Mediterr. J. Math. (2017) 14:90

DOI 10.1007/s00009-017-0890-1
1660-5446,/17/020001-12

published online March 11, 2017

(© Springer International Publishing 2017

Mediterranean Journal
of Mathematics

@ CrossMark

Homogenization of Fucik Eigencurves

Julian Fernandez Bonder®, Juan Pablo Pinasco
and Ariel Martin Salort

Abstract. In this work we study the convergence of an homogenization
problem for half-eigenvalues and Fucik eigencurves. We provide quan-
titative bounds on the rate of convergence of the curves for periodic
homogenization problems.
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1. Introduction

Given a bounded interval (0,¢) C R, we are interested in the asymptotic
behavior, as ¢ — 0, of the spectrum of the following family of asymmetric
elliptic problems

—u" =ame(z)ut — Bn.(z)u", x € (0,£)
(F2) {u((]) =u(l) =0,

where (a, 3) € R%, and the functions m., n. € L>([0,/]) are positive and
uniformly bounded between two positive constants,

0<a<mez),n(z) <b<oo. (1.1)

As usual, given a function u we denote by u* = max{0, £u} the positive and
negative parts of u.
Here we assume that there exist functions mg, ng such that

me. = my and n. —ng weakly* in L>([0,4]).
It is well-known that in the case of periodic homogenization, where
me(z) =m(%),  ne(z) =n(%)

for some /—periodic functions m,n € L>(R), we have that m. - mg and
Ne N ng as € — 0, where

1/ 1/
mozm::f/ m(xz)dx and nO:ﬁ::f/ n(x)dx.
¢ Jo t Jo
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We will show that the following limit equation is obtained:

—u" = amout — Bnou~ x € (0,£)
(Fo) {U(O) = u(f) =0,

in the sense that, from any sequence of weak solutions {(ae,,fc;, ue;)}j>1
of (P.), with ¢; — 0, uniformly bounded in R? x H}([0,/]), we can extract
a strongly convergent subsequence in R? x L?(]0,/]), weakly convergent in
R? x H([0,4]), and the limit is a weak solution of equation (Fy). Here, by
a weak solution of (P.) with € > 0, we understand a pair (o, 8) € R2 and
u € HL([0,/]) satisfying

¢ ¢
/ w' dr = / (ameu™ — Bn.u”)vde, (1.2)
0 0

for any v € HJ ([0, £]).

In order to study the convergence of the spectra of the problems (Px)
to the spectrum of (Fy), let us recall some known facts about the structure
of the so-called Fucik spectrum, introduced in the *70s by Dancer and Fucik,
see [4,7]. For any £ > 0 fixed, let us denote by

Y. = X(me,n.) := {(a, 3) C R?: there exists a nontrivial solution of (P.)},
(1.3)

the Fucik spectrum of problem (P:). In the above mentioned references, it is
proved that the spectrum Y. has the structure

S =Ci U | ¢t

keN

where each C,:: . is a curve in R? for any k > 0. The curves Coi’E are called the
trivial curves and are given by Cf, = {A["*} xR, Cy. = R x {A{*}, where A}
denotes the k—th eigenvalue of the Dirichlet laplacian in (0,¢) with weight
r € L*([0,4]), namely
"
{—u = Mr(z)u, x € (0,¢) (1.4)
u(0) = u(¢) = 0.

Observe that any eigenfunction associated with A} has constant sign.

The curves C;" - (resp. C; ) with k > 1 correspond to nontrivial solutions
having k internal zeros and positive (resp. negative) slope at the origin.

We have two curves for every k € N. In the constant coefficient case, for
k even, both curves coincide but this is not true for general weights.

The curves C;f . are not known explicitly for general weights m., n., and
only their asymptotic behavior as & — 0o (or 8 — 00) is known, see [15,16].

The study of homogenization problems for asymmetric eigenvalues is
not well understood nowadays. We cite the paper [13] of Malik where the
homogenization problem for a model of suspension bridges was studied. In
that work the author studies a model where the cable resists the expansion
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but does not resist compression. More recently, in [12], Li and Yan studied
the continuity of the eigenvalues A(ay, b, ) of the problem
= [P72u) = Al "Pu+ an (@) [uF P70 = ba(@)[uT [P, 2 € (0,0)
with homogeneous boundary conditions

cnu(O) + Clgul(O) =0= 0211,6([) + ngu,(g),
and the convergence to the eigenvalues of
= P72u) = NP ~Pu+ a(e)[w PPt = b(@)luT PP, 2 € (0,0)
with the same boundary conditions, where a,, — a and b, — b weakly in
L7([0,4]) for 1 < v < 0.

Also, the behavior as ¢ — 0 of the first nontrivial curve in the Fuéik
spectrum for the p—Laplace operator in R™ for n > 1 was obtained by the
third author in [17].

On the other hand, the homogenization of spectral problems in the
symmetric case have been widely studied in both the linear and quasilinear
cases. See for example [1-3,5,8-10,14] and the references therein.

In this work we prove the convergence of the eigenvalues of problem (Px)
to the ones of problem (P,). Moreover, in the case of periodic homogenization
we obtain the rate of convergence whenever we restrict ¥. and ¥y to a line
through the origin, and we give explicit bounds depending on ¢, k, and the
slope of the line.

Since the constant degenerates when the line approaches the axis, it is
convenient to denote, for any 0 < ¢ < 1 by K; a symmetric cone in the first
quadrant defined by

Ki:={(a,B) €Ry xRy :ta < B <t ta}. (1.5)
Our main results are the following:

Theorem 1.1 (General convergence). Let {m;}eso and {nc}teso be two fami-
lies of weights satisfying (1.1) such that

* *
me —=mg and ng — ng

weakly* in L>°([0,4]) and let 3. be the associated Fucik spectrum defined in
(1.3).

Let (age, Pre) € Che NKy C Xo. Then, {(he, Bre)teso is bounded
in R? and if (a0, Bro) is any accumulation point of {(a ¢, Br.c)}eso, then
(k,0, Br,0) € Cro VK C Xo.

Moreover, if (e, Bie) € CZE N Ky, then (ak0,Bko) € C,:fo and analo-
gous result for Cp_.

Finally, if u. € H([0,4]) is an eigenfunction of (P.) associated to
(ae, Be) mormalized such that |luc|2 = 1, then, there exists ug € HE(]0,4])
and a sequence €5 | 0 such that ue, — ug and ug is an eigenfunction of (Py)
associated with (cv, Bo).

In the case of periodic homogenization one can do better and obtain
an order of convergence. In order to do this one needs to select a point on
the curve of the spectrum . and follow that point as € | 0. This is done
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in the following way: given ¢ > 0, there exists a unique /\ft . such that
O‘itﬁ’t)\itﬁ) € C,ff,a. Moreover,

Cr. = U{(Ait’s,tAit’s)}.

t>0

Theorem 1.2 (Periodic homogenization). Assume that m.(x) = m(%) and
ne(x) = n(%) for some £—periodic functions m,n € L>(R) satisfying (1.1).
Then, we have the bound

i\ 3
|>\ki,t7a - )‘/jc[,t,o| <C (€> v(t)e,
where C' depends only on the constants a,b in (1.1) and y(t) = max{t~2,t2}.

The order of convergence for homogenization of different eigenvalue
problems were obtained in [2,6,8,17]. Let us recall that in [2,8] the prob-
lem was linear, and asymptotic expansions were used. On the other hand, in
[6,17] the proofs relayed on the variational structure of the problem. Here,
there are no variational characterization of the higher curves of the Fuc¢ik
spectrum, nor linear arguments available, so the proofs are obtained by ex-
ploiting the nodal structure of the eigenfunctions.

Organization of the Paper

The paper is organized as follows: In Sect. 2 we prove the general convergence
result, Theorem 1.1, and in Sect. 3 we study the periodic oscillation case and
prove Theorem 1.2.

2. A General Convergence Result

In this section we prove our general convergence result, Theorem 1.1. We
begin with an even more general and, therefore, more vague, result on the
convergence of Fuc¢ik eigenvalues.

Throughout this section, we will use the notation A’{’I to denote the
first eigenvalue of the Laplacian on the interval I with weight function r
complemented with homogeneous Dirichlet boundary conditions. That is, )\;’I
is the first eigenvalue of

—u" =Ar(z)u in Tl
u=0 on O1.

Let us recall that if the weight () = constant = ¢, then AJ" = \¢T = BVER

Theorem 2.1. Let m. and n. be two weight functions satisfying (1.1) and
assume that me, = mo, Ne; X ng weakly* in L*>([0,4]). Let . (¢ > 0) be
the Fucik spectrum given by (1.3).

If (ae;, Be;) € X¢; are such that (ac;,B:;) — (ao,B0) as j — oo, then
(v, Bo) € Xo. Moreover, if uc, € Hg([0,4]) is an eigenfunction of (P-) as-
sociated with (o, B:;) normalized such that |luc,||2 = 1, then, there evists



MJOM Homogenization of Fu¢ik Eigencurves Page 5 of 12 90

ug € Hy([0,4]) and a subsequence 5, | 0 such that u., — ug and ug is an
eigenfunction of (Py) associated to (ag, Bo).

Proof. Let u., € H([0,/]) be an eigenfunction of (P.) associated with
(ae,, Be,;) and normalized such that [luc,|[2 = 1.

Then, since (a.,,3:,) is bounded and since the weights m.,, n., are
uniformly bounded, taking v = u., as a test function in (1.2) we get

¢ ¢ ‘
/ ul |* do = a, / me; (uf))* dw + B, / ne, ()" d
o 0 ’ |

4
< c/ (uf)? + (uz)? de = Clue,|I3-
0

Therefore, there exists a subsequence that we still denote by €; | 0, and ug €
H{([0,4]) such that u., — ug weakly in H{([0,]) and u., — uo uniformly
in [0,¢]. These facts automatically imply that (usij)2 — (uF)? strongly in
L([0, ).

So, we can pass to the limit in the weak form of the equation, (1.2), to

obtain
L 14 14
/ ugv' dz = ao/ moua'vdx —/6’0/ ug v dz,
0 0 0

for every v € HZ([0,£]). This finishes the proof. O

Let us now see that if we take a sequence {(ag e, Bk.e) te>0 C Ck,e with
a fixed k € N; then the sequence of eigenvalues remains uniformly bounded
as long as they are confined in a cone ;.

Theorem 2.2. Given 0 <t < 1 let K, be the cone defined in (1.5).

Let k € N be fized and consider (g, Bre) € Ch,e N Ky. Then, we have
the bound
m2k?
al?
Proof. Let uy. € H}([0,4]) be a eigenfunction of (P.) associated with (ay .,
Bre) € Crke N K. Then uy . has exactly k& nodal domains. Therefore, there
exists at least one nodal domain, I., such that |I.| > %.

Assume that u . > 0 in I (the other case can be treated similarly).
Therefore, uy, . is a weak solution of

max{ak,a ﬂk,s} < til

1 — 3
—Up o = Ok Ml in I,
Ug,e =0 on 0I..
I .
So, age = A", Now, by Sturm’s comparison Theorem, we get

2 21.2
T m°k
a — )\m.E;IE < )\G,IE — .
ke ! - all|? = af?
Since (e, Br.e) € Ky it follows that
Bre <t ' ag..

This completes the proof. O
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Finally, let us see that the nodal domains of an eigenfunction uy . of
(P.) associated with (o, Bk.e) € Ck,e do not degenerate when we pass to
the limit ¢ | 0 if the eigenvalues (o ¢, Ok,c) are confined to a cone ;.

Theorem 2.3. With the same notations and assumptions of the previous the-
orem, let (ay.c, Bre) € Cke NKy and let uy . € H}([0,£]) be an eigenfunction
of (P:) associated with (o ¢, Br.c). Then, every nodal domain I. C [0,€] of

ug.e verifies the bound
14 a
I > = /t=.
PR

Moreover if we denote by J. two consecutive nodal domains, we have the

bound
! |a
> 21+ V).
12 0 v

Proof. Assume that u,. > 0 in I (the other case is analogous). Arguing
as in the proof of Theorem 2.2, we have that oy . = )\TS’J’S. So, by Sturm’s
comparison Theorem,

J, b,J, w2

m1 7 —

e AT ZNT = g
1

Now, using the bound for oy, . given in Theorem 2.2, we deduce

and the result follows.

Let now I and I be two consecutive nodal domains, such that uy . > 0
in I7 and u, . < 0 in I7. We can assume, without loss of generality, that
ke < Bre. ’fhen, from Theorem 2.2, we have that

27.2 2.2
7k wk
Qe < a2 and i < t1

Then, arguing as in the first part of the proof, we obtain that

¢ Ja 4 a
> /= > 4 [t—.
|| k\/; and |I7] 2 tb

The result follows observing that |Je| = [IX] + |17 ].

With the help of Theorems 2.1, 2.2 and 2.3, the proof of Theorem 1.1
follows easily:

Proof of Theorem 1.1. Tt only remains to see that if Cxc 3 (are;, Br,e;) —
(w0, Br,0) as j — oo, then (a0, Ok,0) € Cro. This will follow if we show
that an associated eigenfunction wuy ¢ of (Py) associated with (a0, Ox,0) has
k nodal domains.

But, from Theorem 2.1, we know that wuy o, — ug,0 weakly in H([0,4]),
where uy ., is an eigenfunction of (P.) associated with (cu.c,, Br.;) and ug o
is an eigenfunction of (Fy) associated with (a0, Bk,0). Therefore, we know
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that uy o has only finitely many zeroes and then from Theorem 2.3 we deduce
that uy o has exactly k£ nodal domains.
This completes the proof. O

3. An Alternative Formulation

In order to prove the convergence result for periodic homogenization, Theo-
rem 1.2, it is convenient to consider the following equivalent problem:

—u” = AXm(z)ut —tn(z)u~)  z€(0,¢)

u(0) = u(¢) =0,
where ¢ > 0 is a fixed value. The values of A € R for which (3.1) has a non-
trivial solution u are called half-eigenvalues, while the corresponding solutions
u are called half-eigenfunctions. Problem (3.1) has a positively homogeneous
jumping nonlinearity, and its spectrum is defined as the set

Yi(m,n) :={A € R : (3.1) has non-trivial solution wu}.

The set ¥;(m,n) is divided into two subsets ¥;(m,n) = % (m,n) U
¥, (m,n) as

(3.1)

Y5 (m,n) = {\ € Z¢(m,n): u)(0) > 0},
Y7 (myn) :={\ € Zi(m,n): u)\(0) < 0},
where uy is an eigenfunction of (3.1) associated with .
It is shown in [11] that for any ¢ > 0 both sets XF(m,n) consist in a
sequence converging to +co. We denote this sequence by {)\it}keN.
Observe that )\ft = /\T’[O’Z] and Ay, = )\in’[o’e]. Moreover, each eigenval-
ue has a unique associated eigenfunction normalized by +u'(0) = 1 and the
eigenfunction corresponding to )\ki,t has precisely k nodal domains on (0, ¢),
and k + 1 simple zeros in [0, £]. See [11] for a proof of these facts.
We can rewrite problems (P;) and (Py) by taking A. = a. and (. = ta.,
and we obtain the following problems:

o | U = Ame(z)ut —tne(x)u”) € (0,4)
(Fe) {u(O) =u(l) =0,
for e > 0.

We denote the eigenvalues of (P?) by {)\ft < Jren-
Now, Theorem 1.1 trivially implies the following:

Theorem 3.1. Let {m.}.~o and {n.}.>0 be two families of weights in L>
([0, ) satisfying (1.1). Assume, moreover that m. — mq and n. — ng weak-
ly* in L>([0,£]) for some limit weights mo and ng.

Let us denote by {\{, }ren the eigenvalues of (PY) for e > 0. Then
St +
;l_{% Akte = Meyto0

Now we specialize to the periodic case, and obtain the following refine-
ment:
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Theorem 3.2. In addition to the assumptions of Theorem 3.1, assume that

me(z) = m(Z) and n.(x) = n(Z) for some {—periodic functions m,n €

L>(R). Then, for 0 <t <1,

+ + k 3 3
Ajte = bl <C (€> 172,
where C' depends only on a,b in (1.1).

Observe that Theorem 1.2 follows directly from Theorem 3.2. In fact,
Theorem 3.2 is Theorem 1.2 in the case 0 < t < 1 and the case where t > 1

follows from this one by symmetry. To be precise, if £ > 1 and u. is an

eigenfunction associated with )\ft ., we denote v = —u, and so it verifies
it

-l = t)\itﬁ(navj —t"tmov7)  in (0,0)
v(0) =v(f) =0.

Therefore, from Theorem 3.2 we have the estimate

k 3
[t e — tArsol <C (y) t2e,

and Theorem 1.2 follows directly from this former inequality.

For the proof of Theorem 3.2, we need the order of convergence of the
nodal domains of the eigenfunctions. We will perform this task in a series of
lemmas:

Lemma 3.3. Let ()‘;ﬂt,t,s’ Uk.t.c) be an eigenpair of (PL). We denote by {ijs}ju

{I;s}l- the nodal domains of ui e, that is each Ilis is an open connected,
pairwise disjoint intervals, such that

0.0 =l v
j i

and ug . >0 on I;fs, Upte <0 on IZ.TE.

Then, HIJ—'; - |IZ+EH <2 and |[I; | — | ]| <2

Proof. We make the proof for the positive nodal domains {Ij:a}j. The other
one is analogous.
First, let jo be such that \I;7€| < |ij6| for any j.
Assume that there exists j such that |I;€| > |I}; .| + 2¢. Then, there
: : + +
exists an integer h € Z such that he + I;) - C I_.
Now, if we denote

Jo,E

ve(z) = Uk t.e (T — he) ifxelIl +he
o elsewhere,
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then v, € H (IJr ), and so

2
n msJ;rE . f[+ dx
P Vi Y e i
7’ veHL( IJr ) f1+ mev 2dx
fI* £)?de

- fI+ mev2 de
f]* ukta2dx

f[* meug ;. dx
Jjo»e ”

_ )t
- )\k,t,a’

90

where we have used the periodicity of the weight m.. This shows that v. is

Ir

an eigenfunction associated with A\; ~"7°, but this is a contradiction since v,

vanishes in a set of positive measure.
The proof is complete.

The following elementary lemma will be most useful:

O

Lemma 3.4. Let M € R and K € N. Assume that for every ¢ > 0, there

exists {as}K | C R, such that
Zaf =M and |aj —a5| <e, for every 1 <i,j < K.

Then

a; —‘<€ for every 1 <1 < K.

Proof. Let ig =ig(e) € {1,..., K} be such that af < af forevery 1 <i < K.

Then
K
Ka$, <Y a5 =M,
i=1
and so ag, S . Therefore, for any 1 <i < K,

<
M
a; <a;, +e< N
(©)

On the other hand, if we now take i1 = i1 (e
for every 1 < i < K, then

thus af, > % Hence, for any 1 <i < K,
a; > a;, —e>

The lemma is proved.

{1,..., K} such that a > af

O

Lemma 3.3 together with Lemma 3.4 implies the following corollary:
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Corollary 3.5. Let (A5, _,uk1.c) be an eigenpair of (PL). We denote by {I;:E}j
U {I;E}Z the nodal domains of uge. Then

‘|IJr UIﬁ _If‘ < 4e.

Proof. Assume first that & is even. So k = 2n for some n € N. Then, the num-
ber of positive nodal domains equals the number of negative nodal domains
and both equal n. Therefore,

n
Z \+Z|I— =N ur .
Jj=1 Jj=1
Let us call af |IJr U I, |, and by Lemma 3.3 we have that [a5 — af| < 4e.
Hence, we can 1nvoke Lemma 3.4 and conclude the desired result

If now k is odd, we consider the problem in [—¢, ¢] and extend uy ¢ by
odd reflexion and so we end up with a even number of positive and negative
nodal domains. We apply the first part of the proof and from that the result
follows. We leave the details to the reader. O

Remark 3.6. Observe that, since mg and ng are constant functions, it holds
that |, U I, | = 2. See [7].

The other key ingredient in the proof of Theorem 3.2 is the following
result due to [17], recently improved in [18]:

Theorem 3.7 ([18], Theorem 1.2). Under the above assumptions and nota-
tions, it holds that

N5 — ATyl < Cet 3, (3.2)
where C is a constant depending only on the bounds a,b in (1.1).
Remark 3.8. In [17] the obtained bound is slightly worse than (3.2). In fact,
is was proved in [17, Theorem 4.2] that

|>\2 te )‘;t,0| < lean
with C’ depending also on a, b.

With all of these preliminaries, we can now prove the main result of the
section:

Proof of Theorem 3.2. Let uy . be an eigenfunction of (P?) associated with
)‘:,t,sv for € > 0. The case of Akt 1s completely analogous.

Let J. = If:e U ;. be the union of the first two nodal domains of ug .
Let us denote J. = (0, c.). Observe that uy .. > 0 in I. for € > 0 and that,
by Theorem 2.3, we have the bound

e > Ii\/z(l + V). (3.3)

Arguing as in Theorem 2.2, we deduce that for any € > 0,
AT )\;n‘sytney]s7 (34)

kit.e
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Me,tne,Je

where A, is the second eigenvalue of (P!) in the interval J..

Performing a change of variables is easy to see that

CQ)\mE7tnE7JE — A;naﬁtnah[oal]’ (35)

where &’ . Observe that from (3.3) it follows that &’ — 0.
Now, usmg Theorem 3.7 we obtain that

mgr,tn s m n 2 k — =2
Agrermentotl —xproto Bl < celtm3 < 0t 3, (3.6)

where C' depends on the constants a,b in (1.1).
Therefore, by(3.3), (3.5) and (3.6), we find

+ - —2\m_s,tn 1,[0,1] —2 mOytn()a[Ovl]
|)‘kts )‘kt,o| ec A —Co A |

— m,s,tn_s,[0,1 ,tng,[0,1 ,tnp,[0,1]) — —
< e gt et 0T gt l0 22 o2

k 3
< C (€> 25 + )\mo,tno,[o 1]|C€_2 _ ca2|'

Now, from Corollary 3.5 and the subsequent remark,

3
c.t—c | <C K g,
|E O| ‘e

with C' a universal constant.
Finally, we observe that from Theorem 2.3,

i 2
tno,[0,1 mo,l 7T
)\mo no,[0,1] _ )\1 Te _ Ct7

m0|Iit€|2 N

with C' depending on a,b in (1.1). O
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