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Abstract. In this paper we continue our study of the large time behavior of the bounded solution to the nonlocal diffusion
equation with absorption

ur=Lu—uP inRY x (0, 00),
u(x,0) = up(x) in RV,

where p > 1, up > 0 and bounded and
Lu(x,t) = f Jx =) (u(y, 1) —u(x, 1)) dy
with J € C§°(By), radially symmetric, J > 0 in By, with f J=1
Our assumption on the initial datum is that 0 < ug € L>(RN) and
|x|“ug(x) - A >0 as|x| — oo.

This problem was studied in [Proc. Amer. Math. Soc. 139(4) (2011), 1421-1432; Discrete Cont. Dyn. Syst. A, 31(2) (2011),
581-605] in the supercritical and critical cases p > 1 4+ 2/«.

In the present paper we study the subcritical case 1 < p < 1+2/a. More generally, we consider bounded nonnegative initial
data such that

x> P~ Dy(x) > 00 as x| = oo
and prove that
L\ M-
tVP=Dyx, 1) > (—) ast — 0o
p—1
uniformly in |x| < k+/7 for every k > 0.

Of independent interest is our study of the positive eigenfunction of the operator £ in the ball Bg in the L™ setting that we
include in Section 3.
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1. Introduction

In this paper we continue our study of the large time behavior of the solution to the nonlocal diffusion
equation with absorption

_ _ P ; N
[ut_ﬁu u?  inRY x (0, 00), (1.1)

u(x,0) = up(x) inRY,

where p > 1, uy > 0 and bounded and
Lu(x,t) = f J(x — ) (uy, 1) —ulx, 1)) dy (1.2)

with J € C{°(By), radially symmetric, J > 0 in B, with f J=1.
Our assumption on the initial datum is that 0 < ug € L®(R") and

[x|%ug(x) —- A >0 as|x| > oo. (1.3)

These kind of nonlocal diffusions appear in several applications such as population dynamics, disease
propagation, image enhancement, etc. (see, for instance, [1-5,8,11,18]).

When the kernel J in the nonlocal operator (1.2) satisfies the hypotheses in this paper, the long time
behavior of the solutions is closely related to that of the corresponding problem for the heat operator
with a diffusivity related to the kernel J (see, for instance, [6,9,13,15-17]).

In [15] the authors started the study of (1.1) when uy € L'(R"), in the supercritical case p > 1+2/N.
Then, in [16,17] we studied this problem under assumption (1.3).

The main question we address is what is the interplay between the parameters p, « and the dimension
N in the large time behavior of the solution.

In [16,17] the critical and supercritical cases were studied. This is, we assumed that, either uy €
L'(R")and p > 142/N (completing the results of [ 15] by considering the critical case), or0 < a < N
and p > 14 2/a. Also some intermediate asymptotics for u( involving logarithms where considered in
[17], always in the supercritical case.

In the present paper we complete our study by considering the subcritical case 1 < p < 1 + 2/« that
was left open in the previous articles.

The critical value p. = 1 4+ 2/« is the one that makes diffusion and absorption of the “same size”.
It is interesting to observe that this critical value depends on the size of the initial condition at infin-
ity.

In the supercritical case, diffusion wins and the reaction component disappears in the long run. In the
critical case, both diffusion and reaction remain in the time asymptotics (see [15-17]).

In the present paper we show that, in the subcritical case, only reaction remains in the large time
behavior and the solution behaves as that of the equation

1 1/(p=1)
u, = —u?, u(l) = <—> .
p—1
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This is

1/(p=1)
P Vy(x, 1) > (—1> as t — oo uniformly in {|x| < k\/z:} (1.4)
p [—

for every k > 0.

It is interesting to observe that the final profile is independent of the initial datum u as long as it is
bounded and satisfies (1.3). In the critical and supercritical cases, both the constant A and the exponent
« in (1.3) intervene in the time asymptotics.

Our result is similar to the one obtained by Gmira and Véron in [12] for the heat equation with
absorption. As in [12], we get this behavior for any nonnegative and bounded initial datum u such that

x| P Dyo(x) = oo as |x| = oo (1.5)

thus allowing a more general behavior of u at infinity than the one in (1.3).

In this paper we follow the ideas of [12] where the authors constructed subsolutions of separated
variables with the right asymptotic behavior. These subsolutions involve the positive eigenfunctions /
of the Laplacian in the balls B, normalized so that the [|hg|| 15, = 1.

The authors make use of the scaling invariance of the Laplacian so that hg(x) = hi(x/R) and the
principal eigenvalue Az = R72A,.

One of the main differences when dealing with problem (1.1) is the lack of any scaling invariance
of the problem. Nevertheless, a parabolic scaling leads — in the limit of the scaling parameter going to
infinity — to the heat equation with diffusivity A(J) = ﬁ f J(2)|z)*dz. And this fact explains, in a
way, the interplay between the time asymptotics of the nonlocal diffusion equation and that of the heat
equation with diffusivity A(J), as was made clear in [17].

This scaling property was also the basis for the understanding of the behavior as |[x| — oo of the
solution to

L&=0 inRV\ £,
¢=1 in.Q,
¢(x) >0 as|x| — o0

with £2 an open bounded set, studied in [7].

One of the main contributions of the present paper is a thorough study of the positive eigenfunction
Hp, to the nonlocal operator £ in the ball Bz with Dirichlet boundary conditions Hz = 0 in RV \ Bg,
normalized so that || Hg |1~ = 1.

This study was initiated in [10] where the existence of a principal eigenvalue Ay associated to a pos-
itive eigenfunction was proved. Moreover, in [10] the authors proved that, asymptotically the principal
eigenvalue behaves as that of the Laplacian with diffusivity A(J). This is,

R*Ag — A(J)A; as R — oo.
In [10] the authors also studied the associated eigenfunction in the L? setting and they proved that,

after rescaling to the unit ball with an L? normalization, one gets convergence in L? to the positive
eigenfunction of the Laplacian in the unit ball with Dirichlet boundary conditions and unit L2-norm.
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In the present paper, due to the application to the study of the asymptotics of (1.1) we have in mind, we
are interested in a different normalization and convergence. Namely, we normalize so that the L*°-norm
is preserved and prove uniform convergence in the unit ball.

In order to get this kind of compactness, the arguments in [10] cannot be applied. Instead, we get
uniform bounds for the derivatives of the rescaled eigenfunctions H r(x) = Hr(Rx), on smaller balls B,
with 0 < r < 1, by using an integral representation formula for Hg and a precise decay in terms of R of
Hp, in a neighborhood of the boundary of Bg. To this end, we construct an upper barrier. This barrier also
allows to get uniform smallness of the rescaled eigenfunctions and their limits in a neighborhood of 9 B
that gives, in particular, uniform convergence in the whole ball. The uniform limit is then identified as
being &, the positive eigenfunction of the Laplacian in the unit ball with Dirichlet boundary conditions
and unit L*°-norm.

We believe that the results concerning the eigenfunctions Hy are of independent interest.

The paper is organized as follows. In Section 2 we state the results of [10] on the principal eigenvalue
of the operator £ with Dirichlet boundary conditions set in the ball Bg. Then, in Section 3 we perform
our study of the eigenfunctions associated to the principal eigenvalues in the L setting. In Section 4 we
construct a subsolution to (1.1) by following the ideas of [12] for the heat equation. Due to the lack of
any regularizing effect of the nonlocal operator, we need to prove that infg, u(-, t) > 0 for every R > 0,
t > 0 (Lemma 4.1). Finally, in Section 5 we prove our main result, namely that (1.4) is satisfied.

2. Definitions and preliminary results

In this section we discuss notation and basic definitions. Moreover, we state some previous results on
the first eigenvalue of the nonlocal problem with Dirichlet boundary conditions in a ball.
Let R > 0 and define the ball of radius R as

BR={x e R": |x| <R}.

We denote by A the first eigenvalue of the Laplacian in Bg. That is, g verifies that there is a solution
to the following problem,

—Au :ARM in BR,
u=20 on 0 Bp, (2.1)
u=>0 in Bp.

We know that A is simple. Let us call i the associated eigenfunction satisfying

0<hrp(x)L1= m%th(x) in Bg. 2.2)
XEDR

It is well known that, due to the scaling of the Laplacian there holds that, Az = R™2,.
We now consider the nonlocal eigenvalue problem,

—Lu(x) = Apu(x) in Bg,
u=>0 in RV \ Bg, (2.3)

u>0 in Bg,
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where Lu(x) = f Jx =)y, t) —ux,1))dy, J € C;°(By) radially symmetric, J > 0 in B; and

[J=1

It was proved in [10] that such an eigenvalue exists, it is simple and moreover,

A
AR~MDé-%Rﬁ+m (2.4)
with
AU) = — / J@ld 2.5)
=on |, T @l dz. :
This is,

)
zthUXHmU»é as R — 400,

Consequently, the first eigenvalue Ay for the nonlocal problem (2.3) behaves asymptotically as the
first eigenvalue A of the Laplacian (2.1), as R tends to infinity.
Moreover, in [10] the authors proved that A is given variationally as

Ao e MG = @) — u(y))?dxdy
k= 0ucL?(Bg) 2 [ u?(x)dx ’

u=0in B

3. Some results on the eigenfunctions

In this section we study the eigenfunctions of the nonlocal problem in the ball Bg.

The eigenfunction problem was studied in [10] in the L? setting. This is, in [10] the authors consider
the family of eigenfunctions normalized as to have the L?(Bg)-norm equal to 1 and prove that, when
properly rescaled, they converge to the unique positive eigenfunction of the Laplacian in the unit ball
with L?(B;)-norm equal to 1.

In the present paper we are interested in the family Hy of positive eigenfunctions normalized so that
the L°°(Bg)-norm is 1. We prove that, when properly rescaled, they converge to the unique positive
eigenfunction of the Laplacian in the unit ball with the same normalization. The convergence is uniform
in the unit ball.

In order to get our result, we cannot use the compactness argument of [10] that holds only in L”
for p < oo. Instead, we use Arzela—Ascoli. To this end, we get uniform estimates of the derivatives
of the rescaled eigenfunctions on compact subsets of the unit ball. The argument is delicate and uses a
precise decay, in terms of R, of Hg in a neighborhood of the boundary of Bg. This decay is obtained by
comparison with a supersolution that we construct to this end. In this way we obtain uniform convergence
on compact subsets of the unit ball. _

The supersolution also allows us to prove that the rescaled eigenfunctions Hg are smaller than any
positive constant in a neighborhood of 9 B; if R is large. This, in turn, gives that the convergence is
uniform in the unit ball to a function that is continuous in the closure and vanishes on the boundary. This
limit function is therefore /.

In this way, we get our main result in this section.
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Theorem 3.1. Let L the operator in (1.2). Let A € R, Hg € C(Bgr), Hg = 0in RN \ Bg, be the
unique solution to

—LHg(x) = AgHg(x) in Bg,
Hp(x)=0 inRN\BR,
Hg(x) >0 in By

Obtamed in [10], with the normalization 0 < Hr(x) < 1 = ||HR||Loo(BR)f0rx € Bg.
Let HR(x) = Hg(Rx) for x € By and hy € C*(B;) N C(B) the positive eigenfunction of the
Laplacian in the unit ball such that ||h| L=,y = 1. Then,
ﬁR — h; (R — 00) uniformly in Bj.

For the proof of this theorem we need a couple of lemmas.

Lemma 3.2. Let R, — o0 be such that H g, — Hin L)

loc

(By). Then H is a solution to,

—AH =MH inB,
H=0 on 0B;.

Proof. In the sequel we will denote for any R > 0, by Jz(x) = RV J(Rx).
In order to prove that H is a weak solution to the equation, we let ¢ € C°(B;). Then, we observe that
by the radial symmetry of the kernel J and Taylor’s expansion up to the 4th order,

R*((Jg % ) (x) — 9(x)) = A(J)A¢(x) + O(R™?),

where the term O(R~ %) is bounded by CR~ 2||D4<1>|| 1 [ J(2)|z|* dz with C a universal constant. Thus,
using that (Jg * HR)(x) HR(x) —ARHR(x)

A(J)fB H(x)A¢(x) dx
=AW | Hy, (x)A¢ (x) dx + A(J) A (H(x) — Hg,(x)) A (x) dx
= A Hp, R ((Jr, * $)(x) — p(x)) dx + A(J) A (H(x) — Hp, (X)) A¢p(x) dx
- fB Hg,(x)O(R;?) dx

=R; f ((Jg, * Hg,)(x) — Hg,(x))$(x) dx
B

+A(J)/ (H(x) — Hp, (X)) Ag(x) dx —/ Hp, (x)O(R;?) dx
By
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- _RgARn/ Hg, (1) (x)dx + A(J) | (H(x) — Hg,(x))A¢(x) dx
B

B

— | Hg,(x)O(R;?) dx.
B

Since I-NIRn — H strongly in L} (B)), ||ﬁR||Loo <1, ¢ € CPMRY) and R*Ag — A(J)A; as R — o0,

loc
by taking limit as » tends to infinity we obtain,

A() | HXAp(x)dx = =1 AW) [ H(x)¢(x)dx,

B B
that is, H satisfies the equation —AH = A;H in B;. U
Our next result is the construction of a barrier for Hy.

Lemma 3.3. Let h; be the positive eigenfunction corresponding to the first eigenvalue ) of the Lapla-
cian in By with Dirichlet boundary conditions and the normalization 1 = max,cp, hi(x). Let us consider
the function

X

v(x) = hl (2R

) for x € Byg.

There exists C > 0, Ry > d such that
CEv(x)é,CHR in BR lfR}Rl

Proof. Assume R > d. By using Taylor’s expansion and the symmetry of J we get for x € Bg,
— B
Lo(x) = A()Av(x) + O(féﬁ’inl) V] emin)

Then,

AW
T4

_ Al X 4
= —h——R h1(2R>+O(R )

- X -
Lv R zAhl(ﬁ) +O(R™)

<~ Lamr2n () s 3.1)
X 8 1 1 2R R .

if R is large.
Here we have used that there exists a positive constant ¢ such that,

X
c < hl(ﬁ)’ X € Bg. (3.2)
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Finally, since A; A(J)R™2 = Ag(1 + o(1)), we get for R large enough,

Lv < 1Ah ") < — A < ——AgHr = —LH
vV —— — | < ——Ag < —— = —
R R 16 RHR = TR

since0 < Hp <1. O
Recall that h; is radially symmetric, radially decreasing, smooth with /;(0) = 1. Let n such that
hi(x) = n(lx]).

Now we use the supersolution constructed in Lemma 3.3 in order to bound Hg. There holds,

Lemma 3.4. Let n(|x|) = h(x) with hy as in Lemma 3.3. There exist constants C, Cy > 0 and Ry > 0
such that,

x| 1 Co| .
Hp(x) < C{ﬁ(ﬁ) — 77(5) + ?} if R > Ry.

Proof. In Lemma 3.3 we found a constant C > 0 and R; > 0 such that, for any Cy € R, R > Ry, the
function

_ | x| 1 Co
wix) = C{”(ﬁ) - "(5) + 7}
satisfies

Lw < LHR in Bp.

In order to be able to apply the comparison principle we need to show that, for some constant Cy, there
holds that

w>0 in{x e RY\ Bg/dist(x, Bg) <d} = {R <|x| < R+d}. 3.3)

And, in fact (3.3) holds if Cy > d||n||L~@©,1) and R > R; > d.
Finally, by applying the comparison principle, the lemma is proved. [

From this lemma we get the following corollary that will be used to bound the derivatives of Hpg.

Corollary 3.5. There exists a constant K > 0 such that for R > R, > d,

K .
J*HR<E in {R <|x| < R+d}.

Proof. Let R < |x| < R+d. Then, if J(x —y)Hg(y) # 0, there holds that R—d < |y| < R. Therefore,

1 C K
Hr(y) < w(y) = C{n(%) —n(§> + EO} < =
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for a certain constant K > 0 and,

K
—. (]
R

(J % He)(x) = / J(x = Y He() dy <

In order to prove our main result in this section, we will use an integral representation formula for Hg.
To this end, let us recall some results on the fundamental solution to the operator 9, — L.

In [6] the authors found that the fundamental solution of the nonlocal operator 9, — L in the whole
space, is

F(x,t) =e'8(x) +w(x,1),

where § is the Dirac mass at the origin in RY and o is a smooth function.
Then, in [17] pointwise and integral estimates for w and its derivatives where obtained. In particular,

Vo (x,n| < C (3.4)

|X|N+3

and
fNWw(x, nl<ct'2 3.5)
R

We can now prove our main result in this section.
Proof of Theorem 3.1. The proof follows from the Arzeld—Ascoli theorem.
In order to get uniform estimates of the derivatives of Hy let us observe that the first eigenfunc-

tion of (2.3) is the unique bounded solution of the following nonhomogeneous equation defined in the
whole RY,

{w,—./;w:ARw—XB;(J*w) inRY x (0, 00), 46

w(x, 0) = Hg(x) in RV,

As the solution of (3.6) is defined in the whole space, it can be expressed in terms of the fundamental
solution F = F(x, t) by means of the variation of constants formula. Thus, for t > 0 we have

Hg(x) =e™" Hg(x) +/ w(x —y, 1)Hr(y)dy + AR(/ e Y dS) Hpg(x)
RN 0
_ (/te—(t—f) ds)XB;'e(X)(J * Hp)(x) + AR /t/ w(x —y,t—s)Hg(y)dyds
0 0 JRY

—// wx —y,t—s)(J *x Hg)(y)dyds. 3.7
0 /B



48 A. Salort et al. / The subcritical case

For x € Bpg, there holds that /"(1_:;;< (x) = 0. Thus, we can rewrite (3.7) for x € By as,

(1-e™)(1 — A He(x)

=/ w(x—y,t)HR(y)derARf/ o(x —y,t —s)Hg(y)dyds
RN 0 JRN

—// wlx —y,t—s)(J *x Hg)(y)dyds. (3.8)
0 JBg

Observe that we are free to select the parameter ¢ in expression (3.8).
Let us now rescale the identity (3.8). We have,

(1—e™)(1 — Ap)Hg(x)
:/ w(Rx—y,z)HR(y)derAR// @(Rx =y, 1 = s)He(y)dyds
RN 0 JRY
_// w(Rx —y,t —s)(J * Hp)(y)dyds
0 J B
= (i) + (i) — (iii).

In order to bound the derivatives of (i), (ii) and (iii) we will choose the value + = R?. First, let us
estimate the derivative of (i). By (3.5), since 0 < Hy < 1, it follows that

|V/ w(Rx —y,t)HR(y)dy‘ =R
RN

f Vw(Rx —y, t)Hg(y)dy
RN

< R/ Vo (y, )| dy
RN

< CRi™ V2 =c. (3.9)

Similarly, since Az < CR72,

Ag

t
V// w(Rx —y,t —s)Hg(y)dyds
0 JRN
t
<ARR// |Vw(y,t—s)|dyds
0 JRN

t
<CR1/ (t —s)"V2ds
0

< CR 1?7 =c. (3.10)
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Now, by using the pointwise estimate (3.4), Corollary 3.5 and the fact that supp(J *x Hg) = Bgiq We
can bound the derivative of (iii) as

‘V// w(Rx —y,t —s)(J *= Hg)(y)dyds
0 JBg

Vo(Rx —y,t —s)(J x= Hg)(y)dyds

C

t—=s

y|N+3 dy ds

R<|y|<R+d |Rx —

1
<cr / S —
R<|y|<R+d |RX - )’|N+3

Assume now, |x| < r with 0 < r < 1. Then, if |y| > R we get that |[Rx — y| > R(1 — r) and then,

‘V// wx —y,t—s)(J*x Hg)(y)dyds
0 J/Bg

1
—-N-3.2
< C.dR™** =C,d. (3.11)

Thus, since (1 — e*Rz)(l — Ag) 2 a9 > 0for R > Ry, we conclude that for every 0 < r < 1 there
exists C > 0 such that,

sup [VHg(x)| < C
lxl<r

if R > Ry

We can apply Arzela—Ascoli on every ball B, with 0 < r < 1 to get, for every sequence R, —
oo a subsequence Hg, uniformly convergent in B,. Then, a diagonal argument gives a subsequence
uniformly convergent on every compact subset of B; to a function H. By the previous lemmas, we know
that H is a solution to

—AH = K]H in Bl.
Moreover, Q < H < 1. Let us see that H € C(B;) with H = 0 on dBy. In fact, we show that the

subsequence Hg, convergingto H uniformly on compact subsets of B is actually uniformly convergent
in Bj. In fact, we use Lemma 3.4 to get for ¢ > 0,

no<clo(5) 1)) -

if 1 —|x| <dpand R > Ry
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On the other hand, for every x € By, by taking limit as k — oo we find that,

no<e((3) () =3

if 1 — |x] < 8. _
Observe that, in particular, H € C(B) with H = 0 on 9 B;.
Then,

|Hg, (x) — Hx)| <e if|x| > 1= 80,k > ko.
On the other hand, due to the uniform convergence of H Ry, 1O H in 51_50,
|Hg, (x) - Hx)| <& if [x| < 1= 8.k > ki.

So that, the convergence is uniform in By, H € C(B,) with H = 0 on dBy. So that, H = h; is
independent of the subsequence and the theorem is proved. [J

4. Back to the evolutionary problem: Construction of a barrier

In this section we construct a barrier for the nonlocal problem which is similar to the one constructed
in [12] for the Laplacian. This barrier is a function of separated variables involving the eigenfunctions
Hpy studied in Section 3.

In order to be able to further analyze our solution u, we state a result that is needed because of the lack
of a regularizing effect of the nonlocal diffusion equation.

Lemma 4.1. Let 0 < ug € L™, ug % 0. Then, for every R > 0,1t > 0,

inf u(x,t) > 0. “4.1)

xeBpg

Proof. We recall some results that can be found, for instance, in [16]. First, u € L and bounded by
lutg|lco- Moreover, u > 0 since v = 0 is a solution to the equation and a comparison principle for
bounded solutions holds (see, for instance [14]).

Moreover, u(x,t) > 0 for every x € RN, ¢t > 0.Infact,let A > 1 + ||u0||é’o_l. Then, since 0 < u <

240l 0o

u; +Au > u; +u+u’ =J *xu.

Thus,

u(x, 1) = e Mug(x) + / e (T xu(,5))(x) dx (4.2)
0
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so that, if u(x, t) = 0 for some x € R", ¢ > 0 there holds,
t
0> / e (T xu(, ) (x)dx > 0.
0

We deduce that u(y, s) = 0in B;(x) x (0, t) and, since R" is connected, a continuation argument gives
that u = 0in RV x (0, 1). But, by (4.2),

u(x, ) = e Mug(x)

and uy # 0.

Therefore, u(x,t) > 0in RY x (0, 00).

Let us now prove (4.1). If not, there exists a sequence {x,} C By such that u(x,,#) — 0. Without
loss of generality we may assume that x, — X € B. Going back to (4.2) and using that J * u(-, s) is a
continuous function in RV we get

0« u(x,, 1) > / e M (T xu(,5))(x,) dx — / e M (T xu(, ) () dx.
0 0

We deduce that u = 0 in B;(x) x (0, t), a contradiction. []
Now, we construct the barrier.

Lemma 4.2. Let A be the principal eigenvalue of (2.3) in the ball B and Hyg the positive eigen-
function with the normalization || Hg ||~ @5y = 1. Assume 0 < ug € L®(RY) and let u be the unique
bounded solution of (1.1). Then, the following inequality holds in Bg x (0, +00):

u(x, 1) = Yr(t)He(x), (4.3)

where Yy is the solution to

d .
ale + AgYr+ ¥ =0 in (0, 00),

(4.4)
o)
Yr(0) =c= xlelg;e He(r)'

Proof. We set w(x, t) = Yg(t) Hg(x). Then, for x € By,
d PP
wy — Lw + w? = HREwR — lﬁR[,HR + WRHR
d PP
= HRE‘PR + YrARHR + Y Hy

d _
= HR(al/fR + ArYr + 1//11;) + Heyrr ((Hryp)"™' — ik 1)-
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Since g satisfies (4.4), 0 < Hg < 1 and p > 1 we deduce that,
w, — Lw+ w? <0 forx € Bg.

As w(x,0) = Yr(0)Hg(x) < uo(x) and w(x,r) = 0in B x (0, 00), we deduce by the comparison
principle for sub- and super-solutions on bounded sets that,

wx,t) <ulx,t). O
Remark 4.3. The function ¥ can be computed explicitly (see [12]). In fact, if ¢ > 0,

Ag 1/(p—1)
(1 4+ =P Ag)eArp=Dt — 1> '

Yr(t) = < (4.5)

The following technical lemma was proved in [12]. This result will be used later on in Section 5 in
order to obtain the region where we can identify the asymptotic behavior of u.

Lemma 4.4 (Gmira and Véron, Lemma 2.2 [12]). Set ¢ : Rt — R™* such that
lim y*¢(y) = oo.
y—>0o0

Then, there exists a nondecreasing function R from R into Rt such that

y

}11330 o)~ 0, ylingo yo(R(y)) = 0. (4.6)

Remark 4.5. In [12] the function ¢ was assumed continuous. But it is easy to see that this assumption
is not needed.

Now, we prove a key lemma. Once again the goal is to establish a lower bound for u(-, t) by con-
structing an appropriate auxiliary function ¢(R). This function will be used as an initial condition for
the function g from Lemma 4.2 in the proof of Theorem 5.1.

Proposition 4.6. Suppose 0 < uy € L*(RY) is such that
Ix [P Vyo(x) > 00 as x| = oo 4.7)

and let u be the bounded solution to (1.1). Then, for any t > 0 the following equivalent properties hold:

(i) im0 [P Du(x, t) = 0.
x|
(i) limg_ oo R¥P~Vinf cru(x,t) = o0.
[xI<
(iii) There exists a positive, nonincreasing, real-valued function ¢ such that
p 8

rlggo r?PDyr) = 0o 4.8)

and

u(x,t) 2 ¢(R)Hr(x) Vx € Bg.



A. Salort et al. / The subcritical case 53
Proof. By (4.2), for every t > 0,
I[P Vyx, 1) = e x| P Dyg(x) — oo as x| — oo.
Thus, (i) holds.

Let us see that (i) = (ii).
If not, there exist R, — oo and a constant C > 0 such that

R/(P=D Iigr;fu(-, 1) < C.

This in turn implies that there exists x, € Bg, such that
R "Dy (x,, 1) < 2C. (4.9)

If there exist Ry > 0 and a subsequence R,, such that {x,,} C Bg, we would have, by (4.9) and
Lemma 4.1,

2C > R,%}f(’"l)u(xnk, t) > Rﬁlf(‘"l) lignfu(-, t) > 00 ask— oo
Ro

which is a contradiction. Therefore, |x,| — oo as n — oo. But then, since x,, € Bg,, by (i),
2C > R,z/(p’l)u(xn, 1) > |x,,|2/(1”1)u(xn, ) > 00 asn — oo

which again is a contradiction. So, (ii) holds.
(i) = (iii). We define for R > 0

_Loux )
o) = )’

(4.10)

where Hp is the positive eigenfunction of (2.3) with | Hg|lco = 1. As u(x, t)/Hg > u(x,t) in By, there
holds that ¢ (R) is positive.
From (4.10) we have in By,
u(x, 1) = ¢(R)Hg(x),

and, as 0 < Hr(x) < 1,

R*P=Dy(R) > R¥»=D | i&fRu(x’ t) —> oo as R — oo,
X X

by (ii). So that, (iii) holds.
(iii) = (ii). In fact, by Theorem 3.1 we know that

HR(x) — h; uniformly in B ;.
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Since h1(x) = B > 01in By, there holds that

Hr(x) > in By,

SYR-N

if R > Ro.
This is,

Hg(x) > g in Bg)»
if R > Ry. Hence,

B .
u(x,t) =2 o(R)Hg(x) > Ew(R) in Bg)»
if R > R,.
Multiplying by R*?~D taking infimum over Bg,» and letting R — oo gives (ii).

(ii) trivially implies (i). [

Remark 4.7. Observe that the function ¢ (R) depends on ¢ > 0.

5. Main result

In this section we prove our main result. This is, we obtain the large time behavior of u in the subcrit-
icalcase ]l < p <142/a.

Theorem 5.1. Suppose 0 < ug € L®(RN) satisfies (4.7). Let u(x, t) be the bounded solution of (1.1).
Then,

1 1/(p—1)
lim /P Vy(x, 1) = ( ) ,

K P
uniformly on the sets

Ey={x e R: |x| < kv/1},
where k is an arbitrary constant.
Proof. From Proposition 4.6, by considering u(x, t) for ¢t > t, > 0 we deduce that there is no loss of
generality in assuming that there exists a nondecreasing function ¢ : R — R* satisfying (4.8) such

that,

uo(x) = ¢(R)Hg(x) Vx € Bg.
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From Lemma 4.2 we have that u(x, t) > Hg(x)¥g(t) in Bg x R™, where v/ is the solution of

d .
51”1? + AgYr + ¥ =0 in (0, 00),

(5.1)
Vr(0) = @(R).
By (2.4) the principal eigenvalue of (2.3) can be written in the form
Al
AR:CRF as R — 400, (5.2)

where A is the principal eigenvalue of (2.1) and Cx — A(J) as R — oo with A(J) given by (2.5). By
using (5.2) and (4.5) we have

1/(p—1) 1/(p—1) Ar b
P t) =t~
yr(®) <(1 + @!=P(R) Ag)eAr(p=Dr — 1)

(CRI)L]R_2)1/(p_l)e—CR)»1tR’2
T (1 + Crmg P (R)R2 — e Co(p—DiR ) 1/(p=1)

—CrAi(p—1DiR™2

By using the Taylor expansion for e at the origin we get,

(CRI)"I)/RZ )1/(p1)e_CRMlR_2

1/(p—1) —
e R () = (cRM /(R2@P=1(R)) + (Crri(p — D) /R* + O(R—*12)

(5.3)

Now, as limg_ o R?¢”"'(R) = oo we deduce from Lemma 4.4 that there exists a nondecreasing
function ¢ — R(¢) such that

lim oy =0 end lim tp? ' (R(1)) = oo. (5.4)

Replacing R by R(¢) in (5.3) and using (5.4) yields

. 1 1/(p=1
lim t"/P" Dy (1) = (—) .
t—00 P — 1

If we consider x such that % < k for some constant k, we have

o W
I Re T A R =0 (53)

Since w(x, t) = (ﬁ)]/ (P=1 5 a supersolution for ¢ > 0, and u is bounded there holds that,

1 1/(p=D
(p — 1) > tl/(p_])M(X, t)y = Il/(p_l)WR(t)(t)HR(t)(x). (5.6)
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Now, let us prove that
lim HR(t)(X) =1 (57)
11— 00

uniformly on |x| < k+/t for all k > 0. In fact, from the uniform convergence on B; obtained in Theo-
rem 3.1, for every & > 0 there exists #; > 0 such that,

|Hry () —hi(y)| <& ifly| < landf>1.

On the other hand, if |x| < k+/f and we put x = R(t)y, we get that

kA/t
i<1 ift >0

< <
|yl RO

and consequently, if |x| < k+/t

‘Hm)(x) — Iy (ﬁ)‘ = |Hriy (") — 1 (y)| <& ift > max{n, 1), (5.8)

From the continuity of 4, it follows that,

h(%) —hl(O)‘ <e if|x] <kVrandt > ;. (5.9)

Hence, from (5.8) and (5.9) we obtain that,
‘HR(I)(X) — hl(o)‘ <2¢ if|x| <ktandt > {1, o, 13).

Since 71(0) = 1, (5.7) follows.
Taking limit as t — o0 in (5.6) and using (5.7) we obtain that

1\ V=D
lim ¢Y/P = Vy(x, 1) = (—)
t—00 p — 1

uniformly on E; = {x € RV : |x| < k+/t} and the proof is finished. [J
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