Synchronization in Random Geometric Graphs
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The Kuramoto model is a popular model to describe synchronization of a system of FOT a gi\/en graph iS lt
)

n coupled oscillators. If the connections between the oscillators are determined by a

oiven graph, then the dynamics of the model can be described as follows: pOSSible t() guarantee
U = = > sin(u; — u;) . .
" i olobal synchronization,

or can there be patterns?

Global synchronization means that for almost any initial condition, the system con-
verges to a state where all phases coincide.

A RGG with parameters n and ¢, in a space D is a graph G,,(V, E) defined as follows:

e V ={z0,21,...,2,-1} € D is a sample of n independent and uniformly distributed
random variables:

. {Q?Z',Zl?j} c Eif d(ZCZ',@]) < €.

In this framework, the Kuramoto model takes the form

U = 21% ]Z sin(u; — ;) L iw=—VE,(u)
u;(0) = w; u(0) =u
where
E,(u) = Z > (1 — cos(u; — u;))

4 D = S!: There are patterns.
Approach: for each q € Z, the Kuramoto energy functional has a local minima of index

g with high probability.

4+ D = S* : As long as the initial conditions converge to a smooth function, there is global

synchronization.
Approach: solutions to the Kuramoto model converge to solutions of the heat equation
on the sphere with values in S, if the initial conditions do so.

What topological properties
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olobal synchronization?




