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Abstract In this manuscript we study geometric regularity estimates for quasi-linear elliptic
equations of p-Laplace type (1 < p < 0o) with strong absorption condition:

—div(®(x, u, Vu)) + )\o(x)ui(x) =0 in QCcRY,

where ® : Q x Ry x RY — R¥ is a vector field with an appropriate p-structure, Ag is a
non-negative and bounded function and 0 < ¢ < p — 1. Such a model permits existence
of solutions with dead core zones, i.e, a priori unknown regions where non-negative solu-
tions vanish identically. We establish sharp and improved C” regularity estimates along free
boundary points, namely §o(«, ) = d{u > 0} N Q, where the regularity exponent is given
explicitly by y = pfl’iq > 1. Some weak geometric and measure theoretical properties
as non-degeneracy, uniform positive density and porosity of free boundary are proved. As
an application, a Liouville-type result for entire solutions is established provided that their
growth at infinity can be controlled in an appropriate manner. Finally, we obtain finiteness
of (N — 1)-Hausdorff measure of free boundary for a particular class of dead core problems.
The approach employed in this article is novel even to dead core problems governed by the
p-Laplace operator —A ,u + Aou? xy~0; = 0 for any A9 > 0.
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1 Introduction

Quasi-linear elliptic equations whose nonlinear nature give rise to free boundaries come from
as varied phenomena as reaction—diffusion and absorption processes in pure and applied math-
ematics. Throughout the last decades we can find in the literature some remarkable examples
which model several problems derived from theory of chemical-biological processes, com-
bustion phenomenon and population dynamics, just to mention a few. Regarding this studies,
an often more relevant problem to be dealt from a applied point of view is that which arises
from diffusion processes with sign constrain, which are in general the only significant cases
in physical situations (cf. [3-5,13,20] for some motivational works). An interesting example
is given by
{ _Apu(x) +}\0(x)f(”)X{u>0} =0 in Q (1.1)
u(x) = g(x) on 0%, ’

where 1 < p < 00, 2 c RV is aregular and bounded domain, A ,u(x) = div(|Vu|P~2Vu)
is the well-known p-Laplace operator and ¢ is a positive bounded function. In such a
context Ag is known as Thiele Modulus and it controls the ratio of reaction rate to diffusion—
convection rate. Here f is a continuous and increasing reaction term satisfying f(0) > 0
and g is a continuous non-negative boundary value datum (in applied sciences, f represents
the ratio of reaction rate at concentration u to reaction rate at concentration unity). When
the nonlinearity f € C'() is locally (p — 1)—Lipschitz near zero,! it follows from the
Maximum Principle that nonnegative solutions must be, in fact, strictly positive (cf. [28,35]).
However, the function f may fail to be differentiable or even not decaying fast enough at
origin. For instance, if f(r) ~ 1t with 0 < g < p — 1, f fails to be Lipschitz of order
p — 1 at the origin; in this case, problem (1.1) has an absence of Strong Minimum Principle,
i.e., non-negative solutions may vanish completely within an a priori unknown region of
positive measure Q' C €2 known as dead core set (cf. Diaz’s Monograph [13, Chapter 1] for
a complete survey about this subject of research). Such a peculiar characteristic of dead-core
solutions allow us to treat (1.1) as a free boundary problem.

This class of dead core free boundary problems has received warm attention since the late
70’s. A huge amount of investigations were carried out on this topic of research, including
existence of solutions and dead core sets, properties of localization, asymptotic behavior
of solutions and “effectiveness factor” among others, see, for instance the works due to
Bandle et al. [5,6], Diaz et al. [12-16] and Pucci and Serrin [28,29]. Despite of the large
literature on divergence form dead core problems, quantitative properties for models with non-
uniformly elliptic characters and a general structure are far less studied (cf. da Silva et al. [10,
11] as example of such considerations), and this has been our main impetus for the studies
in the current article.

Therefore, in this article we study diffusion problems governed by quasi-linear elliptic
equations of p-Laplace type for which a Minimum Principle is not available:

{ —div(® (x, u, Vu)) + Ao(x) - f@) x>0y =0 in

ulx) =g) on 0%, (1.2)

where @ : Q@ x Ry x RY — RV satisfies respectively a p-ellipticity and p-growth condi-
tion, which will be specified soon,0 < g € C 00Q), 20 € CO°Q) isa non-negative bounded
function and f is a continuous and increasing function with f(0) = 0. We are particularly

I We said that f satisfies a Lipschitz condition of order p — 1 at 0 if there exist constants 9, § > 0 such that
Fa) <Ml for0 <u <.
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interested in prototypes coming from combustion problems, chemical models (porous catal-
ysis) or enzymatic processes where the existence of dead cores plays an important role in the
model (cf. [3,4,20] for more explanations). For example, when u represents the density (or
temperature) of a chemical reagent (or gas), where such a solution is vanishing, it delineates
a region where no reagent (temperature) is present. The standard model is given by

—div(®(x, u, Vu)) + ro(x) - u? xpu=0y =0 in €, (1.3)

where 0 < g < p — 1 is called the order of reaction, and (1.3) is said to be an equation with
strong absorption condition.

The study of (1.3) is meaningful, not only for its applications, but also for its innate rela-
tion with several free boundary problems appearing in the literature (cf. Alt and Phillips [1],
Andersson [2], da Silva et al. [11], Diaz [13], Friedman and Phillips [19], Leitdo and Teix-
eira [25] and Phillips [27] for a variational treatment and da Silva et al. [8] and Teixeira [33]
for a non-variational counterpart; we refer also to reader da Silva et al. [9,10] for problems
in the parabolic setting).

1.1 Main hypothesis and overview of article
Given a bounded domain € RY we consider a function ® : @ x R x RY — RV satisfying
the following structural properties:

(H1) [Continuity]. ® € C%(Q x R x RV; RN).
(H2) [Monotonicity]. For every &1, &, € R” and (x, s) € Q X R there holds

(P(x,z,81) — P(x,2,82), 861 — &) =0.

(H3) [p-Ellipticity]. There exists positive constants ¢y, ¢z such that for all (x, z, §) € Q x
R x R¥ there holds

(P(x,2,8),8) = c1l§]” — e2l2)?

where p € (1, 00).
(H4) [p-Growth]. There exists positive constants c3, ¢4 such that for all (x,z,&) € Q x
R xRV and I < p < oo there holds

D (x, 2, )] < eslglP ™! + calel”!
Example 1.1 A prototypical example for such a family of operators is given by
O (x, 2, §) = AWIEI" 25 + b0zl 2

where 2 € RV*V is a symmetric uniformly elliptic and bounded matrix and b is a non-
negative bounded function. Another class of examples consist of

D(x, 2, £) = [AWE - £]"T A@)E + b(x)[z|P 2z,

where 2(x) and b are as above. Notice that in the previous examples when 2A(x) = Iy (the
identity matrix) and b = 0, we recover the p-Laplace operator.

We can refer (provided that ® (-, -, ) is restrict to compact sets) the p-generalized mean
curvature operator, namely

p—2
b(x.2.£) = 2A(x)|§]

T+ ER

£+ b(x)|z|" %z,
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forany m > 0 and2((x) and b as before. Observe that we recover the mean curvature operator
when p = 2 and m = 1. Finally, provided that ®(-, -, &) is restrict to compact sets, we can
cite the following class of operators

p—2
Br.z.E) = 2A(x) €] l_ié‘—i-b(X)lzlp_zz,

U +En)

where 1 < s < p < o0o. Such an operator reduces to p-Laplace when s = p, A(x) = Iy
and b = 0.

Finally, by way of motivation, fix0 < g < p—1and R > r¢ > 0. Then, the radial profile
u : BR(0) — R, given by

_pr
u(x) = (x| —ro) "

is a weak solution to
—Apu+ce(N,p,g)-u?(x) =0 in Bgr(0).

A feature worth commenting about this example is that, in general, solutions to (1.3) are
know to be locally of class C” for some y € (0, 1) (cf. [7,17,23,34]). However, for such
an example, fixed p > 1, one observes that u € CILO‘ZJ'ﬂ (Bg(0)), where

a(p.q)i= —L and B(p.q) = —2 —{ P J
p—1—g¢q p—1—g¢q p—1l—gq

Moreover, notice that «(p, g) > 2 provided that ¢ > max {0, pT_z , which means that

this is a classical solution, even across the free boundary. The proper understanding of such
a phenomenon should yield decisive geometric information about the solution and its free
boundary, and this is the main goal of our investigation, which focus on a systematic and
non-linear approach for such a class of problems. Therefore, we will show that any solution
to (1.3) behaves near its free boundary like the previous example.

Precisely, we will prove the following improved regularity estimate at free boundary
points:

Theorem 1.2 Let u be a bounded weak solution to (1.3). Then, given © > 0 there exists
a positive universal constant* ¢ = E(N, p,q, T, Ay) such that for any xo € Q fulfilling
B (x0) C Q and any r < %, the following estimate holds:

2)
sup u(x) < Qmax{ inf u(x), rﬁ—]r—q } (1.4)
By (x0) By (xo)

Farticularly, if xg € 9{u > 0} N 2 (a free boundary point), then

P
sup u(x) < Crr-1-—
By (x0)

. dist(xg,02)
forall0 < r < min {1, +}

2 Throughout this manuscript, we will refer to universal constants when they depend only on dimension and
structural properties of the problem, i.e. on N, p, g, c1, ¢2, ¢3, ¢4 and the bounds of ¢
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One more time we must stress the comparison between the regularity coming from dead
core solutions and those coming from the classical elliptic Schauder regularity theory. For
didactic reasons, let us suppose that u is a weak solution to

—div(Vu) + Ao(x)u? (x) xu=0y =0 in By, (1.5)

where 0 < g < 1 and A9 € C%9(B)).

Under such assumptions the Schauder regularity theory assures that classical solutions
to (1.5) are Clzocq (B1) (particularly at free boundary points). On the other hand, our main
Theorem 1.2 claims that u is C%# at free boundary points, where

) el
o= and B := — .
1—g¢q 1—g¢q 1—gq

Nevertheless, we must highlight that for any 0 < ¢ < 1 one have

2

—— >2+4g¢q,

l—gq
which means that dead core solutions are more regular, along free boundary points, that the
available best regularity result coming from classical regularity theory.

By way of motivation, we must highlight that (1.3) (provided & does not depend on u)

can be understood as the Euler—Lagrange equation related to the the following nonlinear
minimization problem

min/ F(x,u,Vu)dx, (1.6)
Q

where the minimum is taken over all non-negative functions in W7 () such that u = g on
02 and

F(x,u,Vu) = G(x, Vu) + h(x, u),

for suitable G and b, see Sect. 7 for more details. Recall that the study of the variational
problem like (1.6) is fairly developed and well-understood currently, see Manfredi [26] for a
survey on this subject. As another example, we can cite Leitdo and Teixeira [25], where it is
studied this minimization problem and established several analytic and geometric properties
for weak solutions to (1.3).

We must highlight that the approach leading our results (regularity and qualita-
tive/quantitative analysis) are novelties in the literature and differs from the techniques used in
[8-10], [13, Chapter 1], [32, Section 4] and [33], where different dead core type problems for
divergence and non-divergence form operators were studied. Moreover, our results extend,
in some extent, the previous works for obstacle problems with zero constraint, namely, when
g = 0 (see Shahgholian et al. [21] and [24] for some examples on this subject). Finally, we
also lead to interesting results in the p-Laplace setting, i.e., as @ (x, u, Vu) = |Vu|P_2Vu
(compare with [11]).

In contrast with the classical obstacle problem for the Laplace operator with zero con-
straint, which admits C!-! solutions, the passage to the general quasi-linear heterogeneous
counterpart carries several difficulty levels. The first one is the nonlinear character of the
problem. The second one is the lack of homogeneity for such a general quasi-linear elliptic
operators. Another pivotal feature of dead core problems consists in that |[Vu| vanishes at
free boundary points, i.e. the operator becomes degenerate/singular along the free boundary.
For this very reason, controlling solutions near the free boundary is a non-trivial task. Finally,
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we must deal with a more complicated form of the Harnack’s inequality, as well as a priori
gradient estimates, which are few develop in the literature.

In conclusion our paper is organized as follows: In Sect. 2 we present the structural
properties of the operators that we treat throughout the article. Yet in Sect. 2, we deliver
some results about quasi-linear elliptic problems which are useful in our studies. In Sect. 3,
we deliver a proof of Theorem 1.2 and its consequences. Section 3 is devoted to analyse the
borderline case, i.e., as ¢ = p — 1, where we prove that solutions cannot vanish at interior
points unless they are identically zero. Section 4 is devoted to prove some weak geometric
properties such as non-degeneracy. More precisely, a dead core solution u leaves the free
boundary precisely as

u(x) > dist(xo, d{u > ON71=7 ¥V xec{u=>0]NQ.

As consequence from this pivotal geometric information, we obtain positive density and
porosity of the free boundary. Section 6 is dedicated to applications of the main results, such
as Liouville type results. Our Liouville Theorem assures that

u(x) = O, N, p.)|x|7==1 ¥V [x| > 1

for a suitable constant ® (g, N, p, g) > Ounless that u be identically zero. Finally, in Sect. 7,
we study the finiteness of (N — 1)-Hausdorff measure estimates of free boundary. Precisely,
we will show that for a particular class of problems modelled by (1.3) we have that

po = div(®(x, Vi) — (g + Dro()u xpu=o

defines a non-negative Radon measure supported along the free boundary. Consequently, for
such class, we prove that

cor™ 1 < HYNU(B (x0) N 3{u > 0}) < EorV!

for universal constants ¢g, €y > and any ball B, (xp) centred in free boundary points.

2 Preliminaries

Notations Let us start this section by introducing some notations which we shall use through-
out this article.

N denotes de dimension of Euclidean space RV .

uy+ = max{0, u}.

T(ug, Q) := d{up > 0} N Q shall mean the free boundary.

LN denotes the n-dimensional Lebesgue measure.

HN=1 denotes the (N — 1)-dimensional Hausdorff measure.

Q' € Q means that Q' € Q' C €, and Q' is compact (€’ is compactly contained in £2).
B, (x¢) denotes the ball of center x( and radius . When the center is 0 we just write B,..

Srlul(xo) := sup u(x), Z[u](xo) := Bil(lf)u(X)-

B, (x0) (0

Moreover, we will omit the center of the ball when xg = 0.
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Definition 2.1 (Weak solution) We say that u € LIIOC(Q) is a weak supersolution (resp.
subsolution) to
—div(®(x,u, Vu)) + ¥(x,u, Vu) =0 in Q, 2.1

ifitis weakly differentiable in 2, i.e., all its weak derivatives of first order exist, ® (-, u, Vu) €
L} () and forall 0 < ¢ € C}() it holds that

/ O (x,u, Vu) - Vo(x) dx > / W(x,u, Vu)p(x) dx <resp. < / W(x,u, Vu)p(x) dx) .
Q Q Q

Finally, we say that u is a weak solution to (2.1) when it is simultaneously a weak super-
solution and a weak sub-solution.

We will also use the following useful comparison result for weak solutions (see for instance

[13D.

Lemma 2.2 (Comparison Principle) Let @ C RN be a bounded open set, Lo € L>®°(2) and
f € C([0, 00)) a non-negative and non-decreasing function. Assume that we have that

—div(®(x, v, Vu))+A0(x) f (V) x(v>0) =0 = =div(P(x, u, Vi) + Ao(x) f () X{u>0) in 2.

in the weak sense with ® fulfilling (HI)—(H4). If v < u in 02 then v < u in Q.
An consequence from Lemma 2.2 is the following existence of dead core solutions.

Theorem 2.3 (Existence/uniqueness of dead core solutions) Suppose that the assumptions
of Lemma 2.2 are satisfied. If uy is a sub-solution and u* is a super-solution to (1.2) with
g € CY%ORQ) not identically zero such that u, = g = u* on 9K, then there exists a non-
negative function u fulfilling (1.2) in the weak sense with u, < u < u* in Q. Moreover, such
a solution is unique.

The following Serrin’s Harnack inequality will be useful for our arguments. For the case
p < N, this inequality follows by specializing [31, Theorem 5], withe = 1, R = %, o = p,
e=g=c=d=0and f = Aysupu?. The case p > N is obtained by using [30,
B2
Theorems 6 and 9] with R = %, a=pe=g=0and f = A" supu?.
B2

Theorem 2.4 (Harnack inequality) Let u be a non-negative weak solution to (1.3) in the ball
B% with ® fulfilling (H1)—(H4). Then

1

3 Sharp regularity estimates along free boundary

In this section we will obtain sharp regularity estimates for weak solutions to dead core
type problems. Such results come out by combining the Serrin’s Harnack inequality with
the scaling invariance of the equation and the optimal scaling for solutions at free boundary
points.
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Proof of Theorem 1.2 Notice that the scaled and normalized function

u(xg +rx)
—_—
rpr-l-q

v (x) =

satisfies the equation
—div(®, (x, vr, Vvr) + Ao(0)(v)] =0 in By,

in the weak sense, where

_ d+9)(p=D

14 ~
D (x,5,8):=r »Ta O (xo +rx, r i s, rl’*li‘f‘f,:) and Ao(x) := Ao(xo + rx).

Observe that @, satisfies the same structural conditions as ¢. Indeed, (H1) and (H2) are
trivially satisfied. Condition (H3) on @ implies that it is also fulfilled by &,

_ =) _» g
(D) (x,s,8),&) = <r 1= P (xo +rx,re-l-ags, rP*HIf;:) ,§>

_{+9)p P I+q I+q
=y r1l-g (D xO—{—rx,rP—l—qZ,rP—l—qg 7rl’—l—qf

> c1|€]F = c2lz|PrP

> c1l€1F = e2lzl?

since0<g<p—1land0<r < 1.
Similarly, condition (H4) on ® implies that it is also fulfilled by &,,

_ U+ (=D _y 2=D _y =Date
[P (x,2,8) <r~ 10 3]z’ r T o ylE|PT N T

= c3lzP P eyl P!
—1 —1
<3zl 4 cal§lP

since p>land0 <r < 1.
By applying Theorem 2.4 we obtain

L q
Sy[v] < C(N. p) <I% o1 +277S) [w]ﬁ) : (3.1)

For ¢ = 0, by scaling back (3.1) in terms of u, the proof is immediate, see [24]. Thus,
consider0 < g < p—1land ; <c¢ < % In order to iterate (3.1) in relation to ry := 2% for
0 < k < ng such that r,, = r for some ng € N, we must consider two possibilities.

First, if it holds that

q
_=p_ Lo =2 Pt
T L ) (o) < AL (rkp:rq Sric [M](xo)> for 1<k =<no,

we arrive at
q
p—1

—p —p
Ty Sy ul(x0) < C(N, p, g, hy) <r0”*‘*" Sro[u](xo)) <¢

from where we deduce that S, [u](xg) < €r p=1=g .
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Conversely, if for some ko < ng it holds that

i T, Ul (o) = lp e (rk];111 ro—1[u ](xo)>

q
-1

and
q
—1

_-p L =L
r T T ] (xo) < AL <rkp—1 e 1[“](x0)) for ko <k = No.

then we arrive at

iy

p— l —1—q

_P
Py 7 S [U)(x0) < e Ty ) (x0) < eridy ' T, Tl (xo),

where ¢ = ¢(N, p, g, A+), from where the proof of the result follows. O

As an immediate consequence of Theorem 1.2 we obtain a finer decay near free boundary
points. Precisely, a dead core solution u arrives at its null set as the distance to the free
boundary.

Corollary 3.1 Let u be a weak solution to (1.3) and xo € {u > 0} N Q. Then, for a universal
constant € > O there holds that

u(xo) < C.dist(xg, d{u > 0) 717

Remark 3.2 Following the same arguments that in the proof of Theorem 1.2, it is pos-
sible to obtain similar regularity estimates for a family of problems with a general (non
g-homogeneous) non-linear absorption term f : [0, |[u#]c0] — R4, i.e.,

—div(®(x, u, Vu)) + f(u) =0 in L,
provided §(0) = 0 and for some constant € > 0 it holds that
f(s) < &9,
for all 0 < s <« 1. Some interesting examples include
Ao(x) (e”’+ - 1) for t>¢g>0

)»o(x)ln(u++1) for t>¢g>0
Ao(x)u+ln(u +1) for >0

)Lo(x)(Hu,)m for +t>0 and 0 <m <gq.

fu) =

We have chosen the case f(u) = ko(x)u‘i(x) in order to introduce the main ideas of
Theorem 1.2.

In this final part we will analyse the critical case ¢ = p — 1. For this purpose, let us define
the operator,
Ooplu](x) := —div(®(x, u(x), Vu(x))) + )»O(x)up_1 (x). (3.2)

Notice that this operator is critical since all the estimates established in the previous
sections deteriorate as g approaches p — 1. Particularly, it follows from Theorem 1.2 that if
u vanishes at an interior point xog € €2, then Dku(xo) = 0 forall k € N, i.e., any vanishing
interior point is an infinite order zero (compare it with the Unique continuation property). By
means of a geometric barrier argument (Hopf’s boundary type reasoning), which explore the
scaling invariance of the operator Q¢, we shall prove that a non-negative solution to (3.2)
cannot vanish at interior points, unless they are identically zero.
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Theorem 3.3 (Strong Maximum Principle) Let u be a non-negative weak solution to (3.2).
If there exists a point xo € 2 such that u(xp) = 0, thenu = 0 in Q.

Proof The prove will follow by reductio ad absurdum. For this end, let xo € € such that
u(xp) > 0 and suppose without loss of generality that

1
do := dist(xg, 0{u > 0}) < gdist(xo, 082).

We have that u is locally bounded due to Comparison Principle. Now, for fixed values of
A > 0and s > 0 (large enough) we define the following barrier function:

s ‘X—XZO\Z
e do _ efs
Ous(x) == A——— ;
e 4 —e s

for which, a straightforward calculation shows that

Qo[®4]1(x) <0 in  Bgy(xo) \ ijo(xo)

Ous=A in 0B (x0)
2
Ous=0 in 9By, (xp).
Notice that
Asdy e SAse™
inf VO (0> et s e =k >0. (33)
Bdo(xo)\B%l(XO) e 4 —e S dist(xg, 0Q2)(e” 4 —e™%)

On the other hand, for any constant ¢ > 0, the barrier £® 4 ; still being a subsolution in
By (xp) \ B4y (x0). In consequence,
2

QoltOu4s]1(x) =0 = Qolul(x) in Bgyx) \ By (x0)-
Moreover, by taking ¢o € (0, 1) small enough such that
SoA < Lay [u](x0)
we obtain
0©As <u in 3dBgy(xo) U 8Bd70()€0).
Thus, by using Comparison Principle (Lemma 2.2) we obtain that
0®4s <u in Bgy(xo) \ BdTO(xo)- (3.4)
Now, for any max{0, p — 2} < m < p — 1 (1.3) can be rewritten as
—div(®(x, u, Vu)) + g(x)u’y =0 in Q,

where g(x) 1= Ao(x)u{’;’”*l(x).Thus, forz € 3By, Nd{u > 0}, we can invoke Theorem 1.2

to obtain )
S/[ul(z) < &N, p,m, ||gllLe@)r?T <&l (3.5

for r <« 1 small enough, since g fulfils the assumptions of such a theorem.
Observe that from (3.3) one can see that

Sok|x —z] < Q0lO®4s(x) — O 52| = (0O 4,5 (x).
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Moreover, from (3.4) we get
800.4,5(x) < u(x) < Sjx—z[ul(2).
Mixing up the last two equations together with (3.5) we obtain that
fore < €lx — 277! (3.6)

for all x € (Bg,(x0) \ Bgy/2(x0)) N B, (z) provided that r is small enough.

Since the constants o, x and € are fixed and independent on x, from (3.6) we arrive to a
contradiction since x € (Bg,(x0) \ Bgy/2(x0)) N B, (z) can be taken such that the difference
|x — z| is arbitrarily small. Such absurd proves the result. O

Example 3.4 According to Theorem 3.3, when ¢ = p — 1, non-trivial weak solutions to
(1.3) must be strictly positive. For example, if Ag is a positive constant, fixed any direction
i =1,..., N we have that

pl 20
ux) =u(xy, ..., Xj,...,xXy) =€ =1
is a strictly positive solution to
—Apu(x) +r0-uP'(x) =0 in QCRY,

forany p > 1.

4 Non-degeneracy properties

This Section is devoted to prove some geometrical and measure properties that play an
essential role in the description of solutions to free boundary problems of dead core type.
For this purpose, we will assume (from now on) the following properties on ®, which are,
in fact are stronger than (H1) and (H3), namely,

(A1) ® € CH(2 xR x RN\ {0}; R)
(A2) There exists a constant 1 > 0 such that for p > 2

N

I®; -
> ag_l(x,z,é)‘ < kilE[P72, .1
ij=1 J
N N

I®; I®; _
> 7:(x,z,§)‘+ > ’(x,z,s)‘sma" ! 4.2)
= 3Xj = 8Z

forae x € Q,allz e Rand & € RV \ {0}.

The next result gives exactly the growth rate at which non-negative weak solutions leave

P
their dead core sets. More precisely, the theorem establishes a C »~T=¢ growth estimate from
below, which together with Corollary 3.1 implies that u leaves the dead core set trapped by

p
the graph of two functions of the order dist(x, d{u > 0}) »=T=¢ . It is worth to mention that
we will not require the p-ellipticity hypothesis. However, we are assuming the monotonicity
hypothesis from Sect. 3 in order to use the comparison principle.
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Theorem 4.1 (Non-degeneracy) Let u be a non-negative, bounded weak solution to (1.3)
in Qandlet Q' € Q, xg € {u > 0} N Q' be a generic point in the closure of the non-
coincidence set. Assume also that p > 2 4+ q and A_ = iIslzf Xo(x) > 0. Then for all

0 < r < min{l, dist(Q’, 92)} there holds

)4
sup u(x) > co(p,q, k1, A)rp=I-4. 4.3)
9By (x0)

Proof Notice that, due to the continuity of solutions, it is sufficient to prove that such estimate
is satisfied just at points within {u > 0} N .
First of all, let us define the scaled function
u(xg +rx)

ur(-x) = P
rp-l-q

Now, let us introduce the auxiliary barrier function
_r
W(x) := Clx|r-T-4

for a positive constant € to determinate a posteriori and the re-scaled vector field

_U+9)(p=D

_r_ _tg
D, (x,z,&):=r r 0 O <x0 +rx,rr-t-az, rr-1-q 5) .

Observe that the re-scaled function @, also satisfies hypothesis (A1) and (A2) (The
monotonicity hypothesis is satisfied trivially). Indeed, since 0 < r < 1 from (4.1)

N

(D)), _tgon O |9, IR
Y| @ =T T Y o (o, P g, P E)
ij=1 §i ij=1 §i

(4 (p=D+l+g 149 p=2
< «Kr p=l-q rr-1-a &
= K1.
Now, from (4.2) we obtain that
N N
(D)), (D),
Yol @ n o)+ Y (x,2,€)
~ 0x; =
i,j=1 i,j=1
_U+q)(p=1) N 0P, P l4q
=7 p—1—q Z xo+rx,re-l-az, rl’—l—qg:
= 3)Cj
i,j=1
_ U+ (=D N 0d; P l+g
+r pTa Z Xo+rx,rr-lmaz rr-1-a &
~ 0z
i,j=1
_ U=l g |71
<r »prl Ky |rp-1-a &
_ p—1
=ri1l§]
-1
<«k1l&1P7.
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A straightforward computation using (4.1) and (4.2) shows that

—div(®, (x, U, VI)) + Ao (x) - W (x) > 0> —div(D, (x, uy, Vi)
+ao () - ()L (x) in By,

provided that € fulfils the condition

p—1 p—2
K1¢PW{<I) . q) +¢*1<7p . q) +1:|§)»_, (4.4)

where above we have defined ):o(x) := Ao(xo + rx). Observe that such a condition (4.4) is
naturally possible, because the continuous function

bt) := ar*! 4+ b1 + ¢,

P\
Ol':p—Z—q>O, a.:K1[<p_]_q> +]},

p p=2
b:=x <7> and ¢:=—A_
p—1l—g

admits at least a real root according to the Intermediate value theorem.

Finally, if u, < W on the whole boundary of Bj, then, the Comparison Principle would
imply that

where

u, <V in Bj,

which clearly contradicts the assumption that u,(0) > 0. Therefore, there exists a point
Y € 9B such that

u,(Y)>w(y)==¢,
and scaling back we finish the proof of the theorem. O

Remark 4.2 Let us stress that if we consider £ +— ® (&), i.e., the vector field @ does not
depend on lower order terms, then we can remove the assumption p > 2 + ¢ just for p > 2.
Moreover, in the case of p-Laplace operator we find explicitly that

F: r—1-9)" }ph
k1 pP~Y(pg +N(p —1—¢q)) '

An interesting piece of information is that as consequence of Theorem 4.1 we obtain the
following finer growth for point near the free boundary: given xo € {u# > 0} N €2, there holds
that

u(xo) > Cdist(xo, d{u > O} 717

Corollary 4.3 Let u be a non-negative, bounded weak solution to (1.2) in Q and Q' € Q.
Given xo € {u > 0} N ', there exists a universal constant €4 > 0 such that

1(x0) > Cxdist(xo, du > 0)) 717
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Proof Suppose that €; does not exist. Then there exist a sequence x; € {u > 0} N Q' with

P
I—q

di :=dist(xg, 0{u >0)NQ) =0 as k— oo and u(x) < k_ldk”’
Now, let us define the auxiliary function v : By — R by
ulxg +diy)
vk (y) = 75
dkp—l—q

and the vector field
_ A+ (p=D

P Ltg
dp(x,z,8) :=d, " D <xk +dex, dl ™z, dl 5) .

It is easy to check that
(1) vy = 0in Bj.
2) —div(®(x, vg, Vog) + Ao(xx + dky)vz = 0in Bj in the weak sense.
() w(y) < &N,p) - -df + % V y € Bj according to local Holder regularity of weak
solutions.

From the Non-degeneracy Theorem 4.1 and the last sentence we obtain that

1 r—T=4 1

0< €0~<7> o < sup vk (y) < max{l, €(N, p)}~<d,‘€" + 7> — 0 as k— o0, (4.5)
2 By k

which clearly yields a contradiction. This concludes the proof. O

5 Some consequences

In the following, we will present some consequences arising from the growth rates and the
non-degeneracy property for quasi-linear dead core problems.

As a first consequence of Theorem 1.2, we improve the local growth estimates for first
derivatives of dead core solutions. In fact, we obtain a finer gradient control near the free
boundary.

Corollary 5.1 Let u be a bounded weak solution to (1.3) in By. Then, for any point z € {u >
0}n B%, there holds

14
Vu(z)| < €dist(z, d{u > O}) 717 .1)
Proof First of all, fix z € {u > 0} N B% and denote r := dist(z, d{u > 0}. Now, select
xo € d{u > 0} a free boundary point which achieves the distance, i.e.,
r =1z —xol.

According to Theorem 1.2 we have that

sup u(x) < sup u(x) < Criia, (5.2)
B (@) By (30)

Next, we define the scaled auxiliary function w : By — R by
u(z +rx)
o(x) = ————.
yr—l—q
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As previously, o fulfils the following equation
div(®,(x, w, Vo)) = io(x)a)q(x) in B (5.3)

in the weak sense, where

_ U+ (=D P I+q ~
D, (x,5,8):=r T4 P (z +rx,rr-l-ags, rP*‘*q\E) and Ao(x) 1= Ao(z +rx).

It is a straightforward to verify that ®, also satisfies hypothesis (H1)—(H4). Moreover,
from (5.2) we get that

supw(x) < €.
B

Finally, by invoking the uniform gradient estimates from [7,17], [23, Chapter 4] and [34,
Proposition 2] for bounded solutions we obtain that

1
—g 1Vu@)| = Vo (0)] < &.

yr—1-q

This finishes the proof of the corollary. O

The Non-degeneracy estimate from Corollary 4.3 implies particularly a non-degeneracy
property in measure. As it was commented in the introduction, this estimate is useful in
several qualitative contexts of the theory of free boundary problems.

Theorem 5.2 (Non-degeneracy in measure) Let u be a weak solution to (1.3). Given Q' C Q
there exist py > 0 and k > 0 depending only on Q' and universal parameters such that

£V (200 < ut) < p7a)) < kp
for any p < po.
Proof Fix rp > 0 (to be chosen a posteriori) and let py given by
po =min{u(x) | x € ' and dist(x, d{u > 0}) > ro}.
Now, let xg € €’ such that dist(xg, d{u > 0}) < rg. According to Corollary 4.3
u(xo) > €dist(xg, du > 0)) 717

P
we obtain that u(xg) > pr-1-4.

=)

For this very reason, if ro > dist(xo, d{u > 0}) > —2—,
(e

Therefore,

rN (Q/ N {0 <ulx) < pip—[llfq }) <N ({Q’ N{u > 0} | dist(x, 0{u > 0}) < =
< Kkp
for some universal x > 0. ]

As soon as we prove the sharp asymptotic behaviour for our free boundary problem, it
is a natural consequence to obtain some weak geometric properties of the phase zone. For
this reason, we finish up this part by establishing that the positiveness region has uniform
positive density along the free boundary. Particularly, the development of cusps along free
boundary is inhibited.
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Corollary 5.3 (Uniform positive density) Let u be a non-negative weak solution to (1.3) in
By and xp € 3{u > 0} N B% be a free boundary point. Then for any 0 < p < %,
LY (By(xo) N {u > 0}) = 6p",
for a constant 6 > O that depends only on p and q.
Proof Applying Theorem 4.1 there exists a point € 3B, (xp) N {u > 0} such that,
u() > corria. (5.4)

Moreover, from Theorem 1.2 there exists k > 0 small enough with universal dependence
such that
Ber(9) C {u > 0}, (5.5)

where the constant « is given by
r=1-q
%0} P
K=\ =
< 7¢o )
In effect, if this were not true, it would exist a free boundary point Z € By, (3). Consequently,
from (5.4) we obtain that
P

_r_ . Id 1
cor =11 < u(y) < sup u(x) < Colkr)r-1-4 = —¢orr-1-4,
Ber(2) 7

which yields a contradiction. Therefore,
B (§) N B, (x0) C By (x0) N {u > 0}
Hence,
LY (By(xo) N {u > 0}) = £V (B, (x0) N Ber (9) = 0r™,
which proves the result. O

Definition 5.4 (¢-Porous set) A set S € RV is said to be porous with porosity constant
0 < ¢ < 1 if there exists an R > 0 such that for each x € S and 0 < r < R there exists a
point y such that By, (y) C B, (x) \ S.

Corollary 5.5 (Porosity of the free boundary) There exists a constant 0 < & =
E(N, X, p,q) < 1 such that

HN ¢ (a{u >0} N Bl) < 00 (5.6)

2

Proof Let R > 0 and xo € 2 be such that Bsg(xg) C 2. We will prove that o{u >
0} N Bgr(xp) is a %-porous set for a universal constant 0 < § < 1. For this purpose, let
x € d{u > 0} N Br(xg). For each r € (0, R) we have B,(x) C Bag(xg) C 2. Now, let
y € dBy(x) such that

u(y) = sup un).
9By (x)

By Theorem 4.1
u(y) = cor == (5.7)
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On the other hand, near the free boundary, from Theorem 1.2

u(y) < Cod(y) 71, (5.8)

where d(y) := dist(y, 9{u > 0} N Bar(xg)). From (5.7) and (5.8) we get
d(y) = ér 5.9)

) ]
for a positive constant 0 < § := (é—%) o<1

Now, let y be in the segment joining x and y be such that |y — y| = %’ then there holds
B%,(ﬁ) C Bsr (y) N By (x), (5.10)
indeed, for each z € B%r()?)

Sr

or
— < -9 -9 — —:8
lz—=yl <lz=yl+1y yI<2+2 r,

R R Sr or
Iz—xlflz—y|+(|x—y|—|y—y|)§3+ r—=)=r

Finally, since by (5.9) Bs, (y) C Bu(y)(y) C {u > 0}, we get
Bsr(y) N B (x) C {u > 0},
which together with (5.10) implies

By, (3) C Bsr(y) N By (x) C By (x) \ 9{u > 0} C B, (x) \ 8{u > 0} N Bg(xo).

Therefore, d{u > 0} N Br(xp) is a %—porous set. Finally, the (N — &)-Hausdorff measure
estimates in (5.6) follows from [22]. ]

Particularly, we conclude from Corollary 5.5 that d{u > 0} has Lebesgue measure zero.

In this last part we shall establish the stability of the dead core (or coincidence) set.
Precisely, we will prove that the L°°-norm of two dead core solutions controls the difference,
in the measure theoretic sense, of their dead core sets.

Let us introduce the following notation

RKlu]l :={u=0}n B% and Ku] A K[v] ;= (Rlu] \ Klv]) U (R[v] \ Klul).

Theorem 5.6 Let vy, vo be two bounded weak solutions to (1.3) under the hypothesis of
Theorems (1.3) and 4.1 and fulfilling, for0 <o <1

R
lvr — vallLeo(p) < o P14, (5.11)

Then, for a constant ¢ = c¢(N, p, q) > 0 large enough there holds that

2
LY (R[] & Rlw)) <co and &_co[v2] C &lvi] C {vz <o } ,

where

R_colv2] = {x € Rlvo]: dist(x, {vo > 0}) > o}.

@ Springer



83 Page 18 of 24 J. V. da Silva, A. M. Salort

Proof Note that for any solution u to (1.3) it holds from Theorem 1.2 and Corollary 5.1 that

[x: 0 < u(x) <@av+—q]mB,.(x0)c {x: \Du(x)] <a!’l+z‘t}ﬂB,.(x0) (5.12)

for an appropriate constant ¢ > 0. Moreover, from (5.11) and (5.12) we obtain that
N N +,
max | £V (&[v ]\ KluaD), £V (Rl2]\ Rl D | < c10 and &) € fua00) < 0717 |

In order to finish, consider z € {v; > 0}. Thus, by using the Non-degeneracy, Theorem 4.1
we obtain that

J _r
sup u(x) > co(co)r—1-4 > gr-T-q,
Bca(Z)

for a large constant c. Therefore, we conclude that z ¢ K_.,[v2]. ]

6 A Liouville type theorem

Liouville type theorems are well-known in the context of elliptic PDEs and have played an
important role in the modern theory of mathematical analysis due to their applications in
Nonlinear equations, Free boundary problems and Differential Geometry, just to mention a
few topics.

The main purpose of this subsection is to prove that a global solution to

— div(®(x, u, Vi) + ho(x)u (x) = 0 in RV 6.1)

must grow faster than €|x|# as |x| — oo for a suitable constant € > 0, unless it is
identically zero.

For this end, fix xo € RY, ¢ > 0and0 < ro < r, we consider for p < r (to be considered)
the quantity ro = r — p. Then, as in the proof of Theorem 4.1, it can be seen that the radially
symmetric function v : B, (x9) — R4 given by

P

v(x) = O(N, Ao k1. p. @) (Ix —xo| —ro) /™ * (6.2)
is a weak super-solution to

—div(®(x, u, Vu)) + )Lo(x)ufi(x) =0 in B,(xp)
ux)=c¢ on 0dB;(xg) (6.3)
ux)=0 in By (xop),

where O(N, Xo, k1, p,q) is the biggest constant satisfying (4.4) and p =
p—1—q
P

S
(@(N,Ao,m ,p,q>)
The explicit expression of v allow us to prove the following sharp (quantitative) Liouville
type result for dead core problems.

Theorem 6.1 Let u be a weak solution to (6.1) with ® as in Sect. 4. Then, u = 0 provided

that

. u(x)
lim sup ———

[x]—o00 |x| p—1—q

< O(N, Ao, k1, P, q)- (6.4)
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Proof Fixed sy > 0 (large enough) let us consider w: BTO — R the unique (see Theorem 2.3)
weak solution to

—div(®(x, w, Vw)) + Ao(x)wj_(x) =0 in By 6.5
w(x) = Supy g, u(x) on dBy,. (65)
According to the comparison principle
u<w in Bg,.
Moreover, due to hypothesis (6.4)
sup 9 < qup 1 o, 20, 61, p. ) (6.6)
8BS0 Sopflfq Bfo Sopflfq
for some ¢ < 1 small enough and sp > 1 large enough. As above, the function
r—l—q 17—117—11
sup u(x) P
(x) = O, e = so 4 [ o 6.7)
vx) = , A0S KL, Py g X| — 80 . < .
O(N, Ao, K1, P> q)
+
is a weak super-solution to (6.5). Thus, w < v in By,.
Therefore, by (6.6) and (6.7) we conclude that
11— p—1—
u(x) < O(N, Ao, k1, P, q) <|x| —(1l—=c » )s0>1 ! — 0 as s9 — oo.
+
O

Remark 6.2 The following consequences follow from Theorem 6.1.

(1) Note that the constant in Theorem 6.1 is optimal (for some classes of @) in the sense that
we can not remove the strict inequality in (6.4). In fact, the function given by

p

u(x) = O(N, Ao, p, @) (x| —ro) 1~ *

solves (6.1) (for ®(x, u, Vu) = |Vu|1’_2Vu and Xp(x) = A) and it clearly attains the
equality in (6.4) for the explicit value

(p—1-q)" ]

O(N, 2o, prq) = | A
N30, P @) [p””(qurN)(p—l—q)

(2) Ifuisnota constant function, then there existc = ¢(N, p,q) > Oandoe = @ (N, p, q) >

P such that
p—q—1

Sul>c-r% VR>1.

Particularly, a non-constant solution to (6.1) must grow at infinity at least as fast as the
power |x|* as |x| — oo.
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7 (N — 1)-Hausdorff measure estimates for the free boundary

In this section we focus our attention to a fine measure theoretic property of the free boundary
df{u > 0} N €2, namely, the finiteness of the corresponding Hausdorff measure (cf. Lee
and Shahgholian [24]). For this purpose, we restrict our analysis to solutions related to the
minimization problem

min /}"(x,u,Vu)dx, (Min)
vek, () Jo

where Kg(Q) = {v e W7(Q) |v=¢ on 9Q}and
Fx,u, Vu) = G(x, Vu) + b(x, u).
Moreover, the following assumptions must be required:

e The mapping x — G(x, £) is continuous for all £ € RV,
e There exists a constant ¢ > 0 such that

S5 < g §) < g
e The mapping & — G(x, &) is differentiable with

D(x,&) =VeG(x, &) and L;iub(x, u) =(q+ 1))\(x)ui.

e The mapping & — G(x, &) is strictly convex.

Under the previous structural conditions we have the existence of minimizers to Min. More-
over, such minimizers are non-negative solutions for the following Euler—-Lagrange equation:

div(®(x, Vu)) = (¢ + DAx)u?(x) in {u > 0} N L.

In other words, minimizers are weak solutions to (1.3) with Lo(x) = (¢ + 1)A(x).
From now on, we will assume the hypothesis (H1)—(H4) (respectively (A1)—(A2)) on ®.
Before starting our analysis, we will show that Min (resp. the dead core problem (1.3))
defines a measure supported on its free boundary.

Lemma 7.1 Let uo be given by
po = div(®(x, Vu)) — ro(x)u? (x) X(u>0)-

Then, it defines a non-negative Radon measure supported on d{u > 0}NQ2 where u minimizes
(Min).

Proof Since u is a non-negative minimizer to (Min), and G is strictly convex, we have that
forall0 <v e CgO(Q) and ¢ > 0, the following relation is true

0< é/(g(x, V(u — ev)) — G(x, Vu)) dx + é / AL — ev) T — w1 dx
Q Q

IA

- / ®(x, V(u — £v)) - Vodx + é / AL — e0)T — w1 dx
Q Q
M) [(u — EU)iJrl —udt]

&

—/@(x,V(u—sv))-Vvdx—i— / dx

Q {u>0}

@ Springer



Sharp regularity estimates for quasi-linear elliptic dead... Page 21 of 24 83

A ) (—e)? !
(x)(—ev)y I
&
(u=0}

A [ — ev) T — ot

&

dx.

:—/dD(x,V(u—ev))-Vvdx—i- /

Q {u>0}

Finally, by taking ¢ — 0 we obtain
—/ (CD(x, Vu) - Vv — Ao(x)uq(x)x{u>o}v) dx > 0.
Q

For this very reason, the measure given by

/ vdue = —/ (®(x, Vu) - Vv — ho(x)u? (x) xu=0yv) dx
Q Q

is a non-negative Radon measure supported on d{u > 0} N 2 according to Riesz’s represen-
tation Theorem. O

In the next, we will establish upper and lower control on the (N — 1)-Hausdorff measure
of the set d{u > 0} for bounded minimizers to Min (resp. weak solutions to (1.2)). Such
bounds imply some specific measure theoretical information about the free boundary.

Theorem 7.2 Let u be a minimizer to Min. Fixed Q' @ Q and any xo € d{u > 0} N Q' there
exist universal constants 0 < ¢ < € < oo such that

N < HVN N B (xo) Nofu > 0)) < eV (7.1)
Farticularly,
HN L@ > 0} \ dreafu > 0 =0
and o{u > 0} is locally a finite perimeter set.

Remark 7.3 Above, the reduced free boundary deq{u > 0} is a subset of d{u > 0} where
there exists the normal vector in the measure theoretic sense, see [18] for a nice survey about
geometric measure theory.

Proof By using appropriated test functions 0 < v; < 1 such that vy — X3, (x;), W€ can
proceed with a standard approximation scheme (for almost » > 0). Thus, from (H3) and
gradient bounds (cf. [7,17,34]) we get using the Divergence Theorem that

fdm: / @ (x, Vu) - ndHN ! — f 2o (0)u? () xju=0ydx
By (x0) 9By (x0) . By (x0)
pP— N—1
< € Vul gy
< N1,

This proves the upper bound in (7.1) for a constant € > 0 depending only on €', |lu|l and
universal parameters.

In the another hand, we may assume, without loss of generality that xo = 0. Moreover, in
order to verify the lower bound, for the sack of contradiction, let us assume that there exists
a sequence of positive numbers such that 7y — 0 as k — oo and

HY LB, (x0) N {u > O = o (r,gH) . (1.2)
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Now, by defining

we obtain the sequence of non-negative measures jt¢, defined in B 3 given by

oy = div(®g(x, Vug)) — )\IE)(X)UZX{UPO},

where

I+q rq

_ U+g)(p=1)
dp(x, &) i=r, " @ (xo + rex, rk”_'_"$> and A§(x) =" Ao(xo + rex).

As before, it is easy to check that @ (x, &) satisfies (H1)-(H4) (resp. (A1)-(A2)). Now, we
may assume, via compactness, that e, — o in the sense of measures. Furthermore, (7.2)
implies that

no, — 0. (7.3)

Next, we will show that
o = div(®g(xo, Vuo)), 74

where, up to a subsequence &9 = lim ®; and up(x) = lim wug(x). Recall that from
k— 00 k— 00

Corollary 5.5, it holds that LN (3{ug > 0}) = 0. For this reason, we will only check (7.4)
for balls contained in {zg > 0} and in {ug = 0}. First, let us consider a ball B C {ug > 0}.
Notice that from the growth estimates near free boundary points, Corollary 5.1 and property
(H3), we have

@k (e, Vool < €N PV, ) < €N pLg. ). 1.5)

Hence, up to a subsequence, we have

q)k—>¢’0

in the weak™* topology in L™ (B ) .Moreover,u ; — uglocally uniformly in the C I_topology

3
I
in B. Consequently,

@ — Do (xo, Vo)

in the weak* topology in L°°(B), where we have used (7.5). On the other hand,

rq

/Bkﬁ(x)v,‘fx{uk>0]dx < &N, p, g, ALY BT -0 as k— oo,
where we have used Theorem 1.2. Therefore, we have proved (7.4) for this first case.
Now, consider B C {ug = 0}. It is immediate that
div(®o(x9, Vup))(B) = 0.
Moreover, if B; is a sequence of balls such that B; B, then for some k; € N we get
ur =0 in B; Vk>k;. (7.6)

In fact, let B C B and suppose that there were a subsequence uy; fulfilling uy;, # 0 in B.
Then, according to the strong non-degeneracy given in Theorem 4.3, there must exist points
Yi ;€ B such that

“kj(ij) >c¢>0.
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Thus, we may assume, passing a subsequence if necessary, Yy, — Yo € B. Moreover, as
Up; — up we obtain, after passing to the limit that uo(Yo) > 0, which is a contradiction to
our assumption. Therefore, from (7.6) we obtain that

U, —> 0.

Thus (7.4) is checked for the second case.
Finally, by combining (7.3) and (7.4) we obtain

{diV(CD()(JC(), Vug)) =0 in Q
ugp(xo) =0,

and the Strong Maximum Principle from [35] implies that uo = 0. Nevertheless, as before,
we obtain a contradiction with the non-degeneracy of ug > ¢ > 0 given in Theorem 4.3.
Such a contradiction proves the result. O

Remark 7.4 As an immediate consequence of previous estimates we conclude that §(u) has
locally finite perimeter. Moreover, the reduced free boundary §req(#) := 0rea{uo > 0} has
a total HY ! measure in the sense that HY 1 (F(u) \ Sred(®)) = 0. Particularly, the free
boundary has an outward vector for HN =1 almost everywhere in §req(u) (cf. [18] for more
details).
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