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We prove a general result about the behaviour of minimizing sequences for nonlocal shape functionals sat-
isfying suitable structural assumptions. Typical examples include functions of the eigenvalues of the frac-
tional Laplacian under homogeneous Dirichlet boundary conditions. Exploiting a nonlocal version of Lions’
concentration-compactness principle, we prove that either an optimal shape exists, or there exists a minimizing
sequence consisting of two “pieces” whose mutual distance tends to infinity. Our work is inspired by similar
results obtained by Bucur in the local case.
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1 Introduction

A significant task in Shape Optimization consists in proving existence of minimizing sets, in a suitable class, for
shape functionals of the kind

where m € N*, Q C R, and A\{(Q), ..., \,n () are eigenvalues of some differential operator. In the case of
the Laplacian under Dirichlet boundary conditions, and J(2) = A (1), existence of optimal shapes among all
measurable sets with prescribed Lebesgue measure has been a challenging open problem for a long time. Apart
from the simpler cases k = 1 and k& = 2, where the Faber-Krahn inequality implies that the optimal shape is a ball
(for k = 1) or the disjoint union of two equal balls (for & = 2), for the general case existence in the class of quasi-
open sets has been proven only recently by Bucur in [8] and by Mazzoleni and Pratelli in [22] independently. It
is still an open problem to identify the optimal shapes for £ > 3, although numerical simulations support some
conjectures.
When the differential operator under consideration is the fractional Laplacian, defined as

(—A)’u(z) := Cs y lim /RN\B ( Mdy

e—0 ) |z —y|NH2s

where s € (0,1) and Cs y is a normalization constant, the situation is quite different. While the ball minimizes
again the first eigenvalue under a volume constraint, the problem

min{\2(Q) |2 C RY, |Q| = ¢}, ()

where ¢ > 0, and |Q?] is the Lebesgue measure of (2, does not have a solution. Indeed, it was proven by Brasco
and the first author [5] that, for every admissible set €2,

AQ(Q) > )\1(3),
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2 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

where B is a ball of volume 5. and that a minimizing sequence {2, } ,cn such that Ay (€2,,) — A1 (B) is given
by the union of two disjoint balls of volume £, such that their mutual distance tends to infinity. This means that,
in the nonlocal case, a general existence result as in [8] or [22] can not hold true. On the other hand, if one
restricts the minimization to quasi-open sets which are contained in a fixed open set D C R¥, a generalization
of the existence result by Buttazzo and Dal Maso [10] holds true, as shown by Ferndndez Bonder, Ritorto and the
second author in [16].

Inspired by the results obtained in [7] by Bucur, in this paper we prove that, in the case of the fractional
Laplacian, for a minimizing sequence only two situations can occur: compactness, which implies, under some
assumptions, existence of an optimal shape; or dichotomy, which means that the sequence essentially behaves
as the union of two disconnected sets, whose mutual distance tends to infinity, as in Problem (1). To prove the
result, we make use of a nonlocal version of the celebrated concentration-compactness principle of Lions [21],
which we apply to the sequence of torsion functions wq,,, where {2, },,en is a minimizing sequence for the
shape functional under consideration. We recall that wq,, is defined as the weak solution of the problem

(—A)Swgn = 1 in Qn, (2)
wo, = 0 inRY\Q,.

In order to introduce our main results, we recall that a sequence {2, },,cry of s-quasi-open sets of uniformly
bounded Lebesgue measure is said to vy-converge to the s-quasi-open set 2 if the solutions wgq, of (2) strongly
converge in L2 (RY) to the solution wq € H(S2) of the problem

{ (=A)*wq

1 in§,
0 inRV\Q

wa

(see Section 2 for precise definitions of s-quasi-open sets). Moreover, we say that a sequence {2, }nen of s-
quasi-open sets of uniformly bounded Lebesgue measure weakly ~y-converges to the s-quasi-open set €2 if the
solutions wg, of (2) converge weakly in H*(R), and strongly in L?(R"), to a function w € H*(R") such that
Q = {w > 0}. Finally, for a given s-quasi-open set 2 C R” of finite measure, we denote by Rq, the resolvent
operator of (—A)®, which is defined as the function Rq : L*(RY) — L?(R¥) such that Rq(f) = u, where u is
the weak solution of

(=A)*u = f inQ,
u 0 inRM\Q.

We can now state our first main result, whose proof follows the ideas of [7].

Theorem 1.1 Let {Q, }ncn be a sequence of s-quasi-open sets of uniformly bounded measure. Then there
exists a subsequence, still denoted by the same index, such that one of the following situations occurs:

(i) Compactness: there exists a (possibly empty) s-quasi-open set §), and a sequence {y, }nen C RY, such that
Yn + Qy weakly y-converges to Q) as n — +00.

(ii) Dichotomy: there exists a sequence of subsets Qn C Q, such that
|Ra, — Rg, llc2@yy) — 0, 0, =0, U072,
where dist(QL,Q2) — +oo and liminf,,_, ;o |Q| > 0fori=1,2.

Theorem 1.1 gives, as a consequence, an existence result for optimal shapes for minimization problems, when
the shape functional satisfies some structural assumptions.

Theorem 1.2 Let
AR :={Q c RV |Q s-quasi-open}
and let J : A(RYN) — (—o0, +00] be a shape functional satisfying the following assumptions:

(i) J is lower semicontinuous with respect to y-convergence;
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(ii) J is decreasing with respect to set inclusion: if 1, Q2 € A(RY), Q1 C Qy, then J (o) < J(1);
(iii) J is invariant by translations;
(iv) J is bounded from below.
Let ¢ > 0, and define
= inf{J(Q)]|Q € ARN),|Q| = c}. 3
Then, one of the following situations occurs:
(i) Existence of an optimal shape: there exists a s-quasi-open set ) € A(RN) such that |Q = ¢ and J(Q) = m.

(ii) Dichotomy: there exists a minimizing sequence {Qp }nen with |Qn| = ¢ for every n € N, such that Q,, =
QL UQ2, where QL, Q2 are such that dist(QL,02) — +oo, liminf, o [QL] > 0fori = 1,2, and
J(Q ) — moasn — +oo.

Theorem 1.2 applies in particular to spectral functionals of the kind
J(Q) := F(A1(9Q), ..., \e (),
where k € N, \;(€2) is the j—th eigenvalue of the Dirichlet fractional Laplacian, and F : R¥ — RU {+oc} is a
functional which is lower semicontinuous and nondecreasing in each variable.

In the local case, existence of an optimal shape and the dichotomy situation can occur at the same time.
Indeed, as we have pointed out, the classical Hong-Krahn-Szego inequality asserts that among all domains of
fixed volume, the disjoint union of two equal balls has the smallest second eigenvalue. However, due to the
nonlocal effects of the fractional Laplacian, the mutual position of two connected components has influence over
the second eigenvalue, implying nonexistence of an optimal shape. Therefore it makes sense to ask whether
existence of an optimal shape and dichotomy are two mutually exclusive situations in the nonlocal case. Up to
our knowledge, this remains an open question.

The manuscript is organized as follows. In section 2 we introduce some preliminary definitions and notation.
Section 3 deals with the concentration-compactness principle in the fractional setting. In Section 4 we define the
notion of - and weak y-convergence of sets as well as some related useful result, and finally in Sections 5 and 6
we provide a proof of our main results.

2 Definitions and preliminary results

We begin this section with some definitions.

2.1 Fractional Sobolev spaces and s-capacity of sets
For s € (0, 1), the fractional Sobolev space H*(R™) is defined as

HS(RY) := {u e L*(RY) | [u] s (mvy < +00},

endowed with the norm || - || ;7= (g~ defined by

1
2
el ey = (lal3aqewy + lalre ey )

where [-] s gy is the Gagliardo seminorm defined as

1
[ Hs(RN) ‘= / / )|2 dx dy ’ .
) RN JRN |17 - \NHS
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4 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

The Gagliardo seminorm of a function u € H*(R") can also be expressed in terms of its Fourier transform Fu
as

2 S
) = g [ PO

where C; y is the normalization constant in the definition of (—A)®, given by

1 ¢ -1
o= ([, e ac).

(see [12, Proposition 3.4]). Given a measurable set 2 C RY, for any s € (0, 1) we define the s-capacity of  as
cap,(Q) = inf{[u]és(RN): u € H*(RY),u > 1 a.e. on a neighborhood of Q} .
and the s-capacity of Q C ' relative to Q' as
cap,(; Q') = inf {[u]qu(RN): u € Hi(),u > 1 ae. on a neighborhood of Q} :

A function realizing the infimum in cap,(€2) (resp. cap, (A4, ?)) is called the capacitary potential of ) (resp. of
A with respect to 2).

We say that a property holds s-quasi-everywhere if it holds up to a set of null s-capacity. A measurable subset
Q C RY is a s-quasi-open set if there exists a decreasing sequence {wy, }en of open subsets of RY such that
cap,(wp) — 0, as m — 400, and Q U w,, is open.

A function u € H*(RY) is said to be s-quasi continuous if for every & > 0 there exists an open set G C RV
such that cap (G) < € and u|g~\ ¢ is continuous. It is well-known that cap, is a Choquet capacity on RN [1,
Section 2.2] and for every u € H*(RY) there exists a unique s-quasi continuous function @ : RN — R such that
@ = u s-quasi-everywhere on RY . Therefore we will always consider, without loss of generality, that a function
u € H*(RY) coincides with its s-quasi continuous representative. If u : RY — R is s-quasi continuous, then
every superlevel set {u > t} is s-quasi-open.

For a generic measurable set 2 C R, we define the fractional Sobolev space H((2) as

Hi Q) ={uc H*\®RY):u=0 s-qe onRY\Q}.

The space HS(€2) turns out to be a closed subspace of H*(R™).
The following Poincaré’s inequality holds for measurable sets of finite measure.

Proposition 2.1 Let Q@ C RN be a measurable set of finite Lebesgue measure. Then, there exists a constant
C = C(s,N) > 0 such that, for every u € H§(Q),

2s
lullz2(0) < CIQUN [u] gs @)

Proof. Let u be a function in H§(2) and consider the ball 2* such that |Q*| = |Q|. Let v := |u|* be the
Schwarz symmetrization of |u|, as defined in [19, Definition 1.3.1]. By [2, Theorem 9.2], v € H§(Q2*), and

(W vy < [[uf] s mvy < [ulgs @wy-
y [4, Lemma 2.4], there exists C' = C'(s, N, |€2]) > 0 such that
[v]l22(0+) < C'[v] s mry-
By a scaling argument, it is possible to show the existence of C' = C(s, N) > 0 such that
oll 20y < ClO|F [0 e ey

Since symmetrizations preserve the L2-norm,

2s 2s
lull 2y = [|v]| L2 N [U]HS(RN) < OQv [U]HS(RN)a
and the claim follows. O
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The previous proposition leads to a useful compactness result.

Proposition 2.2 Let Q C RY be a measurable set of finite Lebesgue measure. Then, for every bounded
sequence {un tnen in H3(QY), there exists a subsequence {uy, }ren and a function v € H§ () such that u,,, — u
in L*(Q).

Proof. The proof can be performed as in [4, Theorem 2.7], using the Poincaré inequality stated in Proposition

2.1. O

Proposition 2.3 Let {u,, }nen be a sequence in H*(RYN) such that u,, — u weakly in H*(R™) as n — +oo.
Then, for every function ¢ € W1 (RN), it holds that pu,, € H*(RY) for every n € N, and pu,, — pu weakly
in H*(RN) as n — +oo.

Proof. The sequence {u, },en is uniformly bounded in /¢ (R” ). Moreover, since the embedding H*(B,.) <
L?(B,) is compact for every r > 0, it follows that u,, — u strongly in L?(B,.) for every r > 0. Arguing as
in [12, Lemma 5.3], we have that the sequence {@u,, },cn is also bounded in H*(R”). Therefore, every subse-
quence {puy,, } admits a subsequence {gpunk_j } which converges weakly in H*(R™), and almost everywhere in

RY, to some v € H*(RY). But Up,, MUst converge to u almost everywhere in RY. Therefore, Pln,, = U
a.e. in RY, and thus v = @u. Hence all the sequence pu,, converges weakly in H*(RY) to pu. O

For an s-quasi-open set § of finite Lebesgue measure and f € L?(R"), the weak solution u of

(=A)¥u = f inQ,
{ w = 0 inRV\Q @

is defined as the function u € Hg () satisfying

/]RN /]RN ))|(11\}7(+332)s o) dr dy = /Qf(fﬂ)v(x) dz forallv € H*(Q).

Similarly, u € Hj (Q) is a weak sub-solution (resp. super-solution) of (4) if

() (v(x) = v(y)) s .
/RN /]RN |a: mpyIE=T dzx dy < (resp. >) /Q f(z)v(z) dx forallv € H*(Q2), v > 0in Q.

It is easy to verify that u € H{(Q2) is a weak solution if and only if it is a weak sub- and super-solution.

Proposition 2.4 Let ) be a measurable set of finite Lebesgue measure. Then, if f € L*(RY) satisfies f > 0
in Q, then the weak solution v € H§(QY) of (4) satisfies u > 0 in .

Proof. Let u™ := max{u,0}, u~ := max{—u, 0} be the positive and the negative parts of u respectively.
Itholds u™, u™ € H§ (). Testing the equation with v~ we have

0< / fum
/RN /RN ))(;j}(f?l_“_(y” dod

B / / — () - (o) — @) @) —ww)
RN RN

‘37 _ ‘N—&-Qs

—2/ / ) ddy — / / u())* dady < 0
RN JRN |~T—y|N+28 RN JRN |~T—y|N+28 N

which implies ©~ = 0 and hence « > 0 in . O

Proposition 2.5 Let ©, Q' C RY be two measurable sets of finite Lebesgue measure, satisfying Q C .
Then, the function wq € HE (), extended by zero in Q' \ Q, satisfies

(—A)’wg <1 inQ.
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6 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

Proof. Let us define the convex set K C H§(€)) as
K:={ue Hj(Q)|u<0s—qe onQ\Q}

Let ug € K be the unique minimizer on K of the functional

v %[v]zs(ﬂw) - // v.
It is easy to verify that

(=A)ug <1 in€ 5)
and

(=AY ug=1 inQ. 6)

ugq satisfies the variational inequality

/RN /RN [ua(z) — ua()][(v — ua)(z) — (v — ug)(y)] dx dy > //(v —uq) foreveryv e K.

|1, _ y|N+25

Testing the variational inequality with v = ug € K (note that ug =01in Q" \ Q) we obtain

|lug () — ug (y)| / / [ug (= —UQ(Q)H o(@) —ug (y)] / -
0>— d dy > dx dy >
/RN /RN |a:— [N+2s Yy = . y[N+2s Tay = o Uq

so that ug, = 0, which implies ug = 0 on £’ \ €2, and hence uq € H§ (). Equation (6) then implies ug = wq,
so that, from (5),

(—A)st < 1 in Q/.
O

The following useful propositions can be proven as in [18, Proposition 3.3.44].

Proposition 2.6 Let A C RN be a measurable set. There exists a unique s-quasi-open set Q C RN such that
HG(A) = Hy ().

Proof. Since H§(A) is separable, there exists a dense sequence {un }neny C HG(A). Let us define Q :=
Unen{ @, # 0}, where 4, is the s-quasi continuous representative of u,,. Then €2 is s-quasi-open, as a countable
union of s-quasi-open sets. Moreover, since {t,, # 0} C A s-q.e. for every n € N, it holds  C A and
hence H§(Y) C HE(A). Conversely, every u € HS(A) is the H® and s-q.e. limit of a subsequence {uy, }ken-
Hence, {t # 0} C {dy,, # 0} C Q s-q.e. for every k € N, which implies H5(A) C H§(£2). In conclusion,
H3(A) = H§(9).

To prove uniqueness, we will prove that, for any €y, Q3 s-quasi-open sets, H3(€21) C H{(€Q2) implies
Q C Qy s-q.e. Indeed, suppose by contradiction that cap, (€2 \ €2) > 0. There exists a ball B such that
cap,(B N (1 \ Q22)) > 0. Let {w, }nen be a non-increasing sequence of open sets contained in B such that
cap,(wp) — 0asn — 400, and (B N ;) Uw, is an open set. Let u,,, be the capacitary potential of w,, in B.
We fix ng € N sufficiently large, such that cap, (B N {ug,,, < 1} N (21 \Q2)) > 0. Let K, C (BN Q1) Uwp,
be an increasing sequence of compact sets exhausting (B N €2;) U wy,,, and let ug,, be the capacitary potential
of K, with respect to (B M €21) Uwy,. For m large enough, the function uk,, (1 — w,,, ) belongs to H§ (1),
but not to H§(£22), a contradiction. Therefore, 21 C 2 s-q.e. O

We denote by R the resolvent operator of the fractional Laplacian with Dirichlet boundary conditions, that
is, Ro : L>(RY) — L%(RY) and Rq(f) = u, where u is the weak solution of (4). In particular, wg = Rq(1).
It is easy to check that Rq, defines a continuous, compact, self-adjoint linear operator from L?(R™) in itself. We
denote by || - || £(2(r~)) the corresponding operator norm. The resolvent operator is positivity preserving, which
means that f > 0 implies Ro(f) > 0, as a consequence of the weak maximum principle.
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Proposition 2.7 Let Q@ C RY be a s-quasi-open set. Then, the set Z(Q) = {Rq(f) € H§(Q)|f €
C*(RN)} is dense in H ().

Proof. Letu € H§(2), and g := (—A)*u € H~*(RY) its fractional Laplacian, defined in distributional
sense. Then, u = Rq(g). By density of C°(RY) in H*(R") (see [23, Lemma 15.10]), there exists a sequence
{gn}nen C C(2) converging in H~*(RY) to g. Then, Ro(g,) € Z(Q) for every n € N, and Rq(g,) —
Ra(g) =win H(Q2) as n — +o0. O

Proposition 2.8 Let Q2 C RY be a s-quasi-open set. Then, Q = {wq > 0} s-quasi-everywhere.

Proof. By definition, {wg > 0} C Q up to a set of null capacity. Let u € H§(£2). By Proposition 2.7,
there exists a sequence {u, }neny C W such that u,, = Rq(g,) with g, € C°(RY), and u,, — u in H§(1).
By the weak maximum principle, |uy,| < ||gnl|lccwq in Q. Therefore, u,(z) = 0 for every n € N s-q.e. on
RN\ {wg > 0}. Passing to the limit, we obtain that u € Hg({wg > 0}). Therefore, H3(Q) = H§({wq > 0}),
and by Proposition 2.6 we obtain the claim. O

Given an s-quasi-open set {2, we say that \ is an eigenvalue of the fractional Laplacian if there exists a
nontrivial function v € H{ (1), called eigenfunction, which is a weak solution of

{ (=A)*u

u

Au  in £,
0 inRN\Q. 7

By linear operator theory, for every s-quasi-open set 2 C R of finite Lebesgue measure there exists a sequence
{Ak(Q) }ren of eigenvalues of the fractional Laplacian, satisfying

O</\1(Q)<)\2(Q)§S)\k(9)—>+00 as k — +oo.

The first eigenvalue A1 (€) is characterized as

nf b %5 RY)

M (Q) = (I
1(Q) ()\{0} ||u||2Lz(RN)

i
ueH§
and the associated first eigenfunction is unique (up to multiplicative constant) and strictly positive (or negative)
in Q.

Eigenfunctions satisfy the following regularity property.

Proposition 2.9 Let Q@ C RY be a s-quasi-open set of finite Lebesgue measure, and let v € HE(Q) be an
eigenfunction of the fractional Laplacian. Then, u € L*°(Q2).

Proof. The proof can be performed as in [17, Theorem 3.2] taking into account Theorems 6.5 and 6.9
from [12]. 0

3 The concentration-compactness principle

This section deals with a nonlocal version of Lions’ concentration-compactness principle. More particularly, we
provide a proof of relation (8) which relies on some computations performed in [6], and which differs from other
results that can be found in the literature such as [15].

Proposition 3.1 Let {uy, }nen be a bounded sequence in H* (RN ) with [gx [un|* — X for n — +oc. Then
there exists a subsequence {ny, }.cn such that one of the following three cases occur:

(i) Compactness: there exists {yi, }ren C RY such that

Ve >0, 3R < 400 s.t. / [Un, |2 > X — €.
yr+Br
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8 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

(i1) Vanishing:

lim sup / lun, =0 VR > 0.
y+Br

k—-+o0 yERN

(iii) Dichotomy: there exists a € (0, ), such that for all ¢ > 0, there exist kg € N, {vg}ren, {wk}ren C
H*(RN) such that, for k > ko:

1Un, — vk — Wkl 2@y < () = 0 fore — 0;

\/ ol — |/ ol — (- )| <<
RN RN

dist(supp vk, suppwy) — +o0o  for k — 4o0;

[unk]%{S(RN) - [Uk]?qs(RN) - [wk]iF(RN) > —2e. (®)

Proof. All the assertions of this theorem, with exception of (8), follow from the classical concentration-
compactness lemma [21, Lemma [.1]. To prove (8), we suitably modify [21, Lemma III.1]. Let € > 0, and let
Ry > 0 be chosen as in [21, Lemma III.1]. Let us define two cut-off functions ¢, € C*(RY) satisfying

0<p,v<l,p=1lonB;,p=00nRYN\ Byand+ = 0on By,? =10onRY \ By. Denote by ¢r, ¥r the
functions defined by

T

er@) = (E),  vr@ =v(%). ©)

For any function u € H*(R™) with [u] 7= g~y < M we have

[on(r r(y)u(y)
/]RN /RN |:c7y‘N+25 dx dy
/ / lpr(z )+ er(z)uly) — pr(x)uly) — @R(y)u(y)F i dy
RN JRN

|$ _ |N+2s

2|U T) — |2 \<PR r) — 9r(Yy )\2
/]RN /]RN ?) yIN“S e der/RN /IRN —y|N+2s drdy
+2/RN/]RN pr(@)uylen() = er@u) —ul)] ;o

o =y

By the computations in [6, Lemma A.2], it is possible to estimate

/ / |<PR ) er(y)|? dr dy c
&N JrN ‘N+2s —R2s

where C' only depends on || V||« and ||u|| ;2 (g~y. Moreover, the Cauchy-Schwarz inequality together with the
last inequality gives that

/ / pr@)u(y)or(@) = ory)][u() —u@)] dy

|z — gy N2

(L L e )N+2fR(y)|2d”y>%(/w/RN e d“”dy)é
(L L e ) ([ detn)
C

R®

IN

IN

<
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where C only depends on ||Vl|oo, [|u]|L2ryy, and [u] gs@r).
Similar computations hold true for the quantity

ol Prly)u(y)?
// e |z—y\N+R25 e dy.

Therefore it is possible to choose R; > Ry such that, for R > R, and for every n € N,

lor(2)un(x) — or(Y)un(y)| / / [or (@) [un (z) — un(y)|?
d d dx dy| <
‘/RN /RN |x—y|N+25 YT Jan Jan @ — y[NF2s T =

(R (@) un(z) — Vr(Y)un(y)]? - 1R (@) |2 tn(z) — un(y)[? ’
/RN /RN |:c— y|N+2s dx dy /RN /RN o = y[N s dedy| <e

The claim follows defining

v (T) = PR, (T — Y )Un, (T), wi(w) = YR, (T — Y )un, (),

where y;, and Ry — +oo are defined as in [21, pp 136-137] and observing that

‘unk unk(y)|2
dx d
// |x— y vz

lpr, (@) [un, () = Un, (y)] / / [VR,, ()1 [tn,, (2) = tn, ()|
d d k k k dr d
/]RN /RN |z — y|NF2s v RN JRN |z — y|NF2s e

since ¢, and ¥, have disjoint support for £ big enough, and therefore

lor, ()2 + R, (x)* <1 for every z € RY.

O

Corollary 3.2 In the dichotomy case, it is possible to find sequences {u,(cl)} kN, {u}f)} ren C H*(RY) such
that

lten,, — u,(g ) _ U, )”LZ(RN) —0 for k — 4o00;

/]RN |u§€1)|2%a, /]RN |u,(€2)|2%)\fa Sfor k — +o0;

dist(supp ué ), supp ufc )) — 400 fork — 400;

. . 1 2)
tim inf ([ vy = [ P oy = [0 e ) ) > 0. (10)

4 ~v-convergence of sets

In this section we introduce the notions of «-convergence and weak y-convergence of sets, and we prove some
useful results leading to our main theorem.

4.1 Convergence of sets

In this subsection we prove that a functional .J defined in A(R”) which is L.s.c. with respect to the y-convergence
is also 1.s.c. with respect to the weak y-convergence if it is assumed to be decreasing with respect to the inclusion
of sets.

Copyright line will be provided by the publisher



10 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

Definition 4.1 Let {€2,, },,cn be a sequence of s-quasi-open sets such that |€2,,| < ¢ for every n € N. We say
that {2, }nen y-converges to the s-quasi-open set €2 if the solutions wq,, € H{(€2,,) of the problems

(=A)Ywg, = 1 inQ,, an
wao = 0 inRN\Qn,

strongly converge in L?(R”) to the solution wq € H§ () of the problem

(7A)S'lUQ = 1 inQ,
wg = 0 inRV\Q.

Definition 4.2 Let {Q),, },en be a sequence of s-quasi-open sets. We say that {Q,, },en weakly v-converges
to the s-quasi-open set § if the solutions wq, € H(§2,) of the problems

(—A)Swgn =1 inQn,
wg, = 0 inRY\Q,,

n

(12)

converge weakly in H*(R™), and strongly in L?(R"), to a function w € H*(R") such that Q = {w > 0}.

Proposition 4.3 Let {Q, }nen be a sequence of s-quasi-open sets of uniformly bounded measure which ~-
converges to the s-quasi-open set ). Then {, } nen weakly y-converges to .

Proof. By definition of y-convergence, wq, — wq in L?(R”). By Proposition 2.8, Q = {wq > 0} s-q.e.,
which means that {Q2,, },,en weakly y-converges to €Q. O

Proposition 4.4 Let {Q,},cn be a sequence of s-quasi-open sets of uniformly bounded measure, which
weakly y-converges to the s-quasi-open set Q). Then,

| < liminf |€,].

n—-+oo

Proof. Letm := liminf,,_, o |©2,]. Up to extracting a subsequence, we can suppose that m = lim,, , 1 o0 |Qn].
Let wg, € HE(£,) be the sequence of torsion functions defined in (12). Since wq, — w strongly in L2(RY),
there exists a subsequence wq,, such that wg, —converges almost everywhere in R to w. Since Q@ = {w > 0},

it holds xq < liminfy_, 4 XQn,, almost everywhere in RV, By Fatou’s Lemma,

|Q|:/ XQ Sliminf/ XQ,, =M
RN k——+o0 RN 'k

as required. O

Remark 4.5 We observe that, if {Q,, },cn are s-quasi-open sets, with |{2,,| < ¢, which y-converge to 2, then
wg, — wq strongly in H*(RY). Indeed, by Propositions 4.3 and 4.4, one has || < c. Therefore

/ an—/wQS/ ’an-f—/ |’LUQn—wQ|+/ weo
Q. Q Q. \Q Q,NN Q\Q

n

< [ fwa, - wal < 20 wa, - walae
Q,UQ

and therefore

lim wq, = wq.
n—-+4o0o Q Q

n

Passing to the limit in the weak formulation, we obtain

[anﬁ-IS(RN) :/Q we, — /QwQ = [wﬂ]irs(nw)

and therefore, by reflexivity of H*(R"), wq, — wq strongly in H*(RY).
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Lemma 4.6 Suppose that {Q),, } nen is a sequence of s-quasi-open sets of uniformly bounded measure which
weakly ~y-converges to the s-quasi-open set §). Let {u, }nen be a sequence of functions in H*(RN) such that
un € HZ(Qy) for every n € N, and u,, — uweakly in H*(RY). Then, u € H§(12).

Proof. The proof can be performed as in [18, Lemma 4.7.10]. Let w € H*(R") be such that wq,, converge
to w weakly in H*(RY), and strongly in L2(R"). Since it is enough to show that 7 := min{|u|, k} € HS(Q)
for every k > 0, and @ is the weak limit of @,, := min{|u,|,k} € H§({2,), we may assume that the functions
u,, are nonnegative, and such that ||u, ||~ is uniformly bounded by a constant k& > 0. For fixed A > 0, let v;) be
the weak solution of

A=A} +v) = w, inQ,, (13)
vy = 0 inRV\Q,,
namely, the function v} € H(,) satisfying, for every ¢ € Hg(Qy,),
vp (1)) ((2) — #(y)) / A /
dx d = n-
/RN /RN |33— y| N+ v Qvncp Qu i
By the weak maximum principle given in Proposition 2.4, v} > 0. Choosing ¢ = v;} — u,,, we obtain
— un)(z) — (v — un)(®)] / A >
A L dxd — 14
= / o) — i~ w)@) = 0~ w) @],
RN JRN |3U —y|N2s

>‘ —up)(w) — ( — un)(y) |2 / / | (T (y)|
- dzx dy dx d
2 /]RN /]RN | — y|N+2s T3 RN JRN |93 - |N+23 Y

/ / _u'n, m)_(v’r){_un)(y)IQ dxdy+/ |'U)\_'LL 2
RN JRN \I— y|N+2s RN "
|un () — un(y)|
dx d
=2 / / \x— |N+% Y

and hence the boundedness of ||v;)|| ;7= (z») by a constant C' depending only on sup,,cy ||tn || 7=~ in light of
Proposition 2.1. After subtracting & from both sides of (13), and choosing ¢ = (v} — k)™, we obtain

which implies

— k)t (x) = (v) — k)T () N
A n de d k)P
[, et s vdy+ [ k="
of W) - @ - DR,
(o2 @)>k} o2 (m)>k) |z —y| N2
A+
,2)\/ / k)(x)(vﬁ_,_gk) (y) d:L‘der/ |(’U£ 7k)+|2
{v) () <k} v)>k} |z — y[N+2s RN

- / (un — )(0} — k) <0
RN

which implies that ||v}}|| L < k for every n € N and every A > 0. Since v;) solves (13), we obtain the bound
0 < vy < ZFwg . If v* is a weak limit in H*(RY) of {0} }nen, we obtain 0 < v* < 2Fw, which implies
that v* € H(€). From (14) we have |jv) — un”%%RN) < C\, which implies [[v* — ul|2, ®~) < CA. Passing
to the limit for A\ — 0, we get that v» — u in L2(RY); since {v)}»>0 is uniformly bounded in H*(RY), the
convergence is also weak in H*(R™), which lastly implies that u € H(12). O
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12 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

4.2 ~-convergence and continuity of the spectrum

Here we prove that y-convergence of s-quasi-open sets implies the convergence of their resolvent operators in
the £(L?(RY)) norm. In particular we obtain continuity of the spectrum with respect to the y-convergence.

Proposition 4.7 Let {2, }nen be a sequence of s-quasi-open sets of uniformly bounded measure, which ~-
converges to the s-quasi-open set Q). Let {u, }nen be a sequence in H*(RY) such that u,, € H(S,,) for every
n €N, and u,, — u weakly in H*(RY). Then, u,, — u strongly in L*>(R™).

Proof. The proof goes as in [7, Theorem 2.1]. Denoting by Fu,,, Fu the Fourier transforms of u,, and u
respectively, for R > 0 we have that

nun—wmi%RN)=uéNLrun@>—uru@n2d5

:/ (1+|§|25)71(1+|€|25)\fun(£)—fU(£)|2d€+/ |[Fun(€) — Fu(&)[* d§
€I>R

I§I<R

Cs N
s un — ulByeamy + [ 1Funle) - Fu(e)P de
[EI<R
where the constant C y is the equivalence norm constant given [12, Proposition 3.4]. Let € > 0 be fixed. Since
{tn }nen is bounded in H*(RY), there exists R > 0 such that, for every n € N,

3
5

CS,N
1+ R?s

llun — UH%IS(]RN) <
It remains to prove that

t/ | Fuun(€) — Fu(€)[? de — 0
|€]<R

as n — +oo. For £ € B, define the complex-valued function g : RY — Cas ge(x) = e2™#:€) By Proposi-
tion 2.3 applied to the real and imaginary parts of g, it holds that uge € H{(Q; C) and u,ge € H(Q2y,; C) for
every n € N, and u,,g¢ — uge weakly in H*(RY;C) as n — +o0.

Let wg, € H () be the solution of (11). Testing this equation with u,,ge, we obtain

/ / (wo, (z) = wa, (v)) (Un()9e(@) = unW)9cW®)) ;. 0 _ / i ()¢ () dz
RN RN RN " & '

|z — y| N2

Letting n — +o00 and observing that wg, — wgq strongly in H*(R™) by Remark 4.5, we obtain

_/RN Un(x)ge(z) do — /RN u(z)ge (z) do

as n — 4o00. Observing that

fw@zfqmmmmm

n

and
fM@:Ammmmm,

we have | Fu, (§) — Fu(§)| — 0 as n — +o00. Moreover,

Lrungdwgl/’\un@aum:swanﬁnunnL%Rwy

n
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and a similar relation holds for Fu. Therefore, Fu,, and Fu are uniformly bounded in L°°. Applying Lebesgue’s
dominated convergence Theorem we get

/ Fuun(€) — Fu(€)[? de — 0
[EI<R

and hence the claim. O

Proposition 4.8 Let {2, },en be a sequence of s-quasi-open sets such that |Q,| < c for every n € N.
Suppose that {0, } nen y-converges to the s-quasi-open set §). Then, for every sequence f, € L*(,,) converging
weakly in L*>(RN) to f € L*(RQ2), the solutions u,, € H*(RY) of the problems

{ (~A)u,

Un

fninQy,
0 inRN\Q,,

strongly converge in L?(R™) to the solution u € H*(R™N) of the problem

{ (—A)*u foinQ,

0 nRNV\Q.

(15)

u

Proof. The sequence {f,}nen is uniformly bounded in L2(RY). Since |©2,| < c for every n € N, it
easily follows from Cauchy-Schwarz inequality and Poincaré’s inequality (see Proposition 2.1) that {uy, }nen is
uniformly bounded in H*(R™). Let v € H*(RY) be a weak limit of a subsequence of {u,, },en. We will prove
that v = u. Let ¢ € Z(£2), as defined in Proposition 2.7, a nonnegative function. Let ¢,, € H{(€2,,) be defined
as ¢, = min{p, mwq, }, where m > [|g|| &~y and g = (=A)*p € L=(R"Y). By Remark 4.5, wo, — wq
strongly in H*(R"), and therefore ,, — ¢ strongly in H*(R"), since 0 < ¢ < mwgq. Exploiting the weak
formulation of the equation, we have

(un () — un(¥)) (@n(x) — 0n(y)) B I
/]RN /RN |z — y|N+2s da:dy_/ﬂfn( )on () dz.

Passing to the limit as n — 400, we obtain

(v(z) — v(¥))(p(x) — ©(y)) B o
/RN /RN |o — y|N+2s dxdy_/Qf( )Jo(x) da. (16)

and since the functions ¢ € W are dense in H{(€), it follows that (16) holds true for every ¢ € H{(€2), with
(0 > 0. This means that v is a weak sub- and supersolution, and hence the weak solution, of (15), which implies
v = u. Therefore, the whole sequence {u,, },en converges weakly in H*(R™) to u. Finally, by Proposition 4.7,
u, — u strongly in L2(R™). O

Proposition 4.9 Let {Q,},en be a sequence of s-quasi-open sets such that |Q,| < c for every n € N.
Suppose that {0, }nen y-converges to the s-quasi-open set Q. Then, the resolvents Rg,, converge to Rq in
L(L?(RN)). In particular, for every k > 1,

M (7)) = A () asn — +oo.
Proof. We have to show that
nllgloo SUP{HRQn(f) = Ra(f)llL2@m) | feL*RY), Il 2@y < 1} =0.
It is equivalent to prove that, for every sequence { f,, } nen such that || f,,[| 2 e~y = 1, the following limit holds

lim_||Rg, (fn) — Ra(fa)llL2@y) = 0.

n—-+o00

Copyright line will be provided by the publisher



14 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

Let { f, }nen be such a sequence. Without loss of generality, we can suppose that there exists f € L?(RY) such
that f,, — fin L2(RY). By the triangular inequality we get
hmillp | Ra, (fn) = Ra(fu)llLz@yy <
n—-+0oo
limsup || Ra, (fn) — Ro(f)ll2@~) + limiup [Ra(fn) — Ra(f)llp2@~)-
n—-+0oo

n—-+oo

The first term in the previous inequality is equal to zero by Proposition 4.8, while the second term is also zero
since the injection H§ () — L?(£) is compact due to Proposition 2.1. By [13, Corollary XI1.9.4], we have, for
every k > 1,

1 1

W) Q) < | R, — Rallczz@ny) (17)
and hence
M () = Ae(Q) asn — +oo,
concluding the proof. O

Remark 4.10 When 2 = () s-quasi-everywhere, by definition H§(2) = {0}, Rq is the null operator, and
formally A, (2) = +oo for every k > 1. In this case, (17) becomes

1
< < . 18
0< Wi | Ra, | ccz2 @y (18)

In other words, if €2,, y-converges to the empty set, then A\ (€2,) — +oo for every k > 1. Conversely, if 2 is a
s-quasi-open set such that wq = 0, then (—A)*wgq = 0 in €2, and therefore Q = () s-quasi-everywhere.

5 Proof of Theorem 1.1

In the following, {2, },cn Will be a sequence of s-quasi-open sets of uniformly bounded measure. The proof
of Theorem 1.1, which will be performed in several steps, is based on the behavior of the sequence {wq, }nen
according to the concentration-compactness principle stated in Proposition 3.1. Without loss of generality, we
can suppose that [,,x [wq, | — Xasn — +oo for some A > 0.

5.1 Compactness for wq,,

Assume that {wq,, }nen is in the compactness case, that is, up to some subsequence still denoted with the same
index, one can find a sequence {y,, }nen such that the sequence {w,, + 0, }nen converges strongly in L2(RY) to
some w € H*(R™M). Then, by definition, y,, + ©,, weakly y-converges to the set {2 := {w > 0}.

5.2 Vanishing for wq,
In the spirit of [20] we prove the following lemma.
Lemma 5.1 Let A and B be two measurable sets. Then there exists z € RY such that, if A, = z + A,
AM(A, N B) <2(A\(A) + M\ (B)).

Proof. Let z € RY be arbitrary and let « and v be positive first eigenfunctions on A and B respectively,
normalized such that ||u||z2(4) = ||v][z2(3) = 1. By regularity, the function u. defined by u.(z) = u(z — x)
satisfies u, € HS(A,)NL>®(A;),andv € H§(B)NL*>®(B). The function w, defined as w,(z) = u(x — z)v(x)
belongs to H3(A, N B) N L>®(A, N B). Define

|ws () —w(y)? / 2
N 5 D = z .
( ) wz H 03 /]RN /]RN |.T— |N+23 d'rdy (Z) i |U} ('T)‘ dr
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D(z dz—/ / |w, (x |2dxdz—// uw(z — 2)v(z)|*dedz = 1.
RN RN JRN RN JRN

jw(z) — w2 (y)|*

= |u(z — 2)v(x

It holds that

Moreover,

Jo(z) —uly — 2)v(y)®
= |u(z — 2)v(z) — ule — 2)v(y) + u(z — 2)v(y) — uly — 2)v(y)*
= |u(z = 2)]|v(z) — o) + Ju(y)Plu(z — 2) — uly — 2)|?
+ 2u(z — 2)v(y)[v(z) — v(Y)l[u(z - 2) — uly - 2)].
Using the elementary inequality 2ab < a? + b2, the last term in the inequality above can be bounded as
u(a — 2)Plu(z) — o) + @) Plulz — 2) —uly — 2),

and from the last two expressions we get

s (@) —w(y)]* < 2 (Ju(z = 2)Plo(@) — o) + () Plulz — 2) —uly = 2)?).

u(z — 2)2[o(z) — v(y)[? // W) uz — 2) — uly — 2)?
<2 dx d 2 dx dy.
/RN / oz — y VT2 TWEL Jon o o — |V T

Then, integrating over z and performing a change of variables, since u and v are normalized in L? norm, we get
RN

Therefore, [ [T(z) — AD(z)]dz < 0, hence 0 < T'(z) < AD(z) on a set of positive measure. From the
definitions of T, D and A the lemma follows. O

Thus

Assume that {wq,, }»en is in the vanishing case, that is, for all R > 0 it holds that

lim sup/ |an\2:
=400 yeRN Jy4 Br

Since the sequence {wq,, }nen C H*(RY) is bounded, we can assume that wq, — w weakly in H*(RY). Fix
e > 0. By Lemma 5.1, there exists R > 0 and a sequence {y,, }nern in RY such that

A1((?~/n + Qn) N BR) S 2)\1(Qn) +e. (19)

From the weak maximum principle (Proposition 2.4) it follows that w,, 1o, > W(yn+Q,)nBr = 0, and then, the
vanishing assumption on wq,, gives that

lim w 2=0
S ] Wy, +Q,)nBx]

This means that w(,, a0, )np, — 0 strongly in L?(RY), and therefore (y,, + €,) N Br y—converges to the
empty set. By Remark 4.10,

M ((yn + Qn) N Br) = 400 as n — +oo.

By (19) we obtain that
M(Q,) = 400 asn — +oo.

From the Poincaré inequality given in Proposition 2.1 we find that
1
< ——— s —0 asn— +oo
lwe, 22, < A () [we, | msm) n

since {wq, }nen is bounded in H*(RY). Finally,
0. By definition, the sequence {€2,, } ,en y-converges, and hence weakly ~y-converges, to the empty set.

(RN)) —*
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16 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

5.3 Dichotomy for wq,,

Finally, suppose that wq,, is in the dichotomy case. That means that it is possible to find two sequences {u, }nen
and {v,, }nen of functions in H{(€2,,) and a number o € (0, A) such that, up to a subsequence,

Jwa, — tn = vallp2@eyy =0 asn — +oo;

/ ul — a, / (Ungi S WY for n — +o0;
RN RN
dist(supp uy, supp vy, ) — +00 for n — +oo;

tim inf ([we, 3o ey = [n3re o) = a3y ) 2 0. (20)

n—-+4oo
Looking at the proof of Proposition 3.1, we observe that by construction the functions u,, and v,, are nonnegative,
since wgq,, is nonnegative by the weak maximum principle. We define the following sets

QL= {u, >0}, Q:={v, >0}, Q,:=Q UQ2, 1)

and then €2, is a s-quasi-open set contained in £2,,.
The proof of the claims in the dichotomy case will be a consequence of the following results.

Lemma 5.2 The sequence of sets (21) satisfies

liminf Q] >0  fori=1,2.

n—4oo

Proof. Suppose by contradiction that, for instance, liminf, . [2L| = 0. The functions wg, are uni-
formly bounded in L°° by [5, Theorem 3.1], and therefore, by construction, also the functions u,, are uniformly
bounded in L>°. But then, [, u2 — 0, which contradicts the fact that [,y u2 — o > 0. O

Lemma 5.3 With the previous notation, we have that

|lwa, — we | gemyy =0 asn — +oo.

Proof. We observe that wg is the orthogonal projection of wq, on the space H(€2,). Indeed, let us

consider the functional F' : H§(),) — R defined by

1
F(v) = §[wﬂn - U]?{s(RN)-

Observe that

1 9 1. 5 wq, () —wa, (y))(v(z) —v(y)
F(U) = i[an]HS(]RN) + §[U]HS(]RN) - /]RN /]RN ( L ( |xﬂy:l|J]2[)J£2s ) (y ) dxdy.

Using the weak formulation of wgq, we have that

1 1
F(o) = 3luaJhmm + 50en — [ v

n

Then, the functional F' will be minimized for v = wg, , since wg  minimizes the functional

1
v i[v]%s(RN) f/~ .

n
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Hence,

/ / wa, (z) — wa, (y) — wg (x) +wg (y)* d dy
RN RN

[z =y

wa, (2) — wa, (y) — (Un +va)(2) + (un + va) (y))
< /RN /]RN dx dy

|z —y|NV+e

Hs(RN) + [Un + Vnl s S (RN)

wo,, (7 wo, (Y] [(un + va)(®) = (un +v4)(y)]
— Q/RN /RN dx dy

|£L’ _ y|N+28

_/ wq, +[un—|—vn]Hs(RN)—2/ (Up, + vp)
RN RN

2 ([ wn, = [+ 00)) + B e~ By
RN RN

Observe that

< Q0|2 [lwa, — (un + vn)l| L2y — 0

‘/ an_/ (un + vn)
RN RN

as n — 4o0o0. Moreover, using the fact that [u, + vn]%{s(RN) < [un]%s(RN) + [vn]%s(RN) since they are
nonnegative functions, we obtain from (20) that

lim sup ([Un + Unﬁ{s(RN) - [an]iIs(RN)) <0

n—-+4oo

and therefore

[wa, —wg |gs@vy =0  asn — +oo.
By Proposition 2.1, there exists C' > 0 such that, for every n € N,

|we, —wg lz2@y) = lwa, —wg [lr2,) < Clwa, —wg |ms@)
and hence

”an - wﬁn||Hs(RN) —0 asn — +oo.

Lemma 5.4 Let {0, } ,en be a sequence of s-quasi-open sets of uniformly bounded measure, such that

Q, = 0D U gist (D QP 5 400 asn — +oo.

Then,
lwa, — (wow + wgzgf))HHs(RN) =0 asmn — +0o0.
Proof. We observe that, by [11, Theorem 1], wq,, and W 1) are uniformly bounded in L°°. Moreover, wq,,
satisfies
(—APwg, = 1 inQY,
N o), (22)
wq, = gn ImRY\Qy
where g,, coincides with wq_ on Qﬁf), and is equal to zero in RN \ Qg). The function z,, := wq, — Wem)
satisfies
(=A)°%z, = 0 in Qg),
BN o) (23)
Zn = gn InRY\ Q7.
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18 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

Let w,, be the function which coincides with wgq_ on QS), and is equal to zero in RN \ QS). By testing (23) with
on = Wn —woa) € H§ (lel)), and observing that z,, = ©,, + g5, we obtain

_ (zn(2) = 2n(y)) (on(x) — Vn(y)) i
0_/RN AN |x— |N+25 d dy

)2
/RN /]RN |30"x_y|N+2s ol du dy Jr/RN /RN (2 a:(—);|(lgi(25) 9n(y)) dz dy.

‘ /]RN /]RN el \ - (iy)y)ﬁgi(zs) 909)) 4, dy’

/<1> /(2) | |N+2> dxdy‘ < Cdist(Q), Q2)=N=25 _,
Q QL xTr —

It holds

as n — +oo. This implies

[y, — wo,m ] s @yy — 0 as n — 4o0.

This reasoning can be repeated for the sets ng)

. Finally, by the triangle inequality, and Poincaré’s inequality,
||wﬂn - (U)Qg) + wQ<n2>)HH5(RN) —0 as n — +oo.
O

Lemma 5.5 Let Q C Q C RY two sets of finite measure. There exists a constant C = C(|Q, N) > 0 and
a = (N, s) > 0 such that
1Ra — Rgll 2@~y < Cllwe — wg|72@a)-

Proof. Let 0 < s < 1 be fixed. Observe that if u,v € Hg () are the unique solutions of (—A)*u = f in
Q, (—A)*v = 1 in Q, respectively, using v and u as test functions in the weak formulation of the two previous
equations, respectively, we get

Jo Jo e [

thatis, [, fwa = [, R(f). The previous computation gives that

/Q Ro(f) = Ro(f) = | flwa —wg).

Q

By [5, Theorem 3.1], for N < 4s we have

IR ()@ < CN, QDI flL2(0), 24)
and then, by using (24) and Hoélder’s inequality we get
[Ra(f) = Ra(NZ2) < IRa(f) = Ra(Hllz=@ [Ra(f) = Ra()llLi@)

< Ol fllz@ 1 f (wa —wa)llzr (@)

< Clfl2 @ llwe — wall L2 o)

The case N > 4s will follow by an interpolation argument. For that end, consider p > 2, N > 4s and
f € LP(Q), f > 0. By using again [5, Theorem 3.1] and Holder’s inequality we get

1
|Ra(f) ~ Ba(Hllw@ < Ol fllney lwn — wallZ, g
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for a suitable constant C' depending only on p, N and |Q|, that is,
1
1Ro = Bollcr@yy) < Cllwa = wall 7, q)-

Now, let R, and RZ be the adjoint operators of Rg and (), respectively, which are defined from LY (Q) in
itself. Since the L”" norm of R, — R coincides with the L” norm of R — Rg, we get

1R — Rl e @y < Cllwn = wgllZ -

Since Rq and Ry are self-adjoint on L?(€2), keeping the same notation for R4, Rg and their extension on
LP' (), we obtain that Rg — Rg : LP' () — L”'(2) and

1
||RQ — RQ||£(L,7/(RN)) < C”wQ - wQHZp/(Q)'

Finally, from the Riesz-Thorin interpolation theorem and since 1 < p’ < 2, we obtain that

1

1 1
||RQ - RQHE(L?(RN)) < HRQ - RQHZ(LP(RN))HRQ - RQHZ(Lpf(Rw))

1
< Cllwg — wﬁllzp'(g)

2-p’ 1
< ClO[ 7 [lwa — wgll 12 q)

which ends the proof. O

6 Proof of Theorem 1.2

Lemma 6.1 Let {Q,, },en be a sequence of s-quasi-open sets of uniformly bounded measure, which weakly
~-converges to the s-quasi-open set Q. Then, there exists an increasing sequence of positive integers {ny }ren
and a sequence of s-quasi-open sets {Cy }ren such that Q,, C Cy, for every k € N, and {C}; }ren y-converges
to Q.

Proof. The proof can be performed by following the ideas of [18, Lemma 4.7.11]. By definition of weak ~y-
convergence, the torsion functions wgq,, converge in L?(R™) to a function w € H*(RY) such that Q = {w > 0}.
For ¢ > 0, we introduce the s-quasi-open sets Q¢ := {wq > ¢} and %, := Q,, U Q. We can suppose that ¢ is
sufficiently small so that ¢ is not empty. The sequence {wqz }nen is uniformly bounded in H*(RY), so that we
can suppose that it converges weakly in H*(R%) to a function w® € H*(RY). By the weak maximum principle,
woes > wg, and wgs > wgq- for every n € N. Let us apply the concentration-compactness principle to the
sequence {wq: }nen. The inequality wo: > wq- implies that the sequence can not have vanishing subsequences.
On the other hand, suppose that the sequence admits a subsequence (not relabeled) in the dichotomy case. We
can suppose that [|wq: || 2@~y — A for some A > 0. Then, there exists o € (0, A), and two sequences {uy, }nen,
{vn}nen € H*(RYN) such that

||’lUQZ — Up — ’Un”LQ(RN) —0 for n — 4o00;

\/ funl? - o
RN

dist(supp uy, supp vy, ) — +00 for n — +oo.

— 0, ‘/ |vn\2—()\—a)—>0;
RN

Set A,, := supp u,, and B,, := suppv,. We have A,,, B,, C 2, UQ. Arguing as in Lemma 5.2, we observe that

liminf |A,| > 0, liminf |B,| > 0.
n—-+oo n—-+o00
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20 E. Parini and A. Salort: Compactness and dichotomy in nonlocal shape optimization

By Proposition A.1, §2° is a bounded set, therefore the relation
A, NQ°#0 and B,NQ°#0

can hold true only for a finite number of indices n. Without loss of generality, suppose A,, C 2, for every n.
By Lemma 5.4, Lemma 5.3 and the inequality w4, < wgq,, we would have a contradiction with the fact that
wgq, — w in L*(RY). Therefore, wo: — w® in L?(RY). We are going to prove the inequalities

(wg — &)t < w® < wq. (25)

Indeed, since £2° C €);, by the weak maximum principle we have
wos > wo: = (wq — e)t.

On the other hand, define v° := 1(e — wo)™ and v,, = inf{wgq:,v°}. By definition, v, € H(£,), and v,
converges weakly in H*(RY) to v := inf{w®,v*}. By Lemma 4.6, v € H§(2). Since v°* = 1 on RV \ Q, it
must hold w® € H§(Q2). Since (—A)*wq: < 1 in weak sense in 2 by Proposition 2.5, we have (—A)%w® <1
in €2, and therefore, by the weak maximum principle, w® < wgq in 2.

Inequality (25) now implies that the functions w® converge, as ¢ — 07, to wq weakly in H§(Q2) and strongly
in L?(Q). Given a sequence ¢; — 0%, we can find a subsequence ny, such that wyk converges to wg weakly in
H#(RN) and strongly in L*(R™). Therefore, Cj, := Q5 ~-converges to €. O

Proposition 6.2 Let J : A(RY) — (—o0, +00] be a functional satisfying:
(i) J is decreasing with respect to the inclusion of sets;

(ii) J is lower semicontinuous with respect to the ~y-convergence.

Then J is lower semicontinuous with respect to the weak ~y-convergence.

Proof. Let {Q,}.en be a sequence of s-quasi-open sets of uniformly bounded measure, which weakly ~-
converges to the s-quasi-open set 2. By Lemma 6.1, there exists an increasing sequence of positive integers
{ni }ren and a sequence of s-quasi-open sets {C}, } en such that

lim _J(Q,) = lim inf J(2,),

n—-+o0o
O, C Cy forevery k € N, and {C}; }ren y-converges to €. Since J is decreasing with respect to the inclusion
of sets,

J(Q) < lkiminf J(Cy) < lkiminf J(Qp,) = liminf J(£2,).

— 00 —+o00 n—+00

The proof is concluded. O
We are now ready to give the proof of Theorem 1.2.
Proof of Theorem 1.2. Let {2, },en € A(RY) be a minimizing sequence for Problem (3), satisfying |2,,| =
cforevery n € N, and J(£2,,) — m as n — +o0o. By Theorem 1.1, we have two possible cases:

(i) there exists a subsequence, still denoted by {2, } nen, and a set §2 € A(RN ), such that, up to some transla-
tions, {{2,, } nen weakly y-converges to 2. Since .J is invariant by translations, the sequence will be again a
minimizing sequence for .J. By Proposition 4.4, || < c. Let Q € A(RN) be such that 2 € Q and || = c.
Since J is decreasing with respect to set inclusion, and by Propositions 4.9 and 6.2,

m < J(Q) < J(Q) < lim inf . (2,) = m.
n—-+oo

Therefore, () is a minimizing set.

(ii) there exists a subsequence, still denoted by {2, } nen, such that we can define ﬁn =Qlu02 c Q,,
where Q1, Q2 are such that dist(Q2}, Q2) — +o0, liminf, , o [Q4] > 0 fori = 1,2, and J(Q,) — m
asn — +oo. If |ﬁn| < ¢, it is possible to modify suitably the sequence in order to respect the volume
constraint as well, since the functional J is decreasing with respect to set inclusion.

O
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A A decay estimate for the torsion function

In this appendix we prove a useful estimate for the torsion function in s-quasi open sets of finite measure, in the
spirit of [3, Lemma 5.1] (see also [9, Theorem 3.1]).

Proposition A.1 Let wq be the torsion function on a s-quasi open set of finite measure. Then there exists a
constant C, depending only on s, N and |S}|, such that

lwallLoe@\Bryy) < ClIQ\ Br|¥.

Proof. Let wq be the torsion function on 2. By [11, Theorem 1], we have

lwallze @) < lwasllL= @),

where (2 is the ball having the same Lebesgue measure as €. From [14, Table 3],
wo- () = C(7'2 - \$|2)ia

where C = C(s,N) and [ = [Q*| = Nw,r", so that [[wg- | 1= < C = C(s,N,|Q). Set Rj, :=
R+1—27% Let g € W1 (RY) be a radial cutoff function, such that 3, = 1 on B, or =0on Bg, _, and
|Ve| < 2%in Bg, \ Br,_,. We set

th = MIQ\ Bal/V(1-27%),

where the constant M > 0 will be determined later. The function v = @3 (wq — t)4+ belongs to H§(Q)
by [6, Lemma A.1] By notational simplicity, we write wy, := (wq — tx)+. We have

lor(2)w(x) — or(y)wi(y)|?
/RN ~/]RN |x— |N+2s dx dy
:/ / (wi(w) = wlp) (PR @we) = GGEW) 4 g
RN JRN

|z — y| N2

L |x—( D oy
S/]RN /RN wa (@) — waW) (Pi(@w) = S W)we®) ;. 0

o =yl

o (2) = or (y)[Pwp (2)wi(y)
dx d
*/RN / |x—y|N+2s v
|k () — i () Pwr(x)wg (y)
gpkwk—i-/RN/RN |x_ N2 dx dy
2

w
e [ [ Lol +23() ) 4o gy
2 o () — or () Pwr(x)wr(y)
© wk+/ / , dx dy
g O\Bg,_, JO\Bg,_, | — y|NtEs
o [ bOeePuen,,

QmBRk—l Q\BRk—l |x_y|N+25

1
< | piwp + 4kC/ wy () / —— v dy | dz
/Q » O\Bg,_, O\Bp, , lv—ylNT?>72

1
+2~4k0/ wy () / —— = dy | dz
O\Br, _, onBg, , [t —y|NT?2

1
< gpzwk+2-4kC wi(x (/dy) dx.
/Q g O\Br,_, @) o |v—y[Nt2e2
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Since €2 has finite measure, the quantity

1
/Q |z — y|[N+2—2 dy

is finite for every x, and uniformly bounded from above, from instance by

1 1 1 Nwpy
S | dy < =2y jq.
/Q |z — y|NH2s-2 OBy (o) [T — YN T2 O\By (2) [T —y|[NF2s—2 2—2s

By Proposition 2.1, we obtain

)W\ \T) — w 2
Lo < cltgan > op¥ [ [ Tl = o ntil g g,

< C-4F [{ppwy, > 0} F (/ @iwiﬁ-/ wk)
Q O\Bng,_,

< C - 4% |{ppwp > 0} F

Arguing as in [3, Lemma 5.1], we obtain the recursive relation

C 2s
ag+1 < Wlea,?N forevery k > 1,

where

[{(wa — )+ > 0} N (2 B, ,)|

a fry
g 1Q\ Bg|

Choosing M such that % — 16—, one can prove by induction that

B 1 X (k—1)
=\ 16 ’

which implies a;, — 0 as k — +o00. Therefore,
{(wg — te)s+ >0} N (Q\ Br)| =0,

¥ = 054510 \ Bg|~. This proves the claim. O

where to, = M|Q\ Bgr
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