

1. Let A be a C*-algebra. An element v € A is said to be a partial isometry if v*v € P(A).

(a) Let v be a partial isometry. Show that v*(1—wvv*)?v = 0, and conclude that v = vv*v.
(b) Prove that the following statements are equivalent:

i. v is a partial isometry.

ii. v=wvv*v.

iii. v* is a partial isometry.
2. Let p and ¢ be projections in a unital C*-algebra A.

(a) p and ¢ are said to be orthogonal if pg = 0. Let p and ¢ be orthogonal projections.
Show that p + ¢ is a projection and that [p + ¢] = [p] + [q].

(b) p is said to be less than or equal to ¢ if pg = p. Show that if p < ¢, then ¢ — p is a
projection and [q — p] = [q] — [p].

3. Let 7 : My(C) — C be the trace map given by 7(M) = ZM”

(a) Let p,q € P(M,(C)). Show that p ~ ¢ if and only if 7(p) = 7(q).
(b) Show that Ko(M,(C)) — Z is an isomorphism of groups.
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(d) Let A and B be C*-algebras with the cancellation property. Show that A @ B has
the cancellation property.

Show that M,,(C) has the cancellation property.

(e) Show that AF-algebras have the cancellation property.

4. Let p and ¢ be projections in a unital C*-algebra A such that ||p — ¢|| < 1.



(a) Show that 2p — 1 is a unitary. Set z = pg + (1 — p)(1 — ¢), and show that

M=zl =1Cr-D-al <lE-9l <L

[e.9]
Conclude that x is invertible. (Hint: if ||a|| < 1, then Zak =(1-a)t)
0

(b) Let z = (z*z)'/2. Show that z is invertible and that u = zz~! is a unitary.

(¢) Show that px = pg = zq. Conclude that ¢ commutes with z*z and hence with z.
(Use the following fact: if @ is a normal element of a C*-algebra A, and b € A is such
that ba = ab, then bf(a) = f(a)b for all f €C(sp(a)).

(d) Show that ug = pu, and conclude that p ~ q.

5. Let A be a unital C*-algebra, and let a € A be a self-adjoint element such that § =
|a? — a| < %.

(a) Let t € sp(a). Show that |t? —t| < §, and conclude that
sp(a) C [—24,26] U1 — 24,1+ 26].

(b) Let f be the characteristic function of the set {t € sp(a) : t > 1 — 2§}. Show that
f € C(sp(a)), that f(a) € P(A), and that ||f(a) — al| < 24.

6. Let A =J,, Ay, where {A,,} is an increasing sequence of C*-algebras that contain 14. Show
that (KO(A), Ko(jn)) is the inductive limit of (KO(An), Ko(in)), where i, : A, — Ani1
and j, : A, —> A are the inclusion maps.

7. Let p be a prime number, and let A, be the direct limit of the sequence

My (C) 25 Mp(C) 225 My(C) 2 -

p
a 0 . 0
0 a . 0

where ¢, (a) =
0 0 ... a

Use the normalized trace T(P) = 13" | P; for P € M,(C) to find an isomorphism I

from Ko(Ap) onto a subgroup of Q. Find I(Ko(A,))" and I([14,]). Show that there is a
unital *-isomorphism ¢ : A, — A, if only if p = q.



