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Varieties

Chapter 1

1.1. Polynomial functions on affine space

Let us fix a field k. All the vector spaces and algebras that we consider here will be defined over k,
unless we say otherwise.

Definition 1.1.1. Let n be a non-negative integer. The affine space of dimension n is the set

An ∶= kn = k ×⋯ × k
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
n factors

.

If we need to make the ground field explicit in our notation, we write An
k instead of simply An. Let

us notice that the set A0 has exactly one element, the 0-uple ().

We also fix a non-negative integer n and, as usual, write k[x1, . . . , xn] for the algebra of
polynomials in the variables x1, . . . , xn with coefficients in k. When n is small we will usually use
other names for the variables, and thus consider the algebras k[x], k[x , y], and on on.

If p = (p1, . . . , pn) is an element of An, then the components of p are of course elements of k,
which is an algebra, and according to Proposition A.1.1 there is exactly one morphism of algebras
εp∶k[x1, . . . , xn] → k such that εp(xi) = pi for each i in ⟦n⟧. We call this map the evaluation
map at p, and for each element f of k[x1, . . . , xn] we write f (p) to denote εp( f ). In terms of this
notation, the fact that εp is a morphism of algebras implies that whenever f and g are elements
of k[x1, . . . , xn] and a and b are elements of k we have that

1(p) = 1, (a ⋅ f + b ⋅ g)(p) = a ⋅ f (p) + b ⋅ g(p), ( f ⋅ g)(p) = f (p) ⋅ g(p).

We will use this all the time implicitly.
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Proposition 1.1.2. Let Fun(An) be the algebra of all functions An → k, and for each element f
of k[x1, . . . , xn] let us consider the function

ϕ f ∶ p ∈ An ↦ f (p) ∈ k.

The function Φn∶ f ∈ k[x1, . . . , xn] ↦ ϕ f ∈ Fun(An) is a morphism of algebras.

Proof. If f and g are elements of k[x1, . . . , xn] and a and b are elements of k, then for all points p
in An we have that

Φn(a f + bg)(p) = ϕa f+bg(p) = (a f + bg)(p) = a f (p) + bg(p) = aϕ f (p) + bϕg(p)

= aΦn( f )(p) + bΦn(g)(p) = (aΦn( f ) + bΦn(g))(p),

so that, in fact, Φn(a f + bg) = aΦn( f ) + bΦn(g). This tells us that the function Φn is linear.
Since for each p in An we have that Φn(1)(p) = ϕ1(p) = 1(p) = 1, the function Φn(1) is the

unit element of Fun(An). On the other hand, if f and g are elements of k[x1, . . . , xn], then we
have that Φn( f g) = Φn( f )Φn(g) because for each element p of An we have that

Φn( f ⋅ g)(p) = ϕ f ⋅g(p) = ( f ⋅ g)(p) = f (p) ⋅ g(p) = ϕ f (p) ⋅ ϕg(p)

= Φn( f )(p) ⋅Φn(g)(p) = (Φn( f ) ⋅Φn(g))(p).

All this allows us to conclude that the function Φn is a morphism of algebras.

The map Φn of Proposition 1.1.2 is not injective, in general.

Example 1.1.3. Let us suppose that the field k is finite and that the integer n is positive. The
algebra Fun(An) is then a finite set — because its elements are functions An → k, of which there
are finitely many — and the algebra k[x1, . . . , xn] is an infinite set. It follows immediately from
this that the map Φn is not injective in that case.

However, our next proposition tells us that this example describes, in fact, the only case in
which the map Φn is not injective.

Proposition 1.1.4. The map Φn∶k[x1, . . . , xn] → Fun(An) is injective if and only if the field k is
infinite or n is 0.

Proof. Example 1.1.3 shows that the condition given by the proposition is necessary. Let us show
that it is also sufficient. It is clear that the map Φn is an isomorphism if n is 0, so we may suppose
that the field k is infinite and that the integer n is positive. Let us consider a non-zero element f
of k[x1, . . . , xn]. We will show that Φn( f ) ≠ 0 proceeding by induction with respect to n.
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Let us suppose first that n is 1. The polynomial f , which is a non-zero element of k[x1], has
finitely many roots in k and, since the field k is infinite, there is then an element p of k such that
f (p) ≠ 0. As then Φn( f )(p) = f (p) ≠ 0, we have that Φn( f ) ≠ 0, as we want.

Let us now suppose that n is greater than 1. Viewing the algebra k[x1, . . . , xn] as the polynomial
algebra k[x1, . . . , xn−1][xn], we see that there are a non-negative integer d and elements f0, . . . , fd
of k[x1, . . . , xn−1] such that f = f0 + f1xn + ⋯ + fdxdn . As f is not zero, there is an element j
of ⟦0, d⟧ such that f j ≠ 0, and the inductive hypothesis implies that Φn−1( f j) ≠ 0, so that there is
an element q = (q1, . . . , qn−1) of An−1 such that f j(q) = Φn−1( f j)(q) ≠ 0.

For each i in ⟦0, d⟧ let ai ∶= fi(q), and let us consider the element g ∶= a0 + a1x +⋯ + adxd

of k[x]. Since a j = f j(q) ≠ 0, this polynomial g is not zero, so, just as before, there is an element t
of k such that g(t) ≠ 0. The point p ∶= (q1, . . . , qn−1, t) of An is then such that

f (p) = f0(q) + f1(q)t +⋯ + fd(q)td = g(t) ≠ 0,

and therefore Φn( f ) ≠ 0. This completes the induction.

The special case of this proposition in which the ground field k is not only infinite but alge-
braically closed can be dealt with in a more expedient way using the Nullstellensatz.

Proof of Proposition 1.1.4 when k is algebraically closed. Let us suppose that the ground field k is
algebraically closed, and let f be an element of k[x1, . . . , xn] such that f (p) = 0 for all p in An or,
equivalently, using the notation of Corollary A.11.3, such that f ∈ mp for all p in An. According to
that corollary, the set {mp ∶ p ∈ An} is the set of all maximal ideals of k[x1, . . . , xn], so we have
that

f ∈ ⋂
p∈An

mp = ⋂
m∈Spmk[x1 ,...,xn]

m = Nil(k[x1, . . . , xn]) = 0,

since k[x1, . . . , xn] is an integral domain.

The morphism Φn of Proposition 1.1.2 is also not surjective, in general.

Example 1.1.5. If f is a non-zero element of k[x1], then the function ϕ f ∶ p ∈ A1 ↦ f (p) ∈ k
vanishes precisely at the roots of f , and there are finitely many of these. Let us now suppose that
the field k is infinite, and consider the function ϕ∶A1 → k that on each element p of A1 takes the
value

ϕ(p) =
⎧⎪⎪
⎨
⎪⎪⎩

1 if p = 0;
0 otherwise.

As this function is not identically zero yet vanishes on an infinite subset of k, our observation
implies that there is no polynomial f in k[x1] such that ϕ = ϕ f .
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In this example we supposed that the field k is infinite. The following proposition shows that
we were forced to do that.

Proposition 1.1.6. Let us suppose that the ground field k is finite. The morphism of algebras
Φn∶k[x1, . . . , xn] → Fun(An) is surjective.

Proof. Let N be the cardinal of k. As the multiplicative group k× has order N − 1, it follows
immediately from Lagrange’s theorem that for all t in k we have

tN−1 =
⎧⎪⎪
⎨
⎪⎪⎩

0 if t = 0;
1 otherwise.

For each element p = (p1, . . . , pn) of An the polynomial

fp ∶=
n
∏
i=1
(1 − (xi − pi)N−1)

of k[x1, . . . , xn] is then such that fp(p) = 1 and fp(q) = 0 for all q in An ∖ {p}. If now ϕ∶An → k
is any function on An, then clearly we have that

ϕ(q) = ∑
p∈An

ϕ(p) fp(q)

for all q in An, so that, in fact,

ϕ = Φn
⎛

⎝
∑
p∈An

ϕ(p) fp
⎞

⎠
.

This shows that the map Φn is surjective.

The functions that are in the image of the morphism Φn are particularly important for us, so
we give them a name.

Definition 1.1.7.

• A function ϕ∶An → k is a polynomial function if it belongs to the image of themorphismΦn
of Proposition 1.1.2, that is, if there is a polynomial f in k[x1, . . . , xn] such that for all points p
of An we have ϕ(p) = f (p).

• We write k[An] for the subset of Fun(An) of all polynomial functions on An.

Of course, since the set k[An] is the image of the function Φn, which is a morphism of algebras,
it is a subalgebra of Fun(An) and we may consider the corestriction of that morphism to k[An].
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Proposition 1.1.8. The function

f ∈ k[x1, . . . , xn] ↦ ϕ f ∈ k[An]

is an isomorphism of algebras if and only if the field k is infinite or n is 0.

Proof. Themap is the corestriction of Φn to its image, so it is a surjective morphism of algebras
and, according to Proposition 1.1.4, it is injective if and only if the field k is infinite or n is 0.

In what follows we will work, for the most part, with algebraically closed ground fields, which
are infinite, and in that situation the map of this proposition is an isomorphism. We will view
it as an identification, and make no distinction between a polynomial in k[x1, . . . , xn] and the
polynomial function on An that it determines.

Exercise 1.1.9. Since An = kn, we may regard the affine space An as a vector space as usual.
(a) Show that any linear function An → k is a polynomial function.
(b) Let (λ1, . . . , λn) be an ordered basis for the dual space (An)∗ of An. Show that the unique

morphism of algebras ω∶k[x1, . . . , xn] → k[An] such that ω(xi) = λi for each i in ⟦n⟧ is
an isomorphism, and therefore that the set {λ1, . . . , λn} generates k[An] as an algebra.

1.2. Algebraic subsets

Using polynomial functions we now define the class of subsets of An that interest us most.

Definition 1.2.1. The zero locus of a subset S of k[x1, . . . , xn] is the subset

V(S) ∶= {x ∈ An ∶ f (x) = 0 for each f in S}

of An. If the set S is finite and f1, . . . , fm are its elements, then we write V( f1, . . . , fm) instead
of V(S).

The next proposition describes the basic properties of this construction.

Proposition 1.2.2.
(i) If S and T are two subsets of k[x1, . . . , xn] such that S ⊆ T, then V(S) ⊇ V(T).
(ii) If S and T are two subsets of k[x1, . . . , xn], then V(S) ∪V(T) = V(ST).
(iii) If S is a set of subsets of k[x1, . . . , xn], then ⋂

S∈S
V(S) = V( ⋃

S∈S
S).

In (ii) we are writing ST for the subset {st ∶ s ∈ S , t ∈ T} of k[x1, . . . , xn].
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Proof. (i) Let S and T be two subsets of k[x1, . . . , xn], and let us suppose that S ⊆ T . If p is an
element of V(T) then for each element f of S we have that f ∈ T , so that f (p) = 0, and this tells
us that p is in V(S).

(ii) Let again S and T be two subsets of k[x1, . . . , xn]. If p is an element of V(S) and h is an
element of ST , so that there are elements f and g of S and of T such that h = f g, then we have that
h(p) = f (p)g(p) = 0 because f (p) = 0: this tells us that p is in V(ST). It follows from this that
V(S) ⊆ V(ST), and similarly we can see that V(T) ⊆ V(ST), so that V(S) ∪V(T) ⊆ V(ST).

Let now p be an element of An that is not in V(S) ∪V(T), so that there are elements f and g
of S and of T , respectively, such that f (p) ≠ 0 and g(p) ≠ 0. The polynomial h ∶= f g then belongs
to ST and is such that h(p) = f (p)g(p) ≠ 0: this shows that p is not in V(ST). We can conclude
from this that V(ST) ⊆ V(S) ∪V(T).

(iii) If T is an element of S , then of course T ⊆ ⋃S∈S S, so that according to (i) we have that
V(T) ⊇ V(⋃S∈S S), and this implies that⋂S∈S V(S) ⊇ V(⋃S∈S S). On the other hand, if p is an
element of ⋂S∈S V(S), then for each element f of ⋃S∈S S there is an element T of S such that
f ∈ T and, since p ∈ V(T), we have f (p) = 0: we see with this that V(⋃S∈S S) ⊇ ⋂S∈S V(S).

The following definition allows us to refer to the subsets of An that occur as the zero loci of
sets of polynomials in a convenient way.

Definition 1.2.3. A subset X of An is algebraic if there is a subset S of k[x1, . . . , xn] such that
X = V(S).

Proposition 1.2.2 implies immediately that the set of algebraic subsets of An is closed under
finite unions and arbitrary intersections, and we clearly have that ∅ = V(1) and An = V(0). This
gives us the following result.

Proposition 1.2.4. The set {An ∖V(S) ∶ S ⊆ k[x1, . . . , xn]} is a topology on the set An.

Proof. As the set of algebraic sets is closed under finite unions and arbitrary intersections, and
contains ∅ and An, the set of their complements is closed under finite intersections and arbitrary
unions, and contains ∅ and An, so it is a topology on An.

This topology plays a key role in all that follows. Since it was originally considered by Oscar
Zariski, we make the following definition.

Definition 1.2.5. The topology described in Proposition 1.2.4 is the Zariski topology on An.

From now on, we will always consider affine spaces as topological spaces with their Zariski
topologies. According to this definition, a subset of An is closed for the Zariski topology exactly
when it is algebraic. In fact, the Zariski topology has the following characterization.
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Exercise 1.2.6. Show that the Zariski topology on An is the coarsest topology on that set with
respect to which all algebraic subsets are closed.

We will see later many, many examples of algebraic subsets. For now, let us just present one
very simple class.

Example 1.2.7. As An is, as a set, simply kn and this set has a standard structure of a k-vector
space, we can talk about linear subspaces of An. Let us show that

the linear subspaces of An are algebraic subsets.

Let L be a linear subspace of An, and let L○ be the annihilator of L in the dual space (An)∗, that is,
the set of all linear maps An → k that vanish on L. We know from Linear Algebra that

L = ⋂
λ∈L○

ker λ. (1.1)

According to the result of Exercise 1.1.9, the elements of L○ are polynomial functions on An, so
that L○ is a subset of k[x1, . . . , xn]. Finally, the equality (1.1) implies immediately that L = V(L○),
so L is an algebraic subset of An.

Exercise 1.2.8. Show that, more generally, all affine subspaces of An are algebraic subsets.

As we will see, the Zariski topology is quite different from the usual topologies that we see in
calculus and geometry. The following lemma states one thing that it has in common with these
other topologies, though.

Proposition 1.2.9. For every element x of An the set {x} is closed, so that the Zariski topology is T1.

Proof. If p = (p1, . . . , pn) is an element of An, then clearly {p} = V(x1 − p1, . . . , xn − pn), so the
set {p} is an algebraic subset of An and, therefore, closed.

On the other hand, the Zariski topology is usually not T2 or, equivalently, Hausdorff. This will
be made clear by Example 1.2.12 below. In any case, it follows from Proposition 1.2.9, of course,
that every finite subset of An is closed, and this has the following immediate consequence.

Corollary 1.2.10. If the field k is finite, then the Zariski topology on An is discrete.

Proof. Indeed, if the field k is finite, then the set An is finite and thus all its subsets are closed.

In general, though, the Zariski topology is much more interesting. The only one that we can
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describe in simple terms is the one on the affine line.

Proposition 1.2.11. A proper subset of A1 is closed if and only if it is finite.

In other words, the topology on A1 is the so-called co-finite topology on that set.

Proof. We already know that the finite subsets of A1 are closed. Let, on the other hand, X be a
proper and closed subset of A1, so that there is a subset S of k[x1] such that X = V(S). Since
X is not A1, we have that S ⊈ {0}, and there is therefore an element f of k[x1] in S. The zero
locus V( f ) = {p ∈ k1 ∶ f (p) = 0} of f is finite, since it is precisely the set of roots of f in k and,
since V(S) ⊆ V( f ) because f ∈ S, so is the set X = V(S).

Using this we can show that, in general, the Zariski topology is not Hausdorff.

Example 1.2.12. Let us suppose that the field k is infinite, so that so is the affine lineA1. According
to Proposition 1.2.11, any non-empty open subset of A1 has finite complement, and it follows from
this that any two non-empty open subsets of A1 have non-empty intersection. This implies, in
particular, that the elements 0 and 1 of A1 do not have disjoint neighborhood, so that the Zariski
topology on A1 is not Hausdorff.

A useful consequence of the description of the topology of A1 is that we can show that polyno-
mial functions are continuous with respect to Zariski topologies, in the following precise sense.

Proposition 1.2.13. Any polynomial function An → A1 is continuous with respect to the Zariski
topologies on An and on A1.

Proof. Let f be an element of k[x1, . . . , xn], and let us view f as a polynomial function
p ∈ An ↦ f (p) ∈ A1. To prove that this function is continuous it is enough that we show
that the preimage of any closed subset F of A1 is closed in An, and in fact, in view of Proposi-
tion 1.2.11, it is enough to do this in the special case in which the set F is of the form {a} for some
element a of k. This is easy: if a is an element of k, then the preimage of {a} is the set V( f − a),
the zero locus of the polynomial f − a, and is therefore closed in An.

Exercise 1.2.14. Let us consider on the field k the topology τ ∶= {∅, {0}, k} or the cofinite topology.
Show that in both cases the Zariski topology onAn is the coarsest topology on that set with respect
to which all polynomial functions An → k are continuous.

The fields R and C have standard topologies, determined by their Euclidean metrics. As
the affine spaces An

R and An
C are, as sets, simply cartesian products of n copies of R and of C,

respectively, we can endow them with the product topologies coming from those factors: we call
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these topologies the Euclidean topologies on An
R and on An

C. These topologies are strictly finer
than the corresponding Zariski topologies. That they are different is an immediate consequence of
the fact that the Euclidean topologies are Hausdorff while the Zariski ones are not, and that they
are finer follows from the following observation and the result of Exercise 1.2.6.

Exercise 1.2.15. Let k be either R or C. Show that the algebraic subsets of An are closed with
respect to the Euclidean topology.

Another observation that one should make is the following. As sets, the affine space An

coincides with the cartesian product A1 ×⋯×A1, but the Zariski topology onAn and the topology
on that set obtained as the product of the Zariski topologies on the factors A1 are not the same,
unless the ground field k is finite — for in this special case the two topologies are clearly both
discrete. The following example shows why this is so in the case of the plane.

Example 1.2.16. Let us suppose that the field k is infinite, and consider the diagonal ofA2, namely,
its subset

∆ ∶= {(p1, p2) ∈ A2 ∶ p1 = p2}.

This diagonal is an algebraic subset ofA2, since it manifestly coincides with V(x1 − x2), and thus a
closed subset of the Zariski topology on A2. We claim that, on the other hand, it is not a closed
subset for the product topology on A2 coming from the Zariski topology on A1.

To see this, let q = (q1, q2) be a point inA2 ∖∆. If U is a neighborhood of q with respect to the
product topology, then there are open subsets U1 and U2 in the Zariski topology of A1 such that
q ∈ U1 ×U2 ⊆ U . The subsets A1 ∖U1 and A1 ∖U2 of A1 are then both proper and closed, so they
are finite: since the set A1 is infinite, there is therefore a point t in A1 that does not belong to their
union or, equivalently, such that t ∈ U1 ∩U2. We then have that (t, t) ∈ U1 ×U2 ⊆ U and thus that
∆ ∩U ≠ ∅. This shows that the point q does not have a neighborhood in the product topology
of A2 that is disjoint from ∆, and therefore that the interior of A2 ∖ ∆ is empty with respect to that
topology. Of course, this tells us that, in particular, ∆ is not closed with respect to that topology.

Exercise 1.2.17. Show that the Zariski topology on An is coarser than the product topology on
that set obtained as the product of the Zariski topologies of the n factors A1.

More generally, we cannot “factor” the topology of An in any of the obvious ways.

Exercise 1.2.18. Let n1, . . . , nk be non-negative integers such that n = n1 +⋯ + nk . Show that the
Zariski topology on An is different from the product topology on An1 ×⋯ ×Ank . Here, of course,
we are identifying this last cartesian product with An as a set in the natural way.

Nonetheless, the following proposition does hold, and it is very useful.

9



Proposition 1.2.19. Let X and Y be algebraic subsets ofAm and ofAn, respectively. The subset X ×Y
is an algebraic subset of Am+n.

Here, as before, we are identifying in the natural way the sets Am+n and Am ×An.

Proof. There are subsets S and T of k[x1, . . . , xm] and of k[x1, . . . , xn], respectively, such that
X = V(S) and Y = V(T). On the other hand, according to Proposition A.1.1, there are morphisms
of algebras

α∶k[x1, . . . , xm] → k[x1, . . . , xm+n], β∶k[x1, . . . , xn] → k[x1, . . . , xm+n]

such that α(xi) = xi for each i in ⟦m⟧ and β(xi) = xm+i for each i in ⟦n⟧. For each element
p = (p1, . . . , pm+n) ofAm+n let us write p′ ∶= (p1, . . . , pm) and p′′ ∶= (pm+1, . . . , pm+n), which are
points ofAm and ofAn, respectively; we then have, in view of our identifications, that p = (p′, p′′).
For all p in Am+n we have

α( f )(p) = f (p′), β(g)(p) = g(p′′)

for all f in k[x1, . . . , xm] and all g in k[x1, . . . , xn]. Indeed, to check the first of these two equalities
it is enough to note that the subset { f ∈ k[x1, . . . , xm] ∶ α( f )(p) = f (p′)} of k[x1, . . . , xm] is in
fact a subalgebra that contains x1, . . . , xm, so that it in fact coincides with k[x1, . . . , xm], and the
second equality can be checked in the same way.

To prove the proposition, we consider the subset U ∶= α(S) ∪ β(T) of k[x1, . . . , xm+n] and
show that X × Y = V(U).

• Let p be an element of X × Y , so that p′ ∈ X and p′′ ∈ Y . If h is an element of U , then either
there is an f in S such that h = α( f ), and thus h(p) = α( f )(p) = f (p′) = 0, or there is
a g in T such that h = β(g), and this h(p) = β(g)(p) = g(p′′) = 0. In any case we have
that h(p) = 0, and since this is true for all h in U , we see that p ∈ V(U). This shows that
X × Y ⊆ V(U).

• Let now p be an element of V(U). If f is an element of S, then α( f ) is an element of U and
therefore f (p′) = α( f )(p) = 0: this tells us that p′ ∈ V(S) = X. A similar argument proves
that p′′ ∈ V(T) = Y , of course, and thus we have that p = (p′, p′′) ∈ X ×Y . This proves that
V(U) ⊆ X × Y , and completes the proof of the proposition.

Exercise 1.2.20. Let F be a finite subset of An. It follows from Proposition 1.2.9 that is algebraic
and, therefore, that there is a subset S of k[x1, . . . , xn] such that F = V(D). Show that if the field k
is infinite, then it is possible to choose such a subset S of cardinal n.
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1.3. Ideals

If X is an algebraic subset of An, then there is a subset S of k[x1, . . . , xn] such that X = V(S), but
this set S is usually not uniquely determined by X. In this section we consider this phenomenon
in some detail.

Proposition 1.3.1. Let S be a subset of k[x1, . . . , xn], and let ⟨S⟩ be the ideal generates by S
in k[x1, . . . , xn]. We have V(S) = V(⟨S⟩).

Proof. Since S ⊆ ⟨S⟩, we have that V(S) ⊇ V(⟨S⟩). Let, on the other hand, p be an element
of V(S). If f is an element of ⟨S⟩, then there are a non-negative integer k, elements f1, . . . , fk
of S, and elements g1, . . . , gk of k[x1, . . . , xn] such that f = ∑k

i=1 gi fi , and therefore we have that
f (p) = ∑k

i=1 gi(p) fi(p) = 0 because fi(p) = 0 for each i in ⟦k⟧. This tells us that p is in V(⟨S⟩)
and, therefore, that V(S) ⊆ V(⟨S⟩).

It follows from this proposition that if two subsets of k[x1, . . . , xn] generate the same ideal,
then their corresponding zero loci coincide. Thus, for example, for all choices of f , g, and h
in k[x1, . . . , xn] we have that V( f , g) = V( f , g + h f ), and using this it is very easy to see that an
algebraic set is, in general, the zero locus of many different subsets of k[x1, . . . , xn].

An immediate consequence of the proposition is that every algebraic subset is the zero locus
of an ideal, of course.

Corollary 1.3.2. If X is an algebraic subset of An, then there is an ideal I of k[x1, . . . , xn] such that
X = V(I).

Proof. If X is an algebraic subset ofAn, then there is a subset S of k[x1, . . . , xn] such that X = V(S),
and the ideal I ∶= ⟨S⟩ is therefore such that X = V(I).

Starting from this observation and using a bit of non-trivial algebra — the Basis Theorem
of David Hilbert — we can prove that every algebraic subset is the zero locus of a finite set of
polynomials.

Proposition 1.3.3. Let X be an algebraic subset of An. There are a non-negative integer k and
polynomials f1, . . . , fk in k[x1, . . . , xn] such that X = V( f1, . . . , fk).

Proof. Corollary 1.3.2 tells us that there is an ideal I of k[x1, . . . , xn] such that X = V(I) and,
since the algebra k[x1, . . . , xn] is Noetherian according to Corollary A.4.6, there are a non-
negative integer k and elements f1, . . . , fk of I such that I = ⟨ f1, . . . , fk⟩. We then have that
X = V(I) = V(⟨ f1, . . . , fk⟩) = V( f1, . . . , fk).
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Just as an algebraic set is the zero locus of many different sets of polynomials, it is usually also
the zero locus of many different ideals. For example, it is clear that the subsets V(x1) and V(x2

1 )

of A1 coincide, so that V(⟨x1⟩) = V(⟨x2
1 ⟩), yet the ideals ⟨x1⟩ and ⟨x2

1 ⟩ of k[x1] are different. We
can understand this example using the notion of radical presented in Section A.3.

Proposition 1.3.4. If I is an ideal of k[x1, . . . , xn], then V(
√
I) = V(I).

This is why, as we observed above, in A1 we have that V(x1) = V(x2
1 ): the radical of the

ideal ⟨x2
1 ⟩ of k[x1] is the ideal ⟨x1⟩.

Proof. Let I be an ideal of k[x1, . . . , xn]. Since I ⊆
√
I, we have that V(I) ⊇ V(

√
I). On the other

hand, if p is an element of V(I) and f is an element of
√
I, then there is a positive integer k such

that f k ∈ I, so that f (p)k = f k(p) = 0, and thus p ∈ V(
√
I). This shows that V(I) ⊆ V(

√
I).

This proposition allows us to improve the result of Corollary 1.3.2, of course.

Corollary 1.3.5. If X is an algebraic subset of An, then there is a radical ideal I of k[x1, . . . , xn] such
that X = V(I).

Proof. Let X be an algebraic subset of An. According to Corollary 1.3.2, there is an ideal I
of k[x1, . . . , xn] such that X = V(I) and Proposition 1.3.4 tells us that we also have X = V(

√
I).

According to Proposition A.3.2, the ideal
√
I is radical, so this proves the corollary.

An ideal I ofk[x1, . . . , xn] determines a subset ofAn. Conversely, each subset ofAn determines
an ideal of that algebra as follows.

Definition 1.3.6. The ideal of a subset X of An is the set

I(X) ∶= { f ∈ k[x1, . . . , xn] ∶ f (p) = 0 for all p in X}.

Luckily, the ideal of a subset is an ideal — things would be somewhat confusing if not.

Proposition 1.3.7. Let X be a subset of An. The ideal I(X) of X is a radical ideal of k[x1, . . . , xn]
that contains every subset S of k[x1, . . . , xn] such that X ⊆ V(S).

Proof. For each element p of An the evaluation map εp∶ f ∈ k[x1, . . . , xn] ↦ f (p) ∈ k is a
morphism of algebras, so its kernel ker εp is an ideal of k[x1, . . . , xn]. As clearly I(X) = ⋂p∈X ker εp,
it follows immediately from this that I(X) is also an ideal of k[x1, . . . , xn].

Its very definition implies that I(X) contains every subset S of k[x1, . . . , xn] such that
X ⊆ V(S). On the other hand, let us suppose that f is an element of k[x1, . . . , xn] such that
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there is a positive integer k for which f k is in I(X). For each element p of X we then have that
f (p)k = f k(p) = 0, so that in fact f (p) = 0. This tells us that f ∈ I(X), and thus that the ideal I(X)
of k[x1, . . . , xn] is radical.

We will need the following result, similar to the first part of Proposition 1.2.2.

Exercise 1.3.8. Let X and Y be two subsets of An.
(a) Show that if X ⊆ Y , then I(X) ⊇ I(Y).
(b) Show that I(X ∪ Y) = I(X) ∩ I(Y).

An easy consequence of this observation is that we cannot distinguish a subset of Am from its
Zariski closure using their ideals.

Proposition 1.3.9. For any subset X of Am we have that I(X) = I(X).

The closure of X is taken here, of course, with respect to the Zariski topology of An.

Proof. Let X be a subset of Am. We have that I(X) ⊆ I(X) because X ⊇ X. On the other hand,
if f is an element of I(X), then the function f ∶ p ∈ An ↦ f (p) ∈ A1, as in Proposition 1.2.13, is
continuous and vanishes on X: as {0} is a closed subset of A1, the function f̄ also vanishes on X,
and this means precisely that f ∈ I(X).

Using this we can describe the zero locus of the ideal of a subset of An.

Proposition 1.3.10. For each subset X of An we have that V(I(X)) = X.

Proof. It is clear that X is contained in V(I(X)), since for each element f of I(X) and each
element p of X we have that f (p) = 0. As V(I(X)) is a closed subset of An, we therefore have
that X ⊆ V(I(X)). On the other hand, since the subset X of An is closed, there is an ideal J
of k[x1, . . . , xn] such that X = V(J). Since I(V(J)) ⊇ J, the first part of Proposition 1.2.2 and
Proposition 1.3.9 imply that

V(I(X)) = V(I(X)) = V(I(V(J))) ⊆ V(J) = X .

The combination of the two inclusions that we have obtained proves the proposition.

This proposition implies, in particular, that we have V(I(X)) = X for all algebraic subsets X
of An. It is natural to wonder what the relation between an ideal I of k[x1, . . . , xn] and the
ideal I(V(I)) is. It is clear that I ⊆ I(V(I)), but that in general equality will not hold: the ideal
I(V(I)) is radical, while I need not be. In fact, we actually have that

√
I ⊆ I(V(I)), since

√
I is the

smallest radical ideal of k[x1, . . . , xn] that contains I and I(V(I)) is a radical ideal that contains I.
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The following example shows that this last inclusion need not be an equality, in general.

Example 1.3.11. Let us suppose that k = R, and let us consider the ideal I ∶= ⟨x2
1 +1⟩ ofR[x1], which

is radical because it is prime. We have that V(I) = V(x2
1 + 1) = ∅, so that I(V(I)) = I(∅) = k[x1],

which is different from
√
I = I.

This one-dimensional example works because the field R is not algebraically closed. In fact,
this is the only obstruction. Indeed, if I is a proper ideal of k[x1], then there is a non-constant
polynomial f in k[x1] such that I = ⟨ f ⟩, and the set V(I) is equal to the set V( f ) of the roots
of f in k, which is non-empty if k is algebraically closed. We can extend this to affine spaces of all
dimensions using the Nullstellensatz.

Proposition 1.3.12. Let us suppose that the ground field k is algebraically closed. If I is a proper ideal
of k[x1, . . . , xn], then the set V(I) is not empty.

Proof. Let I be a proper ideal of k[x1, . . . , xn]. As I is proper, there is a maximal ideal m
of k[x1, . . . , xn] that contains I and, according to Corollary A.11.3, there is a point p = (p1, . . . , pn)
of An such that m = ⟨x1 − p1, . . . , xn − pn⟩. Since I is contained inm andm is the set of elements
of k[x1, . . . , xn] that vanish on p, we see that p ∈ V(I). In particular, the set V(I) is not empty.

Using a stronger version of the Nullstellensatz we can describe the ideal I(V(I)) for any ideal I
of k[x1, . . . , xn].

Proposition 1.3.13. Let us suppose that the ground field k is algebraically closed. For any ideal I
of k[x1, . . . , xn] we have that I(V(I)) =

√
I.

Proof. Let I be an ideal of k[x1, . . . , xn], and let f be an element of k[x1, . . . , xn] that does not
belong to

√
I. According to Corollary A.11.5, there exists then a maximal idealm of k[x1, . . . , xn]

such that I ⊆ m and f ∉ m, and Corollary A.11.3 tells us that there is then a point p = (p1, . . . , pn)
in An such that m = ⟨x1 − p1, . . . , xn − pn⟩, so that m is the ideal of all elements of k[x1, . . . , xn]
that vanish on p. As I is contained inm, the point p is in V(I), and since f is not inm, we have
that f (p) ≠ 0, so that f ∉ I(V(I)). This shows that I(V(I)) ⊆

√
I and, as we already know that

√
I ⊆ I(V(I)), proves the proposition.

This has the following useful special case.

Corollary 1.3.14. Let us suppose that the ground field k is algebraically closed. If f is an irreducible
element of k[x1, . . . , xn], then I(V( f )) = ⟨ f ⟩.
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Proof. Let f be an irreducible element of k[x1, . . . , xn], which is prime there because that algebra is
a unique factorization domain. The ideal ⟨ f ⟩ is therefore prime, so radical, and we have, according
to Proposition 1.3.13, that I(V( f )) =

√
⟨ f ⟩ = ⟨ f ⟩.

Another very useful consequence the following property of the function I.

Corollary 1.3.15. Let us suppose that the ground field k is algebraically closed. If X and Y are
algebraic subsets of An, then I(X ∩ Y) =

√
I(X) + I(Y).

Proof. Let X and Y be two algebraic subsets of An. Since the ideal I(X) + I(Y) is generated by its
subset I(X) ∪ I(Y), it follows from Propositions 1.2.2 and 1.3.10 that

V(I(X) + I(Y)) = V(I(X) ∪ I(Y)) = V(I(X)) ∩V(I(Y)) = X ∩ Y ,

so that, in view of Proposition 1.3.13,
√
I(X) + I(Y) = I(V(I(X) + I(Y))) = I(X ∩ Y).

The radical that appears in the statement of this corollary is necessary.

Example 1.3.16. Let us suppose that the field k is algebraically closed, and consider the algebraic
subsets X ∶= V(x) and Y ∶= V(x − y2) ofA2. Since the ideals ⟨x⟩ and ⟨x − y2⟩ are prime, so radical,
they are I(X) and I(Y), respectively. The ideal I(X) + I(Y) = ⟨x , x − y2⟩ = ⟨x , y2⟩ is not the ideal
of the intersection X ∩ Y because it is not radical. Indeed, one can easily check that it contains y2

and not y.

This example shows that the sum of radical ideals need not be radical. We will see later that
elaborating on this observation leads us to a very useful theory of intersection multiplicity. The
hypothesis that the field be algebraically closed that appears in Corollary 1.3.15 is also needed for
the conclusion to hold.

Example 1.3.17. Let k beR, and let us consider the algebraic sets X ∶= V(x2− y) and Y ∶= V(y+ 1).
We have that X ∩ Y = ∅, so that I(X ∩ Y) = R[x , y].

We need to find I(X) and I(X).

• Let us suppose first that f is an element of I(X). We can find elements g in k[x , y] and h
in k[x] such that such that f = (x2 − y)g + h. As f is in I(X) for all t in R we have that

0 = f (t, t2) = (t2 − t2)g(t, t2) + h(t) = h(t),

since the point (t, t2) ofA2 is in X, and this implies at once, since the fieldR is infinite, that
h = 0, so that f = (x2 − y)g ∈ ⟨x2 − y⟩. As ⟨x2 − y⟩ ⊆ I(X), this lets us conclude that, in
fact, I(X) = ⟨x2 − y⟩.

• Let now f be an element of I(Y). There are elements g in k[x , y] and h in k[x] such that
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f = (y + 1)g + h, and for every t in R we have that

0 = f (t,−1) = ((−1) + 1)g(t,−1) + h(t) = h(t)

because (t,−1) is in Y , and this tells us that h = 0 and, thus, that f is in ⟨y + 1⟩. It follows
from this that I(Y) = ⟨y + 1⟩.

In view of this, we have that

I(X) + I(Y) = ⟨x2 − y, y + 1⟩ = ⟨x2 + 1, y + 1⟩.

Since R[x , y]/⟨x2 + 1, y + 1⟩ ≅ R[x]/⟨x2 + 1⟩ ≅ C, the ideal ⟨x2 + 1, y + 1⟩ is proper and prime, so
radical. We thus see that in this situation we have I(X ∩ Y) ≠

√
I(X) + I(Y).

Combining Propositions 1.3.10 and 1.3.13 we obtain a parametrization of the algebraic subsets
of An by radical ideals of k[x1, . . . , xn] when the ground field is algebraically closed. Let us write

• Cl(An) for the set of all algebraic subsets of An, and
• Rad(k[x1, . . . , xn]) for the set of all radical ideals of k[x1, . . . , xn].

We know that for each element X of Cl(An) the ideal I(X) belongs to Rad(k[x1, . . . , xn]), and
for each element I of Rad(k[x1, . . . , xn]) the set V(I) belongs to Cl(An), and this tells us that the
two functions mentioned in the following corollary actually exist.

Corollary 1.3.18. Let us suppose that the ground field k is algebraically closed. The functions

I∶X ∈ Cl(An) ↦ I(X) ∈ Rad(k[x1, . . . , xn])

and

V∶ I ∈ Rad(k[x1, . . . , xn]) ↦ V(I) ∈ Cl(An)

are mutually inverse bijections that reverse inclusions.

Proof. Propositions 1.3.10 and 1.3.13 tell us that the compositions V ○ I and I ○V are identities,
and the first part of Proposition 1.2.2 and Exercise 1.3.8 tell us that the functions I and V reverse
inclusions.

Under the bijections of this corollary the subsets ∅ and An, which are the unique minimal
element and the unique maximal element of Cl(An), correspond to the improper ideal and to the
zero ideal 0 of k[x1, . . . , xn], respectively, as these are the unique maximal element and the unique
minimal element of Rad(k[x1, . . . , xn]). On the other hand, the subsets of the form {p} with p
in An are closed in An, and they are the elements of Cl(An) that cover ∅ so the corresponding
ideals in Rad(k[x1, . . . , xn]) are those that are covered by the improper ideal, that is, the maximal
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ideals of k[x1, . . . , xn]. We can rephrase this observation as follows.

Corollary 1.3.19. Let us suppose that the ground field k is algebraically closed.
(i) If p is a point of An, thenmp ∶= I({p}) is a maximal ideal of k[x1, . . . , xn].
(ii) Conversely, ifm is a maximal ideal of k[x1, . . . , xn], then there is exactly one point pm of An

such that V(m) = {pm}.
(iii) The functions

p ∈ An ↦ mp ∈ Spmk[x1, . . . , xn], m ∈ Spmk[x1, . . . , xn] ↦ pm ∈ An

are mutually inverse bijections.

Proof. The claims of (i) and of (ii) are exactly those of Corollary A.11.3, and that of (ii) follows at
once from Corollary 1.3.18 together with (i) and (ii).

From now on we will make the following convention.

Convention 1.3.20. The ground field k is algebraically closed, unless we explicitly say so.

As algebraically closed fields are infinite, in all that follows we will identify the elements
of k[x1, . . . , xn] with the polynomial functions on An that they determine using the isomorphism
of Proposition 1.1.8 and, in particular, we will most often write k[An] instead of k[x1, . . . , xn].

Computing the ideal of a subset of affine space or the radical of an ideal can be difficult — the
Nullstellensatz is often of help in doing that.

Example 1.3.21. Let us find the radical of the ideal I ∶= ⟨x3 − y6, xy− y3⟩ of k[x , y]. If p = (p1, p2)

is an element of V(I), then either p2 = 0, and then p1 = 0, or p2 ≠ 0, and then p1 = p2
2. This tells

us that V(I) = {(t2, t) ∈ A2 ∶ t ∈ k} = V(x − y2). Since x − y2 is irreducible in k[x , y], it follows
from this that

√
I = I(V(I)) = I(V(x − y2)) = ⟨x − y2⟩.

Exercise 1.3.22. Let f be an element of k[x], and let us consider the subset

X ∶= {(t, f (t)) ∈ A2 ∶ t ∈ k}

of A2. Show that X is algebraic and find I(X).

Exercise 1.3.23.
(a) Show that the union X of the two coordinate axes in A2 is an algebraic subset and that the

ideal I(X) can be generated by one polynomial.
(b) Show that the union Y of the three coordinate axes in A3 is an algebraic subset and that the
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ideal I(Y) can be generated by three polynomials but not with two.

Exercise 1.3.24. Show that the subset

X ∶= {(t, t2, t3) ∈ A3 ∶ t ∈ k}

of A3 is algebraic and find a generating set for the ideal I(X) of the minimum possible cardinality.

Exercise 1.3.25. Show that the subset

X ∶= {(t2 − 1, t3 − t) ∈ A2 ∶ t ∈ k}

of A2 coincides with V(y2 − x3 − x2), and find I(X).

1.4. Coordinate algebras of algebraic

subsets

We now extend the notion of polynomial functions to functions defined on algebraic subsets of
affine space.

Definition 1.4.1. Let X be a subset of An.

• A function ϕ∶X → k is a polynomial function if there exists a polynomial function f ∶An → k
such that ϕ = f ∣X .

• We write k[X] for the subset of Fun(X) of all polynomial functions on X.

Let us notice that when the subset X in this definition is empty there is a unique function
X → k, the empty function, and it is a polynomial function. The algebra k[X] is then the zero
algebra — in which we have that 1 = 0.

Let X be a subset of An. The function

f ∈ Fun(An) ↦ f ∣X ∈ Fun(X)

given by restriction to X is a morphism of algebras. As k[An] is a subalgebra of Fun(An), its
image by this function, which is precisely the set k[X], is therefore a subalgebra of Fun(X), and
the function above restricts to a surjective morphism of algebras

ϕ∶k[An] → k[X].
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The kernel of this map is the ideal I(X) of k[An], and the First Isomorphism Theorem then allows
us to conclude that the map

ϕ̄∶k[An]/ I(X) → k[X]

induced by ϕ, which has ϕ̄( f + I(X)) = ϕ( f ) for each f in k[An], is an isomorphism. We will
often view this isomorphism as an identification.

Definition 1.4.2. The coordinate algebra of an algebra subset X of An is the algebra k[X].

Let us remark that a polynomial function on An, when we view this set as an algebraic subset
of An, is the same as a polynomial function on An in the sense of Definition 1.1.7, so that the
notation k[An] refers here and in Section 1.1 to the same algebra.

Exercise 1.4.3. Show that the coordinate algebra of a non-empty algebraic subset X of An is a field
if and only if X has exactly one point.

The first observation that we have to make about coordinate algebras is the following one.

Proposition 1.4.4. The coordinate algebra of an algebraic subset X of An is a finitely generated
algebra with no non-zero nilpotent elements.

In particular, that algebra is Noetherian.

Proof. If X is an algebraic subset of An, then k[X] is the quotient k[An]/ I(X) and it is therefore
finitely generated because k[An] is finitely generated, and it has no non-zero nilpotent elements
because the ideal I(X) is radical.

This proposition has the following partial converse.

Exercise 1.4.5. Show that every finitely generated algebra without non-zero nilpotent elements
is isomorphic to the coordinate algebra of some algebraic subset of An for some non-negative
integer n.

The coordinate algebra of a closed subset plays the same role as the algebra of polynomial
functions on affine space. In particular, Corollaries 1.3.18 and 1.3.19 have analogues for algebraic
subsets.

Definition 1.4.6. Let X be an algebraic subset of An.

• For each subset S of k[X] we put VX(S) ∶= {p ∈ X ∶ f (p) = 0 for all f in S}.
• For each subset Y of X we put IX(Y) ∶= { f ∈ k[X] ∶ f (p) = 0 for all p in Y}.
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These two constructions have properties entirely similar to the corresponding constructions
on affine space.

Exercise 1.4.7. Let X be an algebraic subset of An.
(i) If S and T are subsets of k[X] such that S ⊆ T , then, VX(S) ⊇ VX(T).
(ii) If S and T are subsets of k[X], then VX(S) ∪VX(T) = VX(ST).
(iii) If S is a set of subsets of k[X], then ⋂S∈S VX(S) = VX(⋃S∈S S).
(iv) If S is a subset of k[X] and ⟨S⟩ is the ideal of k[X] that it generates, then VX(S) = VX(⟨S⟩).
(v) If I is an ideal of k[X], then VX(

√
I) = VX(I).

The first three parts of this exercise imply, just as in Proposition 1.2.4, that the sets of the
form VX(S), with S a subset of k[X], are the closed sets of a topology on X.

Proposition 1.4.8. Let X be an algebraic subset of An. The set τX ∶= {X ∖VX(S) ∶ S ⊆ k[X]} is a
topology on X, which coincides with the topology induced on X by the Zariski topology of An.

From now on we will consider every algebraic subset of An as a topological space with respect
to the topology described in this proposition. This topology is T1, since that of An is T1, and
therefore the topology of every finite algebraic subset of An is discrete.

Proof. That the set τX is a topology on X follows immediately from the results of the first three
parts of Exercise 1.4.7 and the facts that VX(0) = X and VX(1) = X.

Let π∶ f ∈ k[An] ↦ f ∣X ∈ k[X] be restriction map, which is surjective and whose kernel
is I(X).

• Let F be a subset of X that is closed with respect to the topology τX , so that there is a subset S
of k[X] such that F = VX(S). According to part (d) of Exercise 1.4.7 the ideal I ∶= ⟨S⟩ is
such that F = VX(I). Let us consider the ideal J ∶= π−1(I) of k[An]. If p is an element of F
and g is an element of J, so that g∣X = π(g) ∈ I, then we have that g(p) = g∣X(p) = 0: this
shows that F ⊆ V(J). Let, on the other hand, p be an element of V(J). As I(X) = ker ϕ ⊆ J,
we have that p ∈ X. Moreover, if f is an element of I, then there is an element g of k[X]
such that π(g) = f , so that g ∈ J, and therefore f (p), which makes sense because p is in X,
is the same as g∣F(p) = g(p) = 0: this shows that p ∈ F, and thus that F ⊇ V(J).

We have with with this that the closed subsets of X with respect to τX are closed in An.
• If F is a closed subset of An, so that there is an ideal I of k[An such that F = V(I), then the
ideal J ∶= π(I(X) + I) is such that VX(J) = V(I(X) + I) = V(I(X)) ∩V(I) = X ∩ F, and
this tells us that the intersection X ∩ F is closed with respect to the topology τX .

These two observations imply that the topology τX is the topology induced by the Zariski topology
of An on X.

20



Exercise 1.4.9. Let X be an algebraic subset of An. Show that every polynomial function on X is
continuous.

Exercise 1.4.10. Let X be an algebraic subset of An.
(i) If Y and Z are subsets of X such that Y ⊆ Z, then IX(Y) ⊇ IX(Z).
(ii) If Y and Z are subsets of X, then IX(X ∪ Y) = IX(Y) ∩ IX(Z).
(iii) For every subset Y of X the ideal IX(Y) is the smallest radical ideal of k[X] that contains

every subset S of k[X] such that X ⊆ VX(S).

On an algebraic subset of An we have analogues of the Nullstellensatz, like the following one.

Proposition 1.4.11. Let X be an algebraic subset ofAn. If I is an ideal of k[X], then IX(VX(I)) =
√
I.

Proof. Let I be an ideal of k[X]. As I ⊆ IX(VX(X)) and the ideal IX(VX(X)) is radical, we
have that

√
I ⊆ IX(VX(I)). In order prove the converse inclusion, let us consider an element f

of k[X] that is not in
√
I. Corollary A.11.5 tells us that there is a maximal ideal m of k[X] such

that f ∉ m and I ⊆ m. Let π∶k[An] → k[X] be the restriction map. Since π is surjective, the
ideal π−1(m) is maximal in k[An] and, according to Corollary A.11.3, there is a point p inAn such
that π−1(m) = I({p}). Since I(X) = ker ϕ ⊆ π−1(m), we have that p ∈ V(π−1(m)) ⊆ V(I(X)) = X.
Moreover, there is an element g of k[An] such that π(g) = g∣X = f and, since f ∉ m, we have that
g ∉ π−1(m) = I({p}), so that f (p) = g∣X(p) = g(p) ≠ 0, and thus f ∉ IX(VX(I)). This proves
that IX(VX(I)) ⊆

√
I and therefore that IX(VX(I))

√
I.

Just as for the affine space An, we can deduce from this result the following description of the
closed subsets of an algebraic subset.

Proposition 1.4.12. Let X be an algebraic subset of An, and let us write

• Cl(X) for the set of all algebraic subsets of An contained in X, and

• Rad(k[X]) for the set of all radical ideals of k[X].

The functions IX ∶Cl(X) → Rad(k[X]) and VX ∶Rad(k[X]) → Cl(X) are mutually inverse bijec-
tions that reverse inclusions.

Proof. That the functions IX andVX reverse inclusions follows from the first parts of Exercises 1.4.9
and 1.4.7, respectively, and they are mutually inverse because of the following two observations.

• If I is a radical ideal of k[X], then Proposition 1.4.11 tells us that IX(VX(I)) = I.
• If Y is a closed subset of X, so that there is a radical ideal I of k[X] such that Y = VX(I),

then VX(IX(Y)) = VX(IX(VX(I))) = VX(
√
I) = VX(I) = Y thanks to Proposition 1.4.11

and result in the last part of Exercise 1.4.7.
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Similarly, we have a bijective correspondence between the set of points of an algebraic subset
and the set of maximal ideals of is coordinate algebra.

Exercise 1.4.13. Let X be an algebraic subset of An. Prove the following statements.
(a) If p is an element of X, thenmp ∶= IX({p}) is a maximal ideal of k[X].
(b) If m is a maximal ideal of k[X], then there is exactly one point pm of X such that

VX(m) = {pm}.
(c) The functions p ∈ X ↦ mp ∈ Spmk[X] andm ∈ Spmk[X] ↦ pm ∈ X are mutually inverse

bijections.

1.5. Affine varieties

Definition 1.5.1. A topological space is reducible if it is the union of two of its proper closed subsets,
and it is irreducible if it is neither empty not reducible.

Notice that empty topological topological spaces are neither reducible nor irreducible. The
topological spaces that we usually encounter in analysis are not irreducible. For example, the
space R with its usual Euclidean topology is not irreducible since, for example, it is equal to
(−∞, 0] ∪ [0,+∞).

Example 1.5.2. An infinite set X endowed with the cofinite topology is an irreducible topological
space — indeed, the proper closed subsets of X are finite, so X is not the union of two of them. In
particular, the affine line A1, with its Zariski topology, is an irreducible space.

Example 1.5.3. A non-empty discrete topology space is irreducible if and only if it has exactly one
point, and thus a finite algebraic subset of An is irreducible if and only if it has exactly one point.

Irreducibility is a property of a topological space, but our topological spaces are most often
constructed as subspaces of another space. This is the reason why the following observation is
useful.

Lemma 1.5.4. Let X be a topological space. A subspace Y of X is irreducible if and only if it is
not empty and whenever F and G are two closed subsets of X such that Y ⊆ F ∪ G one of F or G
contains Y.

Proof. Let Y be a subspace of X, let us suppose that the condition in the lemma is satisfied, and
let F and G be two closed subsets of Y such that Y = F ∪ G. There are closed subsets F1 and G1
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of X such that F = F1 ∩ Y and G = G1 ∩ Y , and Y = F ∪G = (F1 ∩ Y) ∪ (G1 ∩ Y) = (F1 ∪G1) ∩ Y ,
so that, in fact, Y ⊆ F1 ∪G1. The hypothesis implies then that one of F1 or G1 contains Y , so that
one of F o G is actually equal to Y . This shows that Y is irreducible, since it is not empty, and
therefore that the condition in the lemma is sufficient.

Let us next suppose that the subspace Y is irreducible, and that F and G are two closed subsets
of X such that Y ⊆ F ∪ G. Since the intersections F ∩ Y and G ∩ Y are closed subsets of Y and
Y = (F ∪G) ∩ Y = (F ∩ Y) ∪ (G ∩ Y), the irreducibility of Y implies that one of F ∩ Y or G ∩ Y
is equal to Y , so that one of F or G contains Y . This proves that the condition in the lemma is also
necessary.

Exercise 1.5.5. Let X be a topological space. Prove the following statements.
(a) If X is irreducible and U is a non-empty open subset of X, then U is irreducible and dense.
(b) If Y is an irreducible subspace of X, then the closure Y is also irreducible.

Exercise 1.5.6. Let X and Y be two topological spaces, and let f ∶X → Y be a continuous function.
Prove that if the space X is irreducible, then the image f (X) of ‘ f is also irreducible.

Using the notion of irreducibility we can give the following important definition.

Definition 1.5.7. An affine variety is an irreducible algebraic subset of an affine space.

Since A1 is an irreducible algebraic subset, it is an affine variety. Similarly, every set of cardi-
nality 1 of An is an irreducible algebraic subset, so an affine variety. Our next result allows us to
produce more interesting examples.

Proposition 1.5.8. Let X be an non-empty algebraic subset of An. The following statements are
equivalent:
(a) The algebraic subset X is irreducible and thus an affine variety.
(b) The ideal I(X) of X is prime.
(c) The coordinate algebra k[X] is an integral domain.

Let us recall that the zero ring is not an integral domain, and that a prime ideal is proper.

Proof. Let us suppose that X is irreducible, and let f and g be two elements of k[An] such that
f g ∈ I(X). This implies that X ⊆ V( f )∪V(g) and, since V( f ) and V(g) are closed subsets ofAn,
we know from Lemma 1.5.4 that one of them contain X, so that one of f or g is in I(X). We see
with this that ideal I(X) is prime, and therefore that the implication (a)⇒ (b) holds.

The implication (b)⇒ (c) is immediate, since k[X] = k[An]/ I(X) and the algebra k[An] is
an integral domain.
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Finally, set us suppose that the coordinate algebra k[X] is an integral domain, let F and G
be two closed subsets of X such that X = F ∪G. There are then ideals I and J in k[X] such that
F = VX(I) and VX(J), and we have that X = VX(I) ∪VX(J) = VX(IJ), so that

0 = VX(X) = IX(VX(IJ)) ⊇ IJ .

Since k[X] is a domain, this tells us one of I of J is the zero ideal, and thus that one of F or G is
equal to X. The algebraic subset X is therefore irreducible and an affine variety. This proves the
implication (c)⇒ (a), and completes the proof of the proposition.

As a consequence of this proposition we can parametrize the affine varieties contained in a
given affine space. In fact, we can do this more generally for the varieties contained in a given
algebraic subset of an affine space.

Corollary 1.5.9. Let X be an algebraic subset of An, and let Sub(X) be the set of all affine varieties
of An that are contined in X.

(i) For each element p of Speck[X] we have that VX(p) ∈ Sub(X), and for each element Y
of Sub(X) we have that IX(Y) ∈ Speck[X].

(ii) The functions p ∈ Speck[X] ↦ VX(p) ∈ Sub(X) and Y ∈ Sub(X) ↦ IX(Y) ∈ Speck[X]
that we obtain in this way are mutually inverse bijections that reverse inclusions.

Proof. Hacer.

Using Proposition 1.5.8, it is now easy to give examples of affine varieties.

Example 1.5.10. Let f ∈ k[An] be any irreducible polynomial. The ideal I ∶= ⟨ f ⟩ of k[An] is then
prime and the corresponding algebraic subset of An,

V(I) = V( f )

is an affine variety. We call it the hypersurface defined by f .

Example 1.5.11. Let us consider the function σ ∶ t ∈ k↦ (t2, t3) ∈ A2 and its image X ∶= σ(k). It is
clear that X is contained in V(x3 − y2) and, in fact, the two sets coincide. Indeed, it (p1, p2) is an
element of V(x3 − y2), then p3

1 = p2
2: if p1 = 0, then p = σ(0), and if p1 ≠ 0, then p1 = (p2/p1)2

and p2 = (p2/p1)3, so that p = σ(p2/p1).
Let us suppose for a moment that the polynomial x3 − y2 is reducible in k[x , y]. Since it is

clearly not divisible by any non-constant element of k[x], there are then elements g0, g1, h0, and h1
of k[x] such that x3 − y2 = (g0 + g1y)(h0 + h1y). This implies first that g1h1 = −1, so that g1 ∈ k
and h1 = −1/g1; then, that g0h1 + g1h0 = 0, so that g0 = g2

1 h0; and finally, that g2
1 h

2
0 = g0h0 = x3.
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As x3 is not a square in k[x], this is absurd.
The polynomial x3 − y2 is therefore irreducible in k[x , y],

I(X) = I(V(x3 − y2)) =
√
⟨x3 − y3⟩ = ⟨x3 − y2⟩.

As this is prime, the algebraic subset X is irreducible and, therefore, an affine variety.

Example 1.5.12. Let us show that, more generally, if r and s are coprime positive integers, then the
subset

X ∶= {(tr , ts) ∶ t ∈ k}

ofA2 coincides with V(xs − yr) and is an affine variety. It is clear that X is contained in V(xs − yr).
Let, on the other hand, p = (p1, p2) be an element of this last set, so that ps

1 = pr
2. Since the

integers r and s are coprime, there are integers u and v such that ur + vs = 1. If p1p2 ≠ 0, we can
consider the scalar t ∶= pv1 p

u
2 : we then have

tr = pvr
1 pur

2 = p
vr
1 pus

1 = p1, ts = pvs
1 pus

2 = p
vr
2 pus

2 = p2,

and this tells us that p belongs to the set X. We therefore have that X = V(xs − yr). To prove
that X is an affine variety it is enough then that we show that the polynomial xs − yr is irreducible
in k[x , y]. We will present several arguments for this.

First argument. Let us suppose then that there are two non-constant polynomials g and h
in k[x , y] such that

xs − yr = gh. (1.2)

The polynomial g is not in k[x]: were that the case, we could find a root ξ of g and evaluate the
equality (1.2) when (x , y) is (ξ, 1) to find a contradiction. In fact, the same argument shows that
both variables x and y actually appear both in g and in h.

Viewing now the equality (1.2) first in k[x][y] and then in k[y][x] tells us that in g and in h
the variable x appears with degree at most s− 1 and the variable y appears with degree at most r− 1,
so that there are scalars ai, j and bi, j in k for each i in ⟦0, s − 1⟧ and each j in ⟦0, r − 1⟧ such that

g =
s−1
∑
i=0

r−1
∑
j=0

ai, jx i y j , h =
s−1
∑
i=0

r−1
∑
j=0

bi, jx i y j .

Let z be a new variable, and let us evaluate both sides of the equality (1.2) when (x , y) is (zr , z2):
we get the equality 0 = (zr)s = (zr)r = g(zr , zs)h(zr , zs) in k[z]. As k[z] is an integral domain,
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we can the suppose that g(zr , zs) = 0, so that

0 = g(zr , zs) =
s−1
∑
i=0

r−1
∑
j=0

ai, jzir+ js =
(s−1)r+(r−1)s
∑
k=0

⎛

⎝
∑

i∈⟦0,s−1⟧
j∈⟦0,r−1⟧
ir+ js=k

ai, j
⎞

⎠
zk . (1.3)

Let (i , j) and (i′, j′) be two elements of ⟦0, s − 1⟧ × ⟦0, r − 1⟧ such that ir + js = i′r + j′s, so
that (i − i′)r = ( j′ − j)s and, since r and s are coprime, s ∣ i − i′ and r ∣ j − j′. As i and i′ are both
in ⟦0, s − 1⟧ and j and j′ are both in ⟦0, r − 1⟧, this implies that i = i′ and j = j′. This tells us that
each of the sums that appears between parentheses in (1.3) has at most one term, so that term is
actually zero. As every coefficient of g appears in one of those sums, we can conclude from this
that, in fact, the polynomial g is zero. This is absurd, of course, and this contradiction proves what
we want.

Second argument. Let k(x , y) be the field of fractions of k[x , y], as usual. We start by
establishing the following auxiliary fact:

there is an isomorphism of algebras α∶k(x , y) → k(x , y) such that α(x) = x
and α(y) = xy.

It is clear that there is a morphism of algebras α0∶k[x , y] → k[x , y] such that α0(x) = x
and α0(y) = xy, and it is injective. Indeed, if f is an element of k[x , y] such that α0( f ) = 0, then
for all s and t in k such that s ≠ 0 we have

g(s, t) = g(s, s(t/s)) = α0( f )(s, t) = 0,

and this tells us that the polynomial function g vanishes on the non-empty open subset A2 ∖V(x):
as that function is continuous and that open set is dense in A2, we see that in fact, g = 0. It follows
from the fact that α0 is injective that it has a unique extension to a k-linear morphism of algebras
α∶k(x , y) → k(x , y) to field k(x , y). This extension is an isomorphism: it is injective because its
domain is a field, and it is surjective because it image contains x = α(x) and y = α(y/x).

Let us suppose for a moment that r and s are two non-negative integers such that r < s and
there are non-constant elements g and h in k[x , y] such that xs − yr = gh. We then have that

xr(xs−r − yr) = xs − xr yr = g(x , xy)h(x , xy).

Since x is a prime element in k[x , y], it follows from this that there are two non-negative integers k
and l such that r = k + l and xk and x l divide g(x , xy) and h(x , xy) in k[x , y]. Let g1 and h1
be the elements of k[x , y] such that g(x , xy) = xk g1(x , y) and h(x , xy) = x lh(x , xy). We then
have that xs−r − yr = g1(x , y)h1(x , y), of course. We claim that the polynomials g1 and h1 are not
constant. If, for example, g1 were constant, so an element of k, we would have that g(x , xy) = g1xk .
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As g is an element of k(x , y) and this tells us that α(g) = g1xk = α(g1xk), we see that, in fact,
g = g1xk . As g divides xs − yr , we must then have that k = 0, but this is absurd, because the
polynomial g is not constant. With this we have shown that

if r and s are different positive integers such that r < s and the polynomial xs − yr

is reducible in k[x , y], then the polynomial xs−r − yr is reducible in k[x , y]. (1.4)

It follows from this and the fact that Euclid’s algoritm computes the greatest common divisor
of two numbers that

if r and s are two coprime positive-integers, then the polynomial xs − yr is
irreducible in k[x , y].

Let us check this. Suppose that, on the contrary, there exist coprime positive integers r and s such
that the polynomial xs − yr is reducible in k[x , y], and let us choose them so that their sum r + s is
as small as possible. We can suppose with any loss of generality that r < s. Since s − r and r are two
coprime positive integers and their sum is (s − r) + r = s < s + r, the way we chose r and s implies
at once that the polynomial xs−r − yr is irreducible in k[x , y]. This is absurd, as it contradicts our
observation (1.4).

Third argument. Let us consider the ring k[y], its field of fractions k(y), and an algebraic
closure Ω of k(y). The polynomial xs − yr is in k(y)[x], so it has a root α in Ω. We consider
in Ω the subfield k(yr , α) and its subfield k(yr). As k[yr] is a unique factorization domain in
which yr is a prime element, Eisenstein’s criterion A.8.15 at the prime ideal ⟨yr⟩ tells us at once that
the polynomial xs − yr is irreducible in k(yr)[x]. As the extension k(yr , α) of k(yr) is generated
by a root of that polynomial, it follows that the degree of that extension is [k(yr , α) ∶ k(yr)] = s.

The subfield k(y) of Ω is also an extension of k(yr), and since y is a root of the polyno-
mial xr − yr of k(yr)[x], which is irreducible for the same reason as before, the degree of that
extension is [k(y) ∶ k(yr)] = r. Finally, si α is a root of the polynomial xs − yr of k(y)[x], we
have that [k(y, α) ∶ k(y)] ≤ s.

Putting everything together, we see that we have the following diagram of extensions between
subfields of Ω and their degrees:

k(yr)

k(yr , α) k(y)

k(y, α)

s

≤ s

r

Themultiplicativity of the degree tells us that [k(y, α) ∶ k(yr)] ≤ rs and that that degree is divisible
by thje coprime numbers r and s, so that it is also divisible by their product. Of course, this allows
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us to conclude that, in fact, [k(y, α) ∶ k(yr)] = rs and therefore that [k(y, α) ∶ k(y)] = s. The
minimal polynomial of α over k(y) therefore has degree s: since α is a root of xs − yr ∈ k(y)[x],
this polynomial is thatminimal polynomial and, in particular, is irreducible in k(y)[x]. Since k(y)
is the fraction field of k[y], and the polynomial xs − yr is primitive in k[y][x], Corollary A.8.12,
one of the corollaries of Gauss’s Lemma, tells us that xs − yr is irreducible in k[y][x] = k[x , y].

Fourth argument. Let us consider the function σ ∶ t ∈ A1 ↦ (tr , ts) ∈ A2, whose image
is exactly the set X. Since A1 is an irreducible space, the result of Exercise 1.5.6 tells us that to
pove that X is irreducible it is enough that we show that the function σ is continuous. Let F be
a closed subset of A2, so that there is an ideal I of k[A2] such that F = V(I) = ⋂ f ∈I V( f ). As
σ−1(F) = ⋂ f ∈I σ−1(V( f )), to show that σ−1( f ) is closed in ]A1 we need only show that for each f
in I the set

σ−1(V( f )) = {t ∈ A1 ∶ f (σ(t))}

is closed in A1. Now this is obvious, since for each f in I, the function t ∈ A1 ↦ f (σ(t)) ∈ k is the
polynomial function f (xr , xs).

Exercise 1.5.13. Show that if r and s are positive integers that are not coprime, then the polynomial
xs − yr is reducible in k[x , y] and find its factorization as a product of irreducible elements.

Exercise 1.5.14. As in Example 1.5.12, let us consider the set X ∶= V(xs − yr) of A2. Show that the
function σ ∶ t ∈ A1 ↦ (tr , ts) ∈ X is a homeomorphism.

1.6. Irreducible components

In general, algebraic subsets ofAn are not irreducible, so they are not affine varieties. Our objective
in this section is to show that, in any case, such an algebraic subset can be written in exactly one
way as a union of affine varieties.

It is convenient to prove this in greater generality that what we really need. The set up in which
we will work is that of Noetherian spaces, defined as follows.

Definition 1.6.1. A topological space is Noetherian if the set of its closed subsets, when ordered
with the relation of inclusion ⊆, satisfies the descending chain condition.

The topological spaces of analysis usually do not satisfy this condition. For example, in R we
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have the infinite strictly decreasing chain of closed subsets

[0, 1] ⊋ [0, 1/2] ⊋ [0, 1/22] ⊋ [0, 1/23] ⊋ [0, 1/24] ⊋ ⋯

The spaces that we care about, though, are Noetherian.

Proposition 1.6.2. An affine variety is a Noetherian topological space.

Proof.
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Commutativealgebra

Appendix A

A.1. Polynomial algebras

Proposition A.1.1. Let R be a ring, let A be an R-algebra, and let a = (a1, . . . , an) be an element
of An. There is exactly one morphism of R-algebras ϕ∶R[x1, . . . , xn] → A such that ϕ(xi) = ai for
each i in ⟦n⟧.

Proof. The function (i1, . . . , in) ∈ Nn
0 ↦ x i11 ⋯x

in
n ∈ R[x1, . . . , xn] is injective and its image is a

basis of R[x1, . . . , xn] as a R-module, and it follows from this that there is exactly one R-linear
function ϕ∶R[x1, . . . , xn] → A such that ϕ(x i11 ⋯x

in
n ) = ai11 ⋯a

in
n for each choice of (i1, . . . , in)

in Nn
0 . This function is a morphism of R-algebras. Indeed, it is clear that

ϕ(1R[x1 ,...,xn]) = x
0
1⋯x

0
n = a

0
1⋯a

0
n = 1A,

and, on the other hand, whenever (i1, . . . , in) and ( j1, . . . , jn) are two elements of Nn
0 we have

that

ϕ(x i11 ⋯x
in
n ) ⋅ ϕ(x

j1
1 ⋯x

jn
n ) = ai11 ⋯a

in
n ⋅ a

j1
1 ⋯a

jn
n = a

i1+ j1
1 ⋯ain+ jnn = ϕ(x i1+ j11 ⋯x in+ jnn )

= ϕ(x i11 ⋯x
in
n ⋅ x

j1
1 ⋯x

jn
n ),

so that ϕ is a morphism of R-algebras follows from Exercise A.1.2 below. This proves the existence
claim of the proposition.

To prove now the uniqueness claim, let us suppose that ϕ, ψ∶R[x1, . . . , xn] → A are two
morphisms of R-algebras such that ϕ(xi) = ai and ψ(xi) = ai for each choice of i in ⟦n⟧. The
subset E ∶= { f ∈ R[x1, . . . , xn] ∶ ϕ( f ) = ψ( f )} of R[x1, . . . , xn] is then a R-subalgebra that
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contains the set {x1, . . . , xn}: since R[x1, . . . , xn] is generated as an R-algebra by this set, we have
that, in fact, E = R[x1, . . . , xn], and this means precisely that ϕ = ψ.

Exercise A.1.2. Let R be a ring, let A and B be two R-algebras, let X be a subset of A that spans A
as an R-module, and let ϕ∶A→ B be a R-linear map. If ϕ(1A) = 1B and ϕ(x ⋅ y) = ϕ(x) ⋅ ϕ(y) for
all choices of x and y in X, then ϕ is a morphism of R-algebras.

Exercise A.1.3. Let R be a ring, let A and B be two R-algebras, and let ϕ, ψ∶A → B be two
morphisms of R-algebras. Show that the subset E ∶= {a ∈ A ∶ ϕ(a) = ψ(a)} is an R-subalgebra
of A. We call it the equalizer of ϕ and ψ.

A.2. Localization

In this section we will present one of the main tools of commutative algebra, localization.

A.2.1. Localization of rings

The whole theory starts with the following definition.

Definition A.2.1.1. A subset S of a ring A is multiplicatively closed if it contains 1 and for all a
and b in Awe have that

a, b ∈ S Ô⇒ ab ∈ S .

There are many examples of multiplicatively closed sets readily available.

Example A.2.1.2. Let A be a ring.

• The set S of all elements of A that are not zero-divisors is multiplicatively closed. In particular,
if A is an integral domain, then the set A∖ 0 is multiplicatively closed in A.

• More generally, if p is a prime ideal of a ring A, then the set A∖ p is multiplicatively closed
in A.

• If f is an element of A, then the set { f n ∶ n ∈ N0} is multiplicatively closed in A.
• The set S ∶= A× of all units of A is multiplicatively closed.
• If I is an ideal of A, then the set {1 + x ∶ x ∈ I}, which we usually write simply 1 + I, is
multiplicatively closed.
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Exercise A.2.1.3. Let A be a ring. Show that if S and T are two multiplicatively closed subsets of A,
then so is their product ST ∶= {st ∶ s ∈ S , t ∈ T}.

Exercise A.2.1.4. Let A be a ring, and let X be a subset of A.
(a) Show that there is a multiplicatively closed subset of A that contains X, and that is contained

in every multiplicatively closed subset of A that contains X. We call it the multiplicatively
closed subset of A generated by the set X.

(b) Show that thatmultiplicatively closed subset is the set of all elements of Aof the form sk11 ⋯sknn
with n in N0, s1, . . . , sn in S, and k1, . . . , kn in N0.

Exercise A.2.1.5. Let A be a ring. We say that a multiplicatively closed subset S of A is saturated if
for all a and b in Awe have that

ab ∈ S Ô⇒ a ∈ S .

(a) Show that for any multiplicatively closed subset S of A the set of all saturated multiplicatively
closed subsets of A that contain S has a unique minimal element. We call it the saturation
of S.

(b) Show that the group of units A× of A is contained in every saturated multiplicatively closed
subset of A, and that it is therefore the minimal saturated multiplicatively closed subset of A.

(c) Show that if S is a multiplicatively closed subset of A, then the saturation S of S is such that

A∖ S = ⋃{p ∈ SpecA ∶ p ∩ S = ∅}.

(d) Let I be an ideal of A. Show that the saturation of the multiplicatively closed subset 1 + I is
the set {a ∈ A ∶ a + I ∈ (A/I)×}.

Hint: To prove (b), start by showing that if a is an element of A∖ S, then there is among the ideals
of A that contain a and are disjoint from S a maximal one, and that it is prime.

The first step in the construction of the localization of a ring is the following observation.

Lemma A.2.1.6. Let A be a ring, and let S be a multiplicatively closed subset of A. The relation ∼ on
the set A× S for which

(a, s) ∼ (b, t) ⇐⇒ there is an element u in S such that u(at − bs) = 0

is an equivalence relation.

Proof.

As we will see, this equivalence relation does all that we want from it and does it well. The
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following remark explains why we do not use a probably more natural alternative.

Exercise A.2.1.7. Let A be a ring, and let S be a multiplicatively closed subset of A.
(a) Show the relation ∼′ on the set A× S that for all elements (a, s) and (b, t) of A× S satisfies

(a, s) ∼′ (b, t) ⇐⇒ at − bs = 0.

is reflexive and symmetric, but not, in general, transitive.
(b) Show that the relations ∼ of Lemma A.2.1.6 and ∼′ of (a) coincide when the ring A is an

integral domain or, more generally, when the elements of S are all non-zero divisors.

As any equivalence relation does, the relation ∼ defined in Lemma A.2.1.6 determines a set of
equivalence classes.

Definition A.2.1.8. Let A be a ring, and let S be a multiplicatively closed subset of A.

• We write AS for the set of equivalence classes of the relation ∼ of Lemma A.2.1.6 in A× S.
• If (a, s) is an element of A× S, then we write a/s for the equivalence class of (a, s) in AS .

We call an equivalence class a/s in AS a fraction. In view of the way we defined these fractions,
when a and b are elements of A and s and t are elements of S, we have that

a/s = b/t ⇐⇒ there is an element u of S such that u(ta − sb) = 0.

In particular, of course, we have that

a/s = (ta)/(ts) whenever a is an element of A and s and t are elements of S.

The following exercise shows that if we want this to be true — and we certainly do! — then we are
more or less forced to proceed as we did to construct the set AS .

Exercise A.2.1.9. Let Abe a ring, and let S bemultiplicatively closed subset of A, and let us consider
the relation

Q ∶= {((a, s), (ta, ts)) ∈ (A× S) × (A× S) ∶ a ∈ A, s, t ∈ S}

on the set A× S. Show that the equivalence relation ∼ of Lemma A.2.1.6 is the smallest equivalence
relation on the set A× S that contains the set Q.

The next step in the construction of the localization is to turn the set AS into a ring.

Lemma A.2.1.10. Let A be a ring, and let S be a multiplicatively closed subset of A.
(i) There is exactly one function +∶AS × AS → AS such that

a/s + b/t = (ta + sb)/(st)
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for each choice of (a, s) and (b, t) in A× S.
(ii) There is exactly one function ⋅∶AS × AS → AS such that

a/s ⋅ b/t = (ab)/(st)

for each choice of (a, s) and (b, t) in A× S.
(iii) The set AS , when endowed with the operations + and ⋅ described here as addition and multipli-

cation, is a commutative ring in which the zero and unit elements are 0/1 and 1/1, respectively.
(iv) The function λ∶ a ∈ A↦ a/1 ∈ AS is a morphism of rings and the image λ(s) of every element s

of S is a unit of AS .

Proof.

This ring we have just constructed is the localization that we want to study.

Definition A.2.1.11. Let A be a ring, and let S be a multiplicatively closed subset of A. The ring AS
is the localization of A at the multiplicatively closed set S, and the map λ∶A→ AS in the last part
of Lemma A.2.1.10 is the localization map of A at S.

If it is useful, we will sometimes write λA,S to denote the localization map of A at S. There are
two special cases of this construction that have their own special notations.

• If p is a prime ideal of A, then we write Ap for the localization of A at the multiplicatively
closed A∖ p and we call it the localization at p.

• If f is an element of A, then we write A f for the localization of A at the multiplicatively
closed subset { f n ∶ n ∈ N0} and we call it the localization at f .

Our first task is to describe the key property of the localization map, which we usually call its
universal property. We need first a definition.

Definition A.2.1.12. Let A be a ring, and let S be a multiplicatively closed subset of A. We say that
a morphism of rings ϕ∶A→ B inverts S if for every element s of S the image ϕ(s) is a unit of B.

With this definition at hand, we can state the universal property of localizations.

Lemma A.2.1.13. Let A be a ring, let S be a multiplicatively closed subset of A, and let λ∶A→ AS be
the localization map of A at S.

(i) The localization map λ∶A→ AS inverts S.
(ii) If ϕ∶A → B is a morphism of rings that inverts S, then there is exactly one morphism of
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rings ϕ̄∶AS → B such that ϕ̄ ○ λ = ϕ.

A B

AS

ϕ

λ
ϕ̄

In fact, we have that ϕ̄(a/s) = ϕ(a)ϕ(s)−1 for each element (a, s) of A× S.

The second part of this lemma says that a morphism of rings defined on Awhich inverts S
factors in a unique way through the localization map. In fact, abusing a little language, we often say
that the morphism extends to the localization, imagining that the map λ∶A→ AS is an inclusion.

Proof.

This universal property of the localization map is so strong that it determines it up to a unique
isomorphism. The following lemma spells out in detail what we mean by this.

Lemma A.2.1.14. Let A be a ring, let S be a multiplicatively closed subset of A, and let λ∶A→ AS be
the localization map of A at S. Let κ∶A→ B be a morphism of rings that satisfies the following two
conditions:

• The morphism κ∶A→ B inverts S.

• If ϕ∶A → C is a morphism of rings that inverts S, then there is exactly one morphism of
rings ϕ̄∶B → C such that ϕ̄ ○ κ = ϕ.

There exists exactly one isomorphism α∶AS → B such that α ○ λ = κ.

Proof.

Localization maps are usually neither injective nor surjective. Let us describe their kernels.

Lemma A.2.1.15. Let A be a ring, let S be a multiplicatively closed subset of A, and let λ∶A→ AS be
the localization map of A at S.

(i) We have that ker λ = {a ∈ A ∶ there is an s in S such that sa = 0}.
(ii) The localization map λ is injective if and only if the set S does not contain zero divisors.
(iii) In particular, if A is an integral domain and 0 ∉ S, the localization map is injective.

Proof. The first part follows immediately from the definition of the equivalence relation that
defines the set AS , and the other two parts follow from the first.

We can characterize the most extreme way in which the localizationmap can fail to be injective.
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LemmaA.2.1.16. Let Abe a ring, and let S be amultiplicatively closed subset of A. The localization AS
is the zero ring if and only if 0 belongs to S.

Proof. In AS the unit element is equal to the zero element if and only if 1/1 = 0/1, and this happens
exactly when there is an element s of S such that 0 = s(1 ⋅ 1 − 1 ⋅ 0), which happens exactly when 0
is in S.

We can also characterize the multiplicatively closed subsets the localizations at which are
surjective.

Lemma A.2.1.17. Let A be a ring, and let S be a multiplicatively closed subset of A.
(i) The localization map λ∶A→ AS of A at S is surjective if and only if for every element a of A

and every element s of S there are elements b of A and t of S such that ta = tsb.
(ii) In particular, if every element of S is a unit in A then the localization map λ is surjective and,

in fact, an isomorphism.

Proof. (i) Let us suppose first that the localization map λ is surjective, and let a and s be elements
of A and of S, respectively. The hypothesis implies that there is an element b of A such that
a/s = λ(b) = b/1, so that there is an element t of S such that t(1 ⋅ a − s ⋅ b) = 0 or, equivalently,
such that ta = tsb. The condition in (i) is therefore necessary for the surjectivity of λ.

Let us suppose now that that condition is satisfied, and let x be an element of AS , so that there
are elements a and s of A and of S, respectively, such that x = a/s. The hypothesis now tells us that
there are an element b of A and an element t of S such that ta = tsb, and this implies that

x = a/s = (ta)/(ts) = (tsb)/ts = b/1 = λ(b) ∈ img λ.

We can then conclude that the localization map λ is surjective.
(ii) Let us suppose now that every element of S is a unit of A. If a and s are an element of A

and an element of S, respectively, then the elements t ∶= 1 of S and b ∶= s−1a are such that ta = tsb.
According to (i), the localization map λ is therefore surjective. Moreover, since S does not have
zero-divisors, we can conclude from the second part of Lemma A.2.1.15 that λ is also injective, so
it is an isomorphism.

The condition in part (ii) of this lemma is not necessary for the localizationmap to be surjective,
though, as the following example shows.

Example A.2.1.18. Let B and C be two rings, and let us consider the ring A ∶= B × C, its sub-
set S ∶= {(1, 1), (1, 0)}, which is multiplicatively closed, and the corresponding localization map
λ∶A → AS . This map is surjective, yet not all of its elements are units of A. Indeed, if x is an
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element of AS , then there are an element (b, c) of A and an element s = (s1, s2) of S such that
x = (b, c)/s and, since s1 = 1, we have that

(1, 0) ⋅ ((1, 1) ⋅ (b, c) − (s1, s2) ⋅ (b, 0)) = (0, 0),

so that x = (b, c)/(s1, s2) = (b, 0)/(1, 1) = λ((b, 0)).

In this example the multiplicatively closed subset S contains zero divisors of A. The result of
the next exercise shows that this is actually necessary to construct an example.

Exercise A.2.1.19. Let A be a ring, let S be a multiplicatively closed subset, and let us suppose that
the localization map λ∶A→ AS is surjective. Show that if S does not contain zero-divisors, then
every element of S is a unit of A.

The result of the following exercise generalizes the study of surjectivity of localization maps
above.

Exercise A.2.1.20. Let A be a ring, and let S and T be two multiplicatively closed subsets of A such
that S ⊆ T . The localization map λA,T ∶A→ AT clearly inverts S, so there is exactly one morphism
of rings ϕ∶AS → AT such that ϕ(a/1) = a/1 for each a in A. Show that the following statements
are equivalent:
(a) The map ϕ is bijective.
(b) For every element t of T the faction t/1 is a unit of AS .
(c) T is contained in the saturation of S.
(d) For every prime ideal p of Awe have that p ∩ S = ∅ Ô⇒ p ∩ T = ∅.

Many properties of a ring as inherited by its localizations. As a first example of this, we have
the following result.

Lemma A.2.1.21. Let A be a ring, and let S be a multiplicatively closed subset of A that does not
contain 0. If A is an integral domain, then so is AS .

Proof. Let us suppose that the ring A is an integral domain, and let x and y be two elements of AS
such that xy = 0. There are elements a and b of A and elements s and t of S such that x = a/s
and y = b/t, and since 0 = xy = (ab)/(st), there is an element u of S such that uab = 0. Since
0 ∉ S and A is an integral domain, this implies that one of a or b is 0, so that one of x or y is zero
in AS . This proves that the ring AS is an integral domain.

We can easily describe what happens if we localize a ring «twice». Let A be a ring, let S and T
be two multiplicatively closed subsets of A. What we want to do is to localize A at S first, and
then at T . Of course, the set T is not a subset of AS , so this does not make sense. Let, though,
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λA,S ∶A→ AS be the localization map of A at S, and let us consider the subset T ∶= λA,S(T) of AS .
It is a multiplicatively closed subset of AS , so we can consider the corresponding localization
map λAS ,T ∶AS → (AS)T and the composition

λAS ,T ○ λA,S ∶A→ (AS)T ,

which for all a in A has

(λAS ,T ○ λA,S)(a) = (a/1)/(1/1).

If s and t are an element of S and an element of T , respectively, then in (AS)T we have that

(1/s)/(t/1) ⋅ (λAS ,T ○ λA,S)(st) = (1/s)/(t/1) ⋅ ((st)/1)/(1/1)

= (1/s ⋅ (st)/1)/(t/1)
= ((st)/s)/(t/1)
= (t/1)/(t/1)
= (1/1)/(1/1),

the unit element of (AS)T , so that (λAS ,T ○ λA,S)(st) is invertible there. This tells us that the
map λAS ,T ○ λA,S inverts the elements of the multiplicatively closed subset ST of A, and thus the
universal property of the localization map λA,ST ∶A→ AST of A at ST implies that there is exactly
one morphism of rings ϕ∶AST → (AS)T such that ϕ ○ λA,ST = λAS ,T ○ λA,S . This map has

ϕ(a/1) = (a/1)/(1/1)

for each a in A. If s and t are elements of S and of T , respectively, then we also have that

((st)/1)/(1/1) ⋅ ϕ(a/st) = ϕ((st)/1) ⋅ ϕ(a/st) = ϕ((st)/1 ⋅ (a/st)) = ϕ(a/1)
= (a/1)/(1/1),

so that also

ϕ(a/st) = (1/1)/((st)/1) ⋅ ((st)/1)/(1/1) ⋅ ϕ(a/st)

= (1/1)/((st)/1) ⋅ (a/1)/(1/1)
= (1/s ⋅ 1/1)/(1/s ⋅ (st)/1) ⋅ (a/1)/(1/1)

because 1/s is a unit of AS , and this is

= (1/s)/(t/1) ⋅ (a/1)/(1/1)
= (a/s)/(t/1).
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Lemma A.2.1.22. Let A be a ring, let S and T be two multiplicatively closed subsets of A, let
λA,S ∶A→ AS be the localization map of A at S, and let T ∶= λA,S(T). The morphism of rings

ϕ∶AST → (AS)T

constructed above is an isomorphism. For each choice of a, s and t in A, in S, and in T, respectively,
we have that

ϕ(a/st) = (a/s)/(t/1), ϕ−1((a/s)/(t/1)) = a/(st).

Proof. Since the localization map λA,ST ∶A→ AST inverts ST and S ⊆ ST because 1 ∈ T , that map
inverts S, and the universal property of the localization map λA,S ∶A→ AS implies that there is a
unique morphism of rings ψ∶AS → AST such that λA,ST = ψ ○ λA,S .

If τ is an element of T , then there is an element t of T such that τ = λA,S(t) = t/1, and then
ψ(τ) = ψ(t/1) = λA,ST(t) is a unit of AST because t is in ST . This tells us that the map ψ inverts T ,
and the universal property of the localization of AS at that multiplicatively closed subset implies
that there is a morphism of rings ψ̄∶ (AS)T → AST such that ψ = ψ̄ ○ λAS ,T . This map is such that
for each a in A and s in S we have

ψ̄((a/s)/(1/1)) = ψ(a/s) = a/s.

One should notice that a/s denotes here in the expressions ψ̄((a/s)/(1/1) and ψ(a/s) an element
of AS , while the expression a/s in the last member of this chain of equalities denotes an element
of AST : this makes sense because S ⊆ ST . If now t is an element of T , then in the ring AST we
have that

t/1 ⋅ ψ̄((a/s)/(t/1)) = ψ̄((t/1)/(1/1)) ⋅ ψ̄((a/s)/(t/1))
= ψ̄((t/1)/(1/1) ⋅ (a/s)/(t/1))
= ψ̄((a/s)/(1/1))
= a/s,

so that

ψ̄((a/s)/(t/1)) = 1/t ⋅ t/1 ⋅ ψ̄((a/s)/(t/1))
= 1/t ⋅ a/s
= a/(st).

Summing up, we have morphisms of rings ϕ∶AST → (AS)T and ψ̄∶ (AS)T → AST that for all
choices of a in A, of s in S, and of t in T have ϕ(a/st) = (a/s)/(t/1) and ψ̄((a/s)/(t/1)) = a/(st).
It follows immediately from this that these two maps are mutually inverse.
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Just as we can localize rings, we can localize morphisms of rings, in some sense.

Lemma A.2.1.23. Let π∶A→ B be a morphism of rings, and let S be a multiplicatively closed subset
of A.

(i) The set π(S) is a multiplicatively closed subset of B and there is a unique morphism of rings
πS ∶AS → Bπ(S) such that πS(a/1) = π(a)/1 for every choice of a in A, and we in fact have
that πS(a/s) = π(a)/s for all a in A and all s in S.

(ii) If the map π is surjective, then so is the map πS .

Proof. That the set π(S) is a multiplicatively closed subset of B is clear. The composition
λB,π(S) ○ π∶A → Bπ(S) of the map π with the localization map λB,π(S)∶B → Bπ(S) of B at π(S)
is a morphism of rings, and it inverts S. Indeed, if s is an element of S, then π(s) is of course
an element of π(S), so that λB,π(S)(π(s)) is invertible in Bπ(S). The universal property of the
localization of A at S implies then that there is a unique morphism of rings πS ∶AS → Bπ(S) such
that πS ○ λA,S = λB,π(S) ○ π or, equivalently, such that πS(a/1) = π(a)/1 for each a in A. This
proves the first claim of (i). Moreover, if a is an element of A and s one of S, we have that

π(s)/1 ⋅ πS(a/s) = πS(s/1) ⋅ πS(a/s) = πS(s/1 ⋅ a/s) = πS(a/1) = π(a)/1,

so that

πS(a/s) = 1/π(s) ⋅ π(s)/1 ⋅ πS(a/s) = 1/π(s) ⋅ π(a)/1 = π(a)/π(s).

This tells us that the second claim of (i) is also true.
Let us suppose now that the map π is surjective. If x is an element of Bπ(S), then there

are an element b of B and an element s of S such that x = b/π(s) and, since the map π
is surjective, there is also an element a of A such that π(a) = b. We therefore have that
x = b/π(s) = π(a)/π(s) = πS(a/s) ∈ img πS . We see that the map πS is surjective, and this
proves part (ii).

Before continuing with the general theory of localization, let us present some simple examples.

Example A.2.1.24. Let A be an integral domain, so that the set S ∶= A ∖ 0 is a multiplicatively
closed subset of A and we can therefore consider the localization AS . This ring is, in fact, a field.
Let us check this. Let x be a non-zero element of AS . There are an element a of A and an element s
of S such that x = a/s and, since x ≠ 0, we have that a ≠ 0. This implies that we can consider the
fraction s/a in AS and, since x ⋅ s/a = a/s ⋅ s/a = (as)/(sa) = 1/1, that fraction is the inverse for x
in AS .

We call the field AS the field of fractions of A, and usually write FracA to denote it. Since A is
an integral domain and 0 is not in S, we know that the localization map λ∶A→ FracA of A at S is
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injective. It follows immediately from the universal property of the localization of A at S that

if ϕ∶A → K is an injective morphism of rings whose codomain is a field, then
there is exactly one morphism ϕ̃∶FracA→ K such that ϕ̃(a/1) = ϕ(a)/1, and we
have that ϕ̃(a/b) = ϕ(a)/ϕ(b) for all choices of a and b in A such that b ≠ 0.

Since the localization map λ is injective, we usually use it to identify Awith its image, and therefore
consider every integral domain as a subring of its field of fractions. As a consequence of this
identification, we can rephrase the property above in the following way:

an injective morphism of rings ϕ∶A→ K whose codomain is a field has a unique
extension ϕ̃∶FracA→ K to the field of fractions of A.

There are many well known examples of this construction of fields of quotients. Let us present
two important ones.

Example A.2.1.25. Let us consider the ringZ. The inclusionmap ι∶Z→ Q is an injectivemorphism
of rings and its codomain is a field, so the observations above imply that there is a uniquemorphism
of fields ι̃∶FracZ→ Q such that ι̃(a/b) = ι(a)/ι(b) = a/b whenever a and b are integers and b is
not zero. This map ι̃ is injective because its domain is a field, and it is clear that it is also surjective,
so it is an isomorphism. We therefore have that

FracZ ≅ Q.

We always regard the isomorphism ι̃ as an identification.

Exercise A.2.1.26. Let d be a square-free integer. Show that the fraction field of the subringZ[
√
d]

of C is isomorphic to the subfieldQ(
√
d) of C.

Exercise A.2.1.27. Let k be a field, and let us consider the ring k[x] of polynomials with coef-
ficients in k and the field k(x) of all rational functions with coefficients in k. Show that the
inclusion k[x] → k(x) extends to an isomorphism of field Frack[x] → k(x).

Example A.2.1.28. Let Ω be a connected and non-empty subset of C, let H(Ω) be the ring of
holomorphic functions on Ω, and let M(Ω) be the field of meromorphic functions on Ω. As
a holomorphic function is meromorphic, we have an inclusion map ι∶H(Ω) → M(Ω), which
is a morphism of rings. Since H(Ω) is an integral domain and ι is clearly injective, the map ι
induces an injection of fields ι̃∶FracH(Ω) → M(Ω). In fact, it is a consequence of theWeierstraß
factorization theorem that every meromorphic function on Ω is equal to the quotient of two
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holomorphic functions on Ω — this is Corollary 5.20 in John B. Conway’s book [Con1973] — and
this implies at once that this map ι̃ is an isomorphism.

The following exercise deals with a generalization of the construction of fields of fractions that
is sometimes useful.

Exercise A.2.1.29.
(a) Show that if A is a ring, then the set S of all non-zero-divisors of A is a multiplicatively

closed subset of A.
We may therefore consider the localization AS : we call it the total ring of fractions of A and we
write it FracA. Notice that if A is an integral domain, then the total ring of fractions of A is simply
the field of fractions of A, so the notation FracA is unambiguous.
(b) Show that for any ring A the localizationmap A→ FracA is injective, and that every element

of FracA is either a zero divisor or a unit.
(c) Show that if A and B are two rings, then there is a canonical isomorphism

Frac(A× B) → FracA× FracB.

(d) A (possibly non-commutative) ring A is von Neumann regular if for any element a of A
there exists an element x in A such that a = xax. Show that if A is a commutative von
Neumann regular ring, then the localization map A→ FracA is an isomorphism.

Let us look now at some examples at non-total multiplicatively closed subsets.

Example A.2.1.30. Let A be an integral domain, and let S be a multiplicatively closed subset of A.
If 0 is in S, then we know that the localization AS is the zero ring, so we suppose in what follows
that 0 ∉ S. Let λ∶A→ AS be the localization map, which is injective because of Lemma A.2.1.15.
The inclusion map ι∶A→ FracA of A in its field of fractions is a morphism of rings that inverts
every element of S, so there is a unique morphism of rings ϕ∶AS → FracA such that ι = ϕ ○ λ.

The map ϕ is injective. Indeed, if x is an element of AS such that ϕ(x) = 0, then there are
elements a of A and s of S such that x = a/s and 0 = ϕ(x) = ϕ(a/s) = ι(a)/ι(s) = a/s in FracA,
and this implies that a = 0 and thus that x = 0. In view of this, we can use the map ϕ to identify
the localization AS with its image under ϕ, which is the subring

ϕ(AS) = {a/s ∈ FracA ∶ a ∈ A, s ∈ S}

of all fractions in FracAwhose denominator is in S.
As simple concrete instances of this we can mention the following.

• If A = Z and S = {pn ∶ n ∈ N0} is the multiplicatively closed subset generated by a prime
number p, then the localization ZS , which we usually write Zp, is the subring of FracZ = Q
of all those fractions whose denominator is a power of p.
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• If again A = Z but now S = Z ∖ ⟨p⟩ is the complement of the prime ideal p ∶= ⟨p⟩ generated
by a prime number p, then the localization ZS , which we usually write Zp, is the subring
ofQ of all those fractions whose denominator is not divisible by p.

This example shows that all non-zero localizations of an integral domain are subrings of the
fraction field of that domain — this is a stronger conclusion than that of Lemma A.2.1.21, which
asserts that all those localization are integral domains.

Exercise A.2.1.31. Let A be an integral domain, let S be the set of all multiplicatively closed
subsets of A that do not contain 0, and, as usual, let SpecA and SpmA be the sets of all prime
ideals of A and of all maximal ideals of A. Show that as subrings of FracAwe have

A = ⋂
S∈S

AS = ⋂
p∈SpecA

Ap = ⋂
m∈SpecA

Am.

Hint: In order to show that an element x of this last intersection belongs to A show that the set
{a ∈ A ∶ ax ∈ A} is an ideal of A that is not contained in any maximal ideal of A.

Example A.2.1.32. Let now k be a field, let k[x] be the ring of polynomials with coefficients in k,
which is an integral domain, and let S ∶= {xn ∶ n ∈ N0} be the multiplicatively closed subset
of k[x] generated by the variable x. Our general discussion tells us that the localization k[x]x is
the subring of k(x) = Frack[x] whose fractions are a power of x.

Now such a fraction is of the form f /xn for a polynomial f in k[x] and a non-negative
integer n. If the fraction is not zero, then f is not zero and there are a non-negative integer d and
elements a0, . . . , ad of k such that f = a0 + a1x +⋯ + adxd . The fraction is then

f /xn = (a0 + a1x +⋯ + adxd)/xn = a0/xn + a1x/xn +⋯ + adxd/xn

and we can write this in the way

a0x−n + a1x−n+1 +⋯ + adxd−n .

We see with this that every non-zero element of the localization k[x]x can be written in the form

amxm + am+1xm+1 +⋯ + anxn (A.1)

for some integers m and n such that m ≤ n and some scalars am, . . . , an of k.
Expressions such as the one in (A.1) are called Laurent polynomials — they are, essentially,

polynomials in which we allow negative powers — and therefore we call the localization k[x]x the
ring of Laurent polynomials. We often write k[x , x−1] or k[x±1] to denote it
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Exercise A.2.1.33. Let k be a field. Show that every non-zero element of the ring k[x , x−1] of
Laurent polynomials can be written in a unique way in the form

amxm + am+1xm+1 +⋯ + anxn

for some integers m and n such that m ≤ n and some scalars am, . . . , an of k such that am ≠ 0
and an ≠ 0, so that, in fact, the function n ∈ Z↦ xn ∈ k[x , x−1] is injective and its image is a basis
of its codomain as a k-vector space.

Exercise A.2.1.34. Let k be a field, let k[[x]] be the ring of formal series with coefficients in k, and
let

• S ∶= {xn ∶ n ≥ 0} be the multiplicatively closed subset of k[[x]] generated by x and
• m be the subset of k[[x]] of all those series with zero constant term.

Describe concretely the localization k[[x]]S , show that m is a maximal ideal of k[[x]], and prove
that there is an isomorphism of rings k[[x]]S → k[[x]]m that extends the identity map of k[[x]].

Exercise A.2.1.35. Let n be a positive integer, let x0 be an element ofRn, and let C(Rn) be the ring
of all continuous functions Rn → R. We say that two elements f and g of C(Rn) have the same
germ at x0 if there is an open subset U of Rn such that x0 ∈ U and f ∣U = g∣U , and in that case we
write f ∼x0 g.

(a) Show that ∼x0 is an equivalence relation on the set C(Rn).

We write Cx0(Rn) for the quotient set C(Rn)/∼x0 and [ f ]x0 for the equivalence class correspond-
ing to an element f of C(Rn) in Cx0(Rn), and call the class [ f ]x0 the germ of f at x0.

(b) Show that the set Ix0 ∶= { f ∈ C(Rn) ∶ f ∼ 0} is an ideal of C(Rn), and that for all f
and g in C(Rn) we have that f ∼x0 g ⇐⇒ f ≅ g mod Ix0 . Deduce from this that
the sets Cx0(Rn) and C(Rn)/Ix0 coincide and that, in particular, there is exactly one ring
structure on the set Cx0(Rn) with respect to which we have

[ f ]x0 + [g]x0 = [ f + g]x0 , [ f ]x0 ⋅ [g]x0 = [ f g]x0

for all f and g in C(Rn).
(c) Let mx0 be the set of all elements of C(Rn) that vanish at x0. Show that mx0 is a maximal

ideal of C(Rn), and that whenever f and g are elements of C(Rn) we have that f ∼x0 g
exacly when there is an element h of C(Rn) ∖mx0 such that h ⋅ ( f − g) = 0 in C(Rn).

(d) Show that the function γx0 ∶ f ∈ C(Rn) ↦ [ f ]x0 ∈ Cx0(Rn) is a morphism of rings that
inverts the set C(Rn) ∖mx0 , and deduce from that that there is exactly one morphism of
rings γ̄x0 ∶C(Rn)mx0

→ Cx0(Rn) such that γ̄x0( f /1) = [ f ]x0 for all f in C(Rn).
(e) Prove that that morphism γ̄x0 is, in fact, an isomorphism.
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This gives a purely algebraic construction of the ring of germs at x0 of continuous functions
f ∶Rn → R as the localization of the ring C(Rn) at the maximal idealmx0 .

(f) Show that, more generally, all these results are true if we replace the space Rn with any
completely regular and Hausdorff topogical space.

A.2.2. Localization of modules

The theory of localization of rings that we have just presented has a parallel theory for modules.
We will leave many of its details to the reader.

Exercise A.2.2.1. Let A be a ring, let S be a multiplicatively closed subset of A, and let M be an
A-module. Show the relation ∼ on the set M × S for which

(m, s) ∼ (n, t) ⇐⇒ there is an element u in S such that u(mt − ns) = 0

is an equivalence relation.

Just as with rings, we use this equivalence relation to construct the set that will underlie the
localization of the module M.

Definition A.2.2.2. Let A be a ring, let S be a multiplicatively closed subset of A, and let M be a
left A-module.

• We write MS for the set of equivalence classes of the relation ∼ of Exercise A.2.2.1 in M × S.
• If (m, s) is an element ofM × S, then we writem/s for the equivalence class of (m, s) inMS .

The next step is to turn that set into an module.

Exercise A.2.2.3. Let A be a ring, let S be a multiplicatively closed subset of A, let λ∶A→ AS be
the localization map of A at S, and let M be an A-module. Prove the following statements:
(a) There is exactly one function +∶MS ×MS → MS such that

m/s + n/t = (tm + sn)/(st)

for each choice of (m, s) and (n, t) in M × S.
(b) There is exactly one function ⋅∶A×MS → MS such that

a ⋅m/t = (am)/t

for each choice of a in A and of (m, t) in M × S.
(c) The set MS , when endowed with the operations + and ⋅ described here as addition and

multiplication by A, is an A-module in which the zero elements is 0/1.
(d) The function λM ∶m ∈ M ↦ m/1 ∈ MS is a morphism of A-modules.
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Themodule that we have described in this exercise is the localization we were after.

Definition A.2.2.4. Let A be a ring, and let S be a multiplicatively closed subset of A, let λ∶A→ AS
be the localization map of A at S, and let M be an A-module. The A-moduleMS is the localization
ofM at themultiplicatively closed set S, and themap λM ∶M → MS in the last part of ExerciseA.2.2.3
is the localization map of M at S.

Just as for rings, we use special notation for the localization in two cases: if p is a prime
ideal, then we write Mp for the localization of M at the multiplicatively closed subset A∖ p, and
if f is an element of A, then we write M f for the localization of M at the multiplicatively closed
subset { f n ∶ n ≥ 0}.

Remark A.2.2.5. We should note that in the situation of this definition we have the localization AS
of the ring A at S and, at the same time, the localization AS of the regular A-module A at S. In
principle these are two different things. As sets, both are obtained from the set A× S by taking
equivalence classes with respect to equivalence relations, and it is immediate to observe that those
equivalence relations coincide: this implies that, as sets, at least, the two constructions coincide.
We will see below that the A-module AS has a canonical AS-module structure, and with that
structure it is precisely the regular module of the ring AS . There is therefore no ambiguity.

The localization of a module has a universal property similar to that of rings: just as localizing
at a ring at a multiplicatively closed subset S makes the elements of S invertible, localizing amodule
at such a set S makes the elements of that set S act bijectively on the resulting module.

Definition A.2.2.6. Let A be a ring, and let S be amultiplicatively closed subset of A. An A-module
M is S-local if for every element s of S the function

µM,s ∶m ∈ M ↦ sm ∈ M

is bijective.

Let us notice that the function µM,s that appears in this definition is, in any case, a morphism
of A-modules. Morphisms of that form play an important role in the very definition of modules,
in fact.

Exercise A.2.2.7. Let A be a ring. For each abelian group M let us write, as usual, HomZ(M ,M)
for the ring of all morphisms of groups M → M —we should remark here that this ring is, usually,
not commutative.
(a) Show that ifM is an A-module, then the map a ∈ A↦ µM,a ∈ HomZ(M ,M) is a morphism

of rings.
(b) Show that, conversely, if M is an abelian group and ρ∶A→ HomZ(M ,M) is a morphism
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of rings, then there exists exactly one structure of A-module on the abelian group M with
respect to which we have that µM,a = ρ(a) for all a in A.

Exercise A.2.2.8. Let A be a ring, let S be a multiplicatively closed subset of A, let M be an A-
module, and let λ∶A→ AS and λM ∶M → MS be the localization maps of A and of M at S. Prove
the following statements:
(a) The A-module MS is S-local.
(b) If N is an S-local A-module and ϕ∶M → N is a morphism of A-modules, then there is

exactly one morphism of A-modules ϕ̃∶MS → N such that ϕ = ϕ̃ ○ λM or, equivalently, such
that ϕ(m) = ϕ̃(m/1) for all m in M.

M N

MS

λM

ϕ

ϕ̃

This morphism is such that ϕ̃(m/s) = ϕ(m)/s for all m in M and all s in S.

Just as for rings, this universal property in fact characterizes the localization of a module.

Lemma A.2.2.9. Let A be a ring, let S be a multiplicatively closed subset of A, let M be an A-module,
and let λM ∶M → MS be the localization maps of M at S. If µ∶M → L is a morphism of modules
such that

• the A-module L is S-local, and

• if N is an S-local A-module and ϕ∶M → N is a morphism of A-modules, then there is exactly
one morphism of A-modules ϕ̃∶MS → N such that ϕ = ϕ̃ ○ µ,

then there exists exactly one isomorphism of A-modules ι∶MS → L such that µ = ι ○ λM .

Proof.

Let us recall that whenever we have a commutative1 ring A and two A-modules M and N there
is a canonical structure of A-module on the abelian group HomA(M ,N), which is such that for
all choices of a, f and m are in A, HomA(M ,N), and M, respectively, we have that

(a ⋅ f )(m) = a f (m) = f (am).

Exercise A.2.2.10. Let A be a ring, let S be a multiplicatively closed subset of A, let M be an
A-module, and let λM ∶M → MS be the localization map of M at S. Show that for any S-local

1If the ring A is not commutative, there is in general no way to turn HomA(M ,N) into a left A-module when M
and N are left A-modules.
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A-module N the funtion

f ∈ HomA(MS ,N) ↦ f ○ λM ∈ HomA(M ,N)

is an isomorphism of A-modules.

One consequence of this is that localizing a module at a multiplicatively closed subset at which
it is local does not really do anything. The following result makes this precise.

Lemma A.2.2.11. Let A be a ring, let S be a multiplicatively closed subset of A, and let M be an
A-module. If M is S-local, then the localization map λM ∶M → MS of M at S is an isomorphism of
A-modules.

Proof. Let us suppose that the A-module M is S-local, and consider its identity map idM ∶M → M,
which is a morphism of A-modules with S-local codomain. Moreover, if N is an S-local A-modules
and ϕ∶M → N is a morphism of A-modules, then there is clearly exactly one morphism of A-
module ϕ̃∶M → N such that ϕ = ϕ̃ ○ idM , namely, the morphism ϕ itself.

It follows then from Lemma A.2.2.9 that there is exactly one isomorphism of A-modules
ι∶MS → M such that idM = ι ○ λM , and we then have that λM = ι−1 is itself an isomorphism.

In particular, this tells us that localization is an idempotent operation.

Corollary A.2.2.12. Let A be a ring, let S be a multiplicatively closed subset of A, and let M be an
A-module. The localization map λMS ∶MS → (MS)S is an isomorphism.

For the most part, we will view this isomorphism λMS as an identification. Let us notice that it
maps a fraction m/s in MS to the fraction (m/s)/1 in (MS)S , and that its inverse maps a fraction
(m/s)/t in (MS)S to the fraction m/(st) in MS .

Proof. Indeed, this follows immediately from Lemma A.2.2.11 since the moduleMS is S-local.

In general, submodules and quotients of S-local modules need not be S-local themselves. The
result of the following exercise tells us exactly when they are.

Exercise A.2.2.13. Let A be a ring, and let S be a multiplicatively closed subset of A, and let M be
an S-local A-module.
(a) Show that an A-submodule N of M is S-local if and only if it is S-saturated in M, in the

sense that
whenever m and s are elements of M and of S, respectively, such that sm is
in N we in fact have that m is in N.

(b) Show that an A-submodule N of M is such that the quotient A-module M/N is S-local if
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and only if N is S-local.
(c) Show that if N is an A-submodule of M, then the set of all S-saturated A-submodules of M

has a unique minimal element. We call it the S-saturation of N in M.

Exercise A.2.2.14. Let A be a ring, and let S be a multiplicatively closed subset of A, and let us
consider a short exact sequence of A-modules

0 M N P 0
f g

Prove that if two of the three modules M, N , and P are S-local, then so is the remaining one.

Because of this, we say that the S-local A-modules form a Serre class in the weak sense. This
notion comes essentially from the paper [Ser1953] of Jean-Pierre Serre, where it plays a key role in
the proof of his ground-breaking theorem, presented there, that the homotopy groups of spheres
are finite, except for those of the form πn(Sn) and π4n−1(S2n) with n a positive integer — one of
the key reasons that resulted in his being awarded the Fields Medal in 1954.

If ϕ∶A→ B is a morphism of rings and M is a B-module, then one can easily check that there
is an A-module ϕ∗(M) which coincides with M as an abelian group, and on which we have

a ⋅m = ϕ(a)m

for all choices of a and of m in A and in ϕ∗(M), respectively — on the right of this equality the
product ϕ(a)m denotes the action of the element ϕ(a) of B on m. We say that the A-module
ϕ∗(M) is obtained from the B-module M by restriction of scalars along the morphism ϕ.

Lemma A.2.2.15. Let A be a ring, let S be a multiplicatively closed subset of A, and let λ∶A→ AS be
the localization map of A at S.

(i) The underlying abelian group of a S-local A-module M has a unique structure of an AS-module
such that

a/s ⋅m = µ−1M,s(am)

whenever a is in A, s is in S, and m is in M. If M′ denotes the resulting AS-module, then
M = λ∗(M′).

(ii) A morphism of A-modules f ∶M → N whose domain and codomain are S-local is AS-linear
when we view that domain and codomain as AS-modules as in (i).

From now on we will view every S-local A-module as an AS-module in the way described in
the first part of this lemma. In particular, from now on the localization MS of every A-module M
will be considered as an AS-module, since it is surely S-local. The second part of the lemma tells
us that this convention is compatible with morphisms.
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Proof. (i) Let M be an S-local module, and let us consider the function

µM ∶ a ∈ A↦ µM,a ∈ HomZ(M ,M).

The fact that M is an A-module implies that this is a morphism of rings and, since M is S-local, it
inverts S. Let λ∶A→ AS be the localizationmap of A at S. The universal property of the localization
of A at S implies then that there exists a unique morphism of rings

µ̃M ∶AS → HomZ(M ,M)

such that µ̃M ○ λ = µM . This equality means precisely that µ̃M(a/1) = µM,a for each element a
of A, and, in turn, this means that for each element a of A and each element m of M we have

µ̃M(a/1)(m) = µM,a(m) = am.

As the map µ̃M is a morphism of rings, it determines an AS-module structure on the abelian
group M with respect to which we have, for each x in AS and each m in M, that

x ⋅m = µ̃M(x)(m)

It follows from this that whenever a and s are elements of A and of S, respectively, and m is an
element of M, we have that

µM,s(a/s ⋅m) = µ̃M(s/1)(µ̃M(a/s)(m)) = µ̃M(s/1 ⋅ a/s)(m) = µ̃M(a/1)(m) = am,

so that a/s ⋅m = µ−1M,s(am). This proves the existence claim in (i), and the uniquess claim is clear,
since every element of AS is of the form a/s for some a in A and some s in S.

The final claim of (i) is true because when a and m are elements of A and of M, respectively,
the product a ⋅m in λ∗(M′) is, by definition, the product λ(a) ⋅m in M, and this is a/1 ⋅m = am.

(ii) Let now M and N be two S-local A-modules, let f ∶M → N be a morphism of A-modules,
and let us view M and N as AS-modules as in (i). If a, s, and m are elements of A, of S, and of M,
respectively, then we have that

µN ,s( f (a/s ⋅m)) = s ⋅ f (a/s ⋅m) = f (s ⋅ (a/s ⋅m)) = f (µM,s(µ−1M,s(am))) = f (am)

= a f (m),

so that f (a/s ⋅m) = µ−1N ,s(a f (m)) = a/s ⋅ f (m). This tells us that the function f , which is certainly
a morphism of abelian groups, is AS-linear.

Using this lemma we can characterize the A-modules that are obtained from AS-modules by
restriction of scalars along the localization map of A at S.
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Corollary A.2.2.16. Let A be a ring, let S be a multiplicatively closed subset of A, and let λ∶A→ AS
be the localization map of A at S. An A-module M is obtained from an AS-module by restriction of
scalars along λ if and only if it is S-local.

Proof. The first part of Lemma A.2.2.15 implies that the condition in this corollary is sufficient: if
an A-module M that is S-local, then it tells us we can view M as an AS-module M′ in such a way
such that λ∗(M′) = M, so M can certainly be obtained by restriction of scalars along λ.

Let, on the other hand, M be an AS-module and s an element of S. For each m in M we have

µλ∗(M),s(m) = s ⋅m = λ(s)m = s/1 ⋅m = µM,s/1(m),

so that, in fact, µλ∗(M),s = µM,s/1. As the functions µM,s/1 and µM,1/s are mutually inverse, they are
bijective, and thus so is µλ∗(M),s. This shows that λ∗(M) is S-local.

We have been talking about localizingmodules, but we can also localizemorphisms ofmodules.

Lemma A.2.2.17. Let A be a ring, let S be a multiplicatively closed subset of A, and let f ∶M → N
be a morphism of A-modules. There is a unique morphism of A-modules fS ∶MS → NS such that
fS ○ λM = λN ○ f or, equivalently, such that fS(m/1) = f (m)/1 for each element m of M, and it is
AS-linear.

M N

MS NS

f

λM λN
fS

We call the morphism fS the localization of the morphism f at S.

Proof. Themorphism of A-modules λN ○ f ∶M → NS has as codomain an S-local A-module, so we
know from the second part of Exercise A.2.2.8 that there is exactly one morphism of A-modules
fS ∶MS → NS such that fS ○ λM = λN ○ f . Moreover, since the domain and codomain of fS are
S-local modules, we know from Lemma A.2.2.15 that fS is, in fact, AS-linear.

The construction described in this lemma from a morphism of A-modules f ∶M → N to a
map of AS-modules fS ∶MS → NS is of «functorial nature»: what this means is, precisely, that the
two statements of the following lemma are true.

Lemma A.2.2.18. Let A be a ring, and let S be a multiplicatively closed subset of A.
(i) If M is an A-module, then the function (idM)S ∶MS → MS is the identity map of MS .
(ii) If f ∶M → N and g∶N → P are morphisms of A-modules, then (g ○ f )S = gS ○ fS ∶MS → PS .
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Proof.

An immediate consequence of the functoriality of the localization ofmaps is that that operation
preserves isomorphisms.

Exercise A.2.2.19. Let A be a ring, and let S be a multiplicatively closed subset of A. Show that if
f ∶M → N is an isomorphism of A-modules, then so is the localization fS ∶MS → NS .

The operation of localization ofmaps interacts well with themodule structures carried byHom-
sets, in the following sense.

Lemma A.2.2.20. Let A be a ring, let S be a multiplicatively closed subset of A, and let M and N be
two A-modules. The function

ϕM,N ∶ f ∈ HomA(M ,N) ↦ fS ∈ HomAS(MS ,NS)

is a map of A-modules, and there is exactly one morphism of AS-modules

ϕ̃M,N ∶HomA(M ,N)S → HomAS(MS ,NS)

such that ϕ̃M,N( f /1) = fS for each element f ofHomA(M ,N)

As the localizations MS and NS are AS-modules, the abelian group HomAS(MS ,NS) has a
canonical structure of AS-module and, by restriction of scalars along the localization map of A
at S, a canonical structure of A-module. This is why the first claim of the lemma makes sense. On
the other hand, HomA(M ,N) is an A-module, so we can consider its localization HomA(M ,N)S
at S, which is canonically an AS-module: this is why the second claim makes sense.

Proof. Let f and g be two elements of HomA(M ,N), and let a and b be two elements of A. If m
is an element of M, then we have that

(a f + bg)S(m/1) = (a f + bg)(m)/1 = (a f (m) + bg(m))/1 = a ⋅ f (m)/1 + b ⋅ g(m)/1

because of the way in which NS is an A-module, and this is

= a ⋅ fS(m/1) + b ⋅ gS(m/1) = (a ⋅ fS + b ⋅ gS)(m/1)

because of the way in which HomAS(MS ,NS) is an A-module. It follows then from the uniqueness
claim of Lemma A.2.2.17 that

ϕM,N(a f + bg) = (a f + bg)S = a ⋅ fS + b ⋅ gS = a ⋅ ϕM,N( f ) + b ⋅ ϕM,N(g).

The map ϕM,N is therefore A-linear.
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The abelian group HomAS(MS ,NS) is canonically an AS-module, as we recalled above, and
it is an A-module by restriction of scalars along the localization map of A at S, so it is an S-local
A-module. The second claim of the lemma then follows at once from the universal property of the
localization of the A-module HomA(M ,N) at S and the fact that the map ϕM,N A-linear.

In general, the map ϕ̃M,N described in this lemma is neither injective nor surjective. We will
show later that it is an isomorphism when the module M is finitely presented. When we do that,
we will use the result of the following exercise.

Exercise A.2.2.21. Let A be a ring, let S be a multiplicatively closed subset of A, let u∶M′ → M
and v∶N → N ′ be morphisms of A-modules, and let uS ∶M′S → MS and vS ∶NS → N ′S be their
localizations at S. Show that the function

HomA(u, v)∶ f ∈ HomA(M ,N) ↦ v ○ f ○ u ∈ HomA(M′,N ′)

is a morphism of A-modules, so that we can consider its localization

HomA(u, v)S ∶HomA(M ,N)S → HomA(M′,N ′)S

at S, and that the function

HomAS(uS , vS)∶ f ∈ HomAS(MS ,NS) ↦ vS ○ f ○ uS ∈ HomAS(M
′
S ,N

′
S)

is a morphism of AS-modules, and prove that the diagram

HomA(M ,N)S HomAS(MS ,NS)

HomA(M′,N ′)S HomAS(M
′
S ,N

′
S)

ϕ̃M ,N

HomA(u,v)S HomAS (uS ,vS)
ϕ̃M′ ,N′

comutes. Here ϕ̃M,N and ϕ̃M′ ,N ′ are maps just as in Lemma A.2.2.20.

The following lemma tells us how the operations of restriction of scalars and localization
interact.

Lemma A.2.2.22. Let π∶A→ B be a morphism of rings, and let S be a multiplicatively closed subset
of A.

(i) The set π(S) is a multiplicatively closed subset of B and there is a unique morphism of rings
πS ∶AS → Bπ(S) such that πS(a/s) = π(a)/π(s) for every choice of a in A and of s in S, and
it is surjective if π is surjective.
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(ii) For every B-module M there is unique isomorphism of A-modules ϕ∶MS → Mπ(S) such that

ϕ(m/s) = m/π(s)

whenever m and s are elements of M and of S, respectively.
(iii) If the morphism π is surjective, there the A-module MS is in a unique way a Bπ(S)-module

and the map ϕ is an isomorphism of Bπ(S)-modules.

Since here M is a B-module, we can view it as an A-module by restriction of scalars along the
morphism π and then construct its localization MS at S: this is the A-module that appears as the
domain of the morphism ϕ in this lemma.

Proof. (i) That the set π(S) is a multiplicatively closed subset of B is clear. The composition
λB,π(S) ○ π∶A → Bπ(S) of the map π with the localization map λB,π(S)∶B → Bπ(S) of B at π(S)
is a morphism of rings, and it inverts S. Indeed, if s is an element of S, then π(s) is of course
an element of π(S), so that λB,π(S)(π(s)) is invertible in Bπ(S). The universal property of the
localization of A at S implies then that there is a unique morphism of rings ϕ∶AS → Bπ(S) such
that ϕ ○ λA,S = λB,π(S) ○ π. This equality is equivalent to the statement that for each a in Awe have
ϕ(a/1) = π(a)/1.

(ii) We may view the localization Mπ(S) as a B-module by restricting scalars along the lo-
calization map B → Bπ(S), and then as an A-module by further restricting scalars along the
morphism π. If s is an element of S, then the map x ∈ Mπ(S) ↦ sx ∈ Mπ(S) coincides with the
map x ∈ Mπ(S) ↦ π(s)x ∈ Mπ(S), which is bijective becauseMπ(S) is π(S)-local. This tells us that
Mπ(S), as an A-module, is S-local.

The localization map λM ∶M → Mπ(S) of the B-moduleM at π(S) is A-linear: as its codomain
is S-local, there is a morphism of A-modules ϕ∶MS → Mπ(S) such that s ⋅ϕ(m/s) = λM(m) = m/1
for all m in M and all s in S. In view of the way Mπ(S) is an A-module, this implies that
ϕ(m/s) = m/π(s) for all m in M and all s in S. Let us show ϕ is an isomorphism.

• Let x be an element of MS such that ϕ(x) = 0. There are elements m of M and s of S such
that x = m/s, and we have that 0 = ϕ(m/s) = m/π(s). There is then an element t of S such
that π(t)m = 0 in the B-module M, and this implies that tm = 0 in the A-module M, so
that x = m/s = 0 in MS .

• On the other hand, if y is an element of Mπ(S), so that there are elements m of M and s of S
such that y = m/π(s), then we have that y = ϕ(m/s) ∈ img ϕ.

Finally, the fact that there is at most a function ϕ∶MS → Mπ(S) that satisfies the condition given
in the lemma is an immediate consequence of the fact that every element of MS is of the formm/s
for some m in M and some s in S.

(iii) Let us suppose now that the map π is surjective. It is then clear that there is a unique
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structure of B-module on the A-module MS such that restricting scalars along π gives its original
A-module structure. In order to prove that the map ϕ of (i) is an isomorphism of B-modules we
need only check that it is B-homogeneous, as we already know it is an isomorphism of abelian
groups. Let x be an element of MS and let b be an element of B. As π is surjective, there is an
element a of A such that b = π(a), and the way B acts on MS implies that bx = π(b)x, so that
ϕ(bx) = ϕ(π(a)x) = π(a)ϕ(x) = bϕ(x).

A.2.3. Exactness properties of localization

In this subsection we fix a ring A and a multiplicatively closed subset S of A.

Lemma A.2.3.1. Let M be an A-module, and let m and s be elements of M and of S, respectively.
We have that m/s = 0 in MS if and only if there is an element t in S such that tm = 0.

Proof. If m/s = 0 = 0/1 in MS , then there exists an element t in S such that tm = t(1m − s0) = 0,
so that the condition of the lemma holds. On the other hand, if there is an element t of S such that
tm = 0, then t(1m − s0) = 0 and therefore m/s = 0/1 = 0 in MS .

It follows from this lemma that it is very possible that the localization of a non-zero module
be zero. Indeed, it is easy to construct examples of this.

Example A.2.3.2. Let us take A ∶= Z, S ∶= {2n ∶ n ≥ 0}, and M ∶= Z/2Z. Since every element of M
is annihilated by 2 and 2 is in S, we have that MS = 0.

Exercise A.2.3.3. Show that a finitely generated A-module M such that MS = 0 is zero, and that
the hypothesis of finite generation is needed to reach this conclusion in general.

There are many properties that «pass to localizations». The following lemma gives a few.

Lemma A.2.3.4.
(i) If an A-module M is zero, then the localization MS is zero.
(ii) If f ∶M → N is a morphism of A-modules that is injective, then so is the map fS ∶MS → NS .
(iii) If f ∶M → N is a morphism of A-modules that is surjective, then so is the map fS ∶MS → NS .
(iv) If f ∶M → N is a morphism of A-modules that is bijective, then so is the map fS ∶MS → NS .

Proof. The statement (i) is obvious.
(ii) Let f ∶M → N be an injective morphism of A-modules, let fS ∶MS → NS be its localization

at S, and let x be an element of MS such that fS(x) = 0. There are elements m and s of M and of S
such that x = m/s, and f (m)/s = fS(m/s) = fS(x) = 0 in NS , so that there is an element t of S
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such that t f (m) = 0. We then have that f (tm) = 0 and, since f is injective, that tm = 0, so that
x = m/s = 0 in MS . The map fS is therefore injective.

(iii) Let f ∶M → N be a surjective morphism of A-modules, let fS ∶MS → NS be its localization
at S, and let y be an element of NS , so that there are elements n and s of N and of S, respectively,
such that y = n/s. Since the map f is surjective, there is an element m of M such that n = f (m),
and then y = n/s = f (m)/s = fS(m/s) ∈ img fS . This shows that the map fS is surjective.

(iv) This final statement follows immediately from the statements (ii) and (iii).

If M is an A-module and N is a submodule of M, then the inclusion map ι∶N → M is an
injective morphism of A-modules so, according to this lemma, its localization ιS ∶NS → MS is
an injective morphism of AS-modules. From now on we will identify the localization NS with
its image in MS under this map ιS . This will demand some care. For example, it is clear that
every element of MS of the form n/s with n in N and s in S is in the submodule NS , but there are
fractions which are not of that form that are there too.

Lemma A.2.3.5. Let M be an A-module, let N be a submodule of M, and let m and s be elements
of M and of S, respectively. The element m/s of MS is in NS if and only if there is an element t of S
such that tm ∈ N.

Proof. If there is an element t of S such that tm ∈ N , then m/s = (tm)/(ts) is clearly an element
of the submodule NS . Conversely, if m/s is an element of NS , then there are elements n and u
in N and S, respectively, such that m/s = n/u, and there is therefore an element v of S such that
v(um − sn) = 0. The element t ∶= uv of S is then such that tm = uvm = vsn ∈ N .

We can describe what happens when we localize a sum or an intersection of two submodules
of a module.

Lemma A.2.3.6. Let M be an A-module. If N and P are two A-submodules of M, then

NS + PS = (N + P)S , NS ∩ PS = (N ∩ P)S .

Proof. Since we are comparing four submodules of MS , it is enough that we check the needed
inclusions.

• Let x be an element of NS + PS . There are elements y and z of NS and of PS , respectively,
such that x = y + z, and there are elements n of N , p of P, and s and t of S such that y = n/s
and z = p/t, and we therefore have that x = y + z = n/s + p/t = (tn + sp)/(st) ∈ (N + P)S .

• Let x be an element of (N + P)S , so that there are an element y of N + P and an element s
of S such that x = y/s. Since y is in N + P, there are an element n of N and an element p
of P such that y = n + p, and we have that x = y/s = (n + p)/s = n/s + p/s ∈ NS + PS .
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• Let x be an element of NS ∩ PS . Since x is in NS , there are elements n and s of N and
of S such that x = n/s; similarly, since x is in PS , there are elements p and t of P and of S
such that x = p/t. As n/s = x = p/t, there is an element u of S such that u(tn − sp) = 0
or, equivalently, such that utn = usp. This equality tells us that utn ∈ N ∩ P, so that
x = n/s = (utn)/(uts) ∈ (N ∩ P)S .

• Finally, let x be an element of (N ∩ P)S , so that there is an element m of N ∩ P and an
element s of S such that x = m/s. As m is in N , we have that x = m/s ∈ NS , and as m is in P,
we have that x = m/s ∈ PS . It follows then that x ∈ NS ∩ PS .

Being able to describe submodules of localizations, we can improve Lemma A.2.3.4 in the
following way.

Lemma A.2.3.7. Let f ∶M → N be a morphism of A-modules. The image and the kernel of of the
localized map fS ∶MS → NS are (img f )S and (ker f )S , respectively.

Proof. If x is an element of the image of fS , then there are elements m and s of M and of S, respec-
tively, such that x = fS(m/s) = f (m)/s, and then clearly x is in (img f )S . Conversely, if x is an ele-
ment of (img f )S , then there are an element n of img f and an element s of S such that x = n/s, and
an element m of M such that n = f (m): it follows from this that x = f (m)/s = fS(m/s) ∈ img fS .
We have proved that img fS = (img f )S .

If x is an element of ker fS , then there are an element m of M and an element s of S such
that x = m/s, and we have that 0 = fS(x) = f (m)/s, so that there is an element t of S such that
f (tm) = t f (m) = 0. We then have that tm ∈ ker f and that x = (tm)/(ts) ∈ (ker f )S . Conversely,
if x is an element of (ker f )S , then there are elements m and s of M and of S, respectively, such
that x = m/s and f (m) = 0, and then fS(x) = f (m)/s = 0, so x ∈ ker fS . This shows that
ker fS = (ker f )S .

This description of the kernels and images of localized maps allows us to prove immediately
that localization preserves exactness.

Lemma A.2.3.8. If

M N P
f g

(A.2)

is an exact sequence of A-modules, then the sequence

MS NS PS
fS gS (A.3)

is also exact.
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Proof. Let us suppose that (A.2) is a short exact sequence of A-modules. Since g ○ f = 0, then
gS ○ fS = (g ○ f )S = 0, and the sequence (A.3) is a complex. On the other hand, we have that
img fS = (img f )S = (ker g)S = ker gS , so the sequence (A.3) is also exact.

Let us see how localization interacts with quotients of modules. Let M be an A-module and
let N be a submodule of M.

LemmaA.2.3.9. Let M be an A-module and let N be a submodule of M. There is a unique morphism
of A-modules ϕ∶ (M/N)S → MS/NS such that

ϕ((m + N)/1) = m/1 + NS

for each m in M and each s in S, and it is an isomorphism of AS-modules.

In the future, when we are in the situation of this lemma we will often identify the localiza-
tion (M/N)S with the quotient MS/NS using this isomorphism.

Proof. Let λM ∶M → MS be the localizationmap ofM at S, and let π∶MS → MS/NS be the quotient
map, both of which are A-linear. The composition

f ∶= π ○ λM ∶m ∈ M ↦ m/1 + NS ∈ MS/NS

is then a morphism of A-modules, and for each n in N we have that f (n) = n/1 + NS = 0 + NS
in MS/NS , since n/1 ∈ NS , so that N ⊆ ker f . There is therefore a unique morphism of A-modules
f1∶M/N → MS/NS such that f1(m + N) = m/1 + NS for each m in M. Now, the module MS/NS
is S-local according to Exercise A.2.2.13, and there is then a unique morphism of A-modules
ϕ∶ (M/N)S → MS/NS such that ϕ((m + N)/1) = m/1 + NS for all m in M, and it is AS-linear.

Let now πS ∶MS → (M/N)S be the localization at S of the quotient map π, which has
πS(m/s) = (m+N)/s whenever m is inM and s is in S. If n and s are elements of N and of S, then
we have that πS(n/s) = (n +N)/s = (0+N)/s = 0, and this tells us that NS ⊆ ker πS , so that there
is a unique morphism of A-modules π̄S ∶MS/NS → (M/N)S such that π̄S(m/s+NS) = (m+N)/s
for all choices of m and s in M and in S.

Finally, for any m in M and any s in S we have that

π̄S(ϕ((m + N)/s)) = π̄S(m/s + NS) = (m + N)/s

and

ϕ(π̄S(m/s + NS)) = ϕ((m + N)/s) = m/s + NS ,

and this tells us that ϕ and π̄S are mutually inverse functions.
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As a special case of the lemma we have just proved, we can describe what localization does to
cokernels.

Corollary A.2.3.10. Let f ∶M → N be a morphism of A-modules. There is exactly one morphism
of A-modules ϕ∶ (coker f )S → coker fS such that ϕ((n + img f )/1) = (n/1 + img fS) for all n in N,
and it is an isomorphism of AS-modules.

We have seen that by localizing submodules of an A-module M we obtain AS-submodules of
its localization MS . In fact, we obtain in this way all the AS-submodules of MS . The following two
lemmas make this precise.

Lemma A.2.3.11. Let M be an A-module, and let λM ∶M → MS be the localization map of A at S.
(i) If N is a submodule of M, then the AS-submodule NS of MS is generated by the set λM(N),

so that NS = AS ⋅ λM(N).
(ii) If P is an AS-submodule of MS , then λ−1M(P) is an S-saturated A-submodule of M.
(iii) For each A-submodule N of M the submodule λ−1M(NS) is the S-saturation of N in M and, in

particular, contains N.
(iv) For each AS-submodule P of AS we have that P = (λ−1M(P))S .
(v) If N is an A-submodule of M and N is its S-saturation in M, then for every submodule Q

of M such that N ⊆ Q ⊆ N we have QS = NS .

Proof. (i) Let x be an element of NS , so that there are elements n of N and s of S such that x = n/s.
In AS we then have that x = n/s = 1/s ⋅ λM(n), so that x is in the AS-submodule ⟨λM(N)⟩
of MS generated by λM(N). Conversely, if n is an element of N , then λM(n) = n/1 ∈ NS , so that
λM(N) ⊆ NS and thus also ⟨λM(N)⟩ ⊆ NS .

(ii) Let P be an AS-submodule of MS . Since P is then also an A-submodule of MS and the
map λM is a morphism of A-modules, it is clear that λ−1M(P) is an A-submodule of M. If s and m
are an element of S and an element of λ−1M(P), respectively, and we have that sm ∈ λ−1M(P), then

λM(m) = 1/s ⋅ s/1 ⋅ λM(m) = 1/s ⋅ s ⋅ λM(m) = 1/s ⋅ λM(s ⋅m) ∈ P,

so that m ∈ λ−1M(P). This proves that λ−1M(P) is an S-saturated A-submodule of M.
(iii) Let N be a A-submodule of M. Since NS = λM(N), we have that N ⊆ λ−1M(NS). As

λ−1M(NS) is an S-saturated A-submodule of M, to prove what we want we need to show that every
S-saturated A-submodule of M that contains N contains λ−1M(NS).

Let then Q be an S-saturated A-submodule of M that contains N , and let m be an element
of λ−1M(NS). Since λM(m) ∈ NS , there are elements n inN and s in S such that m/1 = λM(m) = n/s,
and this means that there is an element t of S such that t(sm − n) = 0. As tsm = tn ∈ N ⊆ Q and
Q is S-saturated, we see that m is in Q. This shows that λ−1M(NS) ⊆ Q, as we want.

(iv) Let P be an AS-submodule of MS . We have that (λ−1M(P))S = λM(λ
−1
M(P)) ⊆ P. Let, on
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the other hand, x be an element of P. As x is inMS , there are an element m ofM and an element s
of S such that x = m/s. We have that λM(m) = m/1 = s/1 ⋅ m/s ∈ P, so that m ∈ λ−1M(P), and
therefore x = m/s ∈ (λ−1M(P))S . This shows that also P ⊆ (λ−1M(P))S , so that P = (λ−1M(P))S , as we
want.

(v) If N and Q are A-submodules of M such that N ⊆ Q ⊆ λ−1M(NS), then we clearly have that
NS ⊆ QS ⊆ λ−1M(NS)S = NS , so that QS = NS .

Using this information we can bijectively parametrize the AS of the localization of an A-
module M at S.

Lemma A.2.3.12. Let M be an A-module, and let λM ∶M → MS be the localization map of A at S.
(i) The functions

α∶ P ∈ SubAS(MS) ↦ λ−1M(P) ∈ SubA(M)

and

β∶N ∈ SubA(M) ↦ NS ∈ SubAS(MS)

preserve inclusions and are such that β ○ α = idSubAS (M).
(ii) The image of α is the set SubS

A(M) of all S-saturated A-submodules of M.
(iii) The restrictions

α∣SubS
A(M)∶ SubAS(MS) → SubS

A(M)

and

β∣SubS
A(M)∶ SubS

A(M) → SubAS(MS)

are mutually inverse bijections.

Proof. That the functions α and β preserve inclusions is clear, and that the composition β ○ α is an
identity is precisely the content of part (iv) of Lemma A.2.3.11. This implies, in particular, that the
function α is injective. The image of α is contained in the set SubS

A(M) because of part (ii) of that
same lemma. On the other hand, if N is an S-saturated submodule of M, then α(NS) = λ−1M(NS)

is the S-saturation of N by part (iii) of the lemma, so equal to N itself. The image of α is therefore
the set SubS

A(M), and the corestriction of α to that set is a bijection. Since β ○ α is an identity, the
map β is the inverse of α and, a fortiori, it is invertible.
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A.2.4. Localization of ideals

The ideals of a ring are precisely the submodules of the regular module of the ring, so the theory
of localization of modules and submodules applies to ideals.

Lemma A.2.4.1. Let A be a ring, let S be a multiplicatively closed subset of A, and let λ∶A→ AS be
the localization map of A at S.

(i) If I is an ideal of A, then Ie ∶= IS is the ideal of AS generated λ(I), so that Ie = I ⋅ AS .
(ii) If J is an ideal of AS , then Jc ∶= λ−1(J) is an S-saturated ideal of A.
(iii) For each ideal I of A the ideal (Ie)c is the S-saturation of I in A, so that, in particular, I ⊆ (Ie)c .
(iv) For each ideal J of AS we have that J = (Jc)e .
(v) The function

c∶ J ∈ SubAS(AS) ↦ Jc ∈ SubA(A)

is injective and the function

e∶ I ∈ SubA(A) ↦ Ie ∈ SubAS(AS)

is surjective, and we have that e ○ c = idSubAS (AS).
(vi) An ideal I of A is such that Ie = AS if and only if I ∩ S ≠ ∅.

If I is an ideal of A, then the ideal Ie = IS is called the extension of I in AS , and if J is an ideal
of AS , then the ideal Jc ∶= λ−1(J) of A is called the contraction of J to A. We should notice that an
element a of A belongs to the contraction Jc of an ideal J of AS exactly when a/1 is in J.

Proof. The statements (i)–(iv) are direct consequences of the statements (i)–(iv) of Lemma A.2.3.11,
and the statement (v) follows form the ones that precede it.

Let us prove the statement (vi). Let I be an ideal of A. If there is an element s of S in I, then the
fraction s/1 is in Ie = IS and, since that fraction is a unit of AS , we have that Ie = AS . Conversely, if
Ie = AS , then 1/1 ∈ Ie = IS and there are an element a of I and an element s of S such that a/s = 1/1.
This means that there is an element t of S such that ta = ts, and then ts ∈ I ∩ S.

Contraction and extension of ideals are, in general, not bijective operations. The following
lemma tells us that if we restrict them to prime ideals the behaviour of these operations is better.

Lemma A.2.4.2. Let A be a ring, and let S be a multiplicatively closed subset of A that does not
contain 0.

(i) If p is prime ideal of AS , then the contraction pc is a prime ideal of A such that pc ∩ S = ∅.
(ii) If p is a prime ideal of A such that p ∩ S = ∅, then the extension pe is a prime ideal of AS .
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(iii) There are functions

p ∈ SpecAS ↦ pc ∈ {q ∈ SpecA ∶ q ∩ S = ∅}

and

p ∈ {q ∈ SpecA ∶ q ∩ S = ∅} ↦ pe ∈ SpecAS ,

and they are mutually inverse bijections.

Proof. (i) Let p be a prime ideal of AS , and let a and b be two elements of A such that ab ∈ pc . As
this implies that a/1 ⋅ b/1 = (ab)/1 ∈ p, one of a/1 or b/1 is in p, and thus one of a or b is in pc .
This tells us that the contraction pc is prime in A. On the other hand, if s is an element of pc ∩ S,
then s/1 ∈ (pc)e = p and therefore also 1 = 1/s ⋅ s/1 ∈ p: this is absurd, since p ≠ AS , and we can
conclude that p ∩ S = ∅.

(ii) Let now p be an ideal of A such that p ∩ S = ∅. The last part of Lemma A.2.4.1 tells us that
pe ⊊ AS , and Lemma A.2.1.21 tells us that the ring AS/p

e = AS/pS = (A/p)S is an integral domain,
so that the ideal pe of AS is prime.

(iii)That there are indeed functions as described in the statement of the lemma is a consequence
of the first two parts. Lemma A.2.4.1 tells us that for every element p of SpecAS we have that
(pc)e = p. Let, on the other hand, p be a prime ideal of A such that p∩S = ∅. That same lemma tells
us that (pe)c is the S-saturation of p in A: since p is a prime ideal disjoint from S, that S-saturation
is simply p. We see with this that the two functions of the lemma are mutually inverse.

Lemma A.2.3.9 tells us that the localization of a quotient of modules is canonically isomorphic
to the quotient of their localizations. This isomorphism is of modules, but when we are dealing
with ideals the quotients that we have are rings. The following lemma tells us that the maps that
we get in this case are, in fact, isomorphisms of ring.

Proposition A.2.4.3. Let A be a ring, let S be a multiplicatively closed subset of A, let I be an ideal
of A, and let π∶A→ A/I be the quotient map.

(i) The localization IS is an ideal of AS , the subset π(S) of A/I is multiplicatively closed, there is a
unique isomorphism of rings α∶AS/IS → (A/I)π(S) such that α(a/s + IS) = (a + I)/π(s) for
all a in A and all s in S.

(ii) Themap πS ∶AS → (A/I)S obtained from π, viewed as a map of A-modules, by localization
at S is a surjective morphism of A-modules whose kernel is IS , and there is therefore a unique
isomorphism π̄S ∶AS/IS → (A/I)S of A-modules such that π̄S(a/s + IS) = (a + IS)/s for all a
in A and all s in S.

In (ii) we have written (A/I)S for the localization of the A-module A/I at S: as S is not a subset
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of A/I, this is not the localization of the ring A/I at one of its multiplicatively closed subsets.

Proof. (i) Since I is, among other things, a submodule of A, then we can consider its localization IS
and it is an AS-submodule of AS . As the submodules of the regular module of a ring are precisely
the ideals of the ring, this tells us that IS is an ideal of AS .

It is clear that the subset π(S) of A/I is multiplicatively closed. Let λA/I,π(S)∶A/I → (A/I)π(S)
be the corresponding localization map. The composition λA/I,π(S) ○ π∶A→ (A/I)π(S) inverts S,
so there is exactly one morphism of rings α̃∶AS → (A/I)π(S) such that

α̃(a/s) = λA/I,π(S)(π(a)) = (a + I)/(s + I)

for each a in A and each s in S. This morphism is surjective: if x is an element of (A/I)π(S), then
there are an element a of A and an element s of S such that x = (a+ I)/(s+ I), and thus x = α̃(a/s).

If x is an element of IS , then there are elements a of I and s of S such that x = a/s, and therefore

α̃(a/s) = α̃(1/s ⋅ a/1) = α̃(1/s) ⋅ α̃(a/1) = α̃(1/s) ⋅ (a + I)/1 = α̃(1/s) ⋅ (0 + I)/1 = 0,

and this tells us that IS ⊆ ker α̃. Conversely, if x is an element of ker α̃, then there are elements a
and s of A and of S, respectively, such that x = a/s, and we therefore have that in (A/I)π(S)

0 = α̃(s/1) ⋅ 0 = α̃(s/1) ⋅ α̃(x) = α̃(s/1) ⋅ α̃(a/s) = α̃(s/1 ⋅ a/s) = α̃((sa)/s)
= α̃(a/1) = (a + I)/1.

This means that there is an element t in S such that (t + I) ⋅ (a + I) = 0 in A/I or, equivalently,
such that ta ∈ I, and that we thus have that x = a/s = (ta)/(ts) ∈ IS . Thus proves that ker α̃ ⊆ IS .

We can conclude from all this that ker α̃ = IS , and that there is therefore exactly one morphism
of rings α∶AS/IS → (A/I)π(S) such that α(a/s + IS) = α̃(a/s) = (a + I)/(s + I) and that it is
injective and, in fact, bijective because α̃ is surjective.

(ii) Let us now view the quotient map π∶A→ A/I as a surjective morphism of A-modules and
consider its localization πS ∶AS → (A/I)S , which is the unique morphism of AS-modules such
that πS(a/s) = (a + I)/s for all a in A and all s in S. This map πS is surjective.

If x is an element of AS such that πS(x) = 0, and a and s are elements of A and of S, respectively,
such that x = a/s, then we have that 0 = πS(x) = (a + I)/s in (A/I)S , so that there is an element t
in S such that t ⋅ (a + I) = 0 or, equivalently, ta ∈ I, and thus x = a/s = (ta)/(ts) ∈ IS . Conversely,
if x is an element of IS , then there are an element a of I and an element s of S such that x = a/s,
and we therefore have that πS(x) = πS(a/s) = (a + I)/s = (0 + I)/s = 0.

It follows from this that ker πS = IS , and that there is an isomorphism π̄S ∶AS/IS → (A/I)S
such that π̄S(a/s + I) = (a + I)/s for all a in A and all s in S.

Let us notice that in the situation of this lemma, we can apply Lemma A.2.1.23 to the quotient
map π∶A → A/I: it tells us that there is a morphism of rings π′S ∶AS → (A/I)π(S) such that
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π′S(a/s) = (a + I)/(s + I) for all a in A and all s in S, and that it is surjective. This coincides with
with morphism α̃ that we constructed in the proof of the first part of the lemma.

Exercise A.2.4.4. Let A be a ring, let S be a multiplicatively closed subset of A, and let M be a
finitely generated A-module. Show that annA(M)S = annAS(MS).

A.2.5. Reflection from localizations

In all the results of the previous subsection, we have obtained information about localizations.
An important part of the theory of localizations, though, is trying to obtain information from
localizations. Since we know, for example, that a non-zero module M can have MS = 0 for some
multiplicatively closed subsets S of A, in general we cannot expect to extract much information
about M from one of its localizations. What we will do next is show that we can extract a lot of
information about a module from a well-chosen set of its localizations at different multiplicatively
closed subsets. This is, in fact, the true raison d’être of localizations.

The simplest example of this is the following lemma.

Lemma A.2.5.1. Let M be an A-module. The following statements are equivalent:
(a) M = 0.
(b) Mp = 0 for all prime ideals p of A.
(c) Mm = 0 for all maximal ideals m of A.

Proof. The implications (a)⇒ (b) and (b)⇒ (c) are obvious, sowe need only prove the implication
(c) ⇒ (a). For that, let us suppose that the module M is not zero, so that there is a non-zero
element m inM. The subset ann(m) ∶= {a ∈ A ∶ am = 0} of A is then a proper ideal of A, and there
is a maximal idealm of A such that ann(m) ⊆ m. If now a is an element of A∖m, then a ∉ ann(m)
and am ≠ 0: it follows from Lemma A.2.3.1 that Mm ≠ 0. This proves what we want.

When a module has all its localizations at prime ideals zero we say that it is locally zero, and
the lemma tells us that a module is zero if and only if it is locally zero. We therefore call it a local
criterion for vanishing. We will see many other examples of local criteria like this. First of all, we
can check for the injectivity of a morphism locally.

Lemma A.2.5.2. Let f ∶M → N be a morphism of A-modules. The following statements are equiva-
lent:
(a) The map f ∶M → N is injective.
(b) The map fp∶Mp → Np is injective for all prime ideals p of A.
(c) The map fm∶Mm → Nm is injective for all maximal ideals p of A.
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Proof. The implication (a)⇒ (b) follows from the second part of Lemma A.2.3.4, and the impli-
cation (b)⇒ (c) is obvious. In order to prove the implication (c)⇒ (a), let us suppose that the
map f ∶M → N is not injective, so that there is a non-zero element m in M such that f (m) = 0.
As m is not-zero, the ideal ann(m) of A is proper and there is therefore a maximal idealm of A
such that ann(m) ⊆ m. This implies that m/1 ≠ 0 in Mm. As fm(m/1) = f (m)/1 = 0/1 = 0, this
tells us that the morphism fm is not injective.

Surjectivity is also a local property.

LemmaA.2.5.3. Let f ∶M → N be amorphism of A-modules. The following statements are equivalent:
(a) The map f ∶M → N is surjective.
(b) The map fp∶Mp → Np is surjective for all prime ideals p of A.
(c) The map fm∶Mm → Nm is surjective for all maximal ideals p of A.

Proof. The implication (a)⇒ (b) follows from the third part of Lemma A.2.3.4, and the implica-
tion (b)⇒ (c) is obvious. To prove the implication (c)⇒ (a) let us suppose that the map f is not
surjective, so that there is an element n of N which is not in the image of f . This implies that the
class n+img f in the quotient A-moduleN/ img f is not zero, so that the annihilator ann(n+img f )
is a proper ideal of A, and there is a maximal idealm of A such that ann(n + img f ) ⊆ m. If x is
an element of Mm, then there are elements m and s of M and of A ∖m, respectively, such that
x = m/s. We claim that fm(x) ≠ n/1. Indeed, if we had that fm(x) = f (m)/s is equal to n/1, we
would have an element t of A∖m such that t( f (m) − sn) = 0, so that tsn = t f (m) ∈ img f and
ts ∈ ann(n + img f ) ∩ (A∖m) = ∅, which is absurd. This tells us that the element n/1 of Nm is
not in the image of the map fm, which is therefore not surjective.

Of course, combining these two results we see immediately that we can check that a map is an
isomorphism locally.

Corollary A.2.5.4. Let f ∶M → N be a morphism of A-modules. The following statements are
equivalent:
(a) The map f ∶M → N is an isomorphism.
(b) The map fp∶Mp → Np is an isomorphism for all prime ideals p of A.
(c) The map fm∶Mm → Nm is an isomorphism for all maximal ideals p of A.

We can also check for exactness locally.

Lemma A.2.5.5. Let f ∶M → N and g∶N → B be two morphisms of A-modules such that g ○ f = 0.
The following statements are equivalent:
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(a) The sequence

0 M N P 0
f g

(A.4)

is exact.
(b) The sequence

0 Mp Np Pp 0
fp gp

is exact for all prime ideals p of A.
(c) The sequence

0 Mm Nm Pm 0
fm gm

is exact for all maximalm of A.

Proof. The implication (a)⇒ (b) follows from Lemma A.2.3.8, and the implication (b)⇒ (c) is
obvious. Let us prove the implication (c)⇒ (a), and to do that let us suppose that the statement (c)
holds. Since fm is injective and gm is surjective for all maximal ideals m of A, we know from
Lemmas A.2.5.2 and A.2.5.3 that f is injective and g is surjective. Finally, ifm is a maximal ideal
of A, then we have that

(ker g/ img f )m = (ker g)m/(img f )m = ker gm/ img fm = 0,

and we can then conclude that ker g/ img f = 0 using Lemma A.2.5.1. Of course, this implies that
ker g = img f , so that the sequence (A.4) is exact.

A.3. Radicals

Definition A.3.1. Let A be a ring, and let I be an ideal of A. The radical of I is the set
√
I ∶= {a ∈ A ∶ an ∈ I for some n in N}.

The ideal I is radical if I =
√
I.

Proposition A.3.2. Let A be a ring, and let I be an ideal of A. The radical
√
I is the smallest radical

ideal of A that contains I.
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Proof. It is clear that 0 is in
√
I. If a and b are elements of

√
I, then there are positive integers m

and n such that am ∈ I and bm ∈ I, and we have that a − b is in
√
I because

(a − b)m+n =
m+n
∑
i=0
(
m + n

i
)(−1)m+n−iaibm+n−i

= bn
m
∑
i=0
(
m + n

i
)(−1)m+n−iaibm−i + am

m+n
∑

i=m+1
(
m + n

i
)(−1)m+n−iai−mbm+n−i

∈ I + I = I.

Finally, if a and b are elements of A and of
√
I, respectively, then there is a positive integer n such

that bn ∈ I and therefore (ab)n = anbn ∈ I, so that ab ∈
√
I. This shows that

√
I is an ideal of A,

and it is clear that it contains I. If a is an element of the radical of
√
I, then there is a positive

integer n such that an ∈
√
I, and there is therefore a positive integer m such that amn = (an)m ∈ I,

so that a ∈
√
I. We see with this that

√
I ⊆
√√

I ⊆
√
I, so that the ideal

√
I is radical.

Let now J be a radical ideal of A that contains I. If a is an element of
√
I, then there is a positive

integer n such that an ∈ I ⊆ J and, since the ideal J is radical, we have that a ∈ J: this tells us that
√
I ⊆ J. We can conclude that

√
I is the smallest radical ideal of A that contains I.

Proposition A.3.3. Let A be a ring, and let I and J be two ideals of A.
(i) If I ⊆ J, then

√
I ⊆
√
J.

(ii) We have that
√
IJ =
√
I ∩ J =

√
I ∩
√
J.

(iii) We have
√
I = A if and only if I = A.

(iv) We have that
√
I + J =

√√
I +
√
J.

Proof. (i) Let us suppose that I ⊆ J. If a is an element of
√
I, then there is a positive integer n such

that an ∈ I, and therefore also an ∈ J, so that a ∈
√
J. This proves that

√
I ⊆
√
J.

(ii) Since IJ ⊆ I ∩ J, I ∩ J ⊆ I, and I ∩ J ⊆ J, we have that
√
IJ ⊆
√
I ∩ J ⊆

√
I ∩
√
J. Suppose

now that a is an element of
√
I ∩
√
J, so that there are two positive integers m and n such that

am ∈ I and an ∈ J. We then have that am+n ∈ IJ, so that a ∈
√
IJ. This shows that

√
I ∩
√
J ⊆
√
IJ

and thus that the two equalities that appear in the statement are true.
(iii) It is clear that

√
A = A. On the other hand, if

√
I = A, then there is a positive integer n

such that 1 = 1n ∈ I, and thus I = A.
(iv) Since I + J ⊆

√
I +
√
J, we have that

√
I + J ⊆

√√
I +
√
J. To prove the converse inclusion,

let a be an element of
√√

I +
√
J, so that there are a positive integer m and elements b and c

of
√
I and

√
J, respectively, such that am = b + c. There are then positive integers n and p such
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that bn ∈ I and cp ∈ J, and therefore

am(n+p) = (b + c)n+p =
n+p
∑
i=0
(
n + p
i
)bicn+p−i

= bn
n+p
∑
i=n+1
(
n + p
i
)bi−ncn+p−i + cp

n
∑
i=0
(
n + p
i
)bicn−i

∈ I + J ,

so that a ∈
√
I + J. We see with this that

√√
I +
√
J ⊆
√
I + J.

Proposition A.3.4. Let A be a ring, and let I be an ideal of A. If I is prime, then for each positive
integer we have that

√
In = I and, in particular, I is radical.

Proof. Let us suppose that the ideal I is prime, and let n be a positive integer. If a is an element
of I, then of course an ∈ In, so that a ∈

√
In: this shows that I ⊆

√
In. On the other hand, if a is

an element of
√
In, then there is a positive integer m such that am ∈ In, and since In ⊆ I and I is

prime, we have that a ∈ I. With this we see that, in fact, I =
√
In, as we want.

Proposition A.3.5. Let A be a ring, and let I be an ideal of A. The radical of I is the intersection of
all the prime ideals of A that contain I and, in particular, a prime ideal is radical.

Proof. Let P be the set of all prime ideals of A that contain I. If p is an element of P , then for
every element a of

√
I there is a positive integer n such that an ∈ I ⊆ p and, since p is prime, we

have that a ∈ p: this shows that
√
I ⊆ ⋂p∈P p.

Let now a be an element of A∖
√
I, and let J be the set of all ideals J of A that contain I and

such that an ∉ J for all positive integers n. Since a is not in
√
I, we have that I is in J , so that this

set is not empty. On the other hand, if C is a subset of J that is totally ordered by inclusion, then
⋃C is an element of J . This tells us that the set J , ordered by inclusion, satisfies the hypotheses
of Zorn’s Lemma, so that there it has maximal elements. Let p be one of them.

Let b and c be two elements of A that do not belong to p. The ideals p + (b) and p + (c)
therefore properly contain p and, in view of the way we chose p, do not belong to the set J : this
means that there are positive integers m and n such that am ∈ p + (b) and an ∈ p + (c). We then
have that am+n ∈ (p+(b))(p+(c)) ⊆ p+(bc) and, as a consequence of this, that the ideal p+(bc)
does not belong to J . Since that ideal contains p, we see that in fact bc ∉ p. This shows that the
ideal p is prime and, therefore, an element of the set P . As p ∈J , we have that a ∉ p, so that
a ∉ ⋂p∈P p. This proves that A∖

√
I ⊆ A∖⋂p∈P p, so that also ⋂p∈P p ⊆

√
I. With what we did

before we see that ⋂p∈P p =
√
I, as we want.
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Definition A.3.6. Let A be a ring. The nilradical of A is the ideal NilA =
√
0, and the ring A is

reduced if NilA = 0.

It follows immediately from the definition that the nilradical of a ring A is an ideal of A, and
the fact NilA is a radical ideal of A implies that the quotient ring A/NilA is reduced. On the other
hand, Proposition A.3.5 tells us that the following is true.

Proposition A.3.7. The nilradical of a ring A is the intersection of all the prime ideals of A.

Exercise A.3.8. Let A be a ring, and let S be a multiplicatively closed subset of A.
(a) Show that if I is an ideal of A, then

√
IS = (

√
I)S .

(b) Show that the ring AS is reduced if A is.

A.4. Noetherian rings

We start with the following very general definition.

Definition A.4.1. We say that an ordered set (X , ⪯) satisfies the ascending chain condition if
whenever (xi)i≥1 is a sequence of elements of X such that xi ⪯ xi+1 for each i in N, then there is a
positive integer N such that xi = xN for all integers i greater than N .

We say that the ordered set (X , ⪯) satisfies the descending chain condition if the opposite
ordered set (X , ⪯op) satisfies the ascending chain condition.

There are several important concrete specializations of these conditions. For us, the following
one is fundamental.

Definition A.4.2. A ring A is Noetherian if the set of its ideals, ordered with respect to the relation
of inclusion, satisfies the ascending chain condition.

There are many ways to characterize Noetherian rings. The following proposition gives two of
them, which are the ones most often useful.

Proposition A.4.3. Let A be a ring. The following statements are equivalent:
(a) The ring A is Noetherian.
(b) Every non-empty set of ideals of A has a maximal element.
(c) Every ideal of A is finitely generated.
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Proof. (a)⇒ (b) Let us suppose that the statement (b) does not hold, so that there is a non-empty
set I of ideals of A that does not have a maximal element. This means precisely that the relation

R ∶= {(I, J) ∈ I ×I ∶ I ⊊ J}

is such that {J ∈ I ∶ (I, J) ∈ R} ≠ ∅ for each I in I . As the set I itself is not empty, the Principle
of Dependent Choice tells us that there is a sequence (Ii)i≥1 of elements ofI such that (Ii , Ii+1) ∈ R
or, equivalently, Ii ⊊ Ii+1 for each i in N, and this tells us that the ring A is not Noetherian, so that
the statement (a) does not hold.

(b)⇒ (c) Let us suppose that the statement (b) holds, let I be an ideal of A, and let I be the
set of all finitely generated ideals of A that are contained in I. Since 0 ∈ I , we have that I ≠ ∅,
and the hypothesis implies that there is a maximal element I0 in I . Of course, we have that I0 ⊆ I.
If the inclusion were strict, then we would have an element a in I ∖ I0, and the ideal I0 +(a) would
be an element of I that strictly contains I0, which is impossible. We thus have that I = I0 and, in
particular, that I is finitely generated.

(c)⇒ (a) Let us suppose, finally, that every ideal of A is finitely generated, and let (Ii)i≥1 be
a sequence of ideals of A such that Ii ⊆ Ii+1 for each i in N. Of course, we then have that, more
generally, Ii ⊆ Ii′ whenever i and i′ are elements of N such that i ≤ i′.

It is easy to check that then the union I ∶= ⋃i≥1 Ii is also an ideal of A and, according to the
hypothesis, there are a non-negative integer k and elements a1, . . . , ak in I such that I = ⟨a1, . . . , ak⟩.
In view of the definition of I, there are positive integers i1, . . . , ik such that a j ∈ Ii j for each j in ⟦k⟧.
Let N ∶= max{0} ∪ {i1, . . . , ik}. For each j in ⟦k⟧ we have that i j ≤ N , so that a j ∈ Ii j ⊆ IN , and
then I = ⟨a1, . . . , ak⟩ ⊆ IN ⊆ I. Using this we can conclude that if i is an integer such that i ≥ N ,
then IN ⊆ Ii ⊆ I ⊆ IN , so that Ii = IN . We see with this that the ring A is Noetherian.

A field is a Noetherian ring for almost trivial reasons. We will see that starting from this
example we can produce many others. The most important way in which we can do this is
provided by the following result, the celebrated Basis Theorem of David Hilbert.

Theorem A.4.4. If A is a Noetherian ring, then so is the ring A[x].

This theorem was first stated and proved by Hilbert in his article [Hil1890] on the invariant
theory of forms.

Proof. Let A be a Noetherian ring, let I be an ideal of A[x], and to reach a contradiction let us
suppose that I is not finitely generated. Let S be the set of all finite sequences of elements of I.
If f = ( f1, . . . , fk) is an element of S, then the ideal I f ∶= ⟨ f1, . . . , fk⟩ generated by the components
of f is contained in I and not equal to it, since it is finitely generated, and we can therefore consider
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the non-negative integer

d( f ) ∶= min{deg g ∶ g ∈ I ∖ I f }

and the set

D( f ) ∶= {g ∈ I ∖ I f ∶ deg g = d( f )},

which is not empty. There is therefore a function δ∶ S →P(S)∖{∅}whose value on each element
f = ( f1, . . . , fk) of S is

δ( f ) ∶= {( f1, . . . , fk , g) ∶ g ∈ D( f )}.

Since the set S contains the empty sequence (), the Principle of Dependent Choice implies that
there is a sequence (ϕi)i≥0 in S with ϕ0 = () and such that ϕi+1 ∈ δ(ϕi) for each i inN0. Moreover,
in view of the form the function δ is defined, this implies in turn that there is a sequence ( fi)i≥1
in I such that ϕi = ( f1, . . . , fi) for each i in N0. Notice that f1 ≠ 0 because I is not the zero ideal,
and that moreover for each i in N we have that also fi+1 ≠ 0 because fi+1 ∈ I ∖ Iϕ i /∋ 0.

For each i in N let ai be the leading coefficient of the polynomial fi , and for each i in N let Ji
be the ideal ⟨a1, . . . , ai⟩ of A. We of course have that Ji ⊆ Ji+1 for all i in N and therefore, since the
ring A is Noetherian, there is a positive integer N such that Ji = JN for all integers i greater than N .
In particular, aN+1 ∈ JN+1 = JN , so there are elements b1, . . . , bN in A such that aN+1 = ∑N

i=1 biai .
If i is an element of N, then deg fi ≤ deg fi+1. Indeed, we have that

deg fi = d( f1, . . . , fi−1) = min{deg g ∶ g ∈ I ∖ ⟨ f1, . . . , fi−1⟩}
≤ min{deg g ∶ g ∈ I ∖ ⟨ f1, . . . , fi−1, fi⟩} = d( f1, . . . , fi−1, fi) = deg fi+1.

This implies that we can consider the element

h ∶= fN+1 −
N
∑
i=1

bixdeg fN+1−deg f i ⋅ fi

of A[x]. Since fN+1 is not in the ideal IϕN and f1, . . . , fN are, we have that h ∈ I ∖ IϕN , so that we
have deg h ≥ d( f1, . . . , fN). On the other hand, the way we chose the elements b1, . . . , bN implies
at once that deg h < deg fN+1 = d( f1, . . . , fN). This is absurd, and this contradiction proves the
theorem.

Hilbert’s theorem implies at once that the polynomial algebras that interest us are Noetherian.

Corollary A.4.5. If A is a Noetherian ring, then so is the ring A[x1, . . . , xn] for any non-negative
integer n.

71



Proof. Let us suppose that the ring A is Noetherian, and proceed by induction on the number n
of variables. If n is 0, then the algebra in question is simply A, which is Noetherian according to
the hypothesis. On the other hand, if n is a non-negative integer and the algebra A[x1, . . . , xn] is
Noetherian, then the algebra A[x1, . . . , xn , xn+1] is Noetherian because of Hilbert’s Basis Theorem
A.4.4 and the fact that there is an obvious isomorphism A[x1, . . . , xn][x] → A[x1, . . . , xn+1].

In particular, since field are Noetherian, we have the following key fact.

Corollary A.4.6. If k is a field, then so is the ring k[x1, . . . , xn] for any non-negative integer n.

Another important fact about Noetherian rings is that their class is closed under quotients.

Proposition A.4.7. Let A be a Noetherian ring, and let I be an ideal of A. The quotient ring A/I is
Noetherian.

Proof. Let π∶A → A/I be the canonical projection onto the quotient A/I, which is a surjective
map. If J is an ideal of A/I, then π−1(J) is an ideal of A and there are then a non-negative integer k
and elements a1, . . . , ak of A such that π−1(J) = ⟨a1, . . . , ak⟩.

Let b be an element of J. Since the map π is surjective, there is an element a of π−1(J) such
that π(a) = b, and there are then elements c1, . . . , ck in A such that a = ∑k

i=1 ciai . We then have
that b = π(a) = ∑k

i=1 π(ci)π(ai) ∈ ⟨π(a1), . . . , π(ak)⟩. This shows that J ⊆ ⟨π(a1), . . . , π(ak)⟩,
and the converse inclusion is clear, so that the elements π(a1), . . . , π(ak) generate J, which is
therefore a finitely generated ideal.

Combining this with Corollary A.4.6 we obtain the following fundamental fact.

Corollary A.4.8. Every finitely generated algebra over a field is Noetherian.

Proof. Let k be a field, and let A be a finitely generated algebra over k, so that there are a non-
negative integer k and elements a1, . . . , ak of A such that A is generated as a k-algebra by the
set {a1, . . . , ak}. There is a unique morphism of k-algebras ϕ∶k[x1, . . . , xk] → A such that
ϕ(xi) = ai for each i in ⟦k⟧, and it is surjective because its image is a k-subalgebra of A that con-
tains the set {a1, . . . , ak}. There is therefore an isomorphism of algebras k[x1, . . . , xk]/ker ϕ → A:
as the quotient k[x1, . . . , xk]/ker ϕ is Noetherian because of Corollary A.4.6 and Proposition A.4.7,
we see that the algebra A is Noetherian.

We will prove in the next section that the ring Z of integers is also Noetherian, and we will
then obtain Corollary A.5.11, a result similar to Corollary A.4.8, that tells us that every finitely
generated ring is Noetherian.

The following is another important closure property of the class of Noetherian rings.
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Proposition A.4.9. Let A be a ring, and let S be a multiplicatively closed subset of A. If the ring A is
Noetherian, then so is the localization AS .

Proof. Let us suppose that the ring A is Noetherian, let ϕ∶A→ AS be the canonical localization
map, so that ϕ(a) = a/1 for each a in A, and let I be an ideal of AS . Since the map ϕ is a morphism
of rings, the preimage ϕ−1(I) is an ideal of A and, since the ring A is Noetherian, there are a
non-negative integer k and elements a1, . . . , ak of A such that ϕ−1(I) = ⟨a1, . . . , ak⟩. We have that

⟨a1/1, . . . , ak/1⟩ = ⟨ϕ(a1), . . . , ϕ(ak)⟩ = ϕ(⟨a1, . . . , ak⟩) = ϕ(ϕ−1(I)) ⊆ I.

Let, on the other hand, a/s be an element of I, so that a and s are an element of A and of S, respec-
tively. We have that ϕ(a) = a/1 = s/1 ⋅ a/s ∈ I, so that a ∈ ϕ−1(I), and there are elements c1, . . . , ck
in A such that a = ∑k

i=1 ciai . This implies at once that a/s = ∑k
i=1 ci/s ⋅ ai/1 ∈ ⟨a1/1, . . . , ak/1⟩. This

proves that I = ⟨a1/1, . . . , ak/1⟩, so that I is finitely generated.

A.5. Principal ideal domains and Euclidean

domains

A Noetherian ring is a ring in which every ideal is finitely generated. The following definition
singles out an extreme case of this.

Definition A.5.1. A ring A is a principal ideal domain if it is an integral domain and every one of
its ideals is of the form (a) for some a in A.

Fields are clearly principal ideal domains. To exhibit other examples we follow a slightly
indirect way using the following concept.

Definition A.5.2. A Euclidean function on an integral domain A is a function N ∶A∖ 0→ N0 that
satisfies the following condition:

if a and b are elements of A and b is not zero, then there exist elements q and r
in A such that a = qb + r and either r = 0 or N(r) < N(b).

(A.5)

A Euclidean domain is an ordered pair (A,N) whose first component is an integral domain A
and whose second component is a Euclidean function on A.

If (A,N) is a Euclidean domain and the context allows us to figure out what the Euclidean
function N is, then we usually write simply A instead of (A,N). It is important to keep in mind,
though, that if a domain admits a Euclidean function it admits many.

73



Exercise A.5.3. Let (A,N) be a Euclidean domain. Show that for any positive integer k the function
kN ∶ a ∈ A∖ 0↦ kN(a) ∈ N0 is also a Euclidean function on A.

Every field F is a Euclidean domain when endowed with the function N ∶ x ∈ F ∖ 0↦ 0 ∈ N0,
which is a Euclidean function on it. The following proposition gives a more interesting example.

Proposition A.5.4. The ring Z is a Euclidean domain with Euclidean function N ∶ a ∈ Z↦ ∣a∣ ∈ N0.

Proof. Let a and b be two elements of Z such that b ≠ 0, and let us suppose first that b > 0. Since
a/b ∈ R = ⋃n∈Z[n, n+1), there is an integer q inZ such that a/b ∈ [q, q+1), so that q ≤ a/b < q+1
or, equivalently, qb ≤ a < qb + b. This tells us that the number r ∶= a − qb is such that 0 ≤ r < b:
we then have that a = qb + r and that either r = 0 or N(r) = r < b = ∣b∣ = N(b).

Let us suppose now that b < 0. By what we have already done, we know there are elements q′

and r of Z such that a = q′(−b) + r and either r = 0 or N(r) < N(−b). If we put now q ∶= −q,
then we have that a = qb + r and either r = 0 or N(r) < N(b). This shows that the condition (A.5)
holds in all cases, so that the function N is indeed a Euclidean function on Z.

Another important example of a Euclidean domain is provided by the following proposition.

Proposition A.5.5. Let k be a field. The ring k[x] is a Euclidean domain with respect to the function
N ∶ f ∈ k[x] ∖ 0↦ deg f ∈ N0.

Proof. Again, we need to check that the condition (A.5) of Definition A.5.2 is satisfied. Let g
be a non-zero element of k[x], and, in order to reach a contradiction, let us suppose that the
set P of elements f of k[x] for which there do not exist polynomials q and r in k[x] such that
f = qg + r and either r = 0 or deg r < deg g is not empty. Notice that the zero polynomial is not
in P, for clearly 0 = 0g + 0, and that moreover every element of P has degree at least deg g: if f
is a polynomial with deg f < deg g, then if we set q ∶= 0 and r ∶= f we have that f = qg + r and
either r = 0 or deg r < deg g. We can therefore consider the number

d ∶= min{deg f ∶ f ∈ P},

and choose a polynomial f in P such that deg f = d. Let a and b be the leading coefficients
of f and of g, respectively and let n be the degree of f , and let us consider the polynomial
h ∶= f − axn−deg g g/b. We have that either h = 0 or deg h < deg f : in both cases we have that f ∉ P
and thus there are elements q1 and r of k[x] such that h = q1g + r and either r = 0 or deg r < deg g.
If we then put q ∶= q1 + axn−deg g/b, then we have that f = qg + r and either r = 0 or deg r < deg g:
this is absurd, because f is in P. This contradiction tells us that our hypothesis is untenable, and
thus that the function N makes k[x] a Euclidean domain.

74



The reader should notice that we did not include in (A.5) the condition that the elements q
and r be uniquely determined by a and b. In the case of the polynomial ring k[x] that we have
just treated, this uniqueness does hold, though.

Exercise A.5.6. Let k be a field. Show that if f and g are two elements of k[x] and g is not 0,
then the polynomials q and r such that f = qg + r and either r = 0 or deg r < deg g are uniquely
determined by f and g.

This is rather special. Indeed, the only Euclidean domains in which the elements q and r in
condition (A.5) are uniquely determined are the fields and the rings of the form k[x] with k a
field; see [Rha1962] or [Jod1967] for a proof of this surprising result. Notice that in Z, with the
Euclidean function of Proposition A.5.4, we do not have such uniqueness: for example, we have
that

10 = 1 ⋅ 7 + 3, ∣3∣ < ∣7∣, 10 = 2 ⋅ 7 − 4. ∣4∣ < ∣7∣.

There are many other examples of Euclidean domains, of course.

Exercise A.5.7.
(a) Show that the ring Z[i] is a Euclidean domain when we endow it with the function

N ∶Z[i] ∖ 0→ N0 such that N(a + bi) = a2 + b2 for all a and b in Z.
(b) Show that the ring Z[

√
D] is a Euclidean domain for some Euclidean function when D is

one of −2, −3, −7, and −11.

It is certainly not the case that for all square-free integers D the ring Z[
√
D] has a Euclidean

function. We will see below, for example, that the ring Z[
√
−5] does not admit any Euclidean func-

tion . It is known that the only square-free values ofD for which the function z ∈ Z[
√
D] ↦ zz ∈ N0

is a Euclidean function are

−11, −7, −3, −2, −1, 2, 3, 5, 6, 7, 11, 13, 17, 19, 21, 29, 33, 37, 41, 57, 73.

This is the sequence A048981 in [OEI2026]; we refer to that database entry for more information
about this.

Exercise A.5.8. Let (A,N) be a Euclidean domain. Show that the function

Ñ ∶ a ∈ A∖ 0↦ min{N(ab) ∶ b ∈ A∖ 0} ∈ N0

is a Euclidean function on A such that Ñ(a) ≤ Ñ(ab) whenever a and b are non-zero elements
of A.

The reason we are interested in Euclidean domains is that, as we hinted above, they allow us to
give examples of principal ideal domains.
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Proposition A.5.9. A Euclidean domain is a principal ideal domain.

Proof. Let A be a Euclidean domain with Euclidean function N ∶A∖ 0→ N0, and let I be an ideal
of A. If I = 0, then I = (0). Let us then suppose that I ≠ 0, so that we may consider the number

d ∶= min{N(a) ∶ a ∈ I ∖ 0}

and choose an element x in I such that N(x) = d. We of course have that (x) ⊆ I. Let us show
that we have an equality. Let a be a non-zero element of I. There are elements q and r of A such
that a = qx + r and either r = 0 or N(r) < N(x), and we in fact have that r = 0, for otherwise
r = a − qx would be a non-zero element of I such that N(r) < N(x) = d, which is absurd. That r
is zero means that a = qx ∈ (x), and this allows us to conclude that I ⊆ (x).

One important consequence of this is, of course, the following one.

Corollary A.5.10. The ring Z is a principal ideal domains and, in particular, Noetherian.

Proof. According to Proposition A.5.4, the ring Z is Euclidean, so Proposition A.5.9 tells us that it
is a principal ideal domain.

From this we can obtain the following analogue of Corollary A.4.8.

Corollary A.5.11. Every finitely generated ring is Noetherian.

Proof. Let A be a finitely generated ring, and let a1, . . . , an be elements of A such that the
set S = {a1, . . . , an} generates A. There is a unique morphism of Z-algebras ϕ∶Z[x1, . . . , xn] → A
such that ϕ(xi) = ai for each i in ⟦n⟧ and, since the image of ϕ is a subring of A that contains the
set S, it is a surjective map. The morphism of rings ϕ̄∶Z[x1, . . . , xn]/ker ϕ → A induced by ϕ is
therefore an isomorphism. Since Z is a Noetherian ring, so is the ring Z[x1, . . . , xn] according to
Corollary A.4.5 and its quotient Z[x1, . . . , xn]/ker ϕ according to Proposition A.4.7. The ring A is
therefore Noetherian, as we want.

It is not true that all principal ideal domains are Euclidean, but it is not easy to show this. The
most classical example is the ring

OQ(√−19) ∶= {
a + b

√
−19

2
∶ a, b ∈ Z, a2 + b2 ≢ 1 mod 4} . (A.6)

This was proved by Theodore Motzkin in [Mot1949], and it is, in fact, the first example that was
found of this. The argument is based on a non-trivial amount of algebraic number theory; one can
find modern and streamlined expositions in the articles [Wil1973] and [Cám1988] of Jack Wilson
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and Oscar Cámpoli, respectively. A much simpler example is the quotient ring

R[x , y]/(x2 + y2 + 1).

Pierre Samuel proved in [Sam1963] that this ring is a unique factorization domain, and starting
from that one can show that it is a principal ideal domain. On the other hand, some arithmetical
considerations show that this ring is not Euclidean. The reader can find the details of this in
Nicolás Allo-Gómez’s article [AG2026].

A.6. Unique factorization domains

In this section we seek to extend the extremely useful Fundamental Theorem of Arithmetic, that
describes how we can build all integers from prime numbers, to more general commutative rings.

Definition A.6.1. Let A be an integral domain.

• An element a of A is associated to another element b of A if there is a unit u of A such that
a = ub, and in that case we write a ∼ b.

• An element a of A is irreducible if it is not zero, not a unit, and whenever b and c are
elements of A such that a = bc one of the two is a unit.

• An element a of A is prime if it is not zero, not a unit, and whenever a divides the product cd
of two elements of A it divides one of the factors.

One should notice that an element a of A is prime exactly when the principal ideal (a) of A
that it generates is prime.

Exercise A.6.2. Let A be an integral domain.
(a) Show that the relation ∼ of association is an equivalence relation on A.
(b) Let a and b be two elements of A. Prove that a ∼ b if and only if a divides b and b divides a.
(c) Let a and b be two elements of A such that a ∼ b. Show that if a is irreducible, then so is b,

and that if a is prime, then so is b.

Exercise A.6.3. Let A be an integral domain, and let p and q be two irreducible elements of A.
Show that if p divides q, then p is associated to q.

Primality and irreducibility are very close concepts, as the following lemma shows.

Lemma A.6.4. Let A be an integral domain.
(i) Every prime element of A is irreducible.
(ii) If A is a principal ideal domain, then every irreducible element of A is prime.
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Since Z is a principal ideal domain, this tells us that irreducible integers are prime: this result
is known as Euclid’s Lemma, because it appears first in Euclid’s Elements as Proposition 30 of
Book VII.

Proof. (i) Let A be an integral domain, let p be a prime element of A, and let us suppose that a
and b are two elements of A such that p = ab. Since p divides ab and is prime, it divides one of
the two factors, and we can suppose without loss of generality that it divides a. In that case there
is an element c in A such that a = pc, and thus p(1 − bc) = 0 and, since p ≠ 0, we see that b is a
unit. This shows that p is irreducible.

(ii) Let us suppose now that A is a principal ideal domain, and let p be an irreducible element
of A. In order to show that p is a prime element, it is enough that we show that the ideal (p) is
prime, and for that, that that ideal is maximal. Let then I be a proper ideal of A such that (p) ⊆ I.
As A is a principal ideal domain and I is proper, there is an element a of A that is not a unit and
such that I = (a). As p ∈ I, there is an element b in A such that p = ab, and since p is irreducible
and a is not a unit, this element b is a unit, so that I = (a) = (b−1p) = (p). This proves that the
ideal (p) is maximal, as we want.

In general, domains have irreducible elements that are not prime, as the following classical
example shows.

Example A.6.5. Let us consider the domain A = Z[
√
−5]. If z is an element of A, then there are

integers a and b such that z = a + b
√
−5 and thus zz = a2 + 5b2 is an element of Z. It follows from

this that there is a function ν∶ z ∈ A↦ zz ∈ Z, and it is easy to check that whenever z and w are
elements of Awe have that ν(zw) = ν(z)ν(w).

The element 3 of A is irreducible. Indeed, let us suppose that z = a + b
√
−5 and w = c + d

√
−5,

with a, b, c, and d in Z, are such that 3 = zw. We then have that

32 = ν(3) = ν(z)ν(w) = (a2 + 5b2)(c2 + 5d2).

Both factors in this last product are positive and it is easy to check that neither of them can be
equal to 3: this implies that one of them is equal to 1. If, for example, a2 + 5b2 = 1, then we in fact
have that b = 0 so that z is either 1 or −1, and thus a unit of A. This proves that 3 is irreducible,
as we said. On the other hand, the number 3 divides (2 +

√
−5)(2 −

√
−5) = 32 while it clearly

divides neither 2 +
√
−5 nor 2 −

√
−5 in Z[

√
−5], so that it is not a prime element of A.

Let us notice that this implies that the ring Z[
√
−5] is not a principal ideal domain.

Exercise A.6.6. Show that the ideal ⟨2, 1 +
√
−5⟩ of the ring Z[

√
−5] is not principal.

This section is devoted to the study of rings all of whose elements can be obtained in essentially
one way from the irreducible elements. The following definition makes this precise.
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Definition A.6.7. A ring A is a unique factorization domain if it is an integral domain and the
following conditions hold:

• If a is a non-zero element of A that is not a unit, then there exist a positive integer n and
irreducible elements p1, . . . , pn of A such that a = p1⋯pn.

• If m and n are two positive integers and p1, . . . , pm and q1, . . . , qn are irreducible elements
of A such that p1⋯pm ∼ q1⋯qn, then m = n and there is a bijective function σ ∶ ⟦n⟧ → ⟦n⟧
such that pi ∼ qσ(i) for each i in ⟦n⟧.

The following two lemmas give useful consequences of the conditions that appear in this
definition. The first one will allow us to deal with the form of uniqueness of factorizations given
by the first of those conditions in a convenient form.

LemmaA.6.8. Let Abe a unique factorization domain, let n be a positive integer, and let p1, . . . , pn be
irreducible elements of A no two of which are associated. If a1, . . . , an and b1, . . . , bn are non-negative
integers such that pa11 ⋯p

an
n ∼ p

b1
1 ⋯p

bn
n , then in fact ai = bi for each i in ⟦n⟧.

Proof. Let a1, . . . , an and b1, . . . , bn be non-negative integers such that pa11 ⋯p
an
n ∼ p

b1
1 ⋯p

bn
n , and

let us suppose that there is an element j in ⟦n⟧ such that a j ≠ b j. Without loss of generality, we
can suppose that we in fact have that a j > b j. Since

pa11 ⋯p
a j−1
j−1 p

b j+(a j−b j)
j pa j+1

j+1 ⋯p
an
n = p

a1
1 ⋯p

an
n ∼ p

b1
1 ⋯p

bn
n

and A is an integral domain, we have that

p j ∣ pa11 ⋯p
a j−1
j−1 p

a j−b j
j pa j+1

j+1 ⋯p
an
n ∼ p

b1
1 ⋯p

b j−1
j−1 p

b j+1
j+1 ⋯p

bn
n . (A.7)

Since A is a unique factorization domain and p j is an irreducible element of A, we know from
Proposition A.6.13 that p j is a prime element, and therefore, in view of (A.7), that there is an
element k in ⟦n⟧ ∖ { j} such that p j divides pk and, according to the result of Exercise A.6.3, we
have that p j ∼ pk . This is absurd, because by hypothesis p j and pk are not associated since j ≠ k,
and this contradiction proves the lemma.

In fact, a little more is true.

Exercise A.6.9. Let Abe a unique factorization domain, let n be a positive integer, and let p1, . . . , pn
be irreducible elements of A no two of which are associated. Prove that if a1, . . . , an and b1, . . . , bn
are integers such that in the fraction field of Awe have pa11 ⋯p

an
n = qb11 ⋯qbnn , then ai = bi for each i

in ⟦n⟧.

If we choose representatives for the association classes of irreducible elements in our ring,
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then among the many factorizations of each element of the ring we can single out one, and then
several things become easier to deal with. Our second lemma explains this.

Lemma A.6.10. Let A be a unique factorization domain.
(i) There is a subset I of A whose elements are all irreducible and such that every irreducible

element of A is associated to exactly one element of I . In particular, no two different elements
of I are associated.

Let us fix one such set I .
(ii) If p and q are elements of I and p divides q, then in fact we have that p = q.
(iii) For each non-zero element a of A there exist a unit ca in A and a function εa ∶I → N0 such

that the set Ia ∶= {p ∈ I ∶ εa(p) > 0} is finite and a = ca∏p∈Ia p
εa(p). Moreover, if c is a

unit of A and ε∶I → N0 is a function such that the set I ∶= {p ∈ I ∶ ε(p) > 0} is finite and
we have that a = c∏p∈I pε(p), then c = ca and ε = εa.

(iv) A non-zero element a of Adivides another non-zero element b of A if and only if εa(p) ≤ εb(p)
for all p in I .

(v) Two non-zero elements a and b of A are associated if and only if εa(p) = εb(p) for all p in I .

Proof. (i) Let R be the set of all irreducible elements of A and let π ∶= R → R/∼ is the canonical
projection from R to the set of equivalence classes for the relation of association on R. As this
function is surjective, the Axiom of Choice tells us that there is a function σ ∶R/∼ → R such that
π ○ σ = idR/∼. We put I ∶= σ(R/∼). The elements of this set I are of course all irreducible, and
if p is an irreducible element of A, then σ(π(p)) is the unique element of I that is associated
to p.

(ii) If p and q are elements of I and there is an element a of A such that q = ap, then the
irreducibility of q and the fact that p is not a unit imply together that a is a unit, so that p ∼ q, and
this allows us to conclude that, in fact, p = q.

(iii) Let a be a non-zero element of A. As A is a unique factorization domain, there exist a
unit c in A, a non-negative integer k, and irreducible elements q1, . . . , qk in A such that a = cq1⋯qk .
The way we chose the set I implies that for each i in ⟦k⟧ there is exactly one element pi in I

such that qi ∼ pi , and there is therefore a unit ci in A such that qi = ci pi . Let us consider the
function εa ∶I → N0 that on each element p of I takes the value

εa(p) = ∣{i ∈ ⟦k⟧ ∶ qi ∼ p}∣.

The set Ia ∶= {p ∈ I ∶ εa(p) > 0} is clearly contained in {p1, . . . , pk}, so it is finite, and for each p
in the set Ia we have that εa(p) = ∣{i ∈ ⟦k⟧ ∶ p = pi}∣. It follows from this that

a = c
k
∏
i=1

qi = c
k
∏
i=1

ci pi =
⎛

⎝
c

k
∏
i=1

ci
⎞

⎠

k
∏
i=1

pi =
⎛

⎝
c

k
∏
i=1

ci
⎞

⎠
∏
p∈Ia

pεa(p),
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so if we put ca ∶= c∏k
i=1 ci we see that the existence claim of (iii) holds.

Let now c be a unit of A, let ε∶I → N0 be a function, and let us suppose that the set
I ∶= {p ∈ I ∶ ε(p) > 0} is finite and that we have that a = c∏p∈I pε(p).

We have that Ia ⊆ I. To verify this, let q be an element of Ia, so that εa(q) > 0. This implies
that q divides the product ca∏p∈Ia p

εa(p), which is equal to a, so that it also divides the product
c∏p∈I pε(p), because it is also equal to a. Since q is irreducible and A is a unique factorization
domain, Proposition A.6.13 tells us that q is prime, and that it therefore divides one of the factors
in this last product. As c is a unit, it is not divisible by q, so there is an element r of I such that q
divides rε(r): it follows from this that ε(r) > 0, of course, for q cannot divide a unit, and then the
primality of q implies that q divides r itself, so that in fact q = r ∈ I.

By symmetry, of course, we also have that I ⊆ Ia, so that Ia = I. This implies that we have

ca ∏
p∈Ia

pεa(p) = a = c∏
p∈Ia

pε(p), (A.8)

so that

∏
p∈Ia

pεa(p) ∼∏
p∈I

pε(p),

It follows now from Lemma A.6.8 that ε = εa, and, in view of (A.8), that also c = ca. This proves
the uniqueness claim of (iii).

(iv) Let a and b be two non-zero elements of A. If we have that εa(p) ≤ εb(p) for all p in I ,
then we have that Ia ⊆ Ib and that therefore

b = cb∏
p∈Ib

pεb(p) = cb ∏
p∈Ib∖Ia

pεb(p)∏
p∈Ia

pεb(p)−εa(p)∏
p∈Ia

pεa(p)

= cbc−1a ∏
p∈Ib∖Ia

pεb(p)∏
p∈Ia

pεb(p)−εa(p) ⋅ a,

so that a divides b.
To prove the converse implication, we suppose that a divides b and prove that εa(p) ≤ εb(p) for

all p in I proceeding by induction with respect to the non-negative integer µ(a) ∶= ∑p∈Ia εa(p).
If this number is 0, then we in fact have that εa(p) = 0 ≤ εb(p) for all p, so what we want is true
in that case. Let us the suppose that µ(a) is positive, so that there is an element q of I such that
εa(q) > 0 and thus q ∈ Ia. We then have that

q ∣ ca ∏
p∈Ia

pεa(p) = a ∣ b = cb∏
p∈Ib

pεb(p).

Since q is irreducible in A and A is a unique factorization domain, q is prime, and therefore this
divisibility relation and the fact that cb is a unit imply that q divides an element of Ib , so that it is in
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fact an element of Ib because of the way we chose the set I . This tells us that there are functions
ε̄a, ε̄b ∶I → N0 that on each element p of I take the values

ε̄a(p) =
⎧⎪⎪
⎨
⎪⎪⎩

εa(q) − 1 if p = q;
εa(p) if p ≠ q;

ε̄b(p) =
⎧⎪⎪
⎨
⎪⎪⎩

εb(q) − 1 if p = q;
εb(p) if p ≠ q;

and the elements ā ∶= ca∏p∈Ia p
ε̄a(p) and b̄ ∶= cb∏p∈Ib p

ε̄b(p) of A. The uniqueness claim of
part (iii) of the lemma implies that εā = ε̄a and εb̄ = ε̄b . We have that āq = a ∣ b = b̄q, so that ā ∣ b̄,
and since clearly Iā ⊆ Ia that also

µ(ā) = ∑
p∈I ā

εā = ∑
p∈Ia

ε̄a = ∑
p∈Ia

εa − 1 < ∑
p∈Ia

εa = µ(a).

The inductive hypothesis then allows us to conclude that εā(p) ≤ εb̄(p) for all p in I , and, of
course, this implies that εa(p) ≤ εb(p) for all p in I , which is what we wanted to prove. This
completes the induction.

(v) This follows immediately from (iv) and the fact that two elements of A are associated if
they divide each other.

The first condition in Definition A.6.7 is a rather weak one. For example, according to the first
part of the following proposition it is satisfied by all Noetherian rings.

Proposition A.6.11. Let A be an integral domain.
(i) If the set of principal ideals of A satisfies the ascending chain condition, then every non-zero

and non-unit element of A is a product of irreducible elements.
(ii) If A is a unique factorization domain, then the set of principal ideals of A satisfies the ascending

chain condition.

Proof. (i) Let us suppose that the set of principal ideals of A satisfies the ascending chain condition,
and let us say that a non-zero and non-unit element a of A is factorizable if there exist a positive
integer n and irreducible elements p1, . . . , pn in A such that a = p1⋯pn. It is clear that the
irreducible elements of A are factorizable, and that the product of two factorizable elements of A
is itself factorizable. Let us write N for the set of all non-zero and non-unit elements of A that are
not factorizable, and consider on it the relation

R ∶= {(a, b) ∈ N × N ∶ b ∣ a, a ∤ b}.

Let a be an element of N . As a is not irreducible, there are non-zero and non-unit elements b
and c in A such that a = bc and, since a is not factorizable, one of b or c is also not factorizable, so
we can suppose with loss of generality that b is in N . We have that b ∣ a. If we also had that a ∣ b,
so that there is an element d in A such that b = ad, then we would have that b(1 − cd) = 0 and,
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since b ≠ 0, that cd = 1, which is absurd because c is not a unit. We thus see that (a, b) ∈ R.
This shows that for all a in N the set {b ∈ N ∶ (a, b) ∈ R} is not empty. Let us suppose now for

a moment that the set N is not empty. The Principle of Dependent Choice implies then implies that
there is a sequence (ai)i≥1 in N such that for each i in N we have (ai , ai+1) ∈ R or, equivalently,
that ai+1 ∣ ai ∤ ai+1 for each i in N. It follows from this that we have a strictly increasing chain of
ideals

(a1) ⊊ (a2) ⊊ (a3) ⊊ ⋯

This is absurd, as it contradicts our hypothesis on A, and this contradiction shows that the set N is
empty. This means precisely that the first claim of the proposition is true.

(ii) Let us now suppose that the ring A is a unique factorization domain, and let (ai)i≥1 be
a sequence of elements of A such that for each i in N we have that ⟨ai⟩ ⊆ ⟨ai+1⟩. Let us choose
a set I of irreducible elements of A as in the first part of Lemma A.6.10, and for each i in N let
ci be the unit of A and εi ∶I → N0 be the function such that the set Ii ∶= {p ∈ I ∶ εi(p) > 0} is
finite and ai = ci∏p∈I i p

ε i(p), as in the thirds part of that lemma. For each i in N we have that
⟨ai⟩ ⊆ ⟨ai+1⟩, so that ai+1 divides ai and, according to the fourth part of the lemma, we therefore
have that εi+1(p) ≤ εi(p) for all p in I .

For each p in I the sequence (εi(p))i≥1 is then a non-increasing sequence of non-negative
integers, so there exists a positive integer Np such that εi(p) = εNp(p) for all integers i such
that i ≥ Np. Let us set N ∶= max{Np ∶ p ∈ I1}, and let i be an integer such that i ≥ N . We have
that εi(p) = εN(p) for all p in the set I — if p is an element of I1 this follows from the way we
chose the number N , and if p is not in I1 then this is because in that case 0 ≤ εi(p) ≤ ε1(p) = 0 —
and therefore the elements ai and aN are associated according to the fifth part of the lemma and
this the ideals ⟨ai⟩ = ⟨aN⟩ are equal. This proves that the set of principal ideals of A satisfies the
ascending chain condition.

The second condition of Definition A.6.7 is interesting because we insist that the elements pi
and qi that appear there be irreducible. The condition would becomes non-interesting if we only
cared about factorizations into prime elements, as the next result shows.

Lemma A.6.12. Let A be an integral domain, let m and n be two positive integers, let c be a unit
of A, and let p1, . . . , pm be prime elements of A, and let q1, . . . , qn be irreducible elements of A such
that p1⋯pm = cq1⋯qn. We have that m = n and there is a bijective function σ ∶ ⟦m⟧ → ⟦n⟧ such
that pi ∼ qσ(i) for each i in ⟦m⟧.

Proof. We will prove the lemma proceeding by induction with respect to the integer m. Since p1
divides the product cq1⋯qn and is prime and c is a unit, there is an element j in ⟦n⟧ such that p1
divides q j, so there is an element d in A such that q j = dp1: as q j is irreducible and p1 is not a unit,
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this d is a unit and therefore p1 ∼ q j.
Let us suppose for a moment that m is 1. We then have that

p1 = cq1⋯qn = cq1⋯q j−1dp1q j+1⋯qn

and thus, since A is a domain, that 1 = cq1⋯q j−1dq j+1⋯qn. This tells us that each of the n − 1
elements q1, . . . , q j−1, q j+1, . . . , qn is a unit in A: as they are also irreducible, we see that in fact
n = 1. This implies that j = 1 and that the unique function σ ∶ ⟦m⟧ → ⟦n⟧, which has σ(1) = 1, is a
bijection such that pi ∼ qσ(i) for each i in ⟦m⟧. This starts our induction.

To complete it, let us now suppose that m is greater than 1. As q j = dp1, we have that

p1⋯pm = cq1⋯qn = cq1⋯q j−1dp1q j+1⋯qn

and, since A is a domain, that in fact

p2⋯pm = cdq1⋯q j−1q j+1⋯qn .

The obvious inductive hypothesis then tells us that m − 1 = n − 1, so that m = n, and that there is
a bijective function function τ∶ ⟦2,m⟧ → ⟦n⟧ ∖ { j} such that pi ∼ qτ(i) for each i in ⟦2,m⟧. The
function σ ∶ ⟦m⟧ → ⟦n⟧ that on each element i of ⟦m⟧ takes the value

σ(i) =
⎧⎪⎪
⎨
⎪⎪⎩

j if i = 1;
τ(i) if i ≥ 2;

is then also bijective, and we have that pi ∼ qσ(i) for each i in ⟦m⟧. This completes the induction
and thus the proof of the lemma.

Proving that a ring is a unique factorization domain is usually difficult when using the definition
directly. The following result gives two alternate criteria that are often helpful.

Proposition A.6.13. Let A be an integral domain. The following statements are equivalent:
(a) A is a unique factorization domain.
(b) Every non-zero and non-unit element of A is a product of irreducible elements, and every

irreducible element of A is prime.
(c) Every non-zero and non-unit element of A is a product of prime elements.

Proof. (a)⇒ (b) Let us suppose that A is a unique factorization. Every non-zero and non-unit
element of A is therefore a product of irreducible elements, and we need to show that every
irreducible element of A is prime.

Let then p be an irreducible element of A, and let a and b be two elements of A such that
p divides ab, so that there is another element c in A such that ab = pc. Since A is a unique
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factorization domain, there are units u, v and w of A, non-negative integers m, n, and k, and
irreducible elements a1, . . . , am, b1, . . . , bn, and c1, . . . , ck in A such that a = ua1⋯am, b = vb1⋯bn,
and c = wc1⋯ck . We have that uva1⋯amb1⋯bn = wpc1⋯ck and, since p is irreducible and A
is a unique factorization domain, p is prime and thus divides one of the factors appearing on
the left of the last equality. It does not divide u or v, for these are units, so it divides one of the
elements a1, . . . , am, b1, . . . , bn, and thus also one of a or b. We see with this that p is prime in A.

(b)⇒ (c) Since irreducible elements are prime, this is clear.
(c) ⇒ (a) Let us suppose that every non-zero and non-unit element of A is a product of

prime elements. Since prime elements are irreducible, this implies that the ring A satisfies the first
condition of Definition A.6.7. Let us show now that it also satisfies the second one.

Let m and n be two positive integers, and let p1, . . . , pm and q1, . . . , qn be irreducible elements
of A such that p1⋯pm ∼ q1⋯qn, so that there is a unit c in A such that p1⋯pm = cq1⋯qn. Since we
are assuming that the statement (c) holds, there are a positive integer k and prime elements r1, . . . , rk
in A such that r1⋯rk = p1⋯pm, and it follows from Lemma A.6.12 that in fact k = m and that there
is a bijection σ1∶ ⟦k⟧ → ⟦m⟧ such that ri ∼ pσ1(i) for each i in ⟦k⟧.

We also have that r1⋯rk = cq1⋯qn, so again according to that lemma we have that k = n, and
that there is a bijection σ2∶ ⟦k⟧ → ⟦n⟧ such that ri ∼ qσ2(i) for each i in ⟦k⟧. It follows immediately
form this that m = n and that the function σ ∶= σ2 ○ σ−11 ∶ ⟦m⟧ → ⟦n⟧ is such that pi ∼ qσ(i) for
each i in ⟦n⟧. This completes the proof of the proposition.

An application of the criterion of Proposition A.6.13 is the following important result.

Proposition A.6.14. A principal ideal domain is a unique factorization domain.

Proof. A principal ideal domain is a Noetherian ring in which irreducible elements are prime, so,
according to Proposition A.6.13 and A.6.11, also a unique factorization domain.

Proposition A.6.14 has as a special case the Fundamental Theorem of Arithmetic. Indeed, this
is what unique factorization amounts to for the ring Z, since its irreducible elements are the prime
numbers and their opposites, and its only units are 1 and −1. It is interesting to note that while the
existence claim of this theorem follows from results that are in Euclid’s Elements, it was first stated
and proved by Kamāl al-Dı̄n al-Fāris̄ı, who died around 1320. On the other hand, the uniqueness
claim of the theorem was first stated and proved in detail by Carl Friedrich Gauss in the Article 16
of his Disquisitiones Arithmeticae. The long and interesting story of this theorem is told in the
article [AÖ2001] of Ahmet Göksel Ağargün and Erdoğan Mehmet Özkan.

Proposition A.6.14 also allows us to conclude that the ring k[x] of polynomials over a field k
is a unique factorization domain, since that ring is Euclidean according to Proposition A.5.5 and
therefore a principal ideal domain because of Proposition A.5.9. Our next objective is to generalize
this: we want to prove the imporant fact that the ring A[x1, . . . , xn] is a unique factorization
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domain whenever A is a unique factorization domain and n is any non-negative integer. In fact,
we will give two different proofs of this, the first one based on ideas of Masayoshi Nagata and the
second one due to Carl Friedrich Gauss.

The first step towards Nagata’s proof is to establish a new criterion for factoriality. To do that
we need the following extremely useful observation, due to Wolfgang Krull [Kru1928] and often
called Krull’s Separation Lemma.

Lemma A.6.15. Let A be an integral domain, let S be a non-empty multiplicatively closed subset
of A, and let I be an ideal of A that is disjoint from S. There is then an ideal P of A that is maximal
among those that contain I and are disjoint from S, it is prime, and the ideal PS is maximal in the
localization AS .

Proof. Let P be the set of all ideals of A that contain I and are disjoint from S. This set is not
empty, as it contains I itself. Let us show that it satisfies the hypothesis of Zorn’s Lemma.

Let C be a non-empty subset of P that is totally ordered with respect to inclusion, and let
⋃C be the union of its elements, which clearly contains I and is disjoint from S. We claim that
⋃C is an ideal of A.

• As C is not empty, and each of its elements is not empty, the set ⋃C is also not empty.
• If a and b are elements of⋃C , then there are elements C1 and C2 of C such that a ∈ C1 and
b ∈ C2 and, sinceC is totally ordered, we have that C1∪C2 ∈ C , so that a−b ∈ C1∪C2 ⊆ ⋃C ,
since C1 ∪ C2 is an ideal of A.

• Finally, if a and b are an element of A and an element of ⋃C , respectively, then there is an
element C of C such that b ∈ C and, since C is an ideal of A, we have that ab ∈ C ⊆ ⋃C .

This and the fact that obviously I contains all the elements of C implies that I is an upper bound
for the set C in P . The ordered set P is thus inductive, as we want.

It follows now from Zorn’s Lemma that the set P has a maximal element P. We will show
now that this ideal P is prime, and thereby complete the proof of the lemma. Let a and b be two
elements of A such that ab ∈ P and, to reach a contradiction, let us suppose that a ∉ P and b ∉ P.
We then have that the ideals P + ⟨a⟩ and P + ⟨b⟩ contain I and strictly contain P, so that they
do not belong to the set P and therefore intersect non-vacuously the set S. There are therefore
elements u and v of P and x and y of A such that u + ax ∈ S and v + by ∈ S. Since the set is
multiplicatively closed, we then have that

uv + uby + axv + abxy = (u + ax)(v + by) ∈ S

This is absurd, as the four terms uv, uby, axv, and abxy belong to P, yet P ∩ S = ∅. This
contradiction allows us to conclude that the ideal P is prime.

Let SpecAS , as usual, be the set of prime ideals of the ring AS , and let us write SpecS A for
the set of prime ideals of A that are disjoint from S. If p is an element of SpecS A, then pAS is an
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element of SpecA, so there is a function

ϕ∶p ∈ SpecS A↦ pAS ∈ SpecAS ,

and it is, in fact, an inclusion-preserving bijection. The ideal P is a maximal element of the subset
{p ∈ SpecS A ∶ p ⊇ I} of SpecS A, and therefore PS is a maximal element of the subset

{pAS ∈ SpecAS ∶ p ∈ SpecS A, p ⊇ I}

of SpecAS . Since the map ϕ is surjective, this tells us that, in fact, the localization PS is a maximal
element of SpecAS , so a maximal ideal of AS .

Using this lemma, we can prove the following criterion for factoriality due to Irving Kaplansky
[Kap1970, Theorem 5].

Proposition A.6.16. An integral domain is a unique factorization domain if and only if every one of
its proper non-zero prime ideals contains a prime element.

Proof. Let A be an integral domain, let us suppose that A is a unique factorization domain, and let
p be a proper non-zero prime ideal of A. There is then a non-zero element x in p, and it is not
a unit and, according to Proposition A.6.13, there are prime elements p1, . . . , pn of A such that
x = p1⋯pn. Since x is in p and the ideal p is prime, there is then an element i of ⟦n⟧ such that
pi ∈ p, and this shows that the condition in the proposition is necessary.

To prove it is also sufficient, let us suppose that every proper-non-zero prime ideal of A
contains a prime element, and let S be the set of elements a of A such that there are a unit c in A, a
non-negative integer n, and prime elements p1, . . . , pn in A such that a = cp1⋯pn. Of course, this
set S is multiplicatively closed. Let us show that it is also saturated, that is, that whenever a and b
are elements of Awe have that

ab ∈ S Ô⇒ a ∈ S .

Let then a and b be two elements of A such that ab is in S, so that there are a unit c in A, a non-
negative integer n, and prime elements p1, . . . , pn in A such that ab = cp1⋯pn. Let I be a subset
of ⟦n⟧ such that the product∏i∈I pi divides b and of maximal cardinality, and let b′ be the element
of A such that b = b′∏i∈I pi . Since A is an integral domain and ab′∏i∈I pi = ab = c∏n

i=1 pi , we
have that ab′ = c∏i∈⟦n⟧∖I pi . Let now J be a subset of ⟦n⟧ ∖ I such that ∏i∈J pi divides a and
of maximal cardinality, and let a′ be the element of A such that a = a′∏i∈J pi . We have that
a′b′∏i∈J pi = ab′ = c∏i∈⟦n⟧∖I pi , so that also

a′b′ = c ∏
i∈⟦n⟧∖(I∪J)

pi . (A.9)
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If there is an element k in ⟦n⟧ ∖ (I ∪ J), then it divides one of a′ or b′, and then either∏i∈I∪{k} pi
divides b or∏i∈J∪{k} pi divides a, and both possibilities cannot occur in view of the way we chose
the sets I and J. This tells us that I ∪ J = ⟦n⟧, and thus the equality (A.9) implies that a′ is a unit
of A and a = a′∏i∈J pi is an element of S.

The set S is contained in A∖ 0 and, in fact, it is equal to it. Indeed, let us suppose that there is
a non-zero element a of A that is not in S. Since the multiplicatively closed subset S is saturated, it
follows then that, in fact, the ideal ⟨a⟩ is disjoint from S, and Lemma A.6.15 tells us that there is a
prime ideal p of A such that p ∩ S = ∅. This is absurd, since the hypothesis implies that there is
in p a prime element and that element belongs to S.

This contradiction allows us to conclude that S = A ∖ 0, as we claimed. This means that
every non-zero and non-unit element of A is a product of prime elements and, according to
Proposition A.6.13, that A is a unique factorization domain.

We can use this criterion to prove that the class of unique factorization domains is closed
under localizations.

Proposition A.6.17. Let A be a ring, and let S be a multiplicatively closed subset of A. If A is a unique
factorization domain, then so is the localization AS .

Proof. Let us suppose that A is a unique factorization domain, and let us show that the localiza-
tion AS is a unique factorization domain using Kaplansky’s criterion A.6.16. Let p be a proper
non-zero prime ideal of AS , and let ι∶A → AS be the canonical map to the localization. The
preimage ι−1(p) is a proper non-zero prime ideal of A, so Proposition A.6.16 tells us that there is a
prime element p of A in it. The element p/1 of AS is then in p, and to complete the proof we will
show that it is prime.

Let α and β be elements of AS such that p/1 divides αβ. There are then elements a, b, and c
of A and s, t, and u of S such that α = a/s, β = b/t, and p/1 ⋅ c/u = αβ = a/s ⋅ b/t in AS , so
that pcst = abu in A. As p is prime, this tells us that p divides one of a, b, or u. It cannot
divide u, though: were that the case, we would have an element u′ in A such that u = u′p, and
then p/1 ⋅ u′/u = 1 in AS , so that p/1 is a unit of AS , and this is impossible because p/1 is in p and
the ideal p of AS is proper. Now, if it divides a, then there is an element a′ in A such that a = a′p
and in AS we have that α = a/s = a′/s ⋅ p/1, so that p/1 divides α; similarly, if p divides b then p/1
divides β. This shows that p/1 is prime in AS , as we want.

We have now all the tools that we need to prove Nagata’s factoriality criterion. The following
lemma contains the technical parts of its proof.

Lemma A.6.18. Let A be an integral domain, let S be a multiplicatively closed subset of A generated
by prime elements, and let x be an irreducible element of A.
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(i) The image of x in the localization AS is either irreducible or invertible.
(ii) The element x is prime in A if and only if its image in AS is prime or invertible.

Proof. (i) Let us suppose x/1 is not a unit of AS , and that α and β are elements of AS such that
x/1 = αβ, and let a and b be elements of A and s and t elements of S such that α = a/s and β = b/t.
There are prime elements p1, . . . , pn in A such that st = p1⋯pn and we have that stx = ab in A. Let
I be a subset of ⟦n⟧ such that∏i∈I pi divides a of maximal cardinality, and let a′ be the element
of A such that a = a′∏i∈I pi . Similarly, let J be a subset of ⟦n⟧ ∖ I such that∏i∈J pi divides b of
maximal cardinality, and let b′ be the element of A such that b = b′∏i∈J pi . We then have that

n
∏
i=1

pi ⋅ x = stx = ab =∏
i∈I

pi ⋅ a′ ⋅∏
i∈J

pi ⋅ b′

and, since I ∩ J = ∅, this implies that

∏
i∈⟦n⟧∖(I∪J)

pi ⋅ x = a′b′.

We claim that I ∪ J = ⟦n⟧. Indeed, if that is not the case and k is an element of ⟦n⟧ ∖ (I ∪ J),
then the last equality tells us that the prime element pk divides one of a′ or b′. If pk divides a′,
then∏i∈I∪{k} pi divides a, and this is impossible because I ∪ {k} has one more element than I,
and if instead pk divides b′, then∏i∈J∪{k} pi divides b, and this is impossible because J ∪ {k} is
contained in ⟦n⟧ ∖ I and has one more element than J.

This proves that x = a′b′. As x is irreducible in A, one of a′ or b′ is a unit of A, and thus one
of α or β is a unit of AS . This shows that x/1 is irreducible in AS .

(ii) Let us suppose that x is a prime element of A, so that the ideal ⟨x⟩ of A is prime and
the quotient A/⟨x⟩ is an integral domain. Let S̄ be the image of S in this quotient. There is an
isomorphism AS/xAS ≅ (A/⟨x⟩)S̄ , and the ring (A/⟨x⟩)S̄ is either zero or an integral domain:
this tells us that x is either invertible or prime in AS . This proves that the condition that appears
in (ii) is necessary. We prove that it is also sufficient in two steps.

• Let us suppose first that x/1 is a unit of AS , so that there is an element y in A and an
element s in S such that x ⋅ y/s = 1/1 in AS or, equivalently, such that xy = s in A. There
are prime elements p1, . . . , pn of A such that s = p1⋯pn, and thus xy = p1⋯pn. Let I be a
subset of ⟦n⟧ of maximal cardinality among those such that∏i∈I pi divides y, and let y′ be
the element of A such that y = y′∏i∈I pi . Since∏n

i=1 pi = xy = xy
′∏i∈I pi , we have that

∏i∈⟦n⟧∖I pi = xy′. We cannot have that I = ⟦n⟧, for then this equality would tell us that x
is a unit of A, and it is not, since it is irreducible. We can therefore choose an element j
in ⟦n⟧ ∖ I. The prime p j then divides xy′, and it cannot divide y′, for in that case the
product∏i∈I∪{ j} pi would divide y, contradicting the maximality with which we chose the
set I, so that p j divides x. As x is irreducible, we in fact have that x is associated to p j and is
thus itself prime.
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• Let us suppose now that x/1 is prime in AS , and let a and b be two elements of A such that
x = ab. As x/1 = a/1 ⋅b/1 in AS , then x/1 divides one of a/1 or b/1 in AS , and this means that
there are an element c of A and an element s of S such that x/1 ⋅ c/s = a/1 or x/1 ⋅ c/s = b/1
in AS or, equivalently, xc = as or xc = bs in A. Let us suppose, for example, that the first
equality holds. Since s is in S, there are prime elements p1, . . . , pn of A such that s = p1⋯pn.

Let I be a subset of ⟦n⟧ such that∏i∈I pi divides c and that is of the maximal possible
cardinality, and let c′ be the element of A such that c = c′∏i∈I pi . We then have that

xc′∏
i∈I

pi = xc = as = a
n
∏
i=1

pi ,

so that xc′ = a∏i∈⟦n⟧∖I pi . If the set ⟦n⟧∖I is not empty, thenwe can choose an element j in it
andwe have that p j divides xc′: as p j does not divide c′, for otherwise the product∏i∈I∪{ j} pi
divides c and the set I ∪ { j} strictly contains I, so p j divides x and, since x is irreducible, is
associated to it: this implies that x is prime. If instead the set ⟦n⟧ ∖ I is empty, then we have
that a = xc′, so that a is divisible by x.

This completes the proof of the lemma.

The following characterization of factoriality, originally given by Nagata in [Nag1957], is what
we are after.

Proposition A.6.19. Let A be an integral domain, and let S be a multiplicatively closed subset of A
generated by prime elements. The ring A is a unique factorization domain if and only if

• every non-zero non-unit of A is a product of irreducible elements and

• the localization AS is a unique factorization domain.

Proof. Let us suppose that every non-zero non-unit of A is a product of irreducible elements
and that AS is a unique factorization domain, so that, according to Proposition A.6.13, every
irreducible element of AS is prime. In that case, if x is an irreducible element of A, then the first
part of Lemma A.6.18 tells us that x/1 is either irreducible or invertible in AS , so that either x/1 is
prime or invertible in AS , and, according to the second part of the same lemma, the element x is
prime in A. This shows that every irreducible element of A is prime and, since we are assuming
that every non-zero non-unit of A is a product of irreducible elements, we can conclude from
Proposition A.6.13 that A is a unique factorization domain. The condition of the proposition is
thus sufficient.

Let us suppose now that A is a unique factorization domain. Of course, every non-zero non-
unit element of A is then a product of irreducible elements, and it follows from Proposition A.6.17
that AS is a unique factorization domain. This shows that the condition of the proposition is also
necessary.
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We can now make the key step in the proof that polynomial rings over unique factorization
domains are themselves unique factorization domains.

Proposition A.6.20. If A is a unique factorization domain, then so is the ring A[x1, . . . , xn] for any
non-negative integer n.

Proof. Let A be a unique factorization domain. We will only prove that the ring A[x] is a unique
factorization domain. That more generally the A[x1, . . . , xn] is a unique factorization domain for
any non-negative integer n follows from this and a straightforward induction based on the fact
that for any such integer there is an isomorphism A[x1, . . . , xn][x] → A[x1, . . . , xn+1].

We start by proving that

every non-zero and non-unit element of A[x] is a product of irreducible elements (A.10)

In view of Proposition A.6.11, to do that it is enough that we show that the set of principal ideals
of A[x] satisfies the ascending chain condition. Let (Ii)i≥1 be a sequence of principal ideals of A[x]
such that for each i in N we have Ii ⊆ Ii+1. We need to show that there is a positive integer N such
that Ii+1 = Ii for all integers i such that i ≥ N . This is obvious if Ii = 0 for all i in N, for in that case
we can simply take N = 1, so we may suppose that there is an i0 in N such that Ii0 ≠ 0. Of course,
this implies that Ii ≠ 0 for all integers i such that i ≥ i0, too.

Let us choose, for each integer i such that i ≥ i0, a non-zero element fi of A[x] such that
Ii = ⟨ fi⟩. For each integer i such that i ≥ i0 we then have that ⟨ fi⟩ = Ii ⊆ Ii+1 = ⟨ fi+1⟩, so that fi+1
divides fi and, in particular, deg fi+1 ≤ deg fi . The sequence of non-negative integers (deg fi)i≥i0
is therefore non-increasing and there is a positive integer M such that M ≥ i0 and deg fi = deg fM
for all integers i such that i ≥ M.

For each integer i such that i ≥ M let ai be the leading coefficient of the polynomial fi .
If i is an integer such that i ≥ M, then we have both ⟨ fi⟩ ⊆ ⟨ fi+1⟩, so that fi+1 divides fi , and
deg fi+1 = deg fM = deg fi , so there is an element bi in A such that fi = bi fi+1 and thus ai = biai+1.
This tells us that we have an increasing chain of principal ideals

⟨aM⟩ ⊆ ⟨aM+1⟩ ⊆ ⟨aM+2⟩ ⊆ ⟨aM+3⟩ ⊆ ⋯

As A is a unique factorization domain, Proposition A.6.11 tells us that the set of principal ideals
of A satisfies the ascending chain condition, and there is therefore an integer N such that N ≥ M
and ⟨ai⟩ = ⟨aN⟩ for each integer i such that i ≥ N . This number N satisfies the condition that we
want: if i is an integer such that i ≥ N , then we have ⟨ai⟩ = ⟨aN⟩ = ⟨ai+1⟩ and ai = biai+1, so the
element bi is a unit of A and thus Ii+1 = ⟨ fi+1⟩ = ⟨bi fi+1⟩ = ⟨ fi⟩ = Ii .

Let now S be the multiplicatively closed subset of A generated by the prime elements of A. As A
is a unique factorization domain, we have that every irreducible element of A is prime and that
every element of A is associated to a product of irreducible elements, and this implies at once that
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the localization AS is the fraction field F of A. Each prime element of A is prime in A[x], so when
we view S as a subset of A[x] it is a multiplicatively closed subset generated by prime elements.
Moreover, the localization A[x]S clearly coincides with AS[x] = F[x] and is therefore a unique
factorization domain because F is a field. In view of this and (A.10), we can conclude, thanks to
Nagata’s factoriality criterion A.6.19, that the ring A[x] is a unique factorization domain.

A.7. Greatest common divisors

One of the reasons that underlie our interest in unique factorization domains is that in them we
have a good notion of greatest common divisor.

Definition A.7.1. Let A be an integral domain, and let S be a subset of A. We say that an element d
of A is a greatest common divisor of S if

• d divides all the elements of S, and
• d is divisible by any element of A that divides all elements of S.

We write gcd S for the set of all greatest common divisors of S.

In general, a set that has a greatest common divisor has many, but they are all related in a
simple way, as the result of the following exercise shows.

Exercise A.7.2. Show that if a subset S of a domain A admits a greatest common divisor, then
the set gcd S of all its greatest common divisors is in fact an equivalence class for the relation of
association.

In general, we are interested mostly in finding greatest common divisors for finite sets of
elements of integral domains. There are integral domains in which this is not possible, though.

Example A.7.3. Let us consider the ring A ∶= Z[
√
−3], and the norm function N ∶ z ∈ A↦ zz ∈ N0,

which has the property that

N(xy) = N(x)N(y) for all choices of x and y in A.

If u is a unit of A, and a and b are the integers such u = a + b
√
−3, then we have that

1 = N(1) = N(u ⋅ u−1) = N(u) ⋅ N(u−1),

so that the integer N(u) = a2 + 3b2 divides 1, and thus a ∈ {±1} and b = 0. This tells us that the
units of A are 1 and −1. On the other hand, we have that

if u and v are elements of A such that u divides v and N(u) = N(v), then u ∼ v.
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Indeed, in that situation there is an element w in A such that uw = v and thus N(u)N(w) = N(v),
so that N(w) = 1 and therefore w is a unit of A.

Let us now consider the subset S ∶= {4, 2 + 2
√
−3} of A. Since

4 = 2 ⋅ 2 = (1 +
√
−3)(1 −

√
−3), 2 + 2

√
−3 = 2 ⋅ (1 +

√
−3),

we see that 2 and 1+
√
−3 are common divisors of the elements of S. We will show below that they

are in fact maximal common divisors, in the sense that every common divisor of the elements
of S that is divisible by 2 is associated to it, and every common divisor of the elements of S that is
divisible by 1+

√
−3 is associated to it. Since they are not associated to each other, this implies that

the set S does not have a greatest common divisor.
First, let us note that 4 does not divide 2 + 2

√
−3 and that 2 + 2

√
−3 does not divide 4: indeed,

they are not associated and they have the same norm.

• Let x be a common divisor of the elements of S that is divisible by 2. There are then integers a
and b such that x = 2a + 2b

√
−3 and, since x divides 4, the number

4
2a + 2b

√
−3
=

2a − 2b
√
−3

a2 + 3b2

is in A. In particular, a2 + 3b2 divides 2b, so 3b2 ≤ a2 + 3b2 ≤ 2∣b∣ and thus b = 0. We then
have that 2/a ∈ Z, so that a is one of ±1 or ±2, and x one of ±2 or ±4. In fact, as 4 does not
divide 2 + 2

√
−3, the number x is one of ±2 and therefore is associated to 2.

• Let now x be a common divisor of the elements of S that is divisible by 1 +
√
−3, so that

there are integers a and b such that x = (1 +
√
−3)(a + b

√
−3). As x divides 2 + 2

√
−3, the

number

2 + 2
√
−3

(1 +
√
−3)(a + b

√
−3)
=

2
a + b

√
−3
=

2a − 2b
√
−3

a2 + 3b2

is in A, so a2+3b2 divides 2b and we see as before that b = 0 and that 2/a ∈ Z. As 2+2
√
−3)

does not divide 4 in A, we must have, in fact, that a is one of ±1, and thus that x is associated
to 1 +

√
−3.

Rings in which every finite subset admits a greatest common divisor are convenient for many
things. We give them a name.

Definition A.7.4. A ring is a GCD domain if it is an integral domain and each of its finite subsets
admits a greatest common divisor.

When checking that a ring satisfies this condition, the result of the following exercise is useful.
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Exercise A.7.5. Let A be an integral domain. If every subset of Awith two elements has a greatest
common divisor in A, then A is a GCD domain.

The following lemma gives a few facts that are useful when dealing with greatest common
divisors.

Lemma A.7.6. Let A be a GCD domain, and let a, b, and c be elements of A.
(i) If x ∈ gcd{a, b} and y ∈ gcd{b, c}, then gcd{x , c} = gcd{a, b, c} = gcd{a, y}.
(ii) gcd{ac, bc} = c gcd{a, b}.
(iii) If x ∈ gcd{a, b}, then gcd{a, bc} = gcd{a, xc}.
(iv) If 1 ∈ gcd{a, b} and 1 ∈ gcd{a, c}, then 1 ∈ gcd{a, bc}.

If we forget for a moment the fact that gcd{a, b} denotes a set and not an element of the ring,
then we can write the equalities of the first part of this lemma in the form

gcd{gcd{a, b}, c} = gcd{a, b, c} = gcd{a, gcd{b, c}},

and we can view this as saying that the operation gcd is associative.

Proof. (i) By symmetry, it is enough to prove that gcd{x , c} = gcd{a, b, c}. Let d be an element
of gcd{a, b, c}, and let e be an element of gcd{x , c}. Since d divides a and b, it divides x, and
since it also divides c, we see that d divides e. Conversely, since e divides x, it divides a and b,
and since it also divides c, it divides d. We thus see that d ∼ e, and thus that the sets gcd{a, b, c}
and gcd{x , c} are equal, because they are equivalence classes for the relation of association.

(ii) Let d0 and e0 be elements of gcd{a, b} and of gcd{ac, bc}, respectively. Since d0 divides a
and b, the product cd0 divides ac and bc, and is thus a divisor of e0 and there is an element f of A
such that e0 = cd0 f . There are elements ā and b̄ in A such that ac = e0 ā and bc = e0b̄, and then
ac = e0 ā = cd0 f ā and bc = e0b̄ = cd0 f b̄, so that a = d0 f ā and b = d0 f b̄. This implies that d0 f
divides d0, and thus that f is a unit. We have shown that e0 ∼ cd0.

If e is an element of gcd{ac, bc}, so that e ∼ e0 ∼ cd0, then there is a unit u in A such
that e = ucd0 and, since ud0 ∈ gcd{a, b}, we have that e ∈ c gcd{a, b}: we see with this
that gcd{ac, bc} ⊆ c gcd{a, b}. On the other hand, if d is an element of gcd{a, b}, then
d ∼ d0, so that cd ∼ cd0 ∼ e0 ∈ gcd{ac, bc} and thus also cd ∈ gcd{ac, bc}: this shows that
c gcd{a, b} ⊆ gcd{ac, bc}. The two inclusions that we have obtained imply the equality of (ii).

(iii) Let x be an element of gcd{a, b}. Since a ∈ gcd{a, ac} and cx ∈ c gcd{a, b} = gcd{ac, bc},
we have, according to (i), that gcd{a, bc} = gcd{a, ac, bc} = gcd{a, xc}.

(iv) This follows immediately from (iii).

An infinite subset of a GCD domain need not admit a greatest common divisor. The following
proposition tells us that finitely generated ideals, which are usually infinite, do.
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Proposition A.7.7. Let A be a GCD domain, let I be a finitely generated ideal of A, and let S be a
finite subset of A such that I = ⟨S⟩. The set gcd I coincides with gcd S and is therefore not empty, and
the ideal generated by any of its elements is the unique minimal element of the set of principal ideals
that contain I.

Proof. Let a1, . . . , an be the elements of S, and let d be an element of gcd S. If b is an element
of I, then there are elements b1, . . . , bn of A such that b = ∑n

i=1 biai and, since d divides each
of a1, . . . , an, we see that d divides b. On the other hand, if e is a common divisor for the elements
of I, then in particular e divides all the elements of S and thus also d. This shows that d ∈ gcd I
and, since gcd S and gcd I are both equivalence classes for the association relation, this implies
that, in fact, gcd I = gcd S.

Since d divides all the elements of I, we have that I ⊆ ⟨d⟩. On the other hand, if J is a principal
ideal of A that contains I, then there is an element b of A such that J = ⟨b⟩ and, since I ⊆ J = ⟨b⟩,
the element b divides each element of I: as d is in gcd I, this implies that b divides d and thus
that J = ⟨b⟩ ⊇ ⟨d⟩. The principal ideal ⟨d⟩ is therefore the unique minimal element of the set of
principal ideals of A that contain I.

Wewill prove below, as PropositionA.7.14, that unique factorization domains areGCDdomains,
and this implies, in view of Proposition A.6.14, that a principal ideal domain is a GCD domain.
For such a ring, though, there is a simpler way to prove this which we will now present. In fact,
that argument works more generally for rings that satisfy the condition of the following definition.

Definition A.7.8. An integral domain A is a Bézout domain if every finitely generated ideal of A is
principal.

These rings are named after Étienne Bézout. Of course, principal ideal domains are precisely
the Bézout domains that are Noetherian. Bézout domains that are not Noetherian do exist. To
present an example of this we need the results of the following exercise.

Exercise A.7.9.
(a) Show that an integral domain A is a Bézout domain if any ideal of A that can be generated

by two elements is principal.
(b) Show that an ideal ⟨a, b⟩ in a ring A is principal if and only if there exist elements u and v

of A such that ua + vb divides both a and b.

Example A.7.10. The set A of all elements ofQ[x] whose constant term is an integer is easily seen
to be a subring ofQ[x]. In this ring, any polynomial with zero constant term is divisible by any
non-zero integer. Let us show that it is a non-Noetherian Bézout domain.

• We want to show that every ideal of A that can be generated by two elements is principal. In
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order to reach a contradiction, let us suppose that this is not the case, and among all the
ordered pairs of non-zero elements of A that generate an ideal which is not principal let
(a, b) be one such that the non-negative integer deg a + deg b is minimal.

According to the result of Exercise A.7.9, there do not exist elements u and v such that
ua + vb is a common divisor of a and b. This implies that

the polynomials a and b do not have a common divisor in A that is a
non-constant polynomial.

(A.11)

Indeed, let us suppose that d is common divisor of a and b in A that is a non-constant
polynomial, and let ā and b̄ be the elements of A such that a = dā and b = db̄. As deg d > 0,
we have that deg ā+deg b̄ < deg a+deg b and, since ā and b̄ are non-zero, the way in which
we chose the pair (a, b) implies that the ideal ⟨ā, b̄⟩ is principal, so that there are elements u
and v in A such that uā + vb̄ divides ā and b̄: but then ua + vb = udā + vdb̄ divides a = dā
and b = db̄, and this is absurd. This contradiction proves (A.11).

It follows from (A.11) that one of a or b has non-zero constant term. If this were not so,
we could find positive integers m, n, r, and s, and elements c and d of A such that a = xmc/r
and b = xnd/s, and then x/rs would be a non-constant common divisor of a and b in A,
since a = x/rs ⋅ sxm−1c and b = x/rs ⋅ rxn−1d, and (A.11) tells us this is impossible.

Let now g be the greatest common divisor of a and b in the ringQ[x]. Since one of a
or b has non-zero constant term, so does g, and there is therefore a rational number n
such that ng has constant term equal to 1 and is thus an element of A. The polynomials e
and f in Q[x] such that a = nge and b = ng f have integer constant term, so they are
in A, and thus ng is, in fact, a common divisor of a and b in A. According to (A.11), the
polynomial ng is constant and, therefore, equal to 1. This implies that 1 ∈ aQ[x] + bQ[x],
so that the intersection Z ∩ (aA + bA), which is an ideal of Z, is not zero. There is then
a positive integer m such that Z ∩ (aA+ bA) = mZ, and elements h and k in A such that
m = ha + kb. Let us notice that mA ⊆ aA+ bA.

Let now a0 and b0 be the constant terms of a and of b, let w be their non-negative
greatest common divisor in Z, and let s and t be integers such that w = sa0 + tb0. The
constant term of the polynomial sa + tb −w is zero, so that m divides sa + tb −w in A, and
thus sa+ tb−w ∈ mA ⊆ aA+bA, so that w ∈ Z∩(aA+bA) = mZ andm divides w. On the
other hand, we have that m = h(0)a0 + k(0)b0, so that w also divides m and thus m = w.
Since clearly w divides both a and b, the result of Exercise A.7.9 lets us conclude that the
ideal ⟨a, b⟩ of A is principal, which is absurd.

This contradiction arose from our hypothesis that there are 2-generated ideals in A that
are not principal, so this is not true: the ring A is thus a Bézout domain.

• Let us consider the subset X ∶= {x/n ∶ n ∈ N} of A, the ideal I that it generates, and suppose
that I is finitely generated. Since we have shown above that A is a Bézout domain, then
this implies that, in fact, the ideal I is principal, so that there is an element f in I such that
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I = ⟨ f ⟩. Since x ∈ I, this polynomial f divides x in I and therefore also inQ[x], so it is of
the form ax for some non-zero rational number a. Let r and s be coprime integers such
that a = r/s, and let p be a prime number that does not divide s. Since x/p ∈ X ⊆ I = ⟨rx/s⟩
, there is an element b of A such that x/p = rxb/s. Of course, b is a constant polynomial,
so an integer, and that equality implies that in Z be have s = rbp: this is absurd, since p
does not divide s. This proves that the ideal I is not finitely generated, and that therefore the
ring A is not Noetherian.

The following one is an important example of a non-Noetherian Bézout domain found in the
context of complex analysis.

Example A.7.11. Let Ω be a connected open subset ofC. Olaf Helmer proved in [Hel1940] that the
ringH(Ω) of holomorphic functions on Ω is a Bézout domain, and this ring is not Noetherian.
This is a consequence of theWeierstraß Factorization Theorem and of theMittag–Leffler Theorem
on the existence of meromorphic functions with prescribed principal parts. The details and the
story of this result are given by Reinhold Remmert in the fourth chapter of his book [Rem1998].

Exercise A.7.12. Let A be a Bézout domain, let F be the field of fractions of A, and let B be any
subring of F such that A ⊆ B. Show that subset S ∶= {a ∈ A ∶ a−1 ∈ B} of A is multiplicatively
closed, that B is the localization AS , and that B is a Bézout domain.

One should note that, in general, a subring of the fraction field of a domain A that contains A
is not a localization of A. For example, if A = Q[x , y], and A(x) and A(y) are the localizations of A
at the prime ideals (x) and (y), viewed as subrings of the fraction field FracA = Q(x , y), then
the subring B ∶= A(x) ∩ A(y) of FracA contains A and is not a localization of A.

As we said, the reason we are considering Bézout domains is that the following result holds.

Proposition A.7.13. A Bézout domain is a GCD domain.

Proof. Let A be a Bézout domain. According to the result of Exercise A.7.5, in order to prove the
proposition it is enough that we show that every 2-element subset of A admits a greatest common
divisor. Let then a and b be two elements of A. Since A is a Bézout domain, there is an element d
in A such that ⟨a, b⟩ = ⟨d⟩. Let us show that d is a greatest common divisor for the set {a, b}.

• Since a, b ∈ ⟨a, b⟩ = ⟨d⟩, this element d divides both a and b.
• On the other hand, let e be a common divisor of a and b: as d is in ⟨a, b⟩, there are elements u
and v in A such that d = ua + vb, and therefore e clearly divides d.

Having considered this special result, let us now move to the proof of the important fact that
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unique factorization domains are GCD domains. As we will see, most of the technical details
needed to do this are contained in Lemmas A.6.8 and A.6.10.

Proposition A.7.14. A unique factorization domain is a GCD domain.

There exist GCD domains that are not unique factorization domains. The ring of algebraic
integers in C and the ring of entire functions are examples of this — proving either of these claims
is outside of the scope of these notes, though. On the other hand, there exist unique factorization
domains that are not Bézout domains: one simple example is the ring Z[x], which is a unique
factorization domain by the Proposition A.6.20 that we will prove later and whose ideal (2, x) is
not principal.

Proof. Let A be a unique factorization domain, and let I be a set of irreducible elements of A as in
the first part of Lemma A.6.10. According to the result of Exercise A.7.5, to prove the proposition
it is enough that we check that every subset of Awith two non-zero elements admits a greatest
common divisor.

Let a and b be two elements of A, let S be the subset {a, b}, and let us show that gcd S ≠ ∅.
If one of a or b is zero, then the other is an element of gcd S, and we may therefore suppose that
both a and b are non-zero. According to LemmaA.6.10, there are units ca and cb inA and functions
εa, εb ∶I → N0 such that the sets Ia ∶= {p ∈ I ∶ εa(p) > 0} and Ib ∶= {p ∈ I ∶ εb(p) > 0} are
finite, a = ca∏p∈Ia p

εa(p), and b = cb∏p∈Ib p
εb(p). Let us consider the function ε∶I → N0 that

on each element p of I takes the value

ε(p) = min{εa(p), εb(p)}.

The set I ∶= {p ∈ I ∶ ε(p) > 0} is contained in Ia , so it is finite, and we may therefore also consider
in A the element

d ∶= ∏
p∈I

pε(p).

According to the uniqueness claim of part (iii) of Lemma A.6.10, we have that cd = 1 and εd = ε. To
complete the proof of the proposition, we will show that d is a greatest common divisor of {a, b}.

• Since clearly ε(p) ≤ εa(p) and ε(p) ≤ εb(p) for all p in I , the last part of Lemma A.6.10
tells us that d divides both a and b.

• Let e be an element of A that divides both a and b. As e is therefore non-zero, there are
a unit ce and a function εe ∶I → N0 such that the set Ie ∶= {p ∈ I ∶ εe(p) > 0} is finite
and e = ce∏p∈Ie p

εe(p). Since e divides a and b, the last part of Lemma A.6.10 tells us that
εe(p) ≤ εa(p) and εe(p) ≤ εb(p) for all p in I , so that in fact

εe(p) ≤ min{εa(p), εb(p)} = εd(p)

for all p in I and, therefore, according to the same lemma, d divides e.
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A.8. Gauss’s Lemma

In this section we will present two extremely useful results that are valid in GCD domains.

Definition A.8.1. Let A be a ring. The content of a polynomial f in A[x] is the ideal generated by
the set of its coefficients, which we write cont( f ).

In the situation of this definition it is obvious that cont(a f ) = a cont( f ) for each element a
of A. The main observation to be made about these concepts is the following one.

Proposition A.8.2. Let A be a ring, and let f and g be two elements of A[x]. We have that

cont( f g) ⊆ cont( f ) ⋅ cont(g) ⊆
√
cont( f g).

Proof. If one of f or g is zero, the claim is obvious, so we may suppose that f and g are both not
zero. Let m and n be the degrees of f and of g, respectively, and let a0, . . . , am and b0, . . . , bn be
the elements of A such that f = ∑m

i=0 aix
i and g = ∑n

j=0 b jx j, so that f g = ∑m+n
k=0 ckxk , with

ck =
min{m,k}
∑

l=max{0,k−n}
albk−l

for each k in ⟦0,m + n⟧. Of course, we then have cont( f ) = ⟨a0, . . . , am⟩, cont(g) = ⟨b0, . . . , bm⟩,
and cont( f g) = ⟨c0, . . . , cm+n⟩. Since clearly aib j ∈ cont( f ) ⋅ cont(g) for all choices of i in ⟦m⟧
and of j in ⟦n⟧, we have that

cont( f g) ⊆ cont( f ) ⋅ cont(g)

To complete the proof we need show that cont( f ) ⋅ cont(g) ⊆
√
cont( f g) and, as the radical

of an ideal is the intersection of all the prime ideals that contain the ideal, to do this it is enough
that we check that for any prime ideal p of Awe have that

cont( f g) ⊆ p Ô⇒ cont( f ) ⋅ cont(g) ⊆ p.

Let then p be a prime ideal of A that contains cont( f g), and let π∶A[x] → (A/p)[x] the map
induced by the canonical projection A→ A/p. Since cont( f g) ⊆ p, all the coefficients of f g are
in p and thus π( f ) ⋅ π(g) = π( f g) = 0: as the ideal p is prime, the quotient A/p is an integral
domain, and therefore so is the ring (A/p)[x], and then one of π( f ) or π(g) is zero, so that one
of cont( f ) or cont(g) is contained in p and, as a consequence, cont( f ) ⋅ cont(g) ⊂ p.

In general, in the situation of this proposition no two of the ideals cont( f g), cont( f ) ⋅cont(g),
and
√
cont( f g) need be equal.
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Example A.8.3. Let us consider, as Irving Kaplansky does in [Kap1970], the subring A ∶= Z[2i]
of C, and the polynomials f ∶= 2 + 2ix and g ∶= 2 − 2ix in A[x]. As cont( f ) = cont(g) = ⟨2, 2i⟩,
we have that cont( f ) ⋅ cont(g) = ⟨2, 2i⟩2 = ⟨4, 4i⟩. Since f g = 4 + 4x2, we have that

cont( f g) = ⟨4⟩ = {4a + 8bi ∶ a, b ∈ Z},

and this ideal does not contain 4i. On the other hand, it is clear that 2 ∉ cont( f ) ⋅ cont(g) and
that 2 ∈

√
cont f g. We therefore have that cont( f g) ⊊ cont( f ) ⋅ cont(g) ⊊

√
cont( f g).

By restricting the class of rings under consideration and using amodified version of the content
we can improve the result of Proposition A.8.2.

Definition A.8.4. Let A be a GCD domain. If f is an element of A[x], then we write cont( f )
for the unique minimal principal ideal of A that contains cont( f ), and we say that f is primitive
if cont( f ) = A.

The existence of such a unique minimal principal ideal is guaranteed by Proposition A.7.7,
since the content of a polynomial is manifestly a finitely generated ideal. If the ring A is a Bézout
domain, then cont( f ) is simply cont( f ).

Lemma A.8.5. Let A be a GCD domain, and let F be the field of fractions of A.
(i) If a is an element of A and f one of A[x], then cont(a f ) = a cont( f ).
(ii) If f is a non-zero element of A[x] and d is an element of A such that cont( f ) = ⟨d⟩, then

there is a primitive element f̄ in A[x] such that f = d f̄ .
(iii) If f is a non-zero element of F[x], then there is an element a of F and a primitive element f̄

of A[x] such that f = a f̄ , and if a′ and f̄ ′ are another element of F and another primitive
element of A[x], respectively, such that we also have f = a′ f̄ ′, then there is a unit u of A such
that a = ua′.

Proof. (i) Since cont(a f ) = a cont(a f ), this is clear.
(ii) Let f be a non-zero element of A[x], and let d be an element of A such that cont( f ) = ⟨d⟩.

Since d divides each coefficient of f , there is an element f̄ in A[x] such that f = d f̄ , and it is not
zero because f is not zero. Let now d̄ be a greatest common divisor for set of coefficients of f̄ . As
dd̄ divides all the coefficients of f = d f̄ , we have that dd̄ divides d, and this implies that d̄ is a unit
of A. This tells us that cont( f̄ ) = ⟨d̄⟩ = A, so that f̄ is primitive.

(iii) Let f be a non-zero element of F[x]. There are then an element c of A and an element f1
of A[x] such that f = f̄ /c and, according to (i), there are also an element b of A and a primitive
element f̄ of A[x] such that f̄ = b f̄ . If we now put a ∶= b/c, which is an element of F, we have that
f = a f̄ . This proves the first claim of (ii).

To prove the second one, let a′ be an element of F and let f̄ ′ be a primitive element of A[x],
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and let us suppose that f = a′ f̄ ′. Since a f̄ = a′ f̄ ′ and the polynomials f̄ and f̄ ′ are both primitive,
we have that

⟨a⟩ = a cont( f̄ ) = cont(a f̄ ) = cont(a f̄ ′) = a′ cont( f̄ ′) = ⟨a⟩,

so that there is a unit u of A such that a = ua′.

The main result about the content of polynomials with coefficients in a GCD domain is the
following one, usually known as Gauss’s Lemma.

Proposition A.8.6. Let A be a GCD domain. If f and g are two elements of A[x], then

cont( f g) = cont( f ) ⋅ cont(g). (A.12)

Proof. Let f and g be two elements of A[x]. If one of f or g is zero, the equality (A.12) is obvious, so
we may suppose that both f and g are not zero. Let m and n be the degrees of f and g, respectively.
We will prove that the product f g is primitive by induction with respect to the non-negative
integer m + n.

If m + n = 0, so that there are non-zero elements a and b in A such that f = a and g = b, then
we have that cont( f ) = ⟨a⟩, cont( f ) = ⟨b⟩, and cont( f g) = cont(ab) = ⟨ab⟩, so that we clearly
have that cont( f ) ⋅ cont(g) = ⟨a⟩ ⋅ ⟨b⟩ = ⟨ab⟩ = cont( f g), as we want.

Let us suppose now that the integer m + n is positive. Let d and e be elements of A such that
cont( f ) = ⟨d⟩ and cont(g) = ⟨e⟩, let f̄ and ḡ be the primitive elements of A[x] such that f = d f̄
and g = e ḡ, and let a and b be the leading coefficients of f̄ and of ḡ, respectively.

If f̄ = axm, then the element a is a unit because f̄ is primitive and we therefore have that

cont( f g) = cont(deaxm ḡ) = dea cont(ḡ) = ⟨dea⟩ = ⟨d⟩ ⋅ ⟨e⟩ = cont( f ) ⋅ cont(g),

and a argument proves the equality (A.12) if ḡ = bxn. We can therefore suppose in what follows that
both f̄ and ḡ have each more than one term. Let u be an element of A such that cont( f̄ ḡ) = ⟨u⟩.

• Let v be a greatest common divisor of {a, u}. This element v divides all the coefficients
of ( f − axm)g, so that cont(( f̄ − axm)ḡ) ⊆ ⟨v⟩ and, according to the inductive hypothesis,

cont( f̄ −axm) = cont( f̄ −axm)⋅A = cont( f̄ −axm)⋅cont(ḡ) = cont(( f̄ −axm)ḡ) ⊆ ⟨v⟩.

Since v divides a, this implies us that v divides all the coefficients of f̄ and thus that
A = cont( f ) ⊆ ⟨v⟩: this tells us that v is a unit, so that 1 ∈ gcd{a, u}.

• Similarly, let v′ be a greatest common divisor of {b, u}: it divides the coefficients
of f̄ (g − bxn), so cont( f̄ (ḡ − bxn)) ⊆ ⟨v′⟩ and, in view of the inductive hypothesis,

cont(ḡ−bxn) = A⋅cont(ḡ−bxn) = cont( f̄ )⋅cont(ḡ−bxn) = cont( f̄ (ḡ−bxn)) ⊆ ⟨v′⟩.
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As v′ divides b, this implies that v′ divides the coefficients of ḡ and, since ḡ is primitive, that
v′ is a unit, so that 1 ∈ gcd{b, u}.

We therefore have that 1 ∈ gcd{a, u} and that 1 ∈ gcd{b, u}, and we can conclude from the last
part of Lemma A.7.6 that also 1 ∈ gcd{ab, u}. Since ab is the leading coefficient of f̄ ḡ, it is divisible
by u, and thus also u ∈ gcd{ab, u}. We see with this that u ∼ 1, so that f̄ ḡ is primitive and

cont( f g) = cont(de f̄ ḡ) = de cont( f̄ ḡ) = ⟨de⟩ = ⟨d⟩ ⋅ ⟨e⟩ = cont( f ) ⋅ cont(g).

This completes the induction, and therefore proves the proposition.

There are many important corollaries of Proposition A.8.6. The first one that we mention is
simply one of its special cases.

Corollary A.8.7. Let A be a GCD domain. If f and g are two primitive elements of A[x], then the
product f g is also primitive.

The second corollary is a very useful divisibility criterion for polynomials.

Corollary A.8.8. Let A be a GCD domain, let F be the field of fractions of A, and let f and g be
two elements of A[x]. The polynomial f divides the polynomial g in A[x] if and only if it divides it
in F[x] and cont(g) ⊆ cont( f ).

Proof. If f divides g inA[x], so that there is an element h ofA[x] such that g = f h, then f divides g
in F[x] and, according to Proposition A.8.6, we have that cont(h) = cont( f ) ⋅ cont(h) ⊆ cont( f ).

Let us suppose now that f divides g in F[x] and that cont(g) ⊆ cont( f ). Let a be a generator
of cont( f ), and let f̄ be the primitive element of A[x] such that f = a f̄ . As f divides g in F[x],
there is an element h of F[x] such that g = f h, and there are therefore elements b and c in A and
a primitive element h̄ of A[x] such that c ≠ 0 and h = bh̄/c. As cg = ab f̄ h̄ and, according to
Corollary A.8.7, the product f̄ h̄ is primitive, we have that

ab ∈ ⟨ab⟩ = ab cont( f̄ h̄) = cont(ab f̄ h̄) = cont(cg) = c cont(g) ⊆ c cont( f ) = ⟨ac⟩,

so that ac divides ab in A. This implies, of course, that c divides b in A, so that the fraction b/c is
in A and thus h = bh̄/c is an element of A[x]. This shows that f divides g in A[x], as we want.

The third corollary is an integrality criterion.

Corollary A.8.9. Let A be a GCD domain, let F be the field of fractions of A, and let f and g be two
elements of F[x] each of which has a coefficient that is a unit of A. If the f g is a primitive element
of A[x], then f and g are in A[x].
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Figure A.1. The original statement of Gauss’s Lemma in Article 42 of Carl Friedrich
Gauss’s Disquisitiones Arithmeticae.

Proof. There are elements a and b of F and primitive polynomials f̄ and ḡ in A[x] such
that f = a f̄ and g = bḡ. We know f has a coefficient u which is a unit of A, and u/a
is one of the coefficients of f̄ , so a−1 is in fact an element of A; similarly, of course, b−1 is
in A. Corollary A.8.7 tells us that f̄ ḡ = a−1b−1 f g is a primitive element of A[x], so that
a−1b−1 cont( f g) = cont(a−1b−1 f g) = cont( f̄ ḡ) = A. It follows from this that a−1 and b−1 are
units of A, and thus that f = a f̄ and g = bḡ have their coefficients in A.

The following is, again, simply a special case of Corollary A.8.9.

Corollary A.8.10. Let A be a GCD domain, let F be the field of fractions of A, and let f and g be
two monic elements of F[x]. If all the coefficients of f g are in A, then all the coefficients of f and
of g are in A.

The contrapositive of this statement is the original lemma of Gauss: its special case over the
integers appears as Article 42 in Carl Friedrich Gauss’s Disquisitiones Arithmeticae— see Figure A.1.

Proof. Let us suppose that all the coefficients of f g are in A. Since that polynomial is monic, it is
then primitive in A[x], and Corollary A.8.10 tells us that both f and g are in A[x].

Corollary A.8.10 implies, for example, that if a complex number α is an algebraic integer, so
that it is a root of a monic element of Z[x], then the minimal polynomial of α over Q, which is, in
principle, a monic element ofQ[x], has all its coefficients in Z.

Corollary A.8.11. Let A be a GCD domain, let F be the field of fractions of A, and let f and g be two
elements of F[x]. If f g is in A[x], then there is an element d of F such that d f and g/d are in A[x].
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Proof. There are elements a and b in F and primitive elements f̄ and ḡ in A[x] such that f = a f̄
and g = bḡ. According to Corollary A.8.7, the product f̄ ḡ is primitive: since we have f g = ab f̄ ḡ,
it follows from the last part of Lemma A.8.5 that ab is a unit of A. If we put d ∶= b, we then have
that the polynomials d f = ab f̄ = u f̄ and g/s = ḡ are both in A[x].

Our final corollary is an irreducible criterion.

Corollary A.8.12. Let A be a GCD domain, and let F be the field of fractions of A. A non-constant
polynomial f in A[x] is irreducible if and only if it is irreducible in F[x] and it is primitive.

Proof. Let f be an irreducible non-constant element of A[x], let c be an element of A such that
cont( f ) = c, and let f̄ be the primitive element of A[x] such that f = c f̄ . The polynomial f̄ is
not constant, so it is not a unit of A[x]: as f is irreducible in A[x], it follows then that c is a unit
of A[x] and therefore, since it is constant, of A, so that f is primitive.

Let us suppose now that there are elements g and h in F[x] such that f = gh. According
to Corollary A.8.11 there is an element d of F such that dg and h/d are both in A[x], and since
f = dg ⋅ h/d and f is irreducible in A[x], we see that one of dg or h/d is a unit of A[x], so that
one of g or h is a unit of F[x]. This tells us that f is irreducible in F[x], and we can conclude that
the condition given by the corollary for the irreducibility of f in A[x] is necessary.

Let us suppose now that f is a non-constant primitive element of A[x] that is irreducible
in F[x] and let g and h be elements of A[x] such that f = gh. Since f is irreducible in F[x], one
of g or h is a unit there, so that it is constant. My symmetry, we can suppose that it is g that is
constant, and since then A = cont( f ) = cont(gh) = g cont(h), we see that g is a unit of A, so
of A[x]. This shows that f is irreducible in A[x], and the condition of the corollary sufficient.

As an application of these results, let us reprove Proposition A.6.20. It is interesting to note
that this is the original application made by Gauss of his lemma.

Proposition A.8.13. If A is a unique factorization domain, then so is the ring A[x].

Proof. Let f be an element of A[x], and let a and f̄ be a generator of the ideal cont( f ) and the
primitive element of A[x] such that f = a f̄ .

Let F be the fraction field ofA. Since F[x] is a principal ideal domain, it is a unique factorization
domain and there are therefore an element b of F, a non-negative integer n, and irreducible
elements g1, . . . , gn of F[x] such that f = bg1⋯gn in F[x]. According to Lemma A.8.5, there are
elements b1, . . . , bn of F and primitive elements p1, . . . , pn of A[x] such that gi = bi pi for each i
in ⟦n⟧. It follows from Corollary A.8.12 that p1, . . . , pn are irreducible elements of A[x].

In fact, they are even prime there. Indeed, let us suppose that i is an element of ⟦n⟧, and that v
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and w are elements of A[x] such that pi divides the product vw in A[x]. Of course, pi then also
divides the product vw in F[x] and, since F[x] is a unique factorization domain, pi divides one of
the factors v or w in F[x]. Corollary A.8.10 then implies that pi divides that same factor in A[x],
since that factor has coefficients in A.

Let c ∶= bb1⋯bn. As f = cp1⋯pn and the product p1⋯pn is primitive, the last part of
Lemma A.8.5 tells us that there is a unit u in A such that c = au ∈ A, and the fact that A is
a unique factorization domain implies that there are a unit t of A, a non-negative integer m, and
prime elements q1, . . . , qm of A such that c = tq1⋯qm. We then have that f = tq1⋯qmp1⋯pn, and
each of the factors that appear in this product are either units of A[x] or prime elements of A[x]—
indeed, the units and the prime elements of A are units and prime elements of A[x], respectively.

This shows that if f is an element of A[x], then there exist a unit t of A[x], a non-negative
integer n, and prime elements p1, . . . , pn of A[x] such that f = tp1⋯pn. This tells us that the
ring A[x] satisfies the first condition of Definition A.6.7, and using Lemma A.6.12 we can see at
once that it also satisfies the second one, so that A[x] is a unique factorization domain.

Another extremely useful application of Gauss’s Lemma is the well-known Rational Root
Theorem.

Proposition A.8.14. Let A be a GCD domain, let F be its field of fractions, and let

f = a0 + a1x +⋯ + anxn

be an element of A[x]. If p and q are elements of A such that q ≠ 0, 1 ∈ gcd{p, q} and p/q is a root
of f , then p divides a0 in A and q divides an in A.

Proof. Let p and q be elements of A such that q ≠ 0, 1 ∈ gcd{p, q}, and p/q is a root of f . Let d
be an element of A that generates cont( f ), and let f̄ be the primitive element of A[x] such that
f = d f̄ . The polynomial g ∶= qx − p of A[x] is primitive and divides f in F[x], so Corollary A.8.8
tells us that g divides f in A[x], and this implies immediately that p divides the constant term a0
of f and that q divides the leading coefficient an of f .

Let us finish our treatment of Gauss’s Lemma and its consequences with the following irre-
ducibility criterion, known usually as Eisenstein’s criterion, because Gotthold Eisenstein published
a version of the result in [Eis1850], even though the result had been found first by Theodor Schöne-
mann [Sch1846].

Proposition A.8.15. Let A be an integral domain, let F be the field of fractions of A, and let

f = a0 + a1x +⋯ + anxn
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be an element of A[x] with an ≠ 0 such that there is a prime ideal p of A such that

a0, . . . , an−1 ∈ p, an ∉ p, a0 ∉ p2,

(i) The polynomial f is not equal to the product of two non-constant elements of A[x].
(ii) If f is primitive, then then f is irreducible in A[x].
(iii) If A is a unique factorization domain, then f is irreducible in F[x].

Proof. Since the ideal p is prime, the quotient A/p is an integral domain and we can consider its
field of fractions K. Whenever a and u are elements o A and of A[x], respectively, let us write ā
and ū for the images of a and of u in K and in K[x]. For example, we have that f̄ = ānxn.

(i) Let g and h be two elements of A[x] of positive degree such that f = gh, and let b and c
be the leading coefficients of g and of h, respectively. We have that ḡ h̄ = ānxn in K[x] and that
ān ≠ 0 in K. Since K[x] is a unique factorization domain and x is an irreducible element there, it
follows that there are positive integers r and s such that r+ s = n, ḡ = b̄xr , and ḡ = c̄xs . This implies
immediately that the constant terms of g and of h are both in the ideal p, so that the constant term
of f = gh is in p2. This contradicts the hypothesis, and this contradiction proves the first claim of
the proposition.

(ii) If there are two non-unit elements gh in A[x] such that f = gh, then, in view of (i), we
can suppose that g is in fact in A, and therefore cont( f ) = cont(gh) = g cont(h) ⊆ ⟨g⟩ ⊊ A, so
that A is not primitive in A[x].

(iii) Let us suppose that there are elements g and h in F[x] such that f = gh. Since it has
coefficients in A and A is a GCD domain, Corollary A.8.11 tells us that there is an element d of F
such that dg and h/d are both in A[x]. Since the product of these two polynomials is also f ,
part (i) of the proposition tells us that one of the two is constant, so that one of g or h is constant
and therefore a unit of F[x]. This tells us that f is irreducible in F[x].

A.9. Integral dependence

Our next immediate objective is to present the concept of integral dependence, one of the key
tools in commutative algebra, number theory, and algebraic geometry.

Definition A.9.1. Let B be a ring, and let A be s subring of B.

• An element b of B is integral over A if there is a monic polynomial f in A[x] such that
f (b) = 0.

• The ring B is integral over A if every element of B is integral over A.
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• The integral closure of A in B is the subset of B of all those elements that are integral over A.
• The ring A is integrally closed in B if the integral closure of A in B is A itself.
• Finally, the ring A is normal if it is a domain and it is integrally closed in its field of fractions.

Let us note that in the situation of this definition it is obvious that the elements of B are integral
over B. The simplest situation in which we can see these notions at work is the following one.

Example A.9.2. Let us show that

the integral closure of Z in Q is Z itself, so that Z is integrally closed in Q and
therefore, normal.

Clearly every element of Z is integral over Z. On the other hand, if an element q ofQ is integral
over Z, then there is a monic polynomial f in Z[x] that has q as a root, and the Rational Root
Theorem A.8.14 implies immediately that q is an element of Z.

The argument in this example depends on the Rational Root Theorem, and therefore it should
not be a surprise that it in fact works over any GCD domain.

Proposition A.9.3. A GCD domain is normal.

Proof. Let A be a GCD domain, let F be the field of fractions of A, and let b be an element of F
that is integral over A, so that there is a monic polynomial f in A[x] such that f (b) = 0. There
are elements p and q in A such that q ≠ 0, b = p/q, and 1 ∈ gcd{p, q}, and the Rational Root
Theorem A.8.14 tells us that q divides the leading coefficient of f , which is 1. Of course, this implies
that q is a unit of A and b and element of A.

Using this proposition we can exhibit important examples of normal domains.

Corollary A.9.4. The algebra k[x1, . . . , xn] is a normal domain.

Proof. Indeed, it is, according to Proposition A.6.20 a unique factorization domain, so a GCD
domain.

Let us now give examples of rings that are not normal.

Example A.9.5. Let us consider the subring A ∶= Q[t2, t3] ofQ[t] generated by the monomials t2

and t3. This is clearly an integral domain and since t2/t3 = t, the field of fractions of A is Q(t).
The element t ofQ(t) is a root of the monic polynomial x2 − t2 ∈ A[x], it is integral over A. It is
clear, though, that t does not belong to A, so the domain A is not normal.
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Example A.9.6. Let us now consider the subring A ∶= Q[
√
5] of C, whose field of fractions can be

identified with the fieldQ(
√
−5). The element a ∶= (1 +

√
5)/2 of that field manifestly does not

belong to A, yet it is a root of the monic polynomial x2 − x − 1 of A[x], and this shows that the
ring A is not normal.

The condition that we used to define integrality is not very convenient in practice to show that
an element is actually integral. The following proposition gives two more useful conditions.

Proposition A.9.7. Let B be a ring, let A be a subring of B, and let b be an element of B. The following
statements are equivalent:
(a) The element b is integral over B.
(b) The subring A[b] of B is a finitely generated A-module.
(c) The subring A[b] is contained in a subring C of B that is finitely generated as a B-module.

Proof. (a) ⇒ (b) We are supposing here that there is a monic element f of A[x] such that
f (b) = 0, so that there are then a positive integer d and elements a0, . . . , ad−1 of A such that
f (x) = xd + ad−1xd−1 +⋯ + a0, and we have that

bd = −
d−1
∑
i=0

aibi . (A.13)

Let M be the A-submodule ⟨1, b, . . . , bd−1⟩ of B, which is manifestly finitely generated. We have
that M ⊆ A[b], and to prove what we want we will show that we in fact have here an equality.
As A[b] is generated as an A-module by the set {b j ∶ j ∈ N0}, to do that we need only show that
b j ∈ M for all j in N0. This is clear if j < d, of course. On the other hand, if j is an integer such
that j ≥ d and we know that bk ∈ M for all k in ⟦0, j − 1⟧, then the equality (A.13) implies that

b j = b j−dbd = −b j−d d−1
∑
i=0

aibi = −
k−1
∑
i=0

aib j−d+i ∈ M

because j − d + i ∈ ⟦0, j − 1⟧ whenever i ∈ ⟦0, d − 1⟧. The result we want thus follows by induction.
(b)⇒ (c) This is clear, as we can simply put C ∶= A[b].
(c)⇒ (a) Let us suppose that there is a subring C of B such that C ⊇ A[b] and that is finitely

generated as an A-module, so that there are elements c1, . . . , cn in C such that C = ∑n
i=1 Aci . Since

b is in C and C is a subring of B, for each j in ⟦n⟧ there are elements a1, j, . . . , an, j in A such that
bc j = ∑n

i=1 ai, jci . Let M be the matrix (ai, j) in Mn(A), and let us consider the three maps

λM ∶ v ∈ An ↦ Mv ∈ An , λc ∶ c ∈ C ↦ bc ∈ C , µ∶ (v1, . . . , vn) ∈ An ↦
n
∑
i=1

vici .
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The square

An An

C C

λM

µ µ
λb

since for each element v = (v1, . . . , vn) of An we have that

λb(µ(v)) = λb
⎛

⎝

n
∑
j=1

v jc j
⎞

⎠
=

n
∑
j=1

v jbc j =
n
∑
i=1

n
∑
j=1

v jai, jci =
n
∑
j=1
(

n
∑
i=1

ai, jv j) c j = µ(λM(v)).

Let now f ∈ A[x] be the characteristic polynomial of M. The Cayley–Hamilton Theorem
tells us that f is a monic polynomial of degree n such that f (M) = 0, and this implies that
also f (λM) = 0. Since 1 is an element of C, there is an element v = (v1, . . . , vn) in A such that
1 = ∑n

i=1 vici = µ(v), and for each k in N0 we have that bk = bk1 = λkb(µ(v)) = µ(λM(v)), so that
f (b) = f (b)1 = µ( f (λM)(v)) = 0. We thus see that b is integral over A.

The implication (a)⇒ (b) of this proposition has the following useful generalization.

Corollary A.9.8. Let B be a ring, and let A be a subring of B. If b1, . . . , bn are elements of B that
are integral over A, then the subring A[b1, . . . , bn] of B is a finitely generated A-module and integral
over A.

Proof. Because of the implication (c) ⇒ (a) of Proposition A.9.7, we need only prove that the
subring A[b1, . . . , bn] is finitely generated as an A-module, and we do this by induction with
respect to n. When n is 0 there is nothing to prove, of course. Let us then suppose that n is a
positive integer and, inductively, that the subring A′ ∶= A[b1, . . . , bn−1] of B is finitely generated as
an A-module. Since bn is integral over A, it is integral over A′, and the implication (a)⇒ (b) of
Proposition A.9.7 tells us that A′[bn], which coincides with A[b1, . . . , bn], is a finitely generated
A′-module. We can therefore conclude that A[b1, . . . , bn] is finitely generated as an A-module
thanks to the result of Exercise A.9.9 below.

Exercise A.9.9. Let C be a ring, and let A and B be subrings of C such that A ⊆ B. Show that if B
is finite generated as an A-module, and C is finitely generated as a B-module, then C is finitely
generated as an A-module. We refer to this result as the transitivity of finite generation.

Armed with the criterion for integrality given by Proposition A.9.7, we can easily establish the
main properties of integral dependence. The first of them, the following proposition, is usually
referred to as the transitivity of integral dependence.
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Proposition A.9.10. Let C be a ring, and let A and B be subrings of C such that A ⊆ B. If B is
integral over A and C is integral over B, then C is integral over A.

Proof. Let us suppose that B is integral over A and that C is integral over B, and let c be an element
of C. Since c is integral over B, there is a monic polynomial f in B[x] such that f (c) = 0, and
there are then a positive integer k and elements b0, . . . , bk−1 in B such that f = xk + ∑k−1

i=0 bix
i .

As the elements b0, . . . , bk−1 are integral over A, we know from Corollary A.9.8 that the subring
B′ ∶= A[b0, . . . , bk−1] of B is a finitely generated A-module. Since the polynomial f belongs
to B′[x], the element c is integral over B′, and thus the ring B′[c] is finitely generated as a B′-
module. According to the result of Exercise A.9.9, the ring B′[c] is then also finitely generated
as an A-module and, as it contains A[c], we can conclude from the implication (c) ⇒ (a) of
Proposition A.9.7 that c is integral over A. This is true for all elements c of C, so the ring C itself is
integral over A.

Another key fact that we can prove using Proposition A.9.7 is that the integral closure of a
ring is a ring.

Proposition A.9.11. Let B be a ring, and let A be a subring of B. The integral closure of A in B is a
subring of B that is integrally closed in B.

Proof. Let A be the integral closure of A in B. If x and y are two elements of A, then Corollary A.9.8
tells us that the subring A[x , y] of B is integral over A, so that, in particular, its elements x − y
and xy are integral over A and thus belong to A. Since certaint 1 belongs to A, this lets us conclude
that A is a subring of B.

If b is an element of B that is integral over A, then the subring A[b] of B is integral over A
by Corollary A.9.8 and the transitivity of integral dependence established in Proposition A.9.10
implies that A[b] is integral over A, so that b is integral over A and thus belongs to A. This shows
that the subring A is integrally closed in B.

The construction of integral closures is a rather important tool in several areas of mathematics.
For example, if F is an algebraic number field, that is, a finite extension of Q, then the integral
closureOF of Z in F is what we call the ring of algebraic integers of F. The study of the rings of
numbers that arise in this way is an important part of number theory.

Example A.9.12. Let D be an integer different from 0 and 1 and that is square-free, that is, that is
not divisible by a square other than 1, and let us consider the field F ∶= Q(

√
D).

Let z be an element of Q(
√
D) that is integral over Z, and let a and b be the elements of Q

such that z = a + b
√
D. If b is zero, then in fact z is inQ and we know from Example A.9.2 that a
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is an integer. Let us then suppose that b is not zero. In that case, no polynomial inQ[x] of degree 1
vanishes on z, and the polynomial f ∶= x2 − 2ax + (a2 − b2D) ofQ[x] does, and divides inQ[x]
an polynomial that has z as a root. Since there is a monic element of Z[x] that has z as a root and
it is therefore divisible by f , Gauss’s Lemma tells us that f has coefficients in Z, that is, that 2a ∈ Z
and a2 − b2D ∈ Z.

If the integer 2a is even, then a is in Z and since a2 − b2D is an integer and D is square-free,
we also have that b ∈ Z. Let us suppose for a moment that the integer 2a is odd, so that there is an
integer c such that 2a = 2c + 1 and

e ∶=
1 − 4b2D

4
= a2 − b2D − c2 − c ∈ Z. (A.14)

Let r and s be coprime integers such that b = r/s and s > 0, so that 4r2D = s2(1−4e). This equality
implies that the square of any odd prime divisor of s divides D, so s is a power of 2, the same
equality then implies that s is, in fact, either 1 or 2, and it cannot be 1 because of (A.14). There is an
integer d such that b = (2d + 1)/2, so that

z = a + b
√
D =

2c + 1
2
+

2d + 1
2
√
D = (c − d) + (2d + 1)

1 +
√
D

2
∈ Z [

1 +
√
D

2
] .

and D ≡ 1 mod 4 because

c2 + c − d2D − dD +
1 − D
4
=
(2c + 1)2 − (2d + 1)2D

4
= a2 − b2D ∈ Z.

We have shown that

if a and b are elements ofQ such that z = a + b
√
D is integral over Z, then

either z ∈ Z[
√
D] or D ≡ 1 mod 4 and z ∈ Z[(1 +

√
D)/2].

(A.15)

Let us write O for the integral closure of Z in Q(
√
D). If the integer D is such that D ≢ 1

mod 4, then our observation (A.15) implies that O ⊆ Z[
√
D] and, since

√
D is in O because

it is a root of the polynomial x2 − D, we in fact have that O = Z[
√
D] in this case. If instead

D ≡ 1 mod 4, then (A.15) tells us thatO ⊆ Z[(1 +
√
D)/2] and since (1 +

√
D)/2 is a root of the

polynomial x2 − x + (1 − d)/4, which has integer coefficients, we have equality also in this case.
We can therefore conclude from all this that

the integral closure of Z inQ(
√
D) is Z[ω], with ω =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

√
D if D ≢ 1 mod 4;

1 +
√
D

2
if D ≡ 1 mod 4.
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Exercise A.9.13. Show that the example (A.6) given by Theodore Motzkin of a principal ideal
domain that is not Euclidean is in fact the ring of algebraic integers in the fieldQ(

√
−19).

When a ring is integral over one of its subrings, there are many properties of one that are
reflected on the other. A simple example of this phenomenon is given by the following proposition.

Proposition A.9.14. Let B be an integral domain, and let A be a subring of B over which B is integral.
The ring B is a field if and only if the ring A is field.

Proof. Let us suppose first that B is a field and that it is integral over A, and let a be a non-zero
element of A, so that we can consider the inverse a−1 of a in B. Since B is integral over A, there is
a monic polynomial f in A[x] such that f (a−1) = 0. Let n be the degree of f , and let a0, . . . , an−1
be the elements of A such that f = a0 + a1x +⋯ + an−1xn−1 + xn. We then have that

0 = f (a−1)an−1 = (a0 + a1a−1 +⋯ + an−1a−n+1 + a−n)an−1

= a0an−1 + a1an−2 +⋯ + an−1 + a−1,

so that, in fact, a−1 = −(a0an−1 + a1an−2 + ⋯ + an−1) is an element of A. This shows that A is a
field, and thus that the condition given in the proposition is necessary.

Let us now suppose that the ring A is a field, and let b be a non-zero element of B. There are
then a positive integer n and elements a0, . . . , an−1 in A such that b is a root of the polynomial
f ∶= a0+a1x+⋯+an−1xn−1+xn of A[x], and we can in fact suppose that the number n is minimal
with respect to this condition. This minimality implies that a0 is not zero, for otherwise b would
be a root of the polynomial a1 + a2x +⋯ + an−1xn−2 + xn−1 of A[x] because B is a domain. As

b(a1 + a2b +⋯ + an−1bn−2 + bn−1) = −a0

and a0 is a unit of B, we see that b is invertible in B.

A.10. Normalization

The second result from commutative algebra that we need is the so called Normalization Lemma
of Emmy Noether [Noe1926], which is Proposition A.10.2 below. This result tells us that finitely
generated algebras over a field are not really that complicated: they contain a relatively large and
well-understood subalgebra, a polynomial algebra, over which they are finitely generated modules.
We will see later that it also provides useful geometric information — for example, it plays an
important role in the development of the idea of dimension.

We start with the following straightforward auxiliary lemma.
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Lemma A.10.1. Let us suppose that the field k is infinite, and let f be a non-zero homogeneous
element of k[x1, . . . , xn]. There are scalars t1, . . . , tn−1 in k such that f (t1, . . . , tn−1, 1) ≠ 0.

Proof. We proceed by induction with respect to the non-negative integer n, noting that when
n is 0 there is nothing to prove. Let us then suppose that n is a positive integer, let d be the
degree of f , and let f0, . . . , fd be the elements of k[x2, . . . , xn] such that f = ∑d

i=0 fix
i
1 . There is an

element j of ⟦0, d⟧ such that f j ≠ 0, because f ≠ 0, and since f j is then a non-zero homogeneous
element of k[x2, . . . , xn] of degree d − j, the obvious inductive hypothesis allows us to conclude
that there are scalars s2, . . . , sn−1 in k such that f j(s2, . . . , sn−1, 1) ≠ 0. It follows from this that
f (x1, s2, . . . , sn−1, 1) is a non-zero element of k[x1] and, as the field k is infinite, there is a scalar s1
in k such that f (s1, s2, . . . , sn−1, 1) ≠ 0. This completes the induction, and thus the proof of the
lemma.

With this lemma at hand, we can prove the Normalization Lemma. We will only state it and
prove in the case in which the ground field k is infinite, but exactly the same is true when the field
is finite — a different proof is required, though. We refer to the discussion in David Eisenbud’s
book [Eis1995], where the full version of this result is Theorem 13.1.

Proposition A.10.2. Let us suppose that the field k is infinite, and let A be a finitely generated algebra.
There exist a non-negative integer d and elements y1, . . . , yd of A such that

• the elements y1, . . . , yd are algebraically independent, and

• the algebra A is integral over its subalgebra k[y1, . . . , yd].

Proof. There exist a non-negative integer n and pairwise different elements a1, . . . , an of A such
that A is generated as an algebra by the set S ∶= {a1, . . . , an}. We will prove the claim of the
proposition proceeding by induction with respect to the integer n.

If the elements a1, . . . , an are algebraically independent, then clearly the claim of the proposition
is true, as we can simply take k = n and yi = ai for each i ∈ ⟦n⟧. Let us suppose then that the
elements a1, . . . , an are not algebraically independent, so that there is a non-constant polynomial f
in k[x1, . . . , xn] such that f (a1, . . . , an) = 0. Let r be the total degree of f , and for each i ∈ ⟦0, r⟧
let fi be the homogeneous component of degree i in f , so that we have f = fr +⋯ + f0.

Let t1, . . . , tn−1 be elements of k. If k1, . . . , kn are non-negative integers, then the leading term
of the polynomial

(x1 + t1xn)k1⋯(xn−1 + tn−1xn)kn−1xknn ,

viewed as an element of k[x1, . . . , xn−1][xn], is

tk11 ⋯tkn−1n−1 ⋅ x
k1+⋯+kn−1+kn
n .
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This implies that the leading term of the polynomial

f (x1 + t1xn , . . . , xn−1 + tn−1xn , xn),

viewed as an element of k[x1, . . . , xn−1][xn], is

fd(t1, . . . , tn−1, 1) ⋅ xdn .

It follows from Lemma A.10.1 that we can choose the scalars t1, . . . , tn−1 in k in such a way that the
scalar s ∶= fd(t1, . . . , tn−1, 1) is not zero, and therefore the polynomial

g(x1, . . . , xn) ∶= s−1 ⋅ f (x1 + t1xn , . . . , xn−1 + tn−1xn , xn),

viewed as an element of k[x1, . . . , xn−1][xn], is monic of degree d.
For each i in ⟦n − 1⟧ let us put a′i ∶= ai − tan. It is clear that A = k[a′1, . . . , a′n−1, an], and A is

integral over its subalgebra A′ ∶= k[a′1, . . . , a′n−1] because

g(a′1, . . . , a
′
n−1, x)

is a monic element of A′[x] whose value at an is

g(a′1, . . . , a
′
n−1, an) = s−1 ⋅ f (a′1 + t1an , . . . , a′n−1 + tn−1an , an)

= s−1 ⋅ f (a1, . . . , an−1, an)
= 0.

Now the algebraA′ canmanifestly be generated by n−1 elements, sowe inductively can suppose that
there are a non-negative integer d and elements y1, . . . , yd in A′ that are algebraically independent
and such that A′ is integral over its subalgebra k[y1, . . . , yd]. In view of the transitivity of integral
dependence, we see that A itself is integral over its subalgebra k[y1, . . . , yd], and this completes
the induction and the proof of the proposition.

A.11. The Nullstellensatz

Here we will finally state and prove the Nullstellensatz or, rather, several versions of that result.
The first one is the following result, usually known as Zariski’s Lemma, because Zariski used it
in [Zar1947] to prove the Nullstellensatz, just as we will do here.

Proposition A.11.1. Let us suppose that the field k is infinite. A finitely generated algebra that is a
field is in fact a finite algebraic extension of k.
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This is also true when the ground field k is finite, and to prove that we need a version of the
Normalization Lemma A.10.2 for finite ground fields.

Proof. Let B be a finitely generated algebra that is a field. According to the Normalization
Lemma A.10.2, there are a non-negative integer d and elements b1, . . . , bd of B that are alge-
braically independent over k and such that B is integral over its subalgebra A ∶= k[b1, . . . , bd].
According to Proposition A.9.14, this subalgebra A is a field, and this implies that d = 0. This
means that the field B is generated by finitely many elements each of which is algebraic over k, so
that it is a finite algebraic extension of k.

The most important case of this proposition is the following result.

Corollary A.11.2. Let us suppose that the field k is algebraically closed. If A is a finitely generated
algebra that is a field, then A = k.

Proof. Since the field k is algebraically closed, it is infinite, so a finitely generated algebra that
is a field is, according to Proposition A.11.1, a finite algebraic extension of k and thus equal to k
itself.

Using this we can easily give a description of all maximal ideals of polynomial rings over
algebraically closed fields.

Corollary A.11.3. Let us suppose that the field k is algebraically closed, let n be a non-negative integer,
and let A ∶= k[x1, . . . , xn].

(i) If a = (a1, . . . , an) is an element of kn, thenma ∶= ⟨x1 − a1, . . . , xn − an⟩ is a maximal ideal
of A whose elements are precisely the elements of A that vanish on a.

(ii) Ifm is a maximal ideal of A, then there exists exactly one element a of kn such that m = ma.

Proof. (i) Let a = (a1, . . . , an) be an element of kn, let us consider the idealma of A described in
the statement of the corollary, and let ϕ∶ f ∈ A↦ f (a) ∈ k be the morphism of algebras given by
evaluation at a. Since ϕ(xi − ai) = 0 for each i in ⟦n⟧, we have that ma ⊆ ker ϕ. As ϕ(1) ≠ 0, we
see that 1 ∉ ker ϕ and thus that ma ⊊ A.

On the other hand, the quotient A/ma is generated as an algebra by the classes of x1, . . . , xn
moduloma, and those classes are the same as the classes of a1, . . . , an, which are in k. It follows
from this that A/ma is actually equal to k, so a field, and therefore that the idealma is maximal. In
particular, we have that ma = ker ϕ, so that the elements ofma are precisely the elements of A that
vanish on a.

(ii) Let m be a maximal ideal of A. The quotient A/m is then a field that is finitely generated
as an algebra over k, so Corollary A.11.2 tells us that A/m = k. In particular, for each i in ⟦n⟧

115



there is an element ai of k such that xi ≡ ai mod m, and this implies that the idealm contains the
idealma. As m ≠ A andma is maximal, we then have that m = ma.

Let now b = (b1, . . . , bn) be an element of kn that is different from a, so that there is an
element j of ⟦n⟧ such that b j ≠ a j. The polynomial xi − b j, which is inmb, then does not vanish
on the point a, and this means that it does belong toma. We see with this that mb ≠ ma, and this
proves the uniqueness claim made in (ii).

This corollary, in turn, implies that proper ideals of k[x1, . . . , xn] have common zeroes in kn.

Corollary A.11.4. Let us suppose that the field k is algebraically closed. If I is a proper ideal
of k[x1, . . . , xn], then there is a point a of kn such that f (a) = 0 for all elements f of I.

Let us remark that this corollary specializes to the following higher-dimension version of the
condition of algebraic closedness:

if the field k is algebraically closed and f is non-constant element of k[x1, . . . , xn],
then there is a point p in An such that f (p) = 0.

Indeed, this follows immediately from the corollary by considering the ideal ⟨ f ⟩ generated by f .

Proof. Let I be a proper ideal of k[x1, . . . , xn]. Since it is proper, there is a maximal ideal m
of k[x1, . . . , xn] such that I ⊆ m and, according to Corollary A.11.3, there is a point a = (a1, . . . , an)
in kn such that m coincides with the ideal ma of all elements of k[x1, . . . , xn] that vanish on a.
This implies, of course, that all the elements of I vanish on a.

We can rephrase this last corollary as a purely algebraic statement.

Corollary A.11.5. Let us suppose that the field k is infinite, and let A be a finitely generated algebra.
If I is a proper ideal of A, then

√
I = ⋂

m∈SpmA
I⊆m

m.

We need that the field k be infinite here in order to be able to use Proposition A.11.1. As we
said, that proposition is also true when k is finite, so the same is true of this corollary.

Proof. Let I be a proper ideal of A, and let us write J for the intersection appearing in the statement
of the corollary. Ifm is a maximal ideal of A that contains I, thenm is prime and Proposition ??
tells us that

√
I ⊆ m: this shows that

√
I ⊆ J.

Let now f be an element of A that does not belong to
√
I, so that I is disjoint from the

multiplicatively closed subset S ∶= { f n ∶ n ∈ N0} of A. Let G be a finite subset of A that generates it
as an algebra: then the set Y ∶= {g/1 ∶ g ∈ G} ∪ {1/ f } generates the algebra AS , which is therefore
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finitely generated.
According to Krull’s Separation Lemma A.6.15, there is a prime ideal p of A such that I ⊆ p,

p∩ S = ∅, and pS is a maximal ideal in AS . The quotient AS/pS is a field, and it is finitely generated
as an algebra, because AS is. Proposition A.11.1, the field AS/pS is a finite algebraic extension of k
and, in view of Corollary A.9.8, integral over k. There is a canonical isomorphism (A/p)S → AS/pS
so, of course, (A/p)S is integral over k. Since the ideal p is prime and therefore the quotient A/p
is a domain, the localization map A/p→ (A/p)S is injective, so we can view it as an inclusion. As
we then have inclusions k ⊆ A/p ⊆ (A/p)S , the ring (A/p)S is integral over A/p: since it is a field,
Proposition A.9.14 tells us that A/p is a field and, thus, the ideal p is maximal. As f ∉ p, we can
conclude that f ∉ J. This proves that J ⊆

√
I and, as a consequence, the corollary.

Motivated by this result, Wolfgang Krull made in [Kru1951] and [Kru1952] the following
definition.

Definition A.11.6. A ring is a Jacobson ring if every prime ideal is an intersection of maximal
ideals.

This rings were also studied by Oscar Goldman in [Gol1951] — he calls them Hilbert rings.
Since every prime ideal is radical, Corollary A.11.5 immediately implies that

Corollary A.11.7. Let us suppose that the field k is infinite. Every finitely generated algebra is a
Jacobson ring.
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