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1. Introduction

Of crucial importance in the study of boundary-value problems for differential oper-
ators are the Sobolev spaces and inequalities. Hence, the Sobolev inequalities and
their optimal constants is a subject of interest in the analysis of partial differential
equations (PDEs) and related topics. They have been widely studied in the past by
many authors and are still an area of intensive research — see the book [1] and the
survey [10] for an introduction to this field.

When analysing elliptic or parabolic problems with nonlinear boundary condi-
tions it turns out that among the Sobolev embeddings a fundamental role is played
by the Sobolev trace theorem. The study of the best constant in the Sobolev trace
theorem leads naturally to eigenvalue problems known in the literature as Steklov
eigenvalue problems.

Our main goal in this paper is to analyse a fractional approximation for Steklov
eigenvalues. Given a bounded domain 2 C R, s € (0,1) and p € (1,00), we aim
to study the non-local problem

A
Konp(1 = 8)(=A) u+ |ul|P~%u = —Xn. lulP~%u in £2,
€

N pu=0 in 2°=R"\ 2,

*Present address: CONICET and Departamento de Matemética y Estadistica, Universidad
Torcuato Di Tella, Av. Figueroa Alcorta 7350 (C1428BCW), C. A. de Buenos Aires, Argentina.

(1.1)
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where s and e are real numbers belonging to (0,1) and 2. = {z € 2: d(x, 2) < €}.
The fractional p-Laplacian is defined as

(~B)puta) =2y, [ 1) O atr) )

' o =yl

)

where ‘p.v.” indicates the principal value, and N ,, is the associated non-local deriva-
tive defined in [9] by

N; pu(z —2/ [u(z) — ()l (ulz) — u(y)) dy, zeR"\ . (1.2)

o=y

The constant &y, ;, is the normalization constant computed in [4]. In fact, although
the fractional seminorm satisfies [u]s, — 0o as s — 17, Bourgain et al. [4] proved
that for any smooth bounded domain 2 C R™ and u € WHP(£2) with p € (1,00)
there exists a constant /C, , such that

lim K, (1 — s) // S_ Ol dz dy / |VulP dz. (1.3)
51 2x0 |93 - yl" P 7}
The constant can be explicitly computed and is given by
I'(L(n+
K. __ PG

2n DL (S (p + 1))

As the authors of [9] pointed out, one of the main advantages in using this form
of non-local derivative arises in the following non-local divergence theorem: for any
bounded smooth enough functions v and v it holds that

/ (-A)u(r)de = — [ N;pu(z)de. (1.4)
2 ¢

Moreover, the integration by parts formula

Hsp(u,v) = /Qv(x)(—A);u(x) dz —&—/C v(z)Ns pu(x) de (1.5)
is true, where

_ [u(@) — u(y)P~* (u(@) — uly))(v(=) —v(y))
Hep(u,v) = //]Rzn\(QC dzx dy.

o=y

Multiplying (1.1) by a bounded smooth enough function v, integrating in §2 and
using (1.5), we obtain the following weak formulation for (1.1):

Kinp(1—8)Hsp(u,v) —|—/ |u[P~?uv da = g/ [uP~2uw da. (1.6)
7 Q

=

We now introduce some notation that we will use in the paper. Given a measurable
function u: R™ — R we set

llls.p = (lullf o) + [ul2 )7, where [uls = (Hap(u,u)) /7.
(£2)
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The natural space associated with this norm is
WP(£2) := {u: R" — R measurable: |ul;, < co}.

For a fixed value ¢ > 0, we say that the value A € R is an eigenvalue of problem
(1.1) if there is u € W*P(£2) such that (1.6) holds for any v € W?*P(£2). Note that
if A € R is an eigenvalue of problem (1.1) and u is an associated eigenfunction, then

A >0 and u #£ 0 in 2. Thus the first eigenvalue of (1.1) is given by

K1 = )2, + [ull? 0

inf
wEW*P(02), Null® oy /€
14ll% g, 70 Lr(s2)

Ae(s,p) = (1.7)

Recall that it is well known that the first eigenvalue of the Steklov problem

—Apu+ |[uP"2u =0 in £2,
\Vu|p_2% = AulP"%u  on 002, (18)
is given by
M) = inf IVullfs o) + ||“||I£p(rz). (1.9)

Wl (), ull}
u€ U#O( ) ” HLp(aQ)

Here the p-Laplacian is defined as Ayu = div(|Vu[P=2Vu) for p € (1, 00).

Taking € = 1 — s, we are interested in studying the behaviour of A; 1_5(s,p) as
s — 17. Intuitively, a connection between the limit of such an eigenvalue and A (p),
the first eigenvalue of the Steklov p-Laplacian in (2, is expected to be found. Indeed,
note that from (1.3) one has that, for a fixed u,

i Ko p (1= 5)[0l? i+ Nl = 9y + el
moreover, since {2, = {x € 2: d(z,2) < €} is a strip around the boundary 942 of
size |£2:] ~ € x |042|, one expects that

1
lim —/ |ulP da = / |u|P do.
s—>1-1—35 215 o0

Note that the precise choice of ¢ =1 — s is made in order for this limit to hold.
Our main results can be summarized as follows.

THEOREM 1.1. There exists a sequence of eigenvalues of (1.1) Ak.<(s,p) such that
Aie(8,p) = +00 as k — +oo. Every eigenfunction of (1.1) is in L*(2).

The first eigenvalue M\ ¢(s,p) of (1.1) is isolated and simple and has eigenfunc-
tions that do not change sign.

Moreover, choosing € = 1 — s, we have the convergence of the first eigenvalue to
the first Steklov eigenvalue as s — 17, that is,

lim Aq1-5(s,p) = A1(p)-

s—1—
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REMARK 1.2. It seems natural to consider
Knp(l—s)(=A)u+ |[ulP?u=0 in {2, }

5 . (1.10)

Nspu = Au[P™?u  in 02°.
Associated with the first eigenvalue in this problem is the following minimization
problem:

- Konp(l—=s)ul? o+ llul?,
Rulo.p) = (1 =)l po + llullzs o)

inf (1.11)
ue‘;vs’p(“o)! ||uH1£p(QC)
Hu”LP(QC)#O

However, this gives .
A1 (Sap) = Oa

as can be easily obtained just by considering as a minimizing sequence ug(x) =
o(x + key) with ¢ a C>° compactly supported profile.

REMARK 1.3. When a trace embedding theorem holds (that is, when ps > 1) we
can consider the best fractional Sobolev trace constant, which is given by

Al(svp)
B nf ’Cn,p(l —3) ffnxg(‘“(x) —u(y)[P /] — i‘/|n+8p) drdy + ||u||ip(n)
T wewsr(0), ulP do ’
AT Joq lul

(1.12)

Thanks to the compactness of the embedding WP (£2) — LP(9{2), this infimum is
attained and the minimizers are solutions to

u(@) — u(y) P2 (u(@) — u(y) (v(@) — v(y))
Ko p(1 =) //an | dx dy

oyl

+ / |u[P~2uv da
2

:Al(s,p)/ |ulP~%uv da
a9

for every v € W#P((2). Note that with this formulation it is not clear how to identify
the ‘boundary condition’ satisfied by a minimizer u; the equation inside the domain
reads as

K:n,p(l _ S) A |u($) _ u(y)|p_2(u(a:) _ U(y))

o=y dy +[ul? () = 0

for & € 2. This is why we choose to analyse (1.7) (which has (1.1) as an associated
PDE problem) instead of (1.12).
With the same ideas used in the study of the limit as s — 1~ in theorem 1.1 (see
§4), one can show that
lim Ay(s,p) = Ai(p).

s—1—

We leave the details to the reader.
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The paper is organized as follows: in § 2 we gather some preliminary results and,
in particular, we show a minimum principle for our problem; in §3 we deal with
the eigenvalue problem (1.1) and prove the first part of theorem 1.1; finally, in §4
we analyse the limit as s — 1~

2. Preliminaries

We denote the usual fractional Sobolev spaces by W*P(§2) for p € [1,00) and
s € (0,1) endowed with the norm

P |u(@) —u(y)[?
L P B~ 4z,

In the following, |u[ws»(0) denotes the usual Gagliardo seminorm defined as

)|p 1/p
Wep(Q) = dxd
|u| (2) (//02 \x—y|“+SP x y)

for 1 < p < oo. It is easy to check that W*P({2) is a subset of W*P?((2) for all
(O7 1).
It will be quite useful here to establish the fractional compact embeddings. For
the proof see [7].

THEOREM 2.1. Let 2 C R™ be a bounded open set with Lipschitz boundary and let
s €(0,1) and p € (1,00). Then we have the following compact embeddings:

WP(§2) — LU(2)  for all ¢ € [1,p}) if sp < n,
WHP(§2) — Cl?’/\(ﬂ) forall X< s—mn/p ifsp>n.

Here p} is the fractional critical Sobolev exponent, that is,

2.1. A minimum principle

Here, we follow the ideas in [5].
Given s,e € (0,1) and p € (1,00), we say that u € W*P((2) is a weak supersolu-
tion of

Knp(l = s)(=A)ju+[uff?u=0 in £, } 21)

Nspu=0 in £2°
if and only if
Knp(l —8)Hs p(u,v) —|—/ luP~2uv dz > 0 (2.2)
2

for every v € WP(£2), v > 0.
First we need a subtle adaptation of [8, lemma 1.3].
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LEMMA 2.2. Let s,e € (0,1) and p € (1,00). Suppose that u is a weak supersolution
of (2.1), and w > 0 in R". If Br(zo) C R™\ 092, then, for any B, = By(xg) C

Bpra(xg) and 0 < < 1,
(u(x)+5> P
B\uly) + 9

// ;
P lo
B,.xA |$—y| P

A B, if Bp C 2,
|2 if BR cR"\ 2,

and C is a constant independent of J.

Proof. Let 0 <r < R/2,0 < ¢ and ¢ € C§°(Bs,/2) be such that

dedy < Cr"=°P(1 + r°P),

where

0<¢<1, ¢=1inB, and |D¢|<Cr " in By, » C Bg.

Taking v = (u + J)17P¢P as a test function in (2.2), we have that

-1

P dx. (2.3)

p
0< K p(1— 5)He, u,u+61*p¢p+/ e
p( Vs p(us ( ) ) By, one (Wt 0)P71

On the other hand, in the proof of lemma 1.3 in [8], it was shown that

1 1 u(@) +\[" L, Lle@) — ey
_— _ 22 (24
C’ |£L' _ y|n+sp og <U(y) ¥ 5) (y) + |£L’ _ y|n+sp ( )
for a constant C' = C(p). Moreover, in the Br C {2 case, it was shown that
_ _ 1 u(x) +6\ [
Hs,p(u, u40)17PP) < Or™ Sp—// 10g< ) dx dy,
ples (u0)776%) s, o= | \u(y) 0

where C'is independent of 6. Then, by (2.3) and using that 0 < uP~!(u+46)! PP < 1
in Bs,/3 N 2 = Bs, /3, the lemma holds. -
We proceed now to consider the case in which Br C R™\ {2. Since Bs,./oN§2 = (),

by (2.3) and (2. 4)
u(@) + 5) // _le@)”
dxdy < dzdy
//B o o —ylmEer |”+Sp <U(y) +9 Bay/ax |33 —y|mter
Cdlst(BR,Q)

for C = C(n,s,p) O

Proceeding as in the proof of theorem A.1 in [5] and using the previous lemma,
we get the following minimum principle.

THEOREM 2.3 (minimum principle). Let s,e € (0,1) and p € (1,00). If u is a weak
supersolution of (2.1) such that u > 0 in R™ and u # 0 in all connected components
of R™\ 042, then u > 0 almost everywhere (a.e.) in (2.
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Proof. We argue by contradiction and we assume that Z = {z: u(z) = 0} has
positive measure. Since v Z 0 in all connected components of R™ \ (2, there are a
ball Br(zo) C R™\ 942 and r € (0,2R) such that |B,(z9) N Z| > 0 and v # 0 in
Br(aj‘o).

For any 6 > 0 and = € R", we define

Fs(x) :==log (1 + u(;;))

Observe that if y € B, (x9) N Z, then

(2r)ntsp u(z) +6\ "
F P — |F F R"
@l = |Fs(e) - BIP < 7 o (g )| vee
Then
(2r)ntsp u(z) + 5> P
F, dy VxeR"
Fs(@)l” < \ZﬂB (20)| J B, (20) |w—y|”+“’ < (y)+6 Y
Therefore,
(2r)tep u(x) + 6\
Fs(x)Pde < // ( ) dx dy,
NG \sz o)l TWMAn—yw“p (v) +0
where

A_ B ifBrC L,
|2 if B cR"\ 2.

By lemma 2.2, there is a constant C' independent of § such that
Qn(l + ,rsp)
F5 pdx
=
Taking 6 — 0 in the above inequality, we obtain
u=0 in A,

which is a contradiction since u # 0 in all connected components of R\ 9£2. Thus,
u >0 in R™. ]

3. The eigenvalue problem

In this section we prove that A; (s, p) is the first non-zero eigenvalue of (1.1), that
there is a sequence of eigenvalues, and that the eigenfunctions are bounded. Addi-
tionally, we show that A\; .(s,p) is simple and isolated using variational methods
for non-local operators of elliptic type. For more details about the construction of
the eigenvalues in non-local settings, see, for instance, [16, appendix A] and [15].

THEOREM 3.1. The first non-zero eigenvalue of (1.1) is A1 (s, p).

Proof. Take a minimizing sequence {uy}reny C W*P(£2) of A1 (s, p) and normalize
it according to ||ug||zr(e.) = €. Then there is a constant C such that

[uklls.p < C.
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Thus, by theorem 2.1, up to a subsequence,

up — u  weakly in WP (£2),
up — u  strongly in LP(12).

In particular, uy, — u strongly in LP(f2.) and therefore ||ul|1»(o.) = €.
Since (3.1) holds,

Ko (1= S)ulZ, + [0l ) < Hminf Ko p(1 = 9)[uel?, + a3y

= T [ (1= s)lenlZ, + ol o

- A1,8(3ap)'
Then, by (1.7), we have that

Khnp(1 — 3)[“]:?,;) + ||U/||I[),P(_Q) = )\175(8,]9).

The fact that a minimizer verifies (1.6) is standard but we include a short proof
here for the sake of completeness. Let u be a non-trivial minimizer of (1.7). Then,
using Lagrange’s multipliers, we get the existence of a value A € R such that

Knp(l—s)Hsp(u,v) +/ |up P2 uv dz = g/ |u[P~2uv da (3.2)
17} Q

€

for all v € W*P(£2) with |[v||1r(0.) = €. Therefore, (3.2) also holds for all v €
W#P((2). Finally, taking v = u we get that A = A\ (s, p). O

Using a topological tool (the genus), we can construct an unbounded sequence
of eigenvalues.

THEOREM 3.2. There is a sequence of eigenvalues i «(s,p) such that Ay o(s,p) —
o as k — oo.

Proof. We follow ideas from [13], and hence we omit the details. Let us consider
Mo = {u € WP(Q2): ||ulls p = pa}

and
1

o) =3 [ Ju)d.

P Ja.

We are looking for critical points of ¢ restricted to the manifold M, using a minimax
technique. We consider the class

Y ={AcCWwWP(2)\{0}: Ais closed, A =—A}.
Over this class we define the genus, v: X' — NU {o0}, as
7(A) = min{k € N: there exists ¢ € C(A,R* —{0}), ¢(z) = —¢(—x)}.
Now, we let C, = {C C M,: C is compact, symmetric and v(C) < k} and let

Br = sup min p(u). (3.3)
CeCy ueC
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Then B > 0 and there exists uy € M, such that p(ux) = B and uy is a weak
eigenfunction with A\, = /Gy O

Our next aim is to prove that the eigenfunctions are bounded. We follow ideas
from [12].

LEMMA 3.3. Let s,e € (0,1), let p € (1,00) and let A be an eigenvalue of (1.1). If
u s an eigenfunction associated with A, then v € L>(£2).

Proof. If ps > n, then the assertion holds by theorem 2.1. Then let us suppose that
sp < n. We will show that if [Juy ||y < d, then uy is bounded, where 6 > 0 must
be determined.

For k € Ny we define the function ug by

ug = (u(z) —1+277),.
Observe that ug = uy and for any k € Ny we have that u, € W*P(12),
U1 < up  a.e. R™,
u< (2 — D in {upy > 0}, (3.4)
{ups1 >0} C {uy > 27D},

Now, since

[0+ (2) — v (W) < Jo(z) — oY) P~ (v(@) = v(@))(v4(2) — vi(y)) Yo,y €R™,

for any function v: R"® — R, by taking v = v — 1 4+ 2% we have that
Knp(1 = ) [un41]? , + w170 o)

<K p(1 — 8)Hs p(u, upt1) +/ |u|p*2uuk+1 dz
I?)

A
= 7/ |u|P™ 2wy 4 da
o)

3

=

for all k € Ng. Then, by (3.4), we have that

A _
g1 = )urir 2y + ol < 2 [ 0 da

A _
<@ -l (35)

for all k € Ng.
On the other hand, in the sp < n case, using Holder’s inequality, fractional
Sobolev embeddings and Chebyshev’s inequality, for any k& € Ny we have that

HukJrlHIi”(Q) < ||Uk+1||i,,;(m\{uk+l > 0}[*P/"
< Cllunaal? g1 > O}/
< Cllugsa|lf p[{ur > 9~ (k+1)y sp/n
< (2(k+1)p||uk||Zl)/p(9))sp/n. (3.6)

Cllug+1l%,
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Similarly, in the sp = n case, taking » > p and proceeding as in the previous case
in which sp < n (with r in place of p¥), we have that (3.6) holds with 1 — p/r > 0
in place of sp/n.

Then, by (3.5) and (3.6), there exist a constant C' > 1 and « > 0 both indepen-

dent of k£ such that
||Uk+1||ip(_(z) < Ck(|‘uk||ip(g))l+a-

Therefore, if ||u+|\’£p(m = ||u0||12p(9) < C~Y" = 6P, then
1. D = uU.
. lukllLe(o) =0

On the other hand, as uy — (u— 1)1 a.e in R™, we obtain that (v —1); =0 in R™.
Therefore, uy is bounded.

Finally, taking —u in place of u we have that u_ is bounded if ||u_||zr2) < J.
Therefore, u is bounded.

Now, using theorem 2.3, we show that a non-negative eigenfunction is positive.

LEMMA 3.4. Let s,e € (0,1), let p € (1,00) and let X be an eigenvalue of (1.1). If
u is a non-negative eigenfunction associated with A, then u > 0 in R™.

Proof. By theorem 2.3, we only need to show that « #Z 0 in all connected compo-
nents of R™ \ 9f2. Suppose, by contradiction, that there is a connected component
Z of R™\ 042 such that u = 0 in Z. Taking ¢ € C5°(Z) as a test function in (1.6),
we get

Hs,p(ua ¢) = 0.

Therefore,

/(u(w))p_l/ &dydx:0 Vo € C5°(Z).
2 z

o =yl

Then u = 0 in {2. Thus, since u s a non-negative eigenfunction associated with A,
we obtain that

1 A
= = | — p _ p —
[uls,p = Hs p(u, u) Ko —5) (e’:‘ ‘/QE |ul? dz /Q | dx) 0.

Hence, u = 0 in R™, which is a contradiction since u # 0 in R™. O
Note that if u is an eigenfunction associated with A ¢(s,p), then
uy(x) = max{u(x),0} Z0 or wu_(z)=max{—u(z),0} Z0
in £2.. If uy (z) £ 0 in 2, then

Konp(1 = 8)[ut]s, + lut Loy < Knp(l = 8)Hsp(u,uy) + /Q |ulP~uuy da

Al,a(sap) / ‘u|p72uu+ d.’E

=

- £
_ )\1)5(8,}7)

- HU+‘|ip(QE)7
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that is, uy is a minimizer of (1.7). Therefore, uy is a non-negative eigenfunction
associated with Ay (s, p). Then, by lemma 3.4, uy > 0 in £2.

In the same manner we can see that if u_(x) # 0 in 2., then u_ > 0 in 2. Thus
the next theorem is proved.

THEOREM 3.5. Any eigenfunction associated with A1 -(s,p) has constant sign.

A key ingredient in the following sections is the simplicity of the first eigenvalue
A1,e(s,p). In order to prove this result we need the following Picone-type identity
(see [2, lemma 6.2]).

LEMMA 3.6. Letp € (1,00). For u,v: R™ — R such that u > 0 and v > 0, we have
L(u,v) 20 in R" x R",

where

LWwX%w=4M@—u@W“4M@—v@W”%M@—v@D(uq@ -

vP=l(z) P~

W)

THEOREM 3.7. Let {2 C R™ be a bounded open connected set with Lipschitz bound-
ary. Assume that w is a positive eigenfunction corresponding to A1 (s,p). Then if
A > 0 is such that there exists a non-negative eigenfunction v of (1.1) with eigen-
value A, then A = A1 <(s,p) and there ezists ¢ € R such that v = cu a.e. in R™.

The equality holds if and only if u = kv a.e. in R™ for some constant k.

Proof. Since A1 o(s,p) is the first eigenvalue, we have that A; .(s,p) < A. On the
other hand, by lemma 3.4, v > 0 in R".

For k € N take vy, == v+1/k. We begin by proving that wy, := up/vf;*l € WP(12).
First observe that wy € LP(£2), due to u € L*°({2) (see lemma 3.3). Now, for all
(z,y) € R" x R™ we have

<>y_u%m;“%m_uwwwfww—wf%w>
1 (2) v @)p ()
117 p @) = W)
<R (@) = wP ()] + w2 k%m%AQ)
< pkP (P )+up 1(y))Iu(ﬂf) u(y)|
x)+v£ *(v)
@) ()

< 2pkP ™ [Jul B u(x )— u(y)
1

|

» 1
+@_l>ﬂ“(www$%m+v$%mww>
< Ok, [tlloosp) () — u(y)| + [o(a) — v(w)).

As u,v € WP ((2), we deduce that wy, € W({2) for all k € N.
Recall that u,v € W*P(£2) are two eigenfunctions of problem (1.1) with eigen-
values A1(s,p) and A, respectively. Then, by using the previous lemma, we deduce

lwy () —

+ (0= 1) lul8, vk (z) — vk (y)|

R0
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12 L. M. Del Pezzo, J. D. Rossi and A. M. Salort

that
L
ogicn,pu—s)// (u’vki)(i’y)dxdy
R27\ (£2¢)2 |z — y|ntsp
u(z) — u(y)|”
<Ky, 1—8// ————————dzdy
2 ) Ren\(Qe)2 T — Y|P
_ p—2 —
gty [l et~ )
R2n\ (£2°)2 |J) - yl" P

()

_ p A P
< Knp(l—3) // dedy — ,/ pP~1 u_l dz
R2n\(Qo)2 @ — Y[R € Jo. vy
D
+/ Pt u71 dz
7 v,
k

(s, A uP u?
< M/ uP dx —/ Jul? do — */ T dx+/ o2 da
€ 0 0 g Jo (U 2 Vg

€ €

Taking k — oo and using Fatou’s lemma and the dominated convergence theorem,

we infer that
// L(u,v)(ri, Y) 4o dy =0
R2n\ ()2 [T — Y[ TP

(recall that A1 .(s,p) < A). Therefore, by the previous lemma, L(u,v)(z,y) =0 a.e.
in R?"\ (£2°)2 and u = cv for some constant ¢ > 0. O

We will need the following lemma.

LEMMA 3.8. Lete > 0. If u is an eigenfunction associated with A > A1 (s, p), there
exist C > 0 and o > 0 independent of A\, u and € such that

Ce\"
=) <|0%.
(A) o

Here 2% = {z € 2: u(z) > 0} and 2~ = {z € 2: u(z) < 0}.

Proof. Let u*(x) = max{0,u(x)}. Since u is an eigenfunction associated with A >
A1,:(s,p), we have that u changes sign, and then u™ # 0. In addition,

min{k, ,(1 — s), 1}||u+||§,p <Knp(l— 3)[u+]€,p + ||U+||Izp(9)

< ’C",p(l - S)Hs,p(u,u+) + / |u|p_2uu+ dz
(9]

A
:7/ |u|P~2uu ™ dz
13 .

A
= g||u+||1£p(98)~ (3.7)
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Fractional eigenvalue problems 13

On the other hand, by the Sobolev embedding theorem, there exists a constant
C independent of A, u and e such that

[ut || Loy < Cllut s p,

where 1 < ¢ < p%. Then, by (3.7) and Holder’s inequality, there exists a constant
C' independent of A, u and ¢ such that

A _
[ 10y < Ol [ | 2F1@7P/1 ¥p < g < L.

Fix any p < ¢ < p¥ and take a = ¢/(¢ — p). Then

5 «
— ) <07
(CA) e

In order to prove the second inequality, it will suffice to proceed as above, using
the function v~ (z) = max{0, —u(x)} instead of u*. O

THEOREM 3.9. For each fized value € > 0, A1 .(s,p) is isolated.

Proof. From its definition, we have that A1 o(s,p) is left-isolated.

To prove that A1 .(s,p) is right-isolated, we argue by contradiction. We assume
that there exists a sequence of eigenvalues {\x}ren such that Ay > A1 .(s,p) and
A N Ae(s,p) as k — +o00. Let uy, be an eigenfunction associated with Ax; we can

assume that )

g/ g (2)[P dar = 1.

Then {uy }ren is bounded in W*P({2), and therefore we can extract a subsequence
(that we still denote by {uy }ren) such that

up — u  weakly in W*P(£2),
ur — u  strongly in LP(£2).

Then
1

f/ ()P dz = 1
e 2.

K1 = )02, + [0l ) < KL= 5) i inf k]2, + [l

and

= lim Mg
k— 400

= )\I,E(S)p)'

Hence, u is an eigenfunction associated with Aj .(s,p). By theorem 3.5, we can
assume that u > 0.

On the other hand, by the Egorov’s theorem, for any § > 0 there exists a subset
As of £2 such that |As| < ¢ and up — v > 0 uniformly in 2\ As. This contradicts
the fact that, by lemma 3.8,

(if) < o € 23 up(2) <0},

This proves the theorem. O
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14 L. M. Del Pezzo, J. D. Rossi and A. M. Salort
4. The limit of A\ 1_5(s,p) as s > 1~

Throughout this section, we assume that (2 is a smooth bounded domain and take
e=1-s.

Here we analyse the behaviour of A\ 1_s(s,p) as s — 1~. For simplicity, we omit
the subscript 1 — s and we just write A1(s,p).

First we show that

limsup A1 (s, p) < Ai(p).

s—1—
For this purpose, we state some convergence results. We start with the following
lemma.

LEMMA 4.1. Let 2 be a domain in R™ with Lipschitz boundary and let p € (1,00).
If u € WHP(92), then

1
lim f/ |u|pdx:/ |ulP dsS.
e—0t € 0. Yol

In order to deal with the integrals on {2, we will state the following lemma,
which is an immediate consequence of the coarea formula. See [11, section 3.4.4] for
details.

LEMMA 4.2. Given g: R™ — R an integrable function, and f: R™ — R a Lipschitz
function such that ess inf |Df| > 0, it follows that

t
g

gdx:/ (/ dS) dr. 4.1

/{0<f<t} 0 {f=r} |Df| ( )

Now we are ready to proceed with the proof of lemma 4.1.

Proof of lemma 4.1. We consider the (n—1)-dimensional hyper-surface in R™ given
by w, = {& € R": d(z,2°) = r}, where d(z,2) = inf,c |z — y|. Observe that
2. ={zx eR": x € w, for r € [0,¢]} and wy = If2. By applying lemma 4.2 with
g = |ulP and f(x) = d(z, £2°), we get

/ |u|pdx:/ </ |updS>dr
2. 0 wr

since |Df| = 1. The mean-value theorem for integrals asserts that there exists

ro € [0, €] such that
€
/ (/ |u|P dS’) dr = E/ |u|P dS.
0 Wy w

70

Since 7 tends to 0 as € — 07, we get that w,, tends to 92 as ¢ — 0T; the result
follows by using that the trace operator for a fixed function in W1P(£2) depends
continuously on the hyper-surface (see [3]), and hence

/ |u|pdS—>/ lufP S
w o2

0

as rg — 0F. O
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Fractional eigenvalue problems 15

If 2 is a smooth bounded domain in R™, then, by [14, theorem 7.25], for any
open ball Bg DD {2 there is a bounded linear extension operator E from W1P({2)
into Wy?(Bg) such that Fu = u in £2. Our next goal is to prove that

Knp(1=8)[Eulsp = [VulL, g (4.2)

as s — 1. To this end, we need the following result. For the proof we refer the
reader to [4, corollary 2].

THEOREM 4.3. Let §2 be a smooth bounded domain and let p € (1,00). Assume that
w € LP((2). Then

SIH{{ Ko p(1 = 5)|“|€vs,p(n) = ‘u|€v1,p(n)

with

|’U,‘ — ||vu||zl),p(_()) qu € WLP(Q),
Whr(2) = 00 otherwise.

We now show (4.2), which will be key in the proof of the next results.
LEMMA 4.4. If u € W1P(§2), then
i K (1= )[Bul, = [ Va0

Proof. Observe that
E - F p
(B2, = [ully o +2// |Eu(x) f(y)| dy dz
’ nx(ncmBR) |z — y|nTep

E —F p
+2// |Bulz _:L( vl dy dz.
oxB;, Ix—y\" o

Then, by theorem 4.3, we need to show that

E - F P
(1—s) // |Eu(z) f(y)\ dydz — 0,
2x(2<NBR) |$ e

E - F P
(I-s // |Bu(z f( vl dydz — 0
2% BS, |x— |n+sp
as s — 1.

By theorem 4.3, we have that

Knp(1— 8)\EU|€V5,p(BR) - HVE’U’HZ[),P(BR)’
]Cmp(l - 5)|Eu|€1/s,p(g) — HVEU”I];?(Q)v

IC?%;D(I - 5)|Eu‘€vs,p(()mB%) - HVEUHiP(_QCmBR)
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16 L. M. Del Pezzo, J. D. Rossi and A. M. Salort

as s — 17. Therefore,

E - F P
oo ] Bute) ~ Buy)?
Ox(2enBr) T —y["mrEP

= %(1 - S)(|Eu|€[/s,p(BR) - |Eu‘€vs,P(Q) - |Eu‘€vs,p(()nB%))

—0 ass—1".

On the other hand,

|Eu(z) — Eu(y)|P 1-s 1
1—3s // dydx < C), —0
O oy g s (2, By

as s — 17. O
From lemmas 4.1 and 4.4, we get the following corollary.

COROLLARY 4.5. Let 2 be a smooth bounded domain and let p € (1,00). For a
fired u € WHP(02)\ WyP(£2), it holds that

. ICnJ)(l - 8)[Eu]€,p + ||EU||'2p(Q) HVUH]ZP(Q) + ||u||1£p(_o)
lim =

s=1- 1Bullgn(q,_,) /(1= ) - 1z (o0)

From this result the following corollary is straightforward.
COROLLARY 4.6. Let 2 be a smooth bounded domain and let p € (1,00). Then

limsup A1 (s, p) < Ai(p).

s—1—
With this result in mind, to prove the last part of theorem 1.1 we need to show

that
A1(p) < liminf A\ (s, p). (4.3)

s—=1—

Before proving this, we need to state some auxiliary results.
The next theorem was established in [4, corollary 7).

THEOREM 4.7. Let 2 be a smooth bounded domain, let p € (1,00) and let us €
WsP((2). Assume that

llusllro) <C  and (1 = s)|us|lwsr) <C Vs> 0.

Then, up to a subsequence, {us} converges in LP(£2) (and, in fact, in W*0P(§2) for
all sg € (0,1)) to some u € WHP(£).

The proof of the following proposition can be found in [6, proposition 3.10].

PROPOSITION 4.8. Let 2 be a smooth bounded domain and let p € (1,00). Given
{sx} C (0,1) an increasing sequence converging to 1 and {uy}reny C LP(£2) con-
verging to u in LP(£2), we have that

”vu”iz)(n) < kIEEO K p(1— 3k)|u5k‘€vsk,p(g)
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Fractional eigenvalue problems 17

LEMMA 4.9. Let 2 be a smooth bounded domain, let p € (1,00) and let {us}se(o0,1)
be such that us — u strongly in WP (82) for some t € (1/p,1). Then

1
/ |us|? dx — / |u|P dS
1—sJa,_, a0

Proof. We start by observing that, since 92 € C? and t > 1/p, the trace constant
in the embedding W¥P(£2) < LP(9(2.) for all ¢ € (0,29) is bounded uniformly
(independently of ). Then there is a constant C' independent of s such that

as s — 17.

lus — ullLro0.) < Cllus — ullwer()-

Therefore,

1 1 1—s
/ ()P dz = 7/ (/ |us|pdS> dr —>/ luf S
1=sJo, . 1—sJo 80, 00

as s — 17. O

Now we are ready to prove (4.3).
COROLLARY 4.10. Let 2 be a smooth bounded domain and let p € (1,00). Then

A1(p) < liminf A (s, p).

s—1—

Proof. Let {si}ren be a sequence in (0,1) such that sy, — 1~ as k — oo and
lim A (sg,p) = liminf A\ (s, p).
k—o0 s—1—

For k € N, let uj be the eigenfunctions of problem (1.1) with s = s, and A =
A1(8k, p) normalized such that

1
/ |ug|P dz = 1.
1—=skJao

1—sp

Moreover, by corollary 4.6, there is a positive constant C' such that
HukHLp(Q) <C and (1- Sk)|’U,k|WS,p(_Q) <C VkeN.

Then, by theorem 4.7, up to a subsequence, {uy} converges in LP({2) (and, in fact,
in WeoP(£2) for all sg € (0,1)) to some u € W1P(£2). Thus, by proposition 4.8 and
lemma 4.9, we get

||v“|‘]zp(9) < klggo Ko p(1 = sk)lus, |€V%p(n)

=
k—)ool*Sk- 0

and

lim

|uk(x)\pda::/ luf? dS.
210

1—sp
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18 L. M. Del Pezzo, J. D. Rossi and A. M. Salort
Then ||uH’£p(89) =1 and
||Vu||’£p(9) + Hu”ip(g) < klirgo ’Cn,p(l - Sk)|u5k|€vﬁk4’(ﬂ) + ”“k”ip(_o)
< lim Ai(sg,p) = liminf A (s, p).
k—o0 s—1-

Therefore,
A1(p) < liminf A (s, p).

s—1—
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