A TWO PHASE FREE BOUNDARY PROBLEM FROM COMBUSTION:

UNIQUENESS AND AGREEMENT OF SOLUTION

C. Lederman, J. L. Vázquez and N. Wolanski

Abstract. We consider the following two phase free boundary problem: find a function u(x, t), defined in a domain D ⊂ R^N × (0, T ), satisfying that

Δu + ∑ a_i(x, t) u_{xi} − u_t = 0 in D ∩ {u ≠ 0}, u = 0, |∇_xu^+|^2 − |∇_xu^−|^2 = 2M on D ∩ ∂{u > 0},

where M > 0 is a fixed constant. In addition, initial data are specified, as well as either Dirichlet or Neumann data on the parabolic boundary of D.

The problem admits classical solutions only for good data and for small times. Different generalized concepts of solution have been proposed, among them the concepts of limit solution and viscosity solution. We discuss conditions under which the three concepts agree and produce a unique solution.

1. Introduction

In this paper we consider the following two phase free boundary problem: find a function u(x, t), defined in a domain D ⊂ R^N × (0, T ), satisfying that

(P) Δu + ∑ a_i(x, t) u_{xi} − u_t = 0 in D ∩ {u ≠ 0}, u = 0, |∇u^+|^2 − |∇u^−|^2 = 2M on D ∩ ∂{u > 0}, where u^+ = max(u, 0), u^− = max(−u, 0), the gradients are spatial side-derivatives, M is a positive constant and a_i are bounded. In addition, initial data are specified, as well as either Dirichlet or Neumann data on the parabolic boundary of D.

In the particular case when u ≥ 0, we obtain the corresponding one phase free boundary problem, where the free boundary condition reads u = 0, |∇u^+|^2 = 2M on D ∩ ∂{u > 0}.

This free boundary problem arises in several contexts (cf. [20]). The most important motivation to date has come from combustion theory, where it appears as a limit situation in the description of the propagation of premixed equi-diffusional deflagration flames. In this case, u is the limit, as ε → 0, of solutions u^ε to

(P_ε) Δu^ε + ∑ a_i(x, t) u^ε_{xi} − u^ε_t = β_ε(u^ε), with ε > 0, β_ε ≥ 0, β_ε(s) =^1_ε β(^s_ε ), support β=[0,1] and ∫ β(s) ds = M. Problem P admits classical solutions only for good data and for small times, since singularities can arise in finite time even in the one phase problem. Different generalized concepts of solution have been proposed, among them the concepts of limit solution (that is, u = lim u^ε) and viscosity solution, cf. [10], [9].

In this work, we investigate conditions under which the concepts of classical, viscosity and limit solution agree and produce a unique solution.

2. Passage to the limit P_ε → P

Problem P_ε appears in combustion theory, for small ε, as the high activation energy range of the equation for equidiffusional flames, after convenient simplifications. Here we have u^ε(x, t) = T_f − T (x, t), with T the temperature of the reactive mixture and T_f the flame temperature. The function β_ε(u) represents the exothermic chemical reaction. The parameter ε > 0 is essentially the inverse of the activation energy of the chemical reaction. The vector (a_1, · · · , a_N ) represents the transport velocity of the reactive mixture, which is sometimes taken to be zero in the literature. For further details on the model see [4], [22].

The study of the limit P_ε → P as ε → 0 was proposed in the 30’s by Zeldovich and Frank-Kamenetski [23] and has been much discussed in the combustion literature.

In the one phase case, Berestycki and his collaborators have rigorously studied the convergence problem for traveling waves and, more generally in the elliptic stationary case, cf. [2] and its references.

The study of the limit in the one phase evolution case for the heat operator has been performed in [10]. In the two phase case, uniform estimates were obtained in [5] and [6], and the passage to the limit was studied in [8] and [9]. In [17] the regularity of the free boundary was studied for the two phase elliptic case. In [7] uniform estimates were obtained for a more general operator. Further results for the one phase evolution case were obtained in [11]. See also [18].

3. Classical solutions to problem P

In the one phase case, classical solutions to problem P in one space dimension are relatively easy to construct, cf. [21]. In several space dimensions, classical solutions to problem P are more difficult to obtain, cf. [19] and [1] for the one phase case and two phase case respectively.

Classical solutions to problem P are also obtained in [13] and [3], and there the stability of traveling waves for problem P is studied. In [12], classical solutions to problem P are constructed under the assumption of radial symmetry.

Some of these works are based on an elliptic-parabolic formulation of the problem. In the other cases the approach is based on reformulating the free boundary problem as a fully nonlinear parabolic problem in a fixed domain.

We point out that, in general, classical solutions to P exist only locally in time, since singularities can arise in finite time, cf. [20].

4. Uniqueness of solution. Assumptions

In the sequel we will present results obtained in [14] and [16], where we investigate conditions under which the concepts of classical, viscosity and limit solution to problem P agree and produce a unique solution.

Our assumptions are the following. We take as spatial domain a cylinder of the form Ω = I × Σ with Σ ⊂ R^{N−1} a smooth domain, and I = R (a full cylinder), I = (0, ∞) or I = (−∞, d) (a semi-cylinder) or I = (0, d), d > 0 (a bounded cylinder), and we put homogeneous Neumann conditions on the lateral boundary I × ∂Σ. We require monotonicity of the initial data in the direction of the cylinder axis, but we make no requirement of monotonicity of the solution in time.

In the family of problems P_ε we assume that the functions β_ε are defined by scaling of a single function β : R → R satisfying: • β is a Lipschitz continuous function, • β > 0 in (0, 1) and β ≡ 0 otherwise, • ∫ β(s)ds = M. We then define β_ε(s) = 1/εβ(s/ε).

The coefficients a_i of the first-order terms in the differential operator are assumed to be independent of x_1, the direction of the cylinder axis, and belong to C^{α, α2} (Σ × [0, T ]).

5. Uniqueness of classical and viscosity solutions

The results we present in this section say that, under suitable assumptions, a classical solution is the unique viscosity solution to the initial and boundary value problem associated to P and, in particular, it is the unique classical solution.

For the sake of simplicity we state the results for the two phase case. Analogous results also hold for the one phase case. For the proof of these results see [14] and [16].

We start the section by giving precise definitions of the concepts of classical and viscosity solution and also some consequences.

Definition. Let Q be a space-time domain of the form Ω × (T_1, T_2), with Ω ⊂ R^N . Let v be a continuous function in Q. Then v is called a classical subsolution (supersolution) to P in Q if (i) Lv ≥ 0 (≤ 0) in Q^+ := Q ∩ {v > 0},

(ii) Lv ≥ 0 (≤ 0) in Q^− := Q ∩ {v ≤ 0}^∘, (iii) v ∈ C^1(Q^+) ∩ C^1(Q^−), ∇v ∈ C^{α, α2} (Q^+) ∩ C^{α, α2} (Q^−), (iv) For any (x, t) ∈ {v = 0} ∩ ∂{v > 0}, we have ∇v^+(x, t) ≠ 0 and ( ∂v^+ ∂ν )_2 − ( ∂v^− ∂ν )_2 ≥ 2M (≤ 2M), where ν := −^{∇v+}_{|∇v+|} . That is, |∇v^+|^2 − |∇v^−|^2 ≥ 2M (≤ 2M). We say that v is a classical solution to P in Q if it is both a classical subsolution and a classical supersolution to P.

Definition. Let u ∈ C(Q); u is called a viscosity subsolution (supersolution) to P in Q if, for every space-time subcylinder Q^′ ⊂ Q and for every v bounded classical supersolution (subsolution) to P in Q^′, with Q^′ ∩ ∂{v > 0} bounded,

u ≤ v (u ≥ v) on ∂_pQ^′ and v > 0 on {u > 0} ∩ ∂_pQ^′ (u > 0 on {v > 0} ∩ ∂_pQ^′) implies that u ≤ v (u ≥ v) in Q^′.

The function u is called a viscosity solution to P if it is both a viscosity supersolution and a viscosity subsolution to P.

The following result gives the consistency between both concepts of solution (with Dirichlet boundary data).

Proposition. If u is a bounded classical supersolution (subsolution) to P in Q with Q ∩ ∂{u > 0} bounded, then u is a viscosity supersolution (subsolution) to P in Q.

Definition. Let Ω ⊂ R^N be a domain and let Q = Ω × (0, T ). Let Γ_N be an open C^1 subset of ∂Ω and let ∂_N Q = Γ_N × (0, T ). We say that u ∈ C(Q) is a viscosity solution to P in Q with^{∂u}_{∂η} = 0 on ∂_N Q, if the following holds: for every space-time subcylinder Q^′ ⊂ Q and for every v bounded classical supersolution (subsolution) to P in Q^′, with Q^′ ∩ ∂{v > 0} bounded, such that^{∂v}_{∂η} = 0 on ∂_pQ^′ ∩ ∂_N Q,

u ≤ v (u ≥ v) on ∂_pQ^′ \ ∂_N Q and v > 0 on {u > 0} ∩ ∂_pQ^′ \ ∂_N Q ( u > 0 on {v > 0} ∩ ∂_pQ^′ \ ∂_N Q ) implies that u ≤ v (u ≥ v) in Q^′.

We also have the consistency between both concepts of solution, with Neumann boundary data.

Proposition. Let Ω = R × Σ, Q = Ω × (0, T ) and ∂_N Q = R × ∂Σ × (0, T ).

Let u be a bounded classical solution to P in Q with Q ∩ ∂{u > 0} bounded and ∂u ∂η = 0 on ∂_N Q. Then u is a viscosity solution to P in Q with^{∂u}_{∂η} = 0 on ∂_N Q.

Analogous results hold for Ω = (0, d) × Σ, Ω = (−∞, d) × Σ and Ω = (0, +∞) × Σ.

Our first uniqueness result is the following.

Theorem 5.1. Let Ω = (0, d) × Σ, Q = Ω × (0, T ), ∂_N Q = (0, d) × ∂Σ × (0, T ) and ∂_DQ = ∂_pQ \ ∂_N Q. Let u be a bounded classical solution to P in Q, with^{∂u}_{∂η} = 0 on ∂_N Q, such that u_{x1} < 0 on ∂_DQ.

Assume that u(0, x^′, t) > 0 for (x^′, t) ∈ Σ × [0, T ] with u(0, x^′, t) ∈ C^{2,1}(Σ × [0, T ]) and u(d, x^′, t) < 0 for (x^′, t) ∈ Σ × [0, T ] with u(d, x^′, t) ∈ C^{2,1}(Σ × [0, T ]).

Let v ∈ C(Q) be a viscosity solution to P in Q with^{∂v}_{∂η} = 0 on ∂_N Q. If v = u on ∂_DQ, then v = u in Q.

For two classical solutions we have the following uniqueness result.

Corollary. Let Ω, Q, ∂_N Q, ∂_DQ and u as in Theorem 5.1. Let v be a bounded classical solution to P in Q with^{∂v}_{∂η} = 0 on ∂_N Q, such that v = u on ∂_DQ. Then, v = u in Q.

The next theorem gives the uniqueness of viscosity solution under different assumptions from those in Theorem 5.1. As in the corollary above, uniqueness of classical solutions follows.

Theorem 5.2. The result of Theorem 5.1 holds if we let instead ∂_N Q = ∅ so that ∂_DQ = ∂_pQ. Moreover, the result of Theorem 5.1 also holds if we let Ω = R × Σ with ∂_N Q = R × ∂Σ × (0, T ) or ∂_N Q = ∅, as long as ||u||_Cα,^α_{2 (Q)} < ∞. In this case we make no assumptions on u on x_1 = 0, d.

Analogous results hold with Ω = (−∞, d) × Σ and Ω = (0, +∞) × Σ.

6. Uniqueness of the limit solution

The results we present in this section say that, under certain assumptions, a classical solution to the initial and boundary value problem associated to P is the uniform limit of any family of solutions to P_ε with corresponding boundary data. This in particular implies that such limit exits and is unique.

In particular, under the assumptions of this section our classical solution is the unique classical solution and also the unique viscosity solution (by the results of Section 5).

For the sake of simplicity we state the results for the two phase case. Analogous results also hold for the one phase case. For the proof of these results see [14] and [16].

We first obtain existence and uniqueness of the limit solution in a bounded cylinder.

Theorem 6.1. Let Ω = (0, d) × Σ, Q = Ω × (0, T ), ∂_N Q = (0, d) × ∂Σ × (0, T ) and ∂_DQ = ∂_pQ \ ∂_N Q. Let u be a bounded classical solution to P in Q, with^{∂u}_{∂η} = 0 on ∂_N Q, such that u_{x1} < 0 on ∂_DQ.

Assume that u(0, x^′, t) > 0 for (x^′, t) ∈ Σ × [0, T ] with u(0, x^′, t) ∈ C^{2,1}(Σ × [0, T ]) and u(d, x^′, t) < 0 for (x^′, t) ∈ Σ × [0, T ] with u(d, x^′, t) ∈ C^{2,1}(Σ × [0, T ]).

Let u^ε ∈ C(Q) with ∇u^ε ∈ C(Q ∪ ∂_N Q) ∩ L^2_{loc}(Q) be a family of bounded weak solutions to P_ε in Q, with^{∂uε}_{∂η} = 0 on ∂_N Q, such that u^ε → u uniformly on ∂_DQ.

Then u^ε → u uniformly in Q.

A similar result holds for a full cylinder as spatial domain, under suitable monotonicity assumptions at x_1 = ±∞.

Theorem 6.2. Let Ω = R × Σ, Q = Ω × (0, T ), ∂_N Q = R × ∂Σ × (0, T ) and ∂_DQ = ∂_pQ \ ∂_N Q. Let u be a bounded classical solution to P in Q, with^{∂u}_{∂η} = 0 on ∂_N Q and ||u||_Cα,^α_{2 (Q)} < ∞, such that u | |_{∂D Q} has a bounded, nonempty free boundary.

Assume that u_{x1} < 0 on ∂_DQ and u_{x1} (x, 0) ≤ −c_1e^{−c2 |x1|} for |x_1| ≥ a for some constants c_1, c_2, a > 0.

Let u^ε ∈ C(Q) with ∇u^ε ∈ C(Q ∪ ∂_N Q) ∩ L^2_{loc}(Q) be a family of bounded weak solutions to P_ε in Q, with^{∂uε}_{∂η} = 0 on ∂_N Q, such that u^ε → u uniformly on ∂_DQ, with |u^ε(x, 0) − u(x, 0)| ≤ k_1 e^{−k2 x21} for |x_1| ≥ a for some constants k_1, k_2 > 0.

Then u^ε → u uniformly in Q.

With the ideas of Theorems 6.1 and 6.2 we can prove the following theorem in a semicylinder.

Theorem 6.3. Let Ω = (0, ∞) × Σ (resp. (−∞, d) × Σ), Q = Ω × (0, T ), ∂_N Q = (0, ∞) × ∂Σ × (0, T ) (resp. ∂_N Q = (−∞, d) × ∂Σ × (0, T )) and ∂_DQ = ∂_pQ \ ∂_N Q.

Let u be a bounded classical solution to P in Q, with^{∂u}_{∂η} = 0 on ∂_N Q and ||u||_Cα,^α_{2 (Q)} < ∞, such that u | ∂_D Q has a bounded, nonempty free boundary.

Assume that u_{x1} < 0 on ∂_DQ and u_{x1} (x, 0) ≤ −c_1e^{−c2 |x1|} for x_1 ≥ a (resp. for x_1 ≤ −a) for some constants c_1, c_2, a > 0. Also, u(0, x^′, t) ∈ C^{2,1}(Σ × [0, T ]) with u(0, x^′, t) > 0 for x^′ ∈ Σ, t ∈ [0, T ] (resp. u(d, x^′, t) ∈ C^{2,1}(Σ×[0, T ]) with u(d, x^′, t) < 0 for x^′ ∈ Σ, t ∈ [0, T ]).

Let u^ε ∈ C(Q) with ∇u^ε ∈ C(Q ∪ ∂_N Q) ∩ L^2_{loc}(Q) be a family of bounded weak solutions to P_ε in Q, with^{∂uε}_{∂η} = 0 on ∂_N Q, such that u^ε → u uniformly on ∂_DQ, with |u^ε(x, 0) − u(x, 0)| ≤ k_1 e^{−k2 x21} for x_1 ≥ a (resp. for x_1 ≤ −a) for some constants k_1, k_2 > 0.

Then u^ε → u uniformly in Q.

7. Basic ideas and tools used in the proofs

The proof of the uniqueness of classical and viscosity solution is based on the comparison of the classical solution u with suitable families of classical subsolutions and supersolutions to problem P converging to u.

The proof of the uniqueness of the limit solution is more delicate and is based on the following auxiliary results: under certain assumptions, a classical subsolution to problem P is the uniform limit of a family of subsolutions to problem P_ε. An analogous result holds for supersolutions.

For the sake of completeness we state these results below for the two phase case. For the proofs see [16]; for the corresponding one phase results see [14].

We assume that Ω = R ×Σ is a full cylinder (resp. Ω = (0, +∞)×Σ, Ω = (−∞, d)×Σ is a semicylinder or Ω = (0, d) × Σ is a bounded cylinder). We define Q = Ω × (0, T ) and we let ∂_N Q = R × ∂Σ × (0, T ) (resp. ∂_N Q = (0, +∞) × ∂Σ × (0, T ), ∂_N Q = (−∞, d) × ∂Σ × (0, T ) or ∂_N Q = (0, d) × ∂Σ × (0, T )).

In case Ω = (0, +∞) × Σ, we assume that w(0, x^′, t) > 0 for (x^′, t) ∈ Σ × [0, T ]. In case Ω = (−∞, d) × Σ, we assume that w(d, x^′, t) < 0 for (x^′, t) ∈ Σ × [0, T ]. Finally, in case Ω = (0, d) × Σ, we assume that w(0, x^′, t) > 0 for (x^′, t) ∈ Σ × [0, T ] and that w(d, x^′, t) < 0 for (x^′, t) ∈ Σ × [0, T ].

Theorem 7.1. Let w be a classical subsolution to P in Q, with^{∂w}_{∂η} = 0 on ∂_N Q. Assume that there exists δ_0 > 0 such that

|∇w^+|^2 − |∇w^−|^2 = 2M + δ_0 on Q ∩ ∂{w > 0}.

Then, there exists a family v^ε ∈ C(Q), with ∇v^ε ∈ L^2_{loc}(Q), of weak subsolutions to P_ε in Q, with^{∂vε}_{∂η} = 0 on ∂_N Q, such that, as ε → 0, v^ε → w uniformly in Q. Moreover v^ε = w in {|w| ≥ Aε} and ∇v^ε ∈ C({|w| ≤ Aε} ∩ {t > 0}). Here A = A(L, M, δ_0) > 1, and L > 0 is such that |∇w| ≤ L in a neighborhood of the free boundary Q ∩ ∂{w > 0}.

Theorem 7.2. Let w be a classical supersolution to P in Q, with^{∂w}_{∂η} = 0 on ∂_N Q. Assume that there exists δ_0 > 0, with |∇w^−|^2 > δ_0 on the free boundary Q ∩ ∂{w > 0}, such that |∇w^+|^2 − |∇w^−|^2 = 2M − δ_0 on Q ∩ ∂{w > 0}. Then, there exists a family v^ε ∈ C(Q), with ∇v^ε ∈ L^2_{loc}(Q), of weak supersolutions to P_ε in Q, with^{∂vε}_{∂η} = 0 on ∂_N Q, such that, as ε → 0, v^ε → w uniformly in Q. Moreover, v^ε = w^ε in {|w| ≥ Aε} and ∇v^ε ∈ C({|w| ≤ Aε} ∩ {t > 0}). Here A = A(L, M, δ_0) > 1, and L > 0 is such that |∇w| ≤ L in a neighborhood of the free boundary Q ∩ ∂{w > 0}.

The proofs of the results stated above require a result on existence and regularity of a solution to equation P_ε in a non-cylindrical space-time domain, with mild regularity on the data. This result is proved in [16]. For the sake of completeness we state the result below. Further regularity of the solution can be derived from the results in [15].

Let Ω = R ×Σ, D = {(x, t) ∈ Ω×(0, T ) / p(x^′, t) < x_1 < q(x^′, t)}, where the functions p, q ∈ C^1(Σ × [0, T ]) satisfy that ∇_x′ p, ∇_x′ q ∈ C^{α, α2} (Σ × [0, T ]), and in addition^{∂p}_{∂η} = 0 and^{∂q}_{∂η} = 0 on ∂Σ × (0, T ). We also assume that there exists a constant μ_0 > 0 such that q(x^′, t) − p(x^′, t) ≥ μ_0 in Σ × [0, T ]. Let ∂_N D = {(x, t) ∈ D / x^′ ∈ ∂Σ} and ∂_DD = ∂_pD \ ∂_N D. As usual, ∂_pD denotes the parabolic boundary of the set D.

Theorem 7.3. Let D, ∂_N D and ∂_DD as above. Let a_i ∈ L^∞(D) and β ∈ L^∞(D × R) such that β(x, t, ·) is locally Lipschitz continuous in R uniformly for (x, t) ∈ D. Let ϕ ∈ C^{α, α2} (D) such that ψ_1(x^′, t) = ϕ(p(x^′, t), x^′, t) and ψ_2(x^′, t) = ϕ(q(x^′, t), x^′, t) satisfy that ψ_i ∈ C^1(Σ × [0, T ]) and ∇_x′ ψ_i ∈ C^{α, α2} (Σ × [0, T ]) for i = 1, 2.

There exists a unique function u ∈ C(D), with ∇u ∈ L^2(D) such that u is a weak solution to the following problem:

Δu + ∑ i a_i(x, t)u_{xi} − u_t = β(x, t, u) in D, ∂u ∂η = 0 on ∂_N D, u = ϕ on ∂_DD. Moreover, there exists 0 < γ ≤ α such that u ∈ C^{γ, γ2} (D) and, even more, there holds that ∇u ∈ C(D ∩ {t > 0}).

8. Conclusions

Our results in [14] and [16] can be summarized as saying that, with these types of domains, coefficients and reaction function β_ε, and under suitable assumptions on the initial and boundary data, if a classical solution of problem P exists in a certain time interval, then it is at the same time the unique classical solution, the unique limit solution and also the unique viscosity solution in that time interval.

We show in particular that there is a unique limit solution independently of the choice of the function β. Moreover, we actually prove that the limit exists for any approximation of the initial datum.

We point out that all of these results hold for both the one phase case and the two phase case.

References

1. D. Andreucci, R. Gianni, Classical solutions to a multidimensional free boundary problem arising in combustion theory, Comm. Partial Differ. Equat. 19 (1994), 803–826.

2. H. Berestycki, L.A. Caffarelli, L. Nirenberg, Uniform estimates for regularization of free boundary problems, Anal. and Partial Diff. Eq., Lecture Notes in Pure and Applied Math. (Cora Sadosky, eds.), vol. 122, Marcel Dekker, New York, 1990, pp. 576–619.

3. C.M. Brauner, A.Lunardi, C. Schmidt-Lainé, Stabilité et instabilité des ondes stationnaires d` un problème de détonation à deux phases, Comptes Rendus Acad. Sci. Paris I 311 (1990), 697–700.

4. J.D. Buckmaster, G.S.S. Ludford, Theory of laminar flames, Cambridge Univ.

Press, Cambridge, 1982.

5. L.A. Caffarelli, A monotonicity formula for heat functions in disjoint domains, “Boundary value problems for P.D.E.’s and applications”, dedicated to E. Magenes (J.L. Lions, C. Baiocchi, eds.), Masson, Paris, 1993, pp. 53–60.

6. L.A. Caffarelli, Uniform Lipschitz regularity of a singular perturbation problem, Differ. and Integ. Equat. 8 (7) (1995), 1585–1590.

7. L.A. Caffarelli, C. Kenig, Gradient estimates for variable coefficient parabolic equations and singular perturbation problems, Amer. J. Math. 120 (2) (1998), 391–439.

8. L.A. Caffarelli, C. Lederman, N. Wolanski, Uniform estimates and limits for a two phase parabolic singular perturbation problem, Indiana Univ. Math. J. 46 (2) (1997), 453–490.

9. L.A. Caffarelli, C. Lederman, N. Wolanski, Pointwise and viscosity solutions for the limit of a two phase parabolic singular perturbation problem, Indiana Univ. Math. J. 46 (3) (1997), 719–740.

10. L.A. Caffarelli, J.L. Vázquez, A free boundary problem for the heat equation arising in flame propagation, Trans. Amer. Math. Soc. 347 (1995), 411–441.

11. J. Fernandez-Bonder, N. Wolanski, A free boundary problem in combustion theory, preprint.

12. V.A. Galaktionov, J. Hulshof, J.L. Vázquez, Extinction and focusing behaviour of spherical and annular flames described by a free boundary problem, Jour. Math. Pure Appl. 76 (1997), 563–608.

13. D. Hilhorst, J. Hulshof, An elliptic-parabolic problem in combustion theory: convergence to traveling waves, Nonlinear Anal., Theory, Meth. Appl. 17 (1991), 519–546.

14. C. Lederman, J.L. Vázquez, N. Wolanski, Uniqueness of solution to a free boundary problem from combustion, Trans. Amer. Math. Soc. (to appear).

15. C. Lederman, J.L. Vázquez, N. Wolanski, A mixed semilinear parabolic problem in a non-cylindrical space-time domain, Differ. and Integ. Equat. (to appear).

16. C. Lederman, J.L. Vázquez, N. Wolanski, Uniqueness in a two-phase freeboundary problem, preprint.

17. C. Lederman, N. Wolanski, Viscosity solutions and regularity of the free boundary for the limit of an elliptic two phase singular perturbation problem, Annali della Scuola Normali Sup. Pisa, Cl. Sci, Serie IV 27 (2) (1998), 253–288.

18. C. Lederman, N. Wolanski, Limit, pointwise, viscosity and classical solutions to a free boundary problem from combustion, Free Boundary Problems. Theory and Applications (I. Athanasopoulos, G. Makrakis and J.F. Rodrigues, eds.), CRC Press, 1999.

19. A.M. Meirmanov, On a free boundary problem for parabolic equations, Math.

USSR Sbornik 43 (1982), 473–484.

20. J.L. Vázquez, The free boundary problem for the heat equation with fixed gradient condition, Free Boundary Problems, Theory and Applications (M. Niezgodka, P. Strzelecki, eds.), vol. 363, Pitman Research Series in Mathematics, Longman, 1996, pp. 277–302.

21. Ventsel’, A free boundary-value problem for the heat equation, Dokl. Akad.

Nauk SSSR 131 (1960), 1000–1003 English translation: Soviet Math. Dokl., 1 (1960).

22. F.A. Williams, Combustion Theory, 2nd. ed., Benjamin-Cummnings, Menlo Park, CA, 1985.

23. Ya.B. Zeldovich, D.A. Frank-Kamenetski, The theory of thermal propagation of flames, English translation in “Collected Works of Ya.B. Zeldovich”, vol. 1, Princeton University Press, 1992.

Claudia Lederman - Noemi Wolanski Departamento de Matemática Facultad de Ciencias Exactas Universidad de Buenos Aires (1428) Buenos Aires - Argentina clederma@dm.uba.ar wolanski@dm.uba.ar

Juan Luis Vázquez Departamento de Matemáticas Universidad Autónoma de Madrid 28049 Madrid - Spain juanluis.vazquez@uam.es