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Preliminary results

Definition (Regular domain)

An open set Q C R", n € {2, 3}, is said to be a C'*-regular domain if Q is bounded, lies locally on

one side of its boundary I" = 92, and there exist open sets Xg, X1,..., Xy C R™ such that:
(@) Xo C Q.
e} N
(b) @ C U;Zg Xi-
(c) Foreachi=1,..., N, there exists an invertible mapping

’l[)i 5 Xi — B(O, 1),
with ¢; € C1(X;), ;' € C'(B(0,1)), such that
(X N Q) = {z:= (2/,zn) ER" : ||z < 1, @, >0} = B(0,1) NRY,
and
Y (X; D) i= {z:= (¢/,zn) ER" : ||z < 1, 3, =0} = B(0,1) N IR
In this case, the collection N
{(Xiy¥i) Yiza
is called a system of local coordinate charts defining the boundary T".
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Preliminary results
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Preliminary results

@ If, in the above definition,
i, Yt €C™,
then Q is said to be an m-regular domain (or a C™ domain). Likewise, if
Pi, it € C,

that is, if both mappings are Lipschitz continuous, then Q is said to be a C°*
domain (or a Lipschitz domain).

@ Let M,N Cc R",and let f : M — N be a function. We say that f is Lipschitz
continuous if there exists a constant K > 0 such that

(@) = fll < Klle —yll,  Va,yeM.
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Preliminary results

@ For1l <p< +4oo,let
L(Q) = {f : QR : [flopea < +o0),
where )
s = ([ 177)" para1<p< toc

1 £llo,00,0 = Inf{M >0 : |f(x)] < M c.et.p. en Q}
@ We consider the Sobolev spaces W "7 () with » > 0, endowed with the norm
- llw e (-
@ Note that W %?(Q) = L?(Q) and if p = 2, we write H"(Q) in place of W "2?(Q2), with
the corresponding Lebesgue and Sobolev norms denoted by || - [[o,c and || - ||+,
respectively.
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Preliminary results

@ We write | - |,.o for the H"-seminorm.

e H/%(I") is the spaces of traces of functions of H!(2) and H~/2(I") denotes its
dual. With (-, -) we denote the corresponding product of duality between H'/2(T")
and H-/2(T).

@ By S and S we will denote the corresponding vectorial and tensorial counterparts
of the generic scalar functional space S.

@ For any vector fields v = (v;)i=1,,» and w = (w;);=1,, We set the gradient,
divergence and tensor product operators, as

ov; " dv;
Vv = ( Z) , divv:= 2, and vew:= (v;w;)ij=1n-
Ox; i,j=1,n J; Oz,

@ For any tensor fields 7 = (7i;)i,j=1,» and ¢ = ({ij)i,j=1,n, We let div T be the
divergence operator div acting along the rows of -, and define the transpose,
the trace, the tensor inner product, and the deviatoric tensor, respectively, as

n

n
1
= ()=, (7)) =) T, TiCi= Y TGy, and 7= T tr ()L,
=1

4,j=1

where I is the identity tensor in R™*™.
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Preliminary results

@ We denote
(v,w)a ::/ﬂvw, (v,w)a ::/Qv-w, (v,w)r ::/Fu~v and (7,¢)qn Z:/QT:C.

@ We recall that the Hilbert space
H(div; Q) := {r € L?(Q): divr € L*(Q)},
equipped with the usual norm
I713iv,0 == ITl13 0 + Idiv T3 o
@ The tensor version of H(div; 2) corresponds to
H(div;Q) := {7 € L*(Q): div T eL?*(Q)},
whose norm will be denoted || - ||div Q-

@ Givenp > lifn=2andp > 6/5 if n = 3, in what follows we will also employ the
non-standard Banach space H(div, ; 2) defined by

H(divy; Q) := {r € L2(Q) : div 7 € LP(Q)},

endowed with the norm

. /2
Illaiv, 0 = (Il + Idiv T130)
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Preliminary results

@ We define the sign function sgn, given by

1 if v>0,
sgn(v) =9 1 i , <o

for any scalar function v. It is quite clear that for a given v, there holds
vsgn(v) = |vl.

@ For a vector function v = (v;)i=1,», We extend the sign function as follows:
sgn(v); = sgn(v;) and observe that sgn(v) - v = |v1| + |v2| + ... + |vn]|, hence

[v| < sgn(v) - v < Valvl.

Note also that, for all v € R™ we have the property |sgn(v)| = v/n. Above, | - |
denotes the absolute value or the Euclidean norm in R™
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Preliminary results

@ Holder inequality:

+

SR
=

/ 1Fgl < e lgllacey, ¥ F € LP(Q), Vg € L(Q),  with
Q

@ Classical estimates:
[wlie < Cplwlia Vw € Hy(Q)
and

lwllLr) < Csob|lw|li Yw e H'(Q), forr>1ifn=2o0rr¢c[1,6]ifn=23,

with Cp > 0 and Cs., > 0 depending only on |Q].
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NAVIER—STOKES PROBLEM
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The steady-state Navier-Stokes problem

@ Equations:
—vAu+ (u-V)u+Vp = f in Q,
diva = 0 in Q,
u = up on T,

/p:().
Q

@ Unknowns: velocity u and pressure p.

@ Parameters and Data: v > 0, viscosity, f external force on 2 and up velocity on
I.

@ Compatibility condition on up:

/uD-n:O.
r

@ Geometry: Q@ C R", n € {2, 3}, a bounded domain with Lipschitz boundary I" and
n the outward unit normal vector.
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The nonlinear pseudostress tensor

@ Weintroduce 0 :=vVu — pl — u®u in Q.
@ The equilibrium equation remains:

—dive =f in Q.
@ From incompressibility condition divu = 0:
tr(o)=—mp—tr(u®u) in Q
@ Pressure in terms of o and u:
p= —%(tr (o)+tr(u®u)) in Q.
@ We rewrite Navier—Stokes equations as:
cl=vVu— (ugu)? in Q —dive=f in Q,
u=up on I, (tr(0),1)o = —(tr(u®u),1)q.

where

1
d ._ 3 = (di ) )
o =0 — ﬁ(tra)]l, and div o = (dlv(allﬂ""m"))1<i<n'
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Further variables of interest

@ Pressure; .
p=—(tr(e) +tr(umu)

@ Vorticity w := 3 (Vu — Vu');
_ - ot
w= o (0 —0).
@ Stress 6 := v(Vu+ (Vu)') — pl;
d

6=0c'+@wou+oc +uxu

@ Velocity gradient G = Vu;

G = (o' + (o))
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A conservative mixed variational formulation

@ Find (o, u) € X x M, such that (tr (6),1)qo = —(tr (u® u), 1)q, and:

1 . 1
;(a’d,rd)g + (div 7,u)o + ;(u®u, Td)g
(div o,v)a

forall (7,v) € X x M.

@ Trial space for velocity u'
M = L*(Q).

@ Trial space for nonlinear-pseudostress o

(Tn,up),

_(f7 V)97

X = H(div 4/5; Q) := {T € L*(Q) : div T € L**(Q)}

Camafio, Mufioz, Oyarzta. Numerical analysis of a dual-mixed problem in non-standard Banach spaces.

Electronic Transactions on Numerical Analysis vol. 48 (2018), pp. 114—130.
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Consistency with the classical velocity-pressure approach

@ Find (u,p) € H'(Q) x L§(Q) such that u|r = up and
v(Vu,Vv)o + ((Vu)u,v)e — (p,divv)e = (f,v)a Yv e HY(Q),
(g, diva)g =0 Vqe L(Q).
@ For a solution (u,p) € H'(Q) x L3(Q) then u € L*(N) and
o=vVu—pl—u®uel’Q).
@ In addition

(vVu —pl,Vv)o = —((Vu)u — f,v), Vv e [C;®(Q)]",

Q
= vAu — Vp = (Vu)u — f in the distributional sense.
@ Therefore (Vu)u € L*/3(Q), which implies
dive = vAu — (Vu)u — Vp € LY3(Q)

@ Definition of the space H(div 4/3; ) for the unknown o is coherent with the
classical velocity-pressure formulation!
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Continuous Formulation J
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Variational problem (First approach)

@ Variational problem (First approach):
Find (o, u) € X x M, such that (tr (¢),1)o = —(tr (u® u),1)q, and

a(o, ) + b(m,u) + c(w;u,7) = F(r), VreX
b(o,v) = G(v), VveM.
@ Bilinear forms:
a(o, 1) = %(O’d,ﬂ'd)g and b(r,v):= (div 7,v)a.

@ Trilinear form:
1 d
c(w;v,T) = ;(W@V,T ).

@ Functionals:
F(r) = (rn,up) and G(v) = —(f,v)a.
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Decomposition of X

X =Xo & PQ(Q)H,

where
Xo == {7 € H(div 4/5;Q) : (tr(7),1)a = 0}.

Py(2) Lis a topological supplement for Xo.

More precisely, each T € X can be decomposed uniquely as:

) 1
T =170+ cl, with 79 € Xo and c::—/trTGR.
n|Q| Jq
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Variational problem (Second approach)

Find (o9, u) € Xy x M, such that
a(oo,7)+b(T,u) + c(u;u,7) = F(r) V1 e Xo,

b(oo,v) = G(v) VveM.

Lemma

If (o, u) is a solution of the first approach, then

(0,u) = (o + (tr (u®u), 1)l u)

IQI
is a solution of the second approach Conversely, if (o0, u) is a solution of the second
approach then (o,u) = (oo — nlﬂl (tr (u® u), 1)el, u) is a solution of the first
approach.

o0 =0+ ——(tr(u®u),1)al

IQI
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The fixed-point operator

2
K= {veM: viw < 2 (Crlunliyar + fluse) |

with v and C'r being the positive constant defined below.

The fixed-point operator

J: K=K, w—=J(w)=u,
where, given w € K, u is part of the solution of the problem:
Find (o, u) € Xo x M, such that
a(o,7) + b(m,u) + c(w;u,7) = F(r), VreX
b(o,v) = G(v), VveM.

Ju)=u & (o,u) € Xy x M satisfies the second approach.

& (o0 — |Q|(tr(u®u) ,Dellu) e X x M

satisfies the first approach.
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Preliminary results

@ Holder inequality:

+

SR
=

/ 1Fgl < e lgllacey, ¥ F € LP(Q), Vg € L(Q),  with
Q

@ Classical estimates:
[wlie < Cplwlia Vw € Hy(Q)
and

lwllLr) < Csob|lw|li Yw e H'(Q), forr>1ifn=2o0rr¢c[1,6]ifn=23,

with Cp > 0 and Cs., > 0 depending only on |Q].
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Preliminary results

Lemma
There exists Cyq > 0, such that

CallmlBa < 7930 + div 7]20aq, VT € Xo.

Proof:
Given T € Xo, and denoting by z the unique element in W+ such that

divz=tr(r) and [z]i,o < Cltr(7)]

0,92,

where W := {w € H}(Q) : divw = 0 in Q} and H}(Q) = W @ W+, using the
Hoélder inequality, the previous Sobolvev inclusion with p = r = 4 and ¢ = 4/3, the
previous result and following the same steps employed in the proof of Lemma 2.3 2 it
can be readily seen that
1/2
g,ﬂ} )

lex (P13, < nCllzllva {IdivlFasg, + 7]

which together with the definition of +¢ implies the result.

2G. N. Gatica A Simple Introduction to the Mixed Finite Element Method. Theory and Applications, Springer
Briefs in Mathematics, Springer, Cham Heidelberg New York Dordrecht London, (2014).
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Well-definiteness of 7

@ Continuity of the forms a, b and c:
1
la(o,7)| < ;HUHXHTHX Vo, T €X,

[b(r,v)| < ||7lxl[vlm VT eX,VveM,

and
1
le(w;v,7)| < ;HW”MHVHM”T”X VreX,Vw,ve M.

@ Kernel of b:
Vi={reXo:b(r,v)=0,VveM}={r€Xp: divr=0 inQ}.
@ Ellipticity of a on V: There exists a := Cy/v > 0, such that
a(r,7) > allr|t  VreV.

Calltllfe < T80 + Idiv Tl V7T € Xo.)
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Well-definiteness of 7

Lemma
There holds,
sup M > Blv]lm Vv € M,
ozrexo |ITlx
with
B = (n+nC2C%;)" "2
Proof:

Given v € M, we let h(v) := |v|*sgn(v) and observe that
(B(W)[*?, Do = (Iv[*lsgn(v)[**, 1)a = n**(jv|*, 1)a < +oo,
which implies that h(v) € L*3(Q).
Then, defining ¥ = —Vz + L(div z,1)I € L*(Q), with z € H}(Q) being the unique

n|Q
solution of the variational problem
(Vz,Vw)a = (h(v),w)a Vw € Hé(Q), (1)
it readily follows that
divF =h(v) e L*?(Q),  (tr(7),1)a =0, 2

and, consequently, 7 € Xo.
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Well-definiteness of 7
Moreover, we have

.- 3
[div 7l a/(q) = D) lIL1/s 0y = Vallvii-

On the other hand, from (1) with w = z, (3) and the Holder inequality, we obtain

20 = (V2,V2)a = (h(v),2)e < [b()llpsqllzlivie) = Vallviiilzlm,

which, implies
Iz[l1,0 < VRCsobCrl|v|Ra-
From the latter, it readily follows that

1/2
- 1 .
7l ={lofta - g@va i} < lalhe < VAC.aCrlvii

which combined with (3), yields
7]l < 87 [[v[lRa,

with 3 := (n +nC%2C%,,)~ /2. In this way, it follows that

~ 3
ap POV BEY) b0 (vPseat) o | g
oirdey Irle = 7l =7 VIR I¥I%

which concludes the proof.
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Well-definiteness of 7

Remark:

In the proof above, another feasible choice for h(v) € L*/3(Q) is h(v) = |v|?v. In
general, if v € LI(Q), with ¢ > 1, then h(v) = |v|7"2v € L?(Q) with p = 715, since

/ Ih(v)[ = / [P = / [v]7 < too.
Q Q Q
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Well-definiteness of 7

Lemma
There hold:
|[F(7)| = [{Tn,up)| < Crlluplli/z,rl7lx 5)
and
GV = I(F, v)al < [fllga/sq)lvim, (6)

where Cr is a positive constant depending on Cs,, (cf. (23)).

Proof:
@ The proof of (6) is straightforward.

@ Now, for (5) let us first recall that given = € H(div ; ), the normal trace =n is defined as the
functional in H~1/2(T") given by

(tn, &) = (1, V3, 1 (€)a + (5 1(€),div T)q V&€ HY(ID), 7

where 751 : HY/2(T') — [H§(Q)] L is the right inverse of the well known trace operator

70 : HY(Q) — HY/2(T).

@ Then, since 7, 1 (¢) € H'(?) and H' (Q) c L*(Q), the last term in (7) is still well defined if
div 7 € L*/3(Q). This implies that 7n € H=1/2(T") for all 7 € H(div,3;), and then F is
well defined.

@ Moreover, it readily follows that there exists Cr > 0, such that

(0, €)| < CrliTlxll€ll jor, V7 € H(divys;9Q), VE € HY2(D),
which implies (5).
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Remark

In general, owing to the Sobolev embedding H'(Q) C LI(Q2), with 1 < ¢ < +ocif n =2
and q € [1, 6] if n = 3, we have that for a given £ € H'/?(I") the estimate

|3 (&), div T)a| < C17 ' (&) llLe(o Idiv T||Lr o),

holds only for p > 1if n =2 and p > 6/5 if n = 3, satisfying with J + 2 = 1.
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Babuska—Brezzi theory in Banach spaces

Let X and M be two reflexive Banach spaces and leta € £(X x X;R)and b € £L(X x M;R) be
two bilinear forms. Then, given f € X’ and g € M’, we are interested in the following problem:
Seek u € X and p € M such that

a(u,v) +b(v,p) = f(v), VveX,
b(u,q) =g(q), VqgeM.
The previous problem is well-posed if and only if

inf sup M >a>0,
u€Ker(B) vEKer(B) Hu”X ”U”X
Vv € Ker(B), Vu € Ker(B), a(u,v) =0] = v=0,
and .
.9 S 5.0

f - 7%
a€M vex [lvllx llgllas
Furthermore, the following a priori estimates hold:

{”UHX <allfllx: +eallgllae

lIpllar < esllfllxs + callglinge,
with

A ¥ OO\ T T V)
o’ B o )’ B8 o )’ 32 o )
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Well-definiteness of 7

A:(XoxM)x (XoxM)—R
A((o,u),(7,v)):=a(o,7) + b(T,u) + b(o,v).

A is bounded. In addition, A satisfies:
wp AL, (1)

29¢ 2l V(¢ 2z) € Xo x M,
ot(rvexoxm (T, V)l

with
_ CgBmin{l,vp}
TGt )BT )

Jessika Camafio Banach Space FEM for Nonlinear Fluid Mechanics CIMPA 2026 32/73



Banach—Necas—Babuska Theorem

Theorem

Let W be a Banach space and letV be a reflexive Banach space. Let
a € L(W x V;R) and f € V'. Then, the following problem:

Find w € W such that a(u,v) = f(v), Vv eV.

is well-posed if and only if:
@ There exists a > 0 such that

inf sup —20)_
weW vev [[wllw [[v]lv

@ Foreveryv eV,
(Yw € W, a(w,v) =0) => v =0.

Moreover, the following a priori estimate holds:

1
VeV, llullw < 2 ISl
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Well-definiteness of 7

Theorem
Assume that A
= (CF||UD||1/2,F + ||f||L4/3(Q)) <1

Then, given w € K, there exists a unique u € K such that 7 (w) = u.

Proof:
@ Given w € K, we define:

AW((Ua u)7 (T7 V)) = A((O’, 11), (T7 V)) + C(W; u, T) .
@ Problem: Find (o, u) € Xo x M, such that

Aw((o,u),(T,v)) = F(T)+ G(v) V(T,v) € Xo x M.
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Well-definiteness of 7

@ Given (¢, z), (7,V) € Xo x M with (,V) # 0, we observe that
wp | Awl(C2)(1v) A2, (79| Jelwiz,7)

0£(,v) €% XM (7, V) - 179l 1)l

|A((C2), (1, 9)] %uqun(c,zm

which implies

wp | Awl(Ca).(rv) (7 _ %HWHM) 0

ot(rvexoxm (T V)]l

@ From the definition of set K, and the previous assumption, we easily get

2
< o (Crlunlyzr + s ) <

1 Y
;HWIIM S5
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Well-definiteness of 7
@ Hence,

Aw((C.2), (T, V) | 7
s o 2 2lG@l V(6m) €Xox M.

@ On the other hand, for a given (¢, z) € Xo x M, we observe that

Aw((T,v),(¢,2))

e AWV (GE) = s Tl
o AV telwivi)
0#(T,v)eXg XM ||(T,V)||
from which,
A((T,v), (¢.2)) + e(w; v, Q)]
wp ATV (62) 2 cx3ll
AT ). (G2 le(wsv.0)l
e ] TG

forall (7,v) € (Xo x M)\{0}, which implies

A((r,v),(¢z) 1
AW I ) ) = P S S A S A , ,
(T,V)S;?oxM ((T V) (C Z)) = 0#(7,31)1€F)XOXM ||(T;V)|| I/”VV”M”(C Z)H
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@ Therefore, using the fact that A(-, -) is symmetric, we obtain

wp  Aw((T,v),(6,2) 2 6] — Liwlal(€ 2,

(T,v)eXgxM

which yields

=2

sup  Aw((T,v),(¢,2)) = Sl(¢,2)[| >0 V(¢ 2) € Xo xM, ((,2) # 0.

(r,v)eXgxM

[\V]

@ We apply the the Banach—Necas—Babuska theorem (Extension to Banach spaces
of the BabuSka—Brezzi theorem) to Aw (-, -).

o ul < ll(o, Wl < 2 (Crllupllyyar + €l ) -
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Well-posedness of the continuous problem

Theorem

Letf € L*/3(Q) and up € H'/?(I") such that

4
oz (Orllupllz oy + IFlgassie)) < 1

Then, there exists a unique (o, u) € Xo x M solution of the second approach. In addition, there
exists C > 0 such that

lalle + ol < € (lupllyjzr + IfllLassgay ) -

Proof:
@ Let w1, wa, ug, uz € K, such that u; = j(Wl) and us = j(WQ)

@ From the definition of 7, it follows that there exist unique o1, 02 € Xo, such that for all
(7,v) € Xo x M, there hold

Aw, ((o1,u1),(T,Vv)) = F(T)+ G(v), and Aw,((o2,u2),(7,Vv)) = F(1)+ G(v).

@ Then, subtracting both equations, adding and subtracting suitable terms, and recalling the
definition of A, we easily arrive at

Aw, (o1 — o2,u1 —u2),(7,v)) = —c(wi — wa;ug, T) V(7,v) € Xg x M.
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@ Therefore, recalling that wi € K, from the latter identity , we obtain

A o1 —o2,u; —u2),(7,v
Vs —wolne < sup 2wl Elul))
2 0#£(7,v)EXo XM [l(m, V)l
—c(wi — wa;ug,T)
= sup
04£(T,v)EX X M (7, v)Il

N

1
< 2 lwa = wallmlluzlm,
which together with the fact that us € K, implies
4
s =zl < 5 (Crllunli ey + Il ) Iws = walw

@ The latter and the previous assumption readily imply that 7 is a contraction mapping.

@ Now, let u € K be the unique fixed-point of 7 and let o € X be such that (o, u) € Xo x M
is the unique solution of the problem.

@ According to the definition of K, evidently u satisfies

2
lulla < = (Crlluplyor + Iflgas)

@ Inturn,
2 Ay((o,u),(1,v)) _ 2 F(r) +G(v)
lollx <ll(e,w)] < - sup Su A _ 2 ST EW)
Y 0#(7,v)EXox M (T, v)Il Y ox(rv)exoxM (T V)l
thus

2
ol < = (Crllupllaqy + IEluas ) -
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Galerkin scheme J
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Discretes spaces

@ We denote by P,(S) the space of polynomials of total degree at most I defined on
S.

@ For each integer k£ > 0 and for each T' € T, we define the local Raviart-Thomas
space of order k as: B
RT(T) := [Pu(T)]" & Pr(T)x,

where x := (z1, ..., z,)" is a generic vector of R” and Py (T) is the space of
polynomials of total degree equal to k& defined on T'.
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Discretes spaces and formulation

@ Discrete spaces:
Xp = {rh €X: c'7alx € RTx(K) VeeR" VKeTh} C X,
M, = {Vh cM : Vth S [Pk(K)]n, VK € 771} C M.

@ Notice that
Xn = Xmo ® Py (Q)H with Xh,o = Xp N Xo,

@ The Galerkin scheme associated to the second approach reads:
Find (o, un) € X0 x My, such that

a(ah,‘rh) + b(‘rh,uh) + c(uh;uh,‘rh) = F(Th) V15, € Xhno,

b(ah,vh) = G(Vh) Vv, € My.
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Preliminary results

@ Given r > 1, let us define the space
Z, = {r € H(div,;Q) : 7|r € W(T), YT €Ty},
and let
0y : Z, — X5, := {r € H(div; Q) : 7|7 € RTx(T), VT € Tn},

be the Raviart-Thomas interpolator operator, which is characterized by the
identities

/(HZ(T) V)€ = /(T-l/)§ V £ € P(e), ¥ edge or face e of Ty,
and

/Hﬁ(r)-wz/r-¢ Vap € [Poa(T))", YT €T (ifk>1).
T T
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Preliminary results

@ Notice that for ~ > 1 the trace operator is well-defined from W (K) to
W= 5" (0K) C L'(0K), thus TI£ is well defined in Z,.
@ In turn, it is well known that the following identity holds

div(IT} (1)) = Ph(divr) V7 € Zy,
where Pf : L"(Q) = My, :={v € L"(Q) : v|x € P.(K) VK € T,}isthe
operator satisfying

(PE(v) —v)zn =0 Yz, € M,
Q

and the following error estimate: For each 0 < ¢ < k + 1 and for each
w € WHT(Q), with 1 < r < oo, there holds

lw = Ph (w) ) < OB [wlwer ).

@ Notice that for » = 2, P} coincides with the usual orthogonal projection.

@ Notice also that with ¢ = 0 and the triangle inequality, it can be easily obtained that
PF is a continuous operator.
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Preliminary results

Lemma

Letr > 1. Then, there exists C1 > 0, independent of h, such that for each
7€ WHLT(T) with0 < | < k, and for each 0 < m < | + 1, there holds

142

T

M1 |7—|wl+1,7‘(T),
Pr

|T — Hﬁ(T)‘Wm,r(T) S Cl

where hr is the diameter of T, that is hr = max, yer ||x — y||, and pr is the diameter
of the largest sphere contained in T. Moreover, there exists C > 0, independent of h,
such that for each € Wb (T, with divr € WL (T) and 0 < | < k, and for each
0 <m <1+ 1, there holds

+1

|div T — div (IT§ (7)) |wm.r (1) < C2 me |div 7|+, (-
T
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Preliminary results

@ Owing to the regularity of the mesh, it is not difficult see that the following global
estimate holds

I = TI5(7) 0.0+ [|div —div (ITn (7)) |- () < ChHl{|T|Hl+1(n)+\diV7’|wl+1,r(9)},
forall0 <1< k+1,andforall 7 € H*(Q) with divr € W'17(Q).

@ It can be proved that

_n(2-7)
I7 =T ()lor < Chy = |rlwirery V7€ WH(T),

withr > 1ifn =2, and r € (1, 6] if n = 3, and in particular for » = 4/3, there holds

I7 = TR ()lor < Chy *|rlwrassry V€ WHY3(T),
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The discrete fixed-point operator

Kni= {ve M : vl < 2 (Crllunllan + floso) |

=2)| o

with 7 a positive constant defined below.

The discrete fixed-point operator

TIh : Kp = Kn, Wi = Jn(Wn) = up,

where, given wy € Kp, uy, is part of the solution of the problem:
Find (o'h,uh) € Xh,o x My,

a(a'h,‘rh) + b(‘rh,uh) + C(Wh;uh,‘l'h) = F(Th), V1 € Xh,0,

b(o'h,vh) = G(Vh), Vvy € M.

Jh(uh) =u, < ((O'h,llh)) (S Xh,o X Mhsatisfies

the Galerkin scheme associated to the second approach.
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Well-definiteness of 7},

@ Since div X;, C My, the discrete kernel of b corresponds to
Vi :i={mh €Xpno: b(Th,vn) =0,Vv, € My} ={11h € Xp0: div T, =0in Q}.
@ Ellipticity of a on V;: There exists a = Cy/v > 0 such that
a(th,Th) > Oé“ThH}zg V1, € V.
@ A satisfies the following discrete inf-sup condition

A ~
sup (on,un), (70, V) 5 5y )
0#(Th,vh)EXp 0 XMp I val

C'dgmin{l7 1/,/6\}

for all (Uh, uh) S Xh’o X Mh, with ;y\ = — .
2(Ca+1)(vB+1)
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Well-definiteness of 7},
Lemma

There exists B > 0, independent of h, such that

b
sup (Th,Vn)

> Bllvillm Vve € M.
otThexny IIThlx

Proof:
@ Given v, € My, we set

[ sgn(vp)|va|® in Q,
g(va) = { 0 in  B\Q,
where B C R™ is an open and bounded convex set containing Q.
@ Since g(vi) € L*3(Q), a well known result on regularity of elliptic problems
implies that there exists a unique weak solution z € W2*/3(B) N W} */?(B) of the
boundary value problem

—Az=g(vy) iIn B and z=0 on 9B,

which satisfies

3 3
HZ||W2v4/3(Q) < C”g(vh)HL4/3(B) = C||[val ||L4/3(Q) = Cllvalm,
with C' > 0.
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Well-definiteness of 7},

@ Hence, we set + = —Vz|qg € WH%/3(Q), and observe that
17 llwr.ar3 () < Cllvhlla,

which together with the continuity of the embedding from W*4/3(Q) into L2(Q2),
implies
[#llo.2 < Cllvalla-
1

@ Then, we define #), = I} (#) — ol (tr (I} (7)), 1)Q I € X;,0 and observe that

div 75, = P (div ) = P} (sgn(vs)|va]?).

Jessika Camafio Banach Space FEM for Nonlinear Fluid Mechanics CIMPA 2026 50/73



Well-definiteness of 7},

@ Inturn, we obtain

1
17rllo,0 S’T——(tr(‘r) DNol—7p + |7 = ——= (tr (#),1) ]I‘
12 ¢ 0,9 n|Q| o
1 1
| P N R LT A1 -
= H‘T II; (7) ] (tr (‘r l'Ih(‘r)) ,I)Q]I oo + HT o (tr (7), 1)1
<[l -k, o + 17100
1/2
2(1- 1)
S T ey ¢ Felvilis
TET)

< eth' % |+|Wl,4/3(Q) + C2||Vh||13v17

which, imply R 5
[7nllo,0 < Cllvallng
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Well-definiteness of 7},

@ Hence, using the fact that P¥ is a continuous operator, we easily obtain
N ~ 2 PN 2 1/2 N 3
I7allx = {lITnllo.0 + ldiv (Fa)llgas )} < éllvallm,

with ¢ > 0 independent of h.
@ Therefore, we obtain

sup b(Th,vi) _ b(Fn,vi) _ 1(lval’sgn(vi),vi)a _ 1|valm _ 1||Vh||M
—_— fa ~ p ~ PN b
rneXno  IThllx |17 nllx é (N elvallfs €
T #0

which concludes the proof with B =

1
=
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Well-definiteness of 7},

@ A satisfies the following discrete inf-sup condition

sup Alln,un), (Th,Vh)) 5 2 )

0#(Th,vR)EXp 0 XMy, (s Vi)l

CyBmin{1,v3}

for all (O'h, llh) c Xh’o X Mh, with :y\ = = .
2(Ca+1)(vB+1)
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Well-definiteness of 7, and discrete problem

Theorem
Assume that 0
s (Crlnlhyar + [Eluas)) < 1.

Then, given wi, € K, there exists a unique u, € K;, such that J,(wn) = un.

Theorem

Letf € L*3(Q) andup € H'/*(T") such that

4
W(CF|‘UD||1/2,F + Ifllgarsy) < 1.

Then, there exists a unique (o, un) € Xp,0 X My, solution to discrete version of the
second approach. In addition, there exists C' > 0, independent of h, such that

lunllm + floallx < C(||11D||1/2,r + ||f||L4/3(Q))'
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Conservativity

@ From the second equation of our problem we have that
(diVO’h—f, Vh)Q =0 Vv, € My,

@ which implies
divo), = Pj(f)
with P¥ the L?(Q)—orthogonal projector onto the piecewise polynomials vectors
on My,
@ Therefore, if f € M, then
diveo, =f

@ The method is momentum conservative
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Conservativity

@ If f is not piecewise polynomial, the latter also implies that
divon + fllga/3q) = [If — PZ(f)”L‘L/?'(Q)'
In fact, if f € W*+14/3(Q), then we have that
diveos + f||L4/3(Q) < Chk+1||f||wk+114/3(n)v

thatis, [|divos + fllpa/sq) = O(R*).
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Cea’s Estimate

Theorem

Assume that

= 57

with v and 7 being the positive constants in continuous and discrete inf-sup conditions,
respectively. Let (o,u) € Xo x M and (or,un) € Xp,0 X My, be the unique solutions of

continuous and discrete versions of the second approach, respectively. Then, there
exists Ce.q > 0, independent of h, such that

4 1
—(Crllup|li/2r + Ifllgass <
e luplli/ IElla/sq))

- - <cC inf - —vu)l.-
o —onu—w)l < Ceea inf (o= u—vi)

Proof:
We define e, := o — o, and ey := u — uy, and for any (¢, zn) € Xp,0 X My, we write

€o :£G+XO' = (Uich) + (Ch 70-}1)7 €u :£u+Xu = (uizh)+(zh 7uh)-
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Cea’s Estimate

@ Recalling the definition of the bilinear form A we have that the following identities
hold

A((o,0),(m,v) +e(wu,7) = F(r) + G(v)  V(r,v) € Xo x M
and
A((on,un), (Th,vi))+e(unsun, 7h) = F(7h)+G(vh) YV (Th, Vi) € Xp,oXMy,
from which we deduce the Galerkin orthogonality property
A((eo,eun), (Th,vn))+[c(u;u, 7n)—c(un;un, 1) = 0 YV (Th, Vi) € Xpn,0XxMjy,.

@ Then, using the identity
c(w;u, 1) = c(u—up;u, 7s) + c(up;u, Tn),

we obtain that for all (74, vs) € X0 X My, there holds

Au, (XorXu), (T, Vi) = —A((&5:€u): (Th,Va)) — c(y;u,Tr)

_C(Xu; u, Th) - c(ufﬁ £u7 Th)>
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Cea’s Estimate

@ which together with the definition of A implies

Auy ((XorXu)s (Th>VRE)) = —a(o,Tp) —béo,vh) — b(Th,€u) —c(uiu, Tp)

—c(xuiu, Tp) — c(up;éu, Th),
forall (74, vyp) € Xp g X My,

@ Then, since u;, € Kjy,, we apply the discrete inf-sup condition of A“h at the left hand side, the continuity properties of a, b and c at the right
hand side, to obtain

Ixellx + lIxullm <
v

2 ((1+v) 1 1 1
— (= rea i {1 i+ =l lgulivg + — xalnliulivg) -
5 > ., .

from which

v

2 (1+v) 1 1
ol + (1= —luln ) xaliv < = (= leolx + {1+ —lunling + ~lulvf Igaln )
b > .

2|0

@ Hence, using the fact that u € K and u;, € K, , we obtain

Ixellx + Ixullv < C (I llx + €ullm) -

with C > 0 independent of h.
@ in this way,

e, ew)ll < (xo: xull + I(¢o: €Il < A+ D)€, &)l
which combined to the fact that (¢, , v, ) € Xp o X My, is arbitrary, concludes the proof.
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Rates of convergence

Theorem

Let (o,u) € Xo x M and (o1, un) € Xp,0 x My, be the unique solutions of continuous

and discrete versions of the second approach, respectively with f and up satisfying the
previous inequality. Assume further that o € H'*1 (), divo € W'T14/3(Q) and

u e WHH4(Q), for0 < | < k + 1. Then there exists Crqie > 0, independent of h, such

that

(e —on,u—up)|| < Crareh'™ {lofait1iq) +1div o|witias + [ulwisiag}-

Proof: The result is a straightforward application of the previous theorem and
estimates:

@ Foreach 0 <t < k+ 1 and for each w € W*"(Q2), with 1 < r < oo, there holds
lw = Pr (w)|[Lr@) < Ch'[wlwe.r ).
@ Forall0 <1< Ek+1,andforall - € H*(Q) with divr € W'17(Q), there holds

|7 — H’fL(T)Ho,QJeriVdeiV (IIn () |lLr o) < chl+1{|T|Hz+1(Q)+|div T|Wl+1,r(Q)}
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Computing further variables of interest

If (on,un) € Xn,0 X M, is the solution of the discrete version of our second approach,
we propose the following approximations for the aforementioned variables:

pr = —% (tr(ch)+tr(uh®Uh) s

(tr (w ®uh>,1>n) ,

1
Gn = ;(O‘Z + (up @ up)?),

- 1
Ghn=0f+ o) — m(tr (up ® up), Dol + up, @ up, + (up ® up)?

and
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Rates of convergence

Corollary

Let (o,u) € Xo x M and (o, usr) € Xpn,0 X My, be the unique solutions of the
continuous and discrete versions of the second approach, respectively, with f and up
satisfying the previous inequality. Assume further that o € H't' (Q),
dive € WHH/3(Q) andu € WHH4(Q), for0 < | < k + 1. Finally, let px, &1, G, and
wy, given by the previous equalities. Then there exists C' > 0, independent of h, such
that

lp = prlloe + [[6 = Grllo.e + (|G — Gallo.e + [|w — whlo.0

< Ch*H {|olge o) + [div olwisias + [ulwiag) -
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Numerical results )
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Numerical aspects

@ We impose the condition (tr (o), 1)o = 0 via a penalization strategy. More
precisely, we simply replace the discrete problem by the system: Find
((ah,uh), Ah) S (Xh X Mh) X R, such that

a(on, Th) + b(Th,un) + c(up;un, 75) +)\h/ trrn, = F(7n),
Q

b(oh,vh) = G(vn),  (8)

77h/ trop =0,
Q

YV ((Th,vh),nn) € (Xp x Mp) x R,

@ Itis easy to see from the system above, taking 7, = I in the first equation, that \,,
is actually an artificial scalar unknown whose exact value is 0.

@ Moreover, from the third equation we easily obtain that o, € X, 0. As a
consequence, (o, us) is a solution to the discrete problem if and only if
((oh,un),0) is a solution to (8).
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Numerical aspects

@ FreeFem++ in conjunction with the direct linear solver UMFPACK on structured
meshes.

@ We use the Newtons method with a fixed tolerance tol= 1E-6, and the iterations
are terminated once the relative error of the entire coefficient vectors between two
consecutive iterates is sufficiently small, i.e.,

|coeff™ ! — coeff™|
|coeff™ 1|

< tol,

where | - | is the standard euclidean norm R™, with N denoting the total number of
degrees of freedom defining the finite element subspaces X;, and Mj,.

o We take (o9, uf) = (0,0) as initial guess.
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Numerical aspects

@ We now introduce some additional notations. The individual errors are denoted by:

e(o) = llo—onlx, e():=lu-uplm, e = lp—rrloa;

e(w) == |w—wpllo,n, e(Vu) = [[Vu—-Gplloe, (@)= |6 —nlon-
where p,, wy, Gp, and &, are the variables computed through the post-processing
formulas.

@ In addition, we let r(o), r(u), 7(p), r(w), r(Vu), and r(&) be the experimental rates of
convergence given by

o) o W@/ @) o os(ew/ew) - Tog(e(r)/</ (7))

log (/) tog(h/i7) 1 T T om(n/m)
_ log(e(w)/¢'()) . log(e(Vw/e'(Vw)) - log(e(5)/¢'(5)
T gy T T gy T gl

where h and h’ denote two consecutive meshsizes with errors e and e’.
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Numerical Example

Example 1 (analytical solution obtained by Kovasznay)
Let Q := (—1/2,3/2) x (0,2). For a given v, the exact solution is given by

1 — ™1 cos(2m2)

u(z1,z2) = N ;
5”1 sin(2mx2)

1
plan,a2) = =€ +p,

where
o —87?

Tt Vot lon2

and p is such that [, p = 0.
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Number of iterations for the Newton’s method

v h=0.1905 | h =0.0978 | h =0.0517 | h =0.0316 | h = 0.0156
1 4 4 4 4 3
0.1 - 5 5 5 5
0.01 - - - 6 6

Table: EXAMPLE 1: Convergence behavior of the Newton’s method with respect to the parameter
v, considering RTy — Pyp.
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Errors and rates of convergence for the mixed RTy — P approximation

N h || e(o) r(o) || e(u) r(u) || lldivoy]loo Iterations
3035 0.1905 45.2555 - 2.2882 - 9.0949e-13 4
12199 0.0978 22.5468 1.0457 1.1136 1.0809 1.8190e-12 4
48697 0.0517 11.6288 1.0393 0.5645 1.0665 5.4570e-12 4
196483 0.0316 5.6438 1.4634 0.2752 1.4542 1.4552e-11 4
774345 0.0156 2.8305 0.9815 0.1390 0.9720 2.9104e-11 3

o) | ) || elw) | r(w) || e«Vw | r(Vu) || e@) | r(5)
21.5953 - 24.0425 - 24.1994 46.0334 -
10.7272 1.0502 14.3573 0.7738 12.8855 0. 9459 21.9551 1.1112
5.4725 1.0565 7.7320 0.9715 6.7505 1.0148 11.0729 1.0745
2.6113 1.4978 3.8602 1.4062 3.3198 1.4367 5.2839 1.4977
1.2954 0.9970 1.9803 0.9493 1.6791 0.9694 2.6059 1.0053

Table: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence, L>°—norm of

div o}, and number of iterations for the mixed RTy — Py approximation of the Navier-Stokes

problem, with v = 1.
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Errors and rates of convergence for the mixed RT; — P; approximation

N | h || e(e) | r(e) || e(a) | r(a) || l[divoylljce | lterations
9633 0.1905 9.3862 - 0.2653 - 1.0687e-11 4
38881 0.0978 22385 | 2.1515 0.0613 2.1985 2.9559¢-11 4
155521 0.0517 0.5926 | 2.0863 0.0161 2.1012 6.8212e-11 4
628129 0.0316 0.1396 2.9268 0.0038 2.9436 1.6735e-10 3
2476673 0.0156 0.0354 1.9503 0.0010 1.9315 3.6744e-10 3
o) | r(p) || e(w) | r(w) || eo(Vw) | r(Vw) || e(&) | r(&)
4.2620 - 4.6641 - 5.2331 - 10.1175 -
0.9890 | 2.1925 1.2550 1.9703 1.2983 2.0922 2.3556 2.1875
0.2594 | 2.1008 0.3445 2.0295 0.3491 2.0619 0.6202 2.0948
0.0589 2.9996 0.0882 2.7589 0.0851 2.8562 0.1428 2.9724
0.0146 1.9873 0.0234 1.8837 0.0220 1.9259 0.0355 1.9812

Table: EXAMPLE 1: Degrees of freedom, meshsizes, errors, rates of convergence, L>°—norm of

div o}, and number of iterations for the mixed RT; — P; approximation of the Navier-Stokes

problem, with v = 1.
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Numerical Example

Example 2

Q:=(0,1) x (0,0.5) x (0, 0.5) the viscosity » = 1 and take f and up so that the exact
solution is given by

—x1(w2 — x3)(x2 + x3)
u(zy, 2, x3) = z2(z1 — x3) (21 + 3) :

—x3(x1 — @2)(x1 + 22)

p(x1,x2,x3) = z223(21 — 0.5) .
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N h || e(e) | r(e) || e() | r(u) || lterations

7393 0.1768 0.0616 - 0.0210 - 4

57217 0.0884 0.0312 0.9799 0.0105 0.9919 3

190945 0.0589 0.0208 1.0000 0.0070 0.9976 3

450049 0.0442 0.0156 1.0037 0.0053 0.9988 3

876001 0.0354 0.0125 1.0043 0.0042 0.9993 3
e(p) | (o) || e(w) | r(w) || e(Vw) | n(Vw) || e(&) | r(5)
0.0088 - 0.0550 - 0.0730 - 0.0730 -
0.0041 1.0990 0.0263 1.0677 0.0366 0.9948 0.0366 0.9093
0.0025 1.2391 0.0173 1.0332 0.0245 0.9915 0.0245 0.9508
0.0017 1.2618 0.0129 1.0197 0.0184 0.9917 0.0184 0.9662
0.0013 1.2526 0.0103 1.0130 0.0148 0.9924 0.0148 0.9741

Table: EXAMPLE 2: Degrees of freedom, meshsizes, errors, rates of convergence and number of
iterations for the mixed RTy — P approximations of the three—dimensional Navier-Stokes

problem, with v = 1.
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Thanks for your attention!!

Jessika Camano Banach Space FEM for Nonlinear Fluid Mechanics



	Continuous Formulation
	Galerkin scheme
	Numerical results

