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1. Introduction

In recent years there has been an increasing attention on problems involving anoma-
lous diffusion due to some new interesting application in the natural sciences. Just to cite
a few examples see the articles [10,11,13,17,23,34] for some physical models, [2,18,31] for
applications in finance, [5,7] for fluid dynamics, [15,21,29] for some examples in ecology
and [14] for image processing.

Up to date is almost impossible to give a comprehensive list of references and we refer
the interested reader, for instance, to the surveys [9,24,30].

In most of these applications a fundamental tool to treat these type of problems is
the so-called fractional order Sobolev spaces that for 0 < s <1 < p < oo are defined as

WSP(R™) = {u € LP(R™): M € LP(R" x R")} :
|z —y|» "
The connection of these spaces with the classical Sobolev spaces in the Hilbert case

(i.e. p = 2) is well known since the 60s using that we have at hand the Fourier transform
and one can prove the alternative characterization

W2(R") = HY(R") = {u € L*(R"): (1+[¢[*)F[u](§) € L*(R™)}.

From this characterization is then easy to show that, in a suitable sense, H*(R") —
H'(R™) when s 1 1. See [33] and also [9].

The general problem was tackled by J. Bourgain, H. Brezis and P. Mironescu in a series
of papers [4,3] (see also Maz’ya-Shaposhnikova [22] for the case s | 0). In particular, in
[3], the authors prove that for any v € LP(R™), it holds that

p
hm 1—35) // . y|n+sz)| dxdy = K(n,p) / |Vul? de,
Rn

where K (n,p) is a (explicit) constant depending only on n and p. The right hand side of
the former inequality is understood as oo if u ¢ W1P(R™). So in that sense W*P?(R™) —
WLP(R™) as s 1 1.
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Let us point out that recently there has been some generalizations of these results for
the so-called magnetic spaces, to metric spaces and to anisotropic spaces. See [8,25,26,
32].

On the other hand, in many contexts it is useful to consider asymptotic behaviors
different that power laws, or different behaviors near 0 and near oo. See [19].

In that contexts the mathematical tool commonly used to deal with those problems
is to replace the Lebesgue and Sobolev spaces for the Orlicz and Orlicz-Sobolev spaces.
That is, given G: R — R an Orlicz function (cf. Section 2 for precise definitions), we
consider the spaces

LOR™) = {u € L} (R"): / G(Juf) d < 00}
R»

and

WO R™) = {u € Wb (R™): u,[Vu] € LO(R")).
These spaces have been extensively studied since the 50s and is by now a well under-
stood tool to deal with nonstandard growth problems. See [16,19,20].
So in this paper we propose what we believe is the natural fractional version of these
spaces, i.e.

WeC(R") = { u e LE(R"): // G (|U(33) - u(y)|) drdy

lz—yl* ) |z -yl
R xR™
Observe that in the case G(t) = tP, these spaces coincide with the fractional order
Sobolev space WP (R™).

We begin this paper by reviewing some natural properties of the spaces W*&(R™)
that are immediately deduced from the general theory of Orlicz spaces and after that we
arrive at the main point of the article, i.e. to study the limit of these spaces as s 1 1.

We follow the approach of J. Bourgain, H. Brezis and P. Mironescu in [3] and show
that there exists an Orlicz function G, that is computed explicitly in terms of G and
that is equivalent to G, such that W% (R") — WL (R") when s 1 1 in the same sense
that in the classical fractional Sobolev spaces case.

In some parts of the proofs we also benefit from arguments found in the article of A.
Ponce [28].

We want to remark that in [28] the author found some sort of nonlocal approximations
to Orlicz-Sobolev spaces, but his approximations do not define fractional versions of these
spaces nor are generalization of fractional order Sobolev spaces.

Finally, we end this paper with some applications of our results to the existence and
stability theory for solutions to some nonlocal problems with nonstandard growth.
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2. General properties for Orlicz functions

In this section we will define the fractional order Orlicz-Sobolev spaces and study
some basic properties.

2.1. Orlicz functions

We start by recalling the definition of the well-known Orlicz functions.

Definition 2.1. G: Ry — R is called an Orlicz function if it has the following properties:

G is continuous, convex, increasing and G(0) = 0. (Hy)
G satisfies the Ay condition, that is, there exists C > 2 such that (H2)
G(2z) < CG(z) forallzeR,.
G
G is super-linear at zero, that is lim (z) =0. (Hs)
r—0 X

Example 2.2. Some examples of functions verifying Definition 2.1 include the most com-
mon appearances in the literature. For instance:

(1) G(t) = tP with p > 1.

(2) G(t) =tP(|logt| + 1) with p > 1.

(3) If G; and G2 are Orlicz functions, then G o G5 is also an Orlicz function.

(4) If Gy,...,G,, are Orlicz functions and aq,...,a,;, > 0, then G = Zi:l a;G; is an
Orlicz function.

(5) If Gy,. .., Gy, are Orlicz functions, then G = max{Gi, ..., G, } is an Orlicz function.
See [16] for a proof of these facts and for more examples of Orlicz functions.
Remark 2.3. Without loss of generality G can be normalized such that G(1) =
It is easy to check that Orlicz functions fulfill the following basic properties.
Lemma 2.4. Let G : Ry — R4 be an Orlicz function. It follows that

(Regularity) G is Lipschitz continuous. (Pr)
(Integrability near 0 and infinity) Given s € (0, 1), (Py)

[e%e] 1

/G:U / dx§ g
1—s’

1

0
where g := sup = 'G(z).
z€(0,1)

%\@
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G can be represented in the form (Ps)

where g(s) is a non-decreasing right continuous function.
(Subadditivity) Given a,b € R, (Py)
G(a+0) < §(Gla) + G (b)),
where C > 0 is the constant in the Ag condition (Hs).
For any 0 <b< 1 and a > 0, it holds G(ab) < bG(a). (Ps)
Proof. Properties (P;) and (Ps) are direct consequences of the convexity of G.
Now, (P») is immediate once one observes that g < co by (H3).

Property (P;) is proved in [16, Theorem 1.1]. Finally, (P,) follows from the convexity
of G together with the Ay condition:

Gla+b) = G(%(Qa +2b)) < %(G(Qa) + G(2b)) < %(G(a) + G(b)).
The proof is complete. O

It is shown in [16, Theorem 4.1] that the Ay condition (H5) is equivalent to

< g, Ya >0, (2.1)

for some p > 1.
The following lemma will be useful in the sequel.

Lemma 2.5. Let G be an Orlicz function. Then, for every a > 0 and b > 1 it holds
G(ab) < VPG(a), (2.2)

where p > 1 is given by (2.1).

Proof. Let us define the function h(t) =t PG(t) and observe that (2.1) implies that

R'(t) = t7PG(t) — pt PTIG(1)
<tTPTHG (t) — pG(t)) < 0.

Hence, since a > 1, the lemma follows from the inequality h(ab) < h(b). O
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Using Lemma 2.5, one obtains the following replacement for the triangle inequality
for Orlicz functions.

Lemma 2.6. Let G be a Orlicz function. Then for every § > 0, there exists Cs > 0 such
that

G(a+0b) < Cs;G(a)+ (14 0)PG(b), a,b>0.
Proof. Let a,b > 0 and § > 0. If b > da, from the monotonicity of G and (H») we get
Gla+b) < G(b(1+ 3)) < G(b2%) < C*G(b),

where k = £(5) € N is such that 1 + § < 2.
Now, if b < da we get from (2.2),

Gla+b) =G(a(l+9)) < (14 0)PG(a).
The proof is finished. O

Next, we prove a technical lemma that can be seen as the counterpart of (Ps). It will
be useful in proving some properties on Orlicz spaces.

Lemma 2.7. Let G be an Orlicz function. Then, there exists ¢ > 1 such that

t21G(a) < G(at), (2.3)
for everya >0 and 0 <t <1.
Proof. Given ¢ € (0,1), there exists k € Ny such that 2=*+1) <t < 27% So

C—(k+1) < 1 < C_k,

log C
log 2
it readily follows that

where ¢ = > 1 since the doubling constant C is greater than 2. From this inequality

k+1 — k41 -2
CHl <t T a <,

since 0 < ¢ < 1.
Therefore, using (), we obtain

G(a) < CF1G (a2~ D)) = t729G(at)

and the lemma is proved. O
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Remark 2.8. Observe that, from the convexity of G and since G(0) = 0, G(1) = 1, it
follows that G(a) > a for any a > 1.
Therefore we get a lower bound for G of the form

min{a, a*?} < G(a),
for any a > 0.

To end this subsection, we recall some tools from convex analysis. In fact, given G an
Orlicz function, we define the complementary function G* as

G*(a) = sup{at — G(t): t > 0}. (2.4)
From (2.4) is immediate that the following Young-type inequality holds
at < G(t) + G*(a) for every a,t > 0. (2.5)
The following property will be useful in the sequel.
Lemma 2.9. Let G be an Orlicz function and G* its complementary function. Then
G*(g(t) < (p—1)G(1),
where p > 1 is given by (2.1) and g = G'.

Proof. Let h(a) := g(t)a — G(a). Then, is immediate to see that h(a) < h(t) for every
a > 0. This is equivalent to say that

G*(g(t)) = g(t)t — G(t). (2.6)
Combining this identity with (2.1) we obtain the result. O
2.2. Fractional Orlicz—Sobolev spaces

Given an Orlicz function G and a fractional parameter 0 < s < 1, we consider the
spaces LE¢(R™) and W*%(R") defined as

LE(R") := {u: R™ — R measurable, such that ®¢(u) < co},
WG (R") = {ue LE(R™) such that ® q(u) < oo},

where the modulars ®¢ and ®; ¢ are defined as
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Pa(w) = [ Gu(w) dz,
R~

RIC = S E

(I)S,G(u) _ R xR™
/G(\Vu(x)|)dm ifs=1.
R~

These spaces are endowed with the so-called Luxemburg norms that are defined as
i U
lull = ullze @n) = inf {A >0: B¢ (X) < 1}
and

[ulls.c = llullwso @ = llulle + [u)s,q

where

[u]s,¢ := inf {/\ >0: D, ¢ (;) < 1} )

For 0 < s < 1, the term [-]5,¢ will be called the (s, G)— Gagliardo seminorm.

We begin by recalling some well known properties of the spaces LY(R") and
WLE(R™). For a comprehensive study of these spaces, we refer to the monograph [1]
where more general Orlicz functions are considered.

Proposition 2.10 (/1], Chapter 8). Let G be an Orlicz function according to Definition 2.1.

Then the spaces LY (R™) and WG (R™) are reflexive, separable Banach spaces. More-
over, the dual space of L¢(R™) can be identified with L¢™ (R™). Finally, C>°(R™) is dense
in LY(R™) and in WHE(R™).

It is fairly straightforward to see that the same functional properties hold for the
fractional spaces W% (R™). We state the result for further references and make a sketch
of the proof for completeness.

Proposition 2.11. Let G be an Orlicz function according to Definition 2.1 and let 0 <
s < 1 be a fractional parameter.

Then WG (R™) is a reflevive and separable Banach space. Moreover, C>*(R™) is
dense in W% (R").

Proof. First observe that if we denote du = |z — y|~"™ dzdy, then dp is a regular Borel
measure on the set Q x Q and the space L& (dpu) is also a reflexive and separable Banach
space.
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Next, observe that the map
U WHGR™) = LOR) x LO(dp), u <u 7“(?_:'9))

is an isometry.

Therefore, the reflexivity and separability properties of W& (R") are deduced from
the ones of L&.

Finally, the density result follows by the usual argument of truncation and regular-
ization by convolution and uses Jensen’s inequality. The details are analogous to that of
the proof in the LE case and are left to the reader. O

Remark 2.12. Let G be an Orlicz function according to Definition 2.1. Observe that if
we denote by W~*C (R") the (topological) dual space of W*%(R"), then L& (R") C
WG (R™).

This is a consequence of the trivial inclusion W*%(R") C L%(R™). Moreover, given
f € LE (R™), this inclusion is given by

(f,u) ::/fudac,
R~

for any u € W% (R").
2.3. Some technical lemmas

In this subsection we analyze how the modular of a function is affected by regulariza-
tion by convolution and by truncation. These facts will play a key role in the sequel.

As usual, we denote by p € C°(R™) the standard mollifier with supp(p) = B1(0) and
pe(x) = e "p(%) is the approximation of the identity. It follows that {p.}c>¢ is a family
of positive functions satisfying

pe € Ccoo(Rn)v Supp(ps) = Bs(o)v /ps dr = 1.
Rn

Given u € LE(R™) we define the regularized functions u. € LE(R™) N C®(R™) as
wa(w) = s pa(a). (2.7)
In this context we prove the following useful estimate on regularized functions.
Lemma 2.13. Let u € LY (R™) and {u.}eso be the family defined in (2.7). Then
Ps6(ue) < Ps(u)

foralle >0 and 0 <s < 1.
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Proof. By Jensen’s inequality

G (lue(z +h) —uc(@)||h]~*) = G /(U(x +h—y) —ulx—y)p(y)|h[ " dy

Rn

s/aumI+h—w7uu—yMMﬂwawdy

Rn

Integrating the last inequality over the whole R™ we get

/G <|us(|$x)_—yl?s(y)|> - ifryln R[G (lus(:c+|f;)|s— us(x)|> ZTn
Rn t/ |u T ﬁl)'s_ ule - y>|> pe(y) dy Z—Tn
/ {m/ |u rh fﬁ; ule y”) % pe(y) dy

:/G<u@+$:wmngd

]Rn

where we have used the invariance of the norm with respect to translations and the
Jgn pdz = 1. Finally, since

// ( Iw—;Ll(y”)dei(;y" // ( +h)|S_U( )|> dlilcih

Rn X]R’IL Rn X]R’IL

the lemma follows just by integrating (2.8) respect to h. O
We also need estimates on modulars of truncated functions. We use the following
notations: Let n € C°(R™) such that n = 1 in B1(0), supp(n) = B2(0), 0 <n <1 in R"™

and [|V7][ec < 2. Given k € N we define n(x) = (). Observe that {n }ren € C2°(R™)
and

0<m <1, m=1inBg(0), supp(ne)=Bak(0), |Vl <~
Given u € L%(R™) we define the truncated functions uy, k¥ € N as

U = Nk U. (2.9)

In the next lemma we analyze the behavior of the modular of truncated functions.
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Lemma 2.14. Let u € L%(R™) and {ux}ren be the functions defined in (2.9). Then

C C? 1 1
<=9 — Z
Csclun) < 5 8s6(u) + —-nwy <S + . S)) P (u),

where C is the doubling constant defined in (Hs) and wy, is the measure of the unit ball
in R™.

Proof. From (P;) and since n; < 1 we have

G (Iwc(w) —uk(y)l) re (IU(ﬂf) —U(y)l) L <q <U(x)ll?£(f)y; 1 (y) ) .

2

|z —yl* lz —yl*
Then we get
lug(x) —up(y)|\ dxdy
G( P e AR O
R7 xRn
e // G (IU(w)Ilmc(x) —nk(y)|> drdy
2 |z —yl* |z —y["
Rn7» xR

The integral above can be split as follows.

[ [+ G<|u<x>|nk<x>nk(y>> dedy

|z —yl* |z —y|"
" la—y[>1  R" z—y|<1

The monotonicity of G and (P5) allow us to bound I; as follows

I S/ / G@W(@Dwdxdy
R™ [z—y|>1

:nwn/rs—ildr/G(ﬂu(z)D da

1 R~
< Cnwn / G(|u(z)|) da.

S

Rn

We deal now with I5. Observe that, since |Vny| < % and (Ps) holds,

“ <|U(x)|?;(—x)z/ls nk(y)|> |z ixyI" = / ¢ (é |x|ﬁ(;|)5|1> |z iyyln

|lz—y|<1 lz—y|<1
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1
<2 [ e uta)) 5
0
nw, C
~ TG (@),

where we have used (H>) in the last inequality.
From these estimates the conclusion of the lemma follows. O

2.4. Asymptotic behavior

When analyzing the asymptotic behavior of [-]s,¢ when s 1 1 one needs to understand
the asymptotic behavior of some integral quantities involving the Orlicz function G. This
is the content of this subsection.

Let us begin with the following observation.

Remark 2.15. Given a > 0, from the monotonicity of G and () it follows that

1 p 1 G 175)
/ / G (a|zn|r1_5) dSZ% < nwn/# dr

0 s 0 1 (2.10)

1 n

< nwnG(a)/—d = G(a),
T 1-s
0
where S”~! is the unit sphere in R™.
Then, we may define the bounded functions G*: Rt — R as

~+ 1—s dr
G (a) :=limsup(l — s) (alzn|r'~*) dS. —, (2.11)

sT1 r

0 sSn—1

and G~ (a) is defined analogously by changing limsup by lim inf.
When both G*(a) coincide, we define

Gla) := 1—3 / / (alzn|r'™ )dSZ%. (2.12)

The following proposition shows that G+ are Orlicz functions and that they are both
equivalent to G. Hence, the spaces LE(R™) and LE* (R™) are, in fact, equivalents.

Proposition 2.16. The functions G* defined in (2.11) are Orlicz functions. Moreover,
there exist positive constants ¢; and co such that
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c1G(a) < G*(a) < caG(a)  for every a > 0.

Proof. We prove the proposition for G*. The proof for G~ is completely analogous.

First let us see that G is an Orlicz function. Hypotheses (H,) and (H,) are trivial
consequences of the fact that G verifies those hypotheses.

Finally, (H3) is an immediate consequence of the facts that G verifies (H3) and of
(2.10).

It remains to show that Gt is equivalent to G.

Observe that (2.10) gives G (a) < nw,G(a).

On the other hand, from Lemma 2.7, there exists ¢ > 1 such that

1
/ / G (alzn|r) dS—>/ / (2nlr=)2G(a )dsﬁ

0 §n—1 0 Sn—-1
1
/ |2,|%7 dS., /7’2‘1(175)71 dr
Sn—1 0
c(n,q
= G(a).
1, C¢@

The result is complete. 0O

We end this subsection by computing explicitly G for some of the Orlicz functions
given in Example 2.2. We will denote by K, fS" 1 |wn P dS,.

Example 2.17.

(1) Given p > 1, we consider G(t) =P, t € RT. Since

)

/ Glalwn|rt=*)dS,, = aPr3=>PK, ,

|w]|=1

we arrive at the expression

(2) Given p > 1 we consider G(t) = t?|logt|, t € R*. In this case we have that

G(a|wn|r175) dS,, = aPr— (Knpllogal + Kiognp — (1 — s) K, plogr),
Sn—l

where Ko np is & positive constant given by
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K= [ fonl? loglw, | dS..
Sn—1

Therefore, we obtain

N P K,
G(a) = % <Kn7p| log a| + Kiognp + 7’7) .

(3) If Gy,...,Gy, are Orlicz functions and ¢y,...,¢, > 0, then if we denote G =
> ope, cxGy we easily obtain

éi = Z Cké:kt
k=1

(4) If 1 < ¢ < p and G(t) = max{tP,t?}, then, after some computations we arrive at

q
n’qa_ ifa<l1
q
q p
i < / |wn|7 dS, + & / lwn|P dS,
Gla)=4q 4 D
Jwn <2 |wn|>1
11 .
|wn |>1

3. The Rellich-Kondrachov theorem for WG spaces

The aim of this section is to prove the compactness of the immersion W*< into LC.

The spirit of the proof lies in proving an equi-continuity estimate in order to apply a
variant of the well-known Freéchet-Kolmogorov Compactness Theorem.

The main result is this sections reads as follows.

Theorem 3.1. Let 0 < s < 1 and G an Orlicz function. Then for every {un}tnen C
W*E(R™) a bounded sequence, i.e., sup,en(Ps,c(un) + ®a(un)) < oo, there exists u €
WG (R™) and a subsequence {un, tren C {tn}nen such that u,, — u in LY (R™).

The following technical lemma provides the equi-continuity of modulars.

Lemma 3.2. Let 0 < s < 1 and G be an Orlicz function. Then, there exists a constant
C > 0 such that

D (mhu —u) < Ch)° Py g (u),

for every u € WG (R™) and every 0 < |h| < 1, where Tpyu(z) = u(x + h).
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Proof. The A, condition (H>) gives that
G(lu(z +h) = u(x)]) < CIG(Ju(z + h) —u(y)]) + G(u(y) — u(z)])]
for all y € Byj,|(x). Then
1
Do (thu —u) = W / /G(|u(ﬂc+ h) —u(z)|) dz dy
Bjp(z) R
C
<mro [ [ Glutatm —utw))ddy
B (z) R" (3.1)
C
time [ Gt —ue) dsay
Bjp(z) R
C
= i, )

Given z € R™ and y € Bj|(z) we have that
[x—yl <|hl, |e+h—yl<[|r—yl+][h <2[h|.

Then, the integral I; can be bounded as

jule+ ) — uly)| : o dedy
/ Ik ( oy TRl

B oy [z +h—y|"
ni(
h) dx d
x+ y| |+ h —y|
By (z
< 2n+s|h|n+s // G (|u(x) - u(y)l) dx dy
B lz —yl* |z —y|™

R xR™
= C\h|”+st>syg(u),

where we have used the monotonicity of G and property (P5). Analogously,
12 S C|h|n+sq>s)g(u).
Finally, inserting the two upper bounds found above in (3.1) we obtain that

(I)G(Thu — u) S C|h|s(bs7g(u)

and the lemma follows. O
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Proof of Theorem 3.1. First observe that if {u}ren is bounded in W*%(R"), then is
also bounded in LY (R™). Let us denote by M = sup,en (®s,¢(ur) + P (ug)) < 0o. Then
Lemma 3.2 gives that

sup @ (thur —uk) < CM|h)®.
keN

Now, applying a variant of the Fréchet-Kolmogorov Theorem (see [16, Theorem 11.5])
we are able to claim the existence of a function u € LY(R™) and a subsequence, that we
still denote by {ug}ren, such that ug — u in LE (R™).

Moreover, u € W# G(R"). Indeed, up to a subsequence, ur — u a.e. R™. Then

0< lim G <M> e (M> a.e. (z,y) € R" x R™.

k=00 |z —y|® |z —y|®
Therefore, Fatou’s Lemma together with the lower semicontinuity of G gives

= [ o= e

R~ XR"

< lim inf // (|uk uk(y)|) dz dy
k—o0 lz —yl* |z —y|n

R xR™

< sup O g(up) <M < 00
keN

as required. O
4. The main result

This section is aimed at proving the natural extension to fractional Orlicz spaces of a
celebrated theorem of Bourgain, Brezis and Mironescu [3], namely:

Theorem 4.1. Let G be an Orlicz function such that the limit in (2.12) exists. Then, given
u € LE(R™) and 0 < s < 1 it holds that

limn(1 = 5)@4,6(u) = B(Vu), (4.1)

where G is defined in (2.12).
The proof of Theorem 4.1 will be a consequence of the following couple of lemmas.

Lemma 4.2. Let u € WHY(R™). Then, for 0 < s < 1 it holds that

NWwn, 2Cnwy,

(I)s,G(u) >

—, 2a(|Vul) +

(IDG(u)
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where C is the doubling constant defined in (Hs).

Proof. Let us first assume that u € C2(R™).
We split the integral

JECEOIEL

|z — gyl |z —y|"

_ //+// G(|u($+|f;)|s—u(x)l)d|zcih

Bi R™ BfR™

R xR™

= Il + 12.

Let us bound I;. Given u € C2(R™), observe that for any fixed x € R™ and h € R"
we can write

1 p 1
u(x+h) —u(z) = | —u(xr+th)dt= [ Vu(x +th)- hdt.
faserma-|

Dividing by |h|® and using the monotonicity and convexity of G we get

fu(z + h) — u(z)] /
G( i ) <G O/|Vu(x+th)||h| dt

(4.2)

1
< /G (|Vu(z + th)||h]'~*) dt.
0

Expression (4.2) together with (P5) allows us to bound I; as follows

1
I g///G(|vu(x+th)||h|1—S) dtdx%

BiR” 0

1
§/|h|1’5’”//G(|Vu(x+th)\)dtdxdh
B R» O

< [imp=eman [ 6 (vat) da
J A

1

:nwn/r*SdT/GﬂVU(w)\)dx

0 R»
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= [ G (vu@) ds
Rn

The integral I can be bounded using (Ps) (since |h|~* < 1 when h € Bf). Indeed,

L < [ A" | G(Ju(z + h) —u(x)|) dzdh
.

< C/h_s_"/G(|u(x+h)|)+G(|u(m)|)dxdh

B¢ R

—20/G|u dxnwn/r s=Lar

1
_ 2Cnwy,
N s

[ Glut@) iz,

R~

where we have used the property (P,).

In order to prove the Lemma for any u € WH%(R"), we take a sequence {ug}ren C
C2?(R™) such that uy — u in WHE(R™). Without loss of generality, we may assume that
ur — u a.e. in R™. Observe that this implies that

(1Dl g (WD) e

lz — 9 |z —yl*

Therefore, by Proposition 2.10 and Fatou’s Lemma, we obtain that

2
O, ¢(u) < liminf @, ¢(uz) < lim {”“’” (IVug|) + C"‘”"%( k)
’ k—oo ’ k—oo | 1 —
nw 2Cnw
= T (V) + 22 g ).

The proof is now complete. 0O
The following lemma is key in the proof of the main result.

Lemma 4.3. Let G be an Orlicz function such that the limit in (2.12) exists. Let u €
C2(R™). Then, for every fized x € R™ we have that

(@ el dy s
i) [ 6 ) s = G(vulo)) (4.3

sT1 |z —yl® yl™
Rn

where G is defined in (2.12).
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Proof. For each fixed € R™ we split the integral
[o(Loosly a_ [ (vl b
p [z =yl ) |z -yl e —yl* /) e —yI"

o JECE R

|z —y|* |z —y[™

+

|z—y|>1

=0 + .

Observe that for any x,y € R™, x # y, property (P) gives that

6 (M=) g ([ou . =2

|z — gyl |z —yl*

)‘SLmu%wmn—vwm-@_y”

|z —y[*
< C|JE - y|27s’
where L is the Lipschitz constant of G on the interval [0, || Vu||s] and C' depends on the

C?—norm of u.
Now, since

— 2—s—n — nwn
|z =y dy = 5—,
lz—y[<1
it follows that
o P ATET
lz—y[<1
. rT—y dy
= lim(1 —s) G | |[Vu(zx) - .
sT1 lz—yl*|) [z —y["
|z—y|<1
But
d A d
G(’VU(@”)' x—yg > Y :/ / G (|Vu(z) - w|r' ™) Sy &
lz—yl*|) |z —y[" r
lz—y|<1 0 sn-1

1
= [ [ c(vuliwar-)as, 2.
0

where we have performed a rotation such that Vu(z) = |Vu(zx)le,.
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Therefore
11%1(1 —s)I1 = G(|Vu(z)|). (4.4)

Let us deal with I. Since G is increasing and (Ps) holds, I is bounded. In fact,

oo

G(2IIUI|oo) _ W
|[z—y|>1 1
from where we can derive that
lim(1 — s)I> = 0. (4.5)

sT1

Finally, from (4.4) and (4.5) we obtain (4.3). O
At this point we are ready to prove our main result.

Proof of Theorem 4.1. Given u € C%(R") with supp(u) C Bg(0), in view of Theorem 5.3
it only remains to show the existence of an integrable majorant for (1 — s)Fs, where Fj

- fa(25)

R~

is given by

Without loss of generality we can assume that R > 1.
First, we analyze the behavior of Fy(z) for small values of x. When |z| < 2R we can

/ - / G (IM@):;E@/)I) i ﬁyyn —L+h  (46)

Bi(z) R7\Bi(x)

write

Arguing as in the proof of Lemma 4.2 we obtain that

L< / Ih[1=5- ”/G V(e + th)]) dt dh

|h|<1

p (4.7)
< nwnG(HVuHOO)/T_Sdr
0
nwp,

G(IVulloo) 77—

S
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and

I < / A7 (G (Juz + h)| + |u(2)])) dh

|n|>1

< nwn/r*S*lG@Hun)dr (4.8)
1

nwn

= —G2flulle)-

When |z| > 2R the function u vanishes and we have that

Fy(z) = / ¢ <|:|cu£y;:) E iym"'

Br(0)

Since |z —y| > |z| — R > %|x|, from the monotonicity of G, Ay condition and (F) (since
|x| > 2) we get

(4.9)
C C
S Gl s = |Gl dy
Br(0) Br(0)
for any s > %
From (4.7), (4.8) and (4.9) we obtain that

(L= ) < (X0 o) + oo () € L' (R

where C' > 0 depends on n, p and u but it is independent of s.

Then, from Theorem 5.3 and the Dominated Convergence Theorem the result follows
for any u € CZ(R™).

Let us extend the result for any v € W% (R"). According to Proposition 2.10, let
{ur}ren C C?(R™) be a sequence such that ug, — u in WH%(R™). Then

(1= 8)@s,6(u) = a(Vu)| < (1= 5)|Ps,q(u) = P, (ux)|
(1 = 8)Ps g (ur) — Pa([Vurl)| (4.10)
126 Vug|) = a([Vaul).-

Let us fix € > 0. From Proposition 2.10, there exists kg such that for k > kg,
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[@a(IVur]) = @4(Vul)| <

| ™

and from Lemma 2.6 one can take § > 0 (to be fixed) such that
(1—35)|Ps,c(u) — D5 a(ur)] < (1 —98)0Ps c(uk) + (1 —5)CsPs a(u — ug). (4.11)

Observe that from Lemma 4.2 we have that (1 — s)®5g(ur) < K for some positive
constant K. Moreover, again from Lemma 4.2, there is some ki such that for & > k;
it holds that (1 — s)®c(u — ur) < 55 Consequently, it follows that (4.11) can be
bounded as

c

(1= 8)[®s,6(u) = Psc(un)| < 0K + 3

€

for k > k;. Hence, choosing § = ;% we find that (4.10) is upper bounded as
(1= 8)Ps6(u) = a(Vu)| < e +[(1 - 5)Ps.c(ur) — Pa(|Vu|)|

for all k& > max{ko, k;}. Finally, the desired result follows by fixing a value of k >
max{ko, k1 } and taking limit as s 1 1.
To finish the proof, let us see that if uw € LZ(R™) is such that

limTilnf(l —5)®, a(u) < oo,

then u € WHE(R™).
Given u € LE(R™), according to Lemmas 2.13 and 2.14, if we define the approximating
family

Ug,e = pe * (uny) € C°(R™),
it satisfies
limTilnf(l —8)® q(upe) < C,
S

with C independent on € > 0 and k € N.
The first part of this theorem gives that

Os(Vug,e) = li%rll(l —8)0s q(ure) < C,

then, from Proposition 2.16, {uk. e }ren >0 is bounded in WLE(R™). Consequently, from
Proposition 2.10, there exists a sequence u; = ug, ., with k; — oo and ¢ | 0 and
@ € WhHY(R™) such that u; — @ weakly in WHE(R™). Moreover, since uy. — u in
LE%(R"™) as k — oo, and ¢ | 0, we can conclude that & = u € WHE(R™) as required. 0O
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5. The case of a sequence

Our second main result in this paper is the following limit result for sequences of
functions.

Theorem 5.1. Let G be an Orlicz function. Let 0 < s, 11 and {ug}ren € LE(R™) be
such that

sup (1 — s5)®s, . c(ug) <oo and  sup Pg(ug) < .
keN keN

Then there exists u € LY(R™) and a subsequence {ug, }jen C {uk}tren such that uy, — u
in L (R™). Moreover, if G is such that the limit in (2.12) exists, then u € WH%(R"™)
and the following estimate holds

Qs (Vu) < liminf(1 — )Py, o (ur).
k—o00

The proof of the above result will be a direct consequence of the following useful
estimate:

Theorem 5.2. Let 0 < s; < s3 < 1 and u € LY(R"™). Then

2Cnwy, (1 — s1)

(1 - 51)¢s1,G(u) < 21751(1 - 82)¢527G(u) + s1

<I>G(u)
The key point in proving Theorem 5.2 is the following lemma:

Lemma 5.3. Let g, h: (0,1) — R™ measurable functions. Suppose that for some constant
¢ > 0 it holds that g(t) < cg(%) for t € (0,1) and that h is decreasing. Then, given
r>—1,

1

1 . 1 1
t"g(t)h(t) dt > — tg(t)dt | ¢ h(t)dt.

0

We omit the proof Lemma 5.3 since it follows with a slight modification of the proof
of Lemma 2 in [3], which is stated with ¢ = 1.
Now we proceed with the proof of the estimate.

Proof of Theorem 5.2. Given u € L%(R™), we define for t > 0 and 0 < s < 1,

u(z + tw) — u(z)]
tS

- | ol

§n—1Rn

) dz dS,,
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o (u(x L u<x>|) o ds,.

|h|=t R»

From the A, property and (Ps) we get

o <|u(aj + 2;:2 — u(w)|> _c <|u(ac + 2tw) —u(z + 1;2@:21 + |u(z + tw) — u(w)|)

< E{G(|u(x+2tw)—u(x+tw)|) +G(|u(ﬂc+tw)—u(m)|)}7

- 23 tS tS
integrating over R™ and S™~! and using the invariance of the integral we get that

Fy(2t) < 2175 CF,(t).

Now, if we consider the function gs(t) = I;—Et) we obtain that

F2) _ (R
21—st1—s - tl—s

gs(2t) = = Cy,(t).

Then, observe that

hl[l]R/n (|u $+|};L|S_ u<x)|) |Z—xndh
/// (tte e —utal) o g, -
0

|hj=t R»
1
:/gé(t)
t
0

1
/Ft
0

Consider now 0 < s1 < so < 1. Therefore, using (Ps), for any 0 <t < 1

)= Tl L[ [ (M ue) g

tl_sl tl_sl ts1
Sn—1Rn
1 1 |u(x + tw) — u(z)]
S tlf\slt51*52 / /G ( 152 dx dSw
gn—1Rn
F, (1)

= t1_82 :gS2(t)

whence we obtain that
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1 1
ts2 t92 ts2—s1 t‘31
0 0

Now, from Lemma 5.3 with r = —s; and h(t) = t~(2751) we get
| 0 1 1
1 9s t 1-— S1 s s
/tsz‘—Sl T /t 9 (1) dt/t e

0 0 0
1

= ) 1_81 /gsl(t) dt

21751 1— S9 ts1

0

and then

t32—$1 tS]

1 1
/gsl (t) dt < 21—81 ]‘ — 52 / ]' gsl(t) dt
0

Mixing up (5.1) and (5.2) we get that

1—s |lu(x + h) —u(z)|\ dz
s [ o (M) s

|[h|<1R™

cmy [ oMb ) by

|h|* [h["

|h|<1R"™

[ o (M) s

Finally,

|h|>1R"
dx

<C (G(|u(x + h|) + G(|Ju(z)])) Thfren 45n

|h|>1Rn
< 2Cnw, e (u / r‘51+1

1
2Cnwn,
S1

and the result follows from the last two inequalities. O

357

(5.2)



358 J. Ferndndez Bonder, A.M. Salort / Journal of Functional Analysis 277 (2019) 333-367

Proof of Theorem 5.1. Let 0 < s5, T 1 and {uy }ren € LY (R™) be such that

sup @, ¢(ug) <oo and  sup Pg(ug) =M < oco.
keN keN

Take 0 < t < 1 be fixed and, from Theorem 5.2, we obtain that {us}reny C WHE(R™)
is bounded. Hence, by Theorem 3.1 there exists a subsequence (still denoted by ) and a
function u € LE(R™) such that u, — w in L (R™). Moreover, without loss of generality,
we may assume that uy — u a.e. in R™.

From Fatou’s Lemma we get

Dy ¢ (u) < liminf &4 ¢ (ug),
k— o0
and from Theorem 5.2 we obtain that

2Cnw, (1 —t
(1-1)®;,¢(u) <liminf 21_t(1 — 55)Ps, . (up) + M

k—o0 t

M.
Finally, taking limit as ¢ 1 1 and invoking Theorem 4.1, the result follows. O
6. Some consequences and applications

In this final section, we show some immediate consequences of our main theorems,
Theorems 4.1 and 5.1.

Throughout this section G will be an Orlicz function such that the limit in (2.12)
exists.

When working on a domain 2 C R™ (bounded or not) it is useful to introduce the
following notations.

The space Wy () denotes, as usual, the closure of C2°(Q) with respect to the
Il |l1,¢—norm.

In the fractional setting, we use the following definitions

WOS’G(Q) = {ue W*Y(R"): u=0a.e. in R"\ Q}.

Alternatively, one can consider
We6() = Cr@) .

In the classical case, i.e. when G(t) = tP, these spaces W3 () and W*P(1) are known
to coincide when s < % or when 0 < s < 1 and  has Lipschitz boundary. See [9].

In this paper, we shall not investigate the cases where these spaces W G(Q) and
WS’G(Q) coincide and use the space W ““(Q) to illustrate our applications.

In what follows, every function v € L% (Q) it will be assumed to be extended by 0 to
R™\ Q.
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Finally, observe that the inclusions
W€ (Q) c WH9R™) ¢ LE(R™)
imply
LE(Q) c LY (R™) c W= (R™") c W97 (Q),
where W% (Q) denotes the (topological) dual space of WOS’G(Q).
6.1. Poincaré’s inequality
A first consequence that we get is Poincaré’s inequality.

Let us first recall Poincaré’s inequality for functions in I/VO1 G(Q) whose proof can be
found, for instance, in [12, Lemma 2.4].

/G(|u\) dr < A/G(|Vu|) d (6.1)

for every u € WOLG(Q).

Theorem 6.1. Let A be the optimal constant in Poincaré’s inequality (6.1). Then, given
6 > 0 there exists 0 < so < 1 such that

Q/G(|u|)dx < (;41 +5) (1 _s)RnZL G ('“(Eﬂ)_;gyN) |xdfdzj/|"7 (6.2)

for every so < s <1 and every u € LY (). The constant c; is the one given in Proposi-
tion 2.10.

Proof. The argument in this proof is taken from [27].
The proof follows by contradiction. Assume the result is false, therefore there exists
a constant C' > %, a sequence s; 71 and u; € WSJ’G(Q) such that

Pa(uj) =1 and (1—s5)P; a(u;) < é

Now, from Theorem 5.1, passing to a subsequence if necessary, we have the existence

of a function u € WH“(R") such that ®¢(u — u;) — 0 and u; — u a.e. in R™. Hence,
ue Wy©(Q), ®g(u) = 1 and, again by Theorem 5.1 and Proposition 2.16,

1

&186(|Val) < (| Vul) < limint(1 - 5,)8,, o(u) < 5.

This last inequality contradicts the optimality of the constant A in (6.1). O
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We immediately obtain the next corollary.

Corollary 6.2. Let Q C R™ be open and bounded. Then there exists a constant C' > 0
depending on n, G and Q) such that

/G|u| Yz < C(1—s) // ( u(y>|> dody
|z —yl* |z —y["

R xRn

for every 0 < s <1 and u € LE(9).

Proof. To conclude the Corollary, we only need to prove Poincaré’s inequality for any
fixed 0 < s < 1. To this end, let d = diam(?). Thus, from Lemma 2.7,

NS == A I =D e

xR Q |z—y|>d+1
dy
> [ewon | [ o= |4
Q z—y|>d+1

- +n1)2qs.!G(|u(x)|)dx.

Combining this inequality with Theorem 6.1 the conclusion of the Corollary follows. 0O
6.2. I'—convergence

Let us recall the definition of I'—convergence.

Definition 6.3. Let X be a metric space and F, Fj: X — R. We say that F; T'—converges
to F' if for every u € X the following conditions are valid.

(i) (lim inf inequality) For every sequence {u;};en C X such that u; — u in X,

Jj—oo

11 1m sup inequality). For every u € X, there is a sequence {u;j;eN C convergin
i) (li i lity). F X, there i itien C X ging
to u such that

F(u) > limsup F}(u;).

j—o0
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The functional F' is called the I'—limit of the sequence {Fj}jcn and it is denoted by
r
F; = F and

F =T—lim F.

j—o0

Remark 6.4. In the case where the functions are indexed by a continuous parameter,
{F.}c>0, we say that

F=T-limFE.,
el0

if and only if for every sequence ¢; | 0, it follows that F_, 5.

Now, let us fix Q C R™ open, and an Orlicz function G.
For any 0 < s < 1, we define the functional J,: LE(Q) — R by

Ts(u) = {(1 —5)Ps.c(u) ifue WOS’G(Q)

400 otherwise,

and the limit functional J: LG(Q) - R

~ U if u LG
j(u):{%uv )it Wpt@)

+00 otherwise.

Theorem 6.5. With the previous notation we have that

J =T-lim J;.
sT1
The proof of Theorem 6.5 is a direct consequence of our previous results. Indeed,
the limsup inequality follows just by choosing the constant sequence, whilst the liminf
inequality follows from Theorem 5.1.
The main feature of the I'—convergence is that it implies the convergence of minima.

Theorem 6.6. Let (X,d) be a metric space and let F,F;: X — R, j € N, be such
that F; I'—converges to F. Assume that for each j € N there exist u; € X such that
Fj(uj) = infx F; and suppose that the sequence {u;}jen C X is precompact.

Then every accumulation point of {u;}jen is a minimum of F and

inf F'= lim inf F}.
X j—oo X

The proof of Theorem 6.6 is elementary. For a comprehensive study of Gamma con-
vergence ant its properties, see [6].
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Consider now f € L% (Q) and define the functionals F, F; as

Fs(u) :== T, /fud:c vy F(u) /fudm (6.3)

Since u — [, fudz is continuous in LE(£2), Theorem 6.5 implies that 5 F. See
[6, Proposition 6.21].

Let us apply Theorem 6.6 to the family F,;. With this aim, let us verify that, given
0 < sj T 1, there exists a sequence {u;}jeny € LY(2) of minimizers of Fs, which is
precompact in LE(Q).

The proof of the next lemma is standard. We state it for future references and leave
the proof to the reader.

Lemma 6.7. Let 0 < s < 1, G be a uniformly convex Orlicz function and f € LG*(Q).
Then there exists a unique function u € W' (Q) such that

Fs(u) = infG Fs(v).
veWF 7 (Q)

Now, a simple consequence of Theorem 5.1 gives the compactness of the sequence of
minima. Again, the details of the proof are left to the readers.

Lemma 6.8. Let 0 < s; 11, and Q C R"™ be an open bounded subset. Given j € N, let
uj € LE(Q) be the minimum of Fs,. Then {u;};en C LE(Q) is precompact.

As a corollary of Lemmas 6.7 and 6.8 and Theorem 6.6 we obtain the following result.

Theorem 6.9. Let G be a uniformly convex Orlicz function, Q C R™ be open and bounded
and let us € LY (Q) be the minimum of Fs. Then there exists u € LY () such that

u = limu, in LE(Q) and F(u)= min F(v).
sT1 veLG(Q)

6.3. The fractional g— Laplacian operator

Let G be an Orlicz function and 0 < s < 1 be a fractional parameter. We define the
fractional g—Laplacian operator as

v [ e (1) )] ulx) —u(y) dy
(~Ag)*u=p R/n G( )

lz —yl* lu(z) — u(y)| |x —y["+s

(e — )] w@) —uly) dy
e [o(ME=)

=yl ) @) —u(y)l |z -yt

where p.v. stands for in principal value and g = G’ which is well defined in view of (H3).
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Let us see that this operator is well defined between W*¢(R") and its dual space
W—s,G* (Rn)
For that purpose, let us define the approximating operators as

S VETE g (CCE CINE LSO

lz—yl* ) fu(@) —u(y)] |z —y[*s

|z—y|>e

We have the following lemma.

Lemma 6.10. Under the above notations and assumptions, there holds that if u €
W=CG(R™), then (—Ag)iu € LE (R™).

Proof. First, observe that

h|>e
<e [ o (o (M) ) e
|h|>e
oy

where we have used Jensen’s inequality, the Ay condition (H») and Lemma 2.9.
Integrating over R™ we obtain

D+ ((—=Ag)2u)

€

IN

This completes the proof. O

Remark 6.11. Although it will not be used here, is not difficult to see that the constant
C. in the former inequality is bounded independently of €. So we get the estimate

C
Pa-((—Ag)zu) < s (u).
It remains to see that lim.jo(—A,)fu exists in W—C" (R™).

Theorem 6.12. Given u € W% (R"), the limit (—A,)*u = lim.jo(—A,)Su exists in
W‘S7G*(R”). Moreover the following representation formula holds

(cagun =t [ o(1HD2) s ) o) - sy dods

—yl* ) fu(@) —u(y)] e -yl |z -yl

R"x R~
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for any v € WG (R").

Proof. In view of Lemma 6.10, we have

(g = [ f ( |x;Tgy)')@gx;—zg;'v(x)lzdg|n+sdx

R™ [z—y|>e t
_ \u(x) - u(y)| u(y) — u(x) ; dy .
R[|$4>e g ( |z —yl* ) |u(z) — u(y)| ) |z — y|n+s d

Therefore,

(agtui =} [ o (MU0 o) ) o) ol dedy

—yl ) (@) —u(y)] e -yl yI"

|z—y|=>e

In order to pass to the limit we need to check that the integrand is in L*(R™ x R™). But,
by (2.5) and Lemma 2.9 it holds that

g(hﬁ?:ﬁgﬂ>hﬁ?:;9)<(?(g(@%%;ﬁgn) +G(Eﬁ§£§?l)
<(p-1)G (M) e <M)

|z — lz —yl*

and hence we conclude

// ( u(y )|> v(z) —o(y)| dedy (0 — 1)@s.c(w) + Bo (0).

W—ms lz—yl* |z —y[*~
R7» xR~

The result follows. O

Given a bounded open set @ C R™ and f € LY (Q2), using Theorem 6.12 we can
provide for a notion of weak solution for the following Dirichlet type equation

(—Ay)’u=f in Q (6.5)
u=20 on R™\ Q.
Definition 6.13. We say that u € W;"“(Q) is a weak solution of (6.5) if
(=Ag)’u,v) = /uv dx (6.6)

Q

for all v € W (Q).
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Remark 6.14. Observe that since C2°(Q) c W;"9(Q), it follows that a weak solution of
(6.5) is a solution in the sense of distributions.

Now, as expected, we link every solution to (6.5) with minimum points of the associ-
ated functional (6.3).

Theorem 6.15. Let Q@ C R™ be open and bounded and let f € LY (Q). Then u € Wi (Q)
is a weak solution of (6.5) if and only if

Fuw) = inf  Fi(v)

where the functional Fs: L% (Q) — R is given by (6.3).

Proof. Let u € WS°(Q) be a weak solution of (6.5) and v € W5(Q2) be an arbitrary
function. Then,

(- uu=o) = [ fu-v)dz,
Q
Rearranging the terms, applying (2.5) we get

((—Ag)su,u)—/fud:c:((—Ag)su,v>—/fvdx

S% ﬂpG*@<m%kj?m>>;Tﬁn+EW>

R xRn™

Finally, we observe that

(cagun =1 [ oDzt ble) ) decs

|z —yl* lz —yl* |z -yl
R xR~

So, using (2.6) we arrive at Fy(u) < Fs(v).

Now, suppose that u € LY(Q) is a minimum of F;. In particular, Fs(u) < co and
then v € WS C(Q).

Fixed v € W, () we define ¢: R — R as

o(t) = Fs(u + tv).

Hence ¢(0) = inf;cr ¢(t), from where ¢'(0) = 0. It is straightforward to see that that
condition implies that u satisfies (6.6). O

Combining Theorem 6.15 and Lemma 6.7 we obtain the following result.
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Theorem 6.16. Let 0 < s < 1, G be a uniformly conver Orlicz function and Q2 C R™ be
an open bounded domain. Then, given f € LG (Q) there exists a unique weak solution
to (6.5).

Combining this theorem with our I'—convergence result, Theorem 6.9, we arrive at
the main result of this subsection.

Theorem 6.17. Let 0 < s < 1, G be a uniformly convex Orlicz function and Q2 C R™ be
an open bounded domain. Let us € WS C(Q) be the weak solution to (6.5). Then, there

exists a function u € W(}’G(Q) such that us — u in LG (Q) and u is the weak solution to

—Agu=f in

6.7
u=20 on 0f), (6.7)

where Agu = div <§(|Vu|)|g—z‘> and §=G'.

Proof. At this point the only thing that needs to be justified is that the whole sequence
is convergent. But this fact follows from the uniqueness of solutions to (6.7). O
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