VISCOSITY SOLUTIONS AND REGULARITY OF THE FREE BOUNDARY FOR THE LIMIT OF AN ELLIPTIC TWO PHASE SINGULAR PERTURBATION PROBLEM

Claudia Lederman - Noemi Wolanski

1. Introduction.

In this paper we are concerned with the following problem: Study the limit as ε → 0, of solutions u^ε(x) to the equation:

(E_ε) Δu^ε = β_ε(u^ε),

where ε > 0 and β_ε(s) =^1_ε β(^s_ε ). Here β is a Lipschitz continuous function with β > 0 in (0,1), β ≡ 0 outside (0,1) and ∫ β(s)ds = M, where M is a positive constant. The functions u^ε(x) are defined in R^N , or in a subset of it.

This problem is of interest in the theory of flame propagation. It appears in combustion, in the description of laminar flames as an asymptotic limit for high activation energy (see for instance [3], [5], [18]).

We consider a family u^ε of uniformly bounded solutions to E_ε in a domain Ω ⊂ R^N and we prove that the limit function u is a solution, in an appropriate sense, to the free boundary problem: (E) Δu = 0 in Ω \ ∂{u > 0}, u = 0, (u^+_ν )^2 − (u^−_ν )^2 = 2M on Ω ∩ ∂{u > 0},

where M is as above, u^+ = max(u, 0), u^− = max(−u, 0) and ν is the inward unit normal to the free boundary Ω ∩ ∂{u > 0}. In particular, under suitable assumptions, we prove that the free boundary is smooth and therefore, the free boundary condition is satisfied in the classical sense.

The approach in our paper is local, since we do not force the solutions u^ε to be globally defined nor to take on prescribed boundary values. On the other hand, we are concerned with the two phase version of problem E_ε, that is, our solutions are allowed to change sign and become negative.

Partially supported by UBA grants EX071, EX197 & CONICET grant PID3668/92. Members of CONICET (Consejo Nacional de Investigaciones Científicas y Técnicas of Argentina) 1

First, we prove that u is a solution to E in a pointwise sense. That is, u is harmonic in {u > 0} ∪ {u ≤ 0}^∘ and satisfies the free boundary condition at every “regular” free boundary point (Theorem 3.1). Namely, we prove that u has an asymptotic development and that (u^+_ν )^2 − (u^−_ν )^2 = 2M holds at a point x_0 ∈ ∂{u > 0}, by making only assumptions on u at x_0 (here ν is the inward unit normal to ∂{u > 0} at x_0 in the measure theoretic sense).

Next, we prove that under suitable assumptions, our limit function u is a solution to E in a viscosity sense (Theorems 4.1 and 4.2). By a viscosity solution we mean a weak solution to the free boundary problem in the sense introduced in [6] and [7]. In particular, we prove that u is a viscosity solution if {u ≡ 0}^∘ = ∅ (Corollary 4.1) or if u^+ is nondegenerate on ∂{u > 0} (Corollary 4.2).

Finally, we study the regularity of the free boundary. We want to remark here that there are limit functions u which do not satisfy the free boundary condition in the classical sense on any portion of ∂{u > 0} (for instance, u = αx^+_1 + αx^−_1 with 0 < α < √ 2M, see [11], Remark 5.1). Thus, extra hypotheses have to be made in order to get regularity results.

On one hand, we prove in Theorem 5.1 that in the absence of zero phase, if u^− is nondegenerate at x_0 ∈ ∂{u > 0}, then the free boundary is a C^{1,α} surface in a neighborhood of x_0. Therefore u is a classical solution to E in that neighborhood. We point out that in the strictly two phase case, if the free boundary is smooth, then u^− is nondegerate on the free boundary (see Remark 5.1). One of the corollaries to Theorem 5.1 states that in the absence of zero phase, there is a subset of the free boundary which is locally a C^{1,α} surface. This subset is open and dense in ∂{u < 0} (Corollary 5.1).

On the other hand, we prove for the general two phase case that, under nondegeneracy assumptions on u^+, if x_0 ∈ Ω∩∂{u > 0} is such that the free boundary has at x_0 an inward unit normal in the measure theoretic sense, then the free boundary is a C^{1,α} surface in a neighborhood of x_0 (Theorem 5.2). Then, in Corollary 5.3 we prove that, under suitable assumptions on our limit function u, there is a subset of the free boundary which is locally a C^{1,α} surface. Moreover, this smooth subset is open and dense in ∂{u > 0} and the remainder of the free boundary has (N − 1)-dimensional Hausdorff measure zero. We end our work with further results for the one phase case (Theorems 5.3 and 5.4).

The parabolic version of this two phase problem was first studied in [9], [10] and [11], where uniform estimates for uniformly bounded solutions were obtained.

These estimates allow the passage to the limit, as ε → 0, uniformly. Then, in [12] it was proved that, in the strictly two phase case, the limit function u is a solution in D ⊂ R^{N+1} to the free boundary problem Δu − u_t = 0 in D \ ∂{u > 0}, u = 0, (u^+_ν )^2 − (u^−_ν )^2 = 2M on D ∩ ∂{u > 0},

in a pointwise sense at regular free boundary points, and in a parabolic viscosity sense (ν is the inward unit spatial normal to the free boundary). All these results apply, in particular, to the present elliptic situation.

A parabolic viscosity solution is a continuous function which satisfies local parabolic comparison principles with classical supersolutions and subsolutions to the evolutionary free boundary problem.

If both the parabolic viscosity solution and the classical subsolution or supersolution are time independent these comparison principles give no information.

Therefore, the notion of parabolic viscosity solution is not as appropriate for an elliptic problem as the one we use in this paper. This is the reason why we prove in Section 4, that limit functions are viscosity solutions in the elliptic sense of [6] and [7]. The results of Section 4 apply, in particular, to the one phase case.

On the other hand, we here improve, in Theorem 3.1, the pointwise result in [12], since it now applies to the one phase case.

In addition to the intrinsic interest of the results of Sections 3 and 4, they are used to prove the regularity results in Section 5.

A mathematical idea introduced in this paper is the use of the local parabolic monotonicity formula ([9]) together with convexity results for eigenvalues ([4]) to derive regularity results of interfaces (see Proposition 5.1 and Theorem 5.1). This new idea replaces more usual geometric measure theoretic arguments.

The use of the local parabolic monotonicity formula, instead of an elliptic one, allows us to prove Proposition 5.1 —which is of independent interest. An analogous result was proven in [2] for dimension N = 2 by using an elliptic monotonicity formula (see [2], Lemma 6.6 and Remark 6.1).

In Section 5 we make a substantial use of the regularity results of free boundaries of [6] and [7].

The problem considered in this paper was first studied in the pioneer work [3] in the one phase case and for a more general elliptic equation. The authors proved uniform estimates and found that the limit function u satisfies the free boundary condition u = 0, u_ν = √ 2M when ∂{u > 0} is smooth. For other related works see, for instance, [9], [10], [11], [12], [13], [16] and [18].

Our paper is organized in the following way. We consider a family u^ε of solutions to E_ε which are uniformly bounded in L^∞ norm. In Section 2 we state some preliminary results known for such a family, and for the limit function u (as ε → 0). In Section 3 we prove that the free boundary condition is satisfied at every “regular” free boundary point. We also show that, under extra hypotheses, a representation formula holds. Next, we prove in Section 4 that the limit function u is a viscosity solution to the free boundary problem E. Finally, in Section 5 we study the regularity of the free boundary.

Notation

Throughout the paper N will denote the spatial dimension and M =

∫_1 0 β(s) ds. In addition, the following notation will be used: • |S| N-dimensional Lebesgue measure of the set S • H^{N−1} (N − 1)-dimensional Hausdorff measure • B_r(x_0) open ball of radius r and center x_0 • – ∫ –_{Br (x0)} u =^1_{|Br (x0 )|} ∫ B_r (x_0 ) u dx • – ∫ –_{∂Br (x0)} u =^1

H^{N−1}(∂B_r (x_0)) ∫ ∂B_r (x_0) u dH N−1 • χ_S characteristic function of the set S • u^+ = max(u, 0), u^− = max(−u, 0) • ⟨ · , · ⟩ scalar product in R^N

2. Preliminary results.

In this section we consider a family u^ε of solutions to E_ε in a domain Ω ⊂ R^N which are uniformly bounded in L^∞ norm in Ω and we state —for the sake of completeness— some results known for such a family, on uniform estimates and passage to the limit as ε → 0, which will be used throughout the paper (Props. 2.1, 2.2 and 2.3). These results were proven in [9], [10] and [11], for the parabolic version of this problem.

We also state some results from [11] on the behavior of certain limit functions. We remark here that if u^ε ∈ L^∞_{loc}(Ω) is a solution to E_ε in the distributional sense, then u^ε is a classical solution to E_ε. Therefore, when referring to a solution to E_ε, we will always mean a classical solution.

The following result was proven in [3] for the one phase case, i.e., under the assumption that u^ε ≥ 0. For the two phase case, the result is due to Caffarelli; he proved it for the parabolic version of the problem.

Proposition 2.1. ([9], Theorem 3 or [10], Corollary 2) Let u^ε be a family of solutions to E_ε in a domain Ω ⊂ R^N such that ||u^ε||_L∞_{(Ω)} ≤ A for some A > 0. Let K ⊂ Ω be a compact set and let τ > 0 be such that B_τ (x_0) ⊂ Ω, for every x_0 ∈ K. Then, there exists a constant L = L(τ, A), such that |∇u^ε(x)| ≤ L for x ∈ K.

The following result was proven in [3] for the one phase elliptic problem and in [11] for the two phase parabolic problem by using ideas which are similar to those in [3].

Proposition 2.2. ([11], Lemma 3.1 and [11], Proposition 3.1) Let u^ε be a family of solutions to E_ε in a domain Ω ⊂ R^N . Let us assume that ||u^ε||_L∞_{(Ω)} ≤ A for some A > 0. For every ε_n → 0 there exist a subsequence ε_n′ → 0 and a function u, which is locally Lipschitz continuous in Ω, such that i) u^{εn′} → u uniformly on compact subsets of Ω, ii) ∇u^{εn′} → ∇u in L^2_{loc}(Ω), iii) Δu^{εn′} → Δu locally as measures in Ω, iv) Δu ≥ 0 in Ω, v) Δu = 0 in Ω \ ∂{u > 0}.

Next, we state a result proven in [11] in the parabolic case.

Proposition 2.3. ([11], Lemma 3.2) Let u^{εj} be a family of solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Let λ_n > 0 and x_n ∈ Ω ∩ ∂{u > 0} be sequences such that λ_n → 0 and x_n → x_0 ∈ Ω ∩ ∂{u > 0} as n → ∞. Let u_{λn} (x) =^1_{λn} u(x_n + λ_nx) and (u^{εj} )_{λn} (x) =^1_{λn} u^{εj} (x_n + λ_nx). Assume that u_{λn} → U as n → ∞ uniformly on compact sets of R^N . Then, there exists j(n) → +∞ such that for every j_n ≥ j(n), there holds that^{εjn}_{λn} → 0 and

1) (u^{εjn} )_{λn} → U uniformly on compact sets of R^N , 2) ∇(u^{εjn} )_{λn} → ∇U in L^2_{loc}(R^N ).

Also, there holds that 3) ∇u_{λn} → ∇U in L^2_{loc}(R^N ).

Finally, we state two results on the behavior of certain limit functions, that were proven in [11] in the parabolic case.

Proposition 2.4. ([11], Proposition 5.3). Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N . Let x_0 ∈ Ω and assume that u^{εj} converge to α(x − x_0)^+_1 + α(x − x_0)^−_1 uniformly on compact subsets of Ω, with α and α positive and ε_j → 0. Then α = α ≤ √ 2M.

Proposition 2.5. ([11], Theorem 6.2). Let u^{εj} be a solution to E_{εj} in a domain Ω_j ⊂ R^N such that Ω_j ⊂ Ω_{j+1} and ∪Ω_j = R^N . Let us assume that u^{εj} converge to a function U uniformly on compact sets of R^N and ε_j → 0. Assume, in addition, that |∇U| ≤ L in R^N for some L > 0 and ∂{U > 0} ≠ ∅. If γ ≥ 0 is such that |∇U^−| ≤ γ in R^N then, |∇U^+| ≤ √ 2M + γ^2 in R^N .

3. Asymptotic development at regular free boundary points.

In this section we consider u = lim u^ε (as ε → 0) and we show that the free boundary condition (u^+_ν )^2 −(u^−_ν )^2 = 2M is satisfied in a pointwise sense at every “regular” free boundary point, this is, at every free boundary point x_0 where there is an inward unit normal ν in the measure theoretic sense. (If lim inf_{r→0}^{|{u<0}∩Br (x0)|}_{|Br (x0)|} = 0 we make, in addition, a nondegeneracy assumption on u^+ at the point). In fact, we show that u has an asymptotic development at any such point, which implies that there exist both u^+_ν and u^−_ν and that the free boundary condition is satisfied (Theorem 3.1).

This asymptotic development, on the other hand, will be frequently used in the next sections.

In Theorem 3.2 we find (via the application of results in [1]) a representation formula for u, which holds when u^+ is locally uniformly nondegenerate on ∂{u > 0}. In particular, in this case the free boundary has locally finite (N − 1)-dimensional Hausdorff measure.

We start this section with some definitions.

Definition 3.1. Let v ≥ 0 be a continuous function in a domain Ω ⊂ R^N . We say that v is nondegenerate at a point x_0 ∈ Ω ∩ {v = 0} if there exist c > 0 and r_0 > 0 such that one of the following conditions holds:

(3.1) – ∫ –_{∂B} r (x_0) v ≥ c r for 0 < r ≤ r_0,

(3.2) – ∫ –_B

r (x_0) v ≥ c r for 0 < r ≤ r_0. We say that v is uniformly nondegenerate on Γ ⊂ Ω ∩ {v = 0} in the sense of (3.1) (resp. (3.2)), if there exist c > 0 and r_0 > 0 such that (3.1) (resp. (3.2)) holds for every x_0 ∈ Γ.

Remark 3.1. It is easy to see that (3.1) implies (3.2). On the other hand, if v ≥ 0 is locally Lipschitz continuous in a domain Ω ⊂ R^N and harmonic in {v > 0} (which will be our case), there holds that if v is nondegenerate at x_0 ∈ Ω ∩ {v = 0} in the sense of (3.2) then, v is nondegenerate at x_0 in the sense of (3.1). Analogously, under the assumptions above, if Ω^′ ⊂⊂ Ω and v is uniformly nondegenerate on Γ ⊂ Ω^′ ∩ {v = 0} in the sense of (3.2) then, v is uniformly nondegenerate on Γ in the sense of (3.1).

Let us prove this last assertion (the pointwise result follows similarly). In fact, if the result were not true, there would exist a sequence x_n ∈ Γ such that – ∫ –_{∂B} rn (x_n) v ≤ 1 n r_n with r_n → 0.

Let v_{rn} (x) :=^1_{rn} v(x_n + r_nx). Then, there exists a subsequence, that we still call v_{rn} , such that v_{rn} → v_0 uniformly on compact sets of R^N , where v_0 ≥ 0 is Lipschitz continuous in R^N and harmonic in {v_0 > 0}.

By rescaling, we deduce that – ∫ –_{∂B1(0)} v_{rn} ≤^1_n and therefore,

– ∫ –_{∂B} 1(0)

v_0 = 0.

Since v_0 is globally subharmonic, it follows that v_0 ≡ 0 in B_1(0). On the other hand, by hypothesis we have 0 < c ≤ – ∫ –_{B1(0)} v_{rn} and thus,

c ≤ – ∫ –_B

1(0)

v_0,

which is a contradiction and proves the result.

Definition 3.2. Let u be a continuous function in a domain Ω ⊂ R^N and let x_0 ∈ Ω ∩ ∂{u > 0}. We say that a unit vector ν is the inward unit normal to ∂{u > 0} at x_0 in the measure theoretic sense if (see for instance [14])

(3.3) lim_{r→0} – ∫ –_B

r (x_0) |χ_{{u>0}} − χ_{{x / ⟨x−x0 ,ν⟩>0}}| dx = 0.

First we prove the following lemma

Lemma 3.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} converge to a function u uniformly on compact subsets of Ω and ε_j → 0. Let x_0 ∈ Ω ∩ ∂{u > 0} and, for λ > 0, let u_λ(x) =^1_λ u(x_0 + λx). Let λ_n → 0 and λ̃_n → 0 be such that u_{λn} → U = αx^+_1 − γx^−_1 + o(|x|), u_{λ̃n} → ~U = α̃x^+_1 − γ̃x^−_1 + o(|x|), uniformly on compact sets of R^N , with α, α̃, γ, γ̃ ≥ 0.

Then αγ = α̃γ̃.

Proof. By Lemma 3.1 in [12] there exists a constant δ (independent of the sequence λ_n) such that

(3.4) δ ≡ 1 t^2 (∫_0 −t ∫ R^N |∇U^+|^2G(x, −s)dx ds ) (∫_0 −t ∫ R^N |∇U^−|^2G(x, −s)dx ds )

for every t > 0, where G(x, t) =^1_{(4πt) N2} e^{− |x|24t} .

Let U_λ(x) =^1_λ U(λx). Then U_λ → U_0 = αx^+_1 − γx^−_1 uniformly on compact sets of R^N , as λ → 0. Let us take any sequence converging to 0, for instance λ_n, and let us rescale (3.4). We get, for t > 0,

(3.5) δ ≡ 1 t^2 (∫_0 −t ∫ R^N |∇U^+_{λn} |^2G(x, −s)dx ds ) (∫_0 −t ∫ R^N |∇U^−_{λn} |^2G(x, −s)dx ds ) . We want to pass to the limit in (3.5) as n → ∞. To this end we first see that, by Proposition 2.3, there exists a sequence j_n → ∞ with δ_n =^{εjn}_{λn} → 0 such that (u^{εjn} )_{λn} → U uniformly on compact sets of R^N . It is easy to see that (u^{εjn} )_{λn} is a solution to E^εj_{nλn} . Therefore, there exists a sequence u^{δn} of solutions to E_{δn} such that u^{δn} → U uniformly on compact sets of R^N and δ_n → 0.

Thus, we may apply Proposition 2.3 again, now to the functions U and U_0, to conclude ∇U_{λn} → ∇U_0 in L^2_{loc}(R^N ). So that by taking a subsequence, that we still call λ_n, we may assume that the convergence takes place almost everywhere in R^N . Since U is Lipschitz in R^N , |∇U_{λn} | are bounded in R^N uniformly in n. Therefore we can pass to the limit in (3.5) to conclude that δ = α^2γ^2 4 . Repeating the argument with the sequence λ̃_n, we see that δ = α̃^2γ̃^2 4 . Therefore, αγ = α̃γ̃.

Let us prove our first theorem.

Theorem 3.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} converge to a function u uniformly on compact subsets of Ω and ε_j → 0. Let x_0 ∈ Ω ∩ ∂{u > 0} be such that ∂{u > 0} has at x_0 an inward unit normal ν in the measure theoretic sense (this is, (3.3) above holds). If lim inf_{r→0}^{|{u<0}∩Br (x0)|}_{|Br (x0)|} = 0, we assume, in addition, that u^+ is nondegenerate at x_0 in the sense of (3.2).

Then, there exist α > 0 and γ ≥ 0, such that u(x) = α⟨x − x_0, ν⟩^+ − γ⟨x − x_0, ν⟩^− + o(|x − x_0|) with α^2 − γ^2 = 2M.

Proof. Let x_0 be as in the statement of the theorem. We may assume without loss of generality that x_0 = 0 and ν = e_1.

We will consider two cases. Case I. lim sup_{r→0}^{|{u≡0}∩Br (0)|}

|B_r (0)| = 0.

In this case, the limit actually exists and it is equal to 0. This is the case considered in Theorem 3.1 in [12] for the parabolic version of this problem. Since [12], Thm. 3.1 applies to our present situation, the theorem is proved in this case. Case II. lim sup_{r→0}^{|{u≡0}∩Br (0)|}

|B_r (0)| > 0.

Let us define for each λ > 0 the function u_λ(x) =^1_λ u(λx). Since u(0) = 0 and u is locally Lipschitz continuous, given a sequence λ_n → 0, there exist a subsequence, that we will still call λ_n, and a function U, which is Lipschitz continuous in R^N , such that u_{λn} → U uniformly on compact sets of R^N .

Step I. Let us see that there exist α, γ ≥ 0 such that

(3.6)

U(x) = αx^+_1 + o(|x|) in {x_1 > 0}, U(x) = −γx^−_1 in {x_1 < 0}.

In fact, by our assumption that e_1 is the inward unit normal to ∂{u > 0} at 0 in the measure theoretic sense, we have, as λ → 0,

(3.7) χ_{{uλ>0}} → χ_{{x1>0}} in L^1_{loc}(R^N ), χ_{{uλ≤0}} → χ_{{x1<0}} in L^1_{loc}(R^N ).

By (3.7), U is nonnegative in {x_1 > 0} and harmonic where positive; and harmonic and nonpositive in {x_1 < 0}. In fact, if U^− ≢ 0, then it is harmonic in the set where it is positive and therefore, it is subharmonic in R^N . On the other hand, since u is globally subharmonic, U^− is superharmonic in {x_1 < 0}. Therefore U^−(x) = γx^−_1 in R^N with γ ≥ 0.

On the other hand, by Lemma A1 in [7], there exists α ≥ 0 such that U(x) = αx^+_1 + o(|x|) in {x_1 > 0}. So that (3.6) is verified. Step II. Let us see that α > 0.

Indeed, if there holds that

lim inf r→0 |{u < 0} ∩ B_r(0)| |B_r(0)| = 0,

then, u^+ satisfies (3.2) at 0 by hypothesis. Thus, rescaling (3.2) we get, for every r > 0 and n large, – ∫ –_B

r (0)

u^+_{λn} = 1 λ_n – ∫ –_B λnr (0) u^+ ≥ c r, so that – ∫ –_B

r (0) U^+ ≥ c r, for every r > 0. This would not be possible if U^+(x) = o(|x|). Therefore, α > 0.

If, instead, there holds that

lim inf r→0 |{u < 0} ∩ B_r(0)| |B_r(0)| > 0, we may apply Theorem 6.3 in [11], since there is an inward unit normal at 0 ∈ Ω ∩ ∂{u > 0} in the measure theoretic sense. Therefore, there exists C > 0 such that sup_{Br (0)} u ≥ C r, for every r > 0 small. Rescaling and passing to the limit, we get, for r > 0,

sup_{Br (0)} U ≥ C r,

which implies that α > 0.

Step III. Let us now see that γ = 0. To this end we will apply Lemma 3.1. In fact, since in this case we have lim sup_{r→0}^{|{u≡0}∩Br (0)|}_{|Br (0)|} > 0, there exists a sequence λ̃_n → 0 such that lim_{n→∞} |{u ≡ 0} ∩ B_{λ̃n} (0)| |B_{λ̃n} (0)| = 2c > 0. We then have

(3.8) |{u_{λ̃n} ≡ 0} ∩ B_1(0)| |B_1(0)| ≥ c for n sufficiently large.

Reasoning as in Step I, we get for a subsequence, that we still call λ̃_n, that u_{λ̃n} → ~U where ~U(x) = α̃x^+_1 + o(|x|) in {x_1 > 0}, ~U(x) = −γ̃x^−_1 in {x_1 < 0},

uniformly on compact sets of R^N , with α̃, γ̃ ≥ 0.

Let us see that γ̃ = 0. Since e_1 is the inward unit normal to ∂{u > 0} at the origin in the measure theoretic sense we have that

lim_{r→0} |{u ≤ 0} ∩ {x_1 > 0} ∩ B_r(0)| |B_r(0)| = 0.

So that lim_{n→∞} |{u_{λ̃n} ≡ 0} ∩ {x_1 > 0} ∩ B_1(0)| |B_1(0)|

= 0.

Therefore, by (3.8) |{ ~U ≡ 0} ∩ {x_1 < 0} ∩ B_1(0)| |B_1(0)| ≥ c. Since ~U(x) = −γ̃x^−_1 in {x_1 < 0} with γ̃ ≥ 0, we deduce that necessarily γ̃ = 0.

We can now apply Lemma 3.1 to conclude that γ = 0, since α > 0 and αγ = α̃γ̃ = 0.

Step IV. Now we will prove that α = √ 2M. By Proposition 2.3, there exists a sequence j_n → ∞ with δ_n =^{εjn}_{λn} → 0 such that (u^{εjn} )_{λn} → U uniformly on compact sets of R^N . It is easy to see that (u^{εjn} )_{λn} is a solution to E^εj_{nλn} . Therefore, there exists a sequence u^{δn} of solutions to E_{δn} such that u^{δn} → U uniformly on compact sets of R^N and δ_n → 0.

Let U_λ(x) =^1_λ U(λx). Then U_λ → U_0 = αx^+_1 uniformly on compact sets of R^N , as λ → 0. Therefore, we may apply Proposition 2.3 again, now to the functions U and U_0 to conclude that there exist a sequence δ̂_n → 0 and solutions u^{δ̂n} to E_{δ̂n} such that u^{δ̂n} → U_0 uniformly on compact sets of R^N and ∇u^{δ̂n} → ∇U_0 in L^2_{loc}(R^N ).

Let ψ ∈ C^∞_0 (R^N ). Let us multiply equation E_{δ̂n} by (u^{δ̂n} )_{x1} ψ and integrate by parts. We have 1 2 ∫ ψ ∂ ∂x_1 |∇u^{δ̂n} |^2 + ∫ (u^{δ̂n} )_{x1} ∇u^{δ̂n} ∇ψ = ∫ B_{δ̂n} (u^{δ̂n} )ψ_{x1}

where B_{δ̂n} (s) = ∫_s 0 β_{δ̂n} (τ) dτ. Therefore,

(3.9) 1 2 ∫ |∇u^{δ̂n} |^2ψ_{x1} + ∫ B_{δ̂n} (u^{δ̂n} )ψ_{x1} = ∫ (u^{δ̂n} )_{x1} ∇u^{δ̂n} ∇ψ. We want to pass to the limit in (3.9) for n → ∞. Let us see that

B_{δ̂n} (u^{δ̂n} ) → Mχ_{{x1>0}} + Mχ_{{x1 <0}} in L^1_{loc}(R^N ),

for some constant 0 ≤ M ≤ M. In fact,

B_{δ̂n} (u^{δ̂n} ) = ∫ u^{δ̂n}_{δ̂n} 0 β(s)ds.

Therefore, B_{δ̂n} (u^{δ̂n} ) ≡ M in every U ⊂⊂ {x_1 > 0}, if n is large.

Let us see that there exists a function M(x) such that B_{δ̂n} (u^{δ̂n} ) → M(x) in L^1_{loc}({x_1 ≤ 0}).

To this end, we will first show that B_{δ̂n} (u^{δ̂n} ) → M(x) in L^1_{loc}({x_1 < 0}). In fact, let U ⊂⊂ {x_1 < 0}, then ∫ U |∇B_{δ̂n} (u^{δ̂n} )| = ∫ U β_{δ̂n} (u^{δ̂n} )|∇u^{δ̂n} | ≤ C ∫ U β_{δ̂n} (u^{δ̂n} ) → 0 (n → ∞)

since, by Prop. 2.2, β_{δ̂n} (u^{δ̂n} ) = Δu^{δ̂n} → ΔU_0 locally as measures.

Therefore, ∫ U |∇B_{δ̂n} (u^{δ̂n} )| ≤ C(U) for every U ⊂⊂ {x_1 < 0}. So that for a subsequence and a function M(x) we have B_{δ̂n} (u^{δ̂n} ) → M(x) in L^1_{loc}({x_1 < 0}).

In particular, we may assume that the convergence takes place almost everywhere in {x_1 < 0} and, since 0 ≤ B_{δ̂n} (u^{δ̂n} ) ≤ M, we conclude that B_{δ̂n} (u^{δ̂n} ) → M(x) in L^1_{loc}({x_1 ≤ 0}).

Thus, we actually have

B_{δ̂n} (u^{δ̂n} ) → Mχ_{{x1>0}} + M(x)χ_{{x1<0}} in L^1_{loc}(R^N ).

On the other hand, since ∫ U |∇B_{δ̂n} (u^{δ̂n} )| → 0 as n → ∞, for every U ⊂⊂ {x_1 < 0}, we deduce that M(x) is constant, i.e. M(x) ≡ M, with 0 ≤ M ≤ M.

Let us next see that necessarily M = 0 or M = M.

In fact, let ε_1, ε_2 > 0 and K ⊂⊂ {x_1 < 0}. There exists 0 < η < 1 such that (with β_η = inf_{[η,1−η]} β > 0)

|{x ∈K/ ε_1 < B_{δ̂n} (u^{δ̂n} ) < M − ε_2}| ≤ |{x ∈ K/ η < u^{δ̂n} δ̂_n < 1 − η}| ≤|{x ∈ K/ β_{δ̂n} (u^{δ̂n} ) ≥ β_η δ̂_n (> β^η > 0)}| → 0 (as n → ∞)

since β_{δ̂n} (u^{δ̂n} ) → 0 in L^1(K). Therefore, the fact that B_{δ̂n} (u^{δ̂n} ) → M in L^1(K) implies that

|{x ∈ K/ ε_1 < M < M − ε_2}| = 0 for every ε_1, ε_2 > 0, K ⊂⊂ {x_1 < 0},

so that M = 0 or M = M.

Let us now pass to the limit in (3.9). We find

α^2 2 ∫ {x_1>0} ψ_{x1} = M ∫ {x_1>0} ψ_{x1} + M ∫ {x_1<0} ψ_{x1} . Integrating, we obtain

α^2 2 ∫ {x_1=0} ψ = M ∫ {x_1=0} ψ − M ∫ {x_1=0} ψ. Since ψ is arbitrary α = √ 2(M − M). From the fact that M = M or M = 0, and α > 0 we find α = √ 2M. Step V. Conclusion.

We have proved that

(3.10) U(x) = √ 2Mx^+_1 + o(|x|) in {x_1 > 0} and (3.11) U ≡ 0 in {x_1 < 0}.

Since U ≥ 0 then, by Proposition 2.5, |∇U| ≤ √ 2M. Therefore, U(x) ≤ √ 2Mx_1 in {x_1 > 0}.

By (3.10) and Hopf’s Principle we deduce that

(3.12) U(x) = √ 2Mx_1 in {x_1 > 0}.

By (3.11) and (3.12), there holds that the limit U does not depend on the sequence λ_n and u(x) = √ 2Mx^+_1 + o(|x|) in Ω.

So that the theorem is proved also in Case II.

Remark 3.2. Let u be a continuous function in a domain Ω ⊂ R^N . If we have H^{N−1}(Ω ∩ ∂{u > 0}) < ∞, then {u > 0} is a set of finite perimeter in Ω (see [14]). In this situation we will call, as usual, reduced boundary (and denote ∂_{red}{u > 0}), the subset of points in ∂{u > 0} which have an inward unit normal in the measure theoretic sense (see Def. 3.2).

We will next prove a representation formula for u which holds when u^+ is locally uniformly nondegenerate. We will denote by H^{N−1}⌊ ∂{u > 0} the measure H^{N−1} restricted to the set ∂{u > 0}.

Theorem 3.2. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} converge to a function u uniformly on compact subsets of Ω and ε_j → 0. Let us assume that u^+ is locally uniformly nondegenerate on Ω ∩ ∂{u > 0} in the sense of (3.1). Then, 3.2.1) H^{N−1}(Ω^′ ∩ ∂{u > 0}) < ∞, for every Ω^′ ⊂⊂ Ω.

3.2.2) There exist borelian functions q^+_u and q^−_u defined on Ω ∩ ∂{u > 0} such that Δu^+ = q^+_u H^{N−1}⌊ ∂{u > 0}, Δu^− = q^−_u H^{N−1}⌊ ∂{u > 0}.

3.2.3) For every Ω^′ ⊂⊂ Ω there exist C > 0, c > 0 and r_1 > 0 such that cr^{N−1} ≤ H^{N−1}(B_r(x_0) ∩ ∂{u > 0}) ≤ Cr^{N−1} for every x_0 ∈ Ω^′ ∩ ∂{u > 0}, 0 < r < r_1 and, in addition, 3.2.4) 0 < c ≤ q^+_u ≤ C and 0 ≤ q^−_u ≤ C in Ω^′ ∩ ∂{u > 0}, q^−_u = 0 in ∂{u > 0} \ ∂{u < 0}. 3.2.5) u has the following asymptotic development at H^{N−1}-almost every point x_0 in ∂_{red}{u > 0} (this is, at H^{N−1}-almost every point x_0 such that ∂{u > 0} has an inward unit normal ν in the measure theoretic sense)

u(x) = q^+_u (x_0)⟨x − x_0, ν⟩^+ − q^−_u (x_0)⟨x − x_0, ν⟩^− + o(|x − x_0|).

Remark 3.3. Under the assumptions of Thm. 3.2, we have that Thm. 3.1 applies at every point x_0 in the reduced boundary. Therefore, the constants α and γ in Thm. 3.1 verify that α = q^+_u (x_0) and γ = q^−_u (x_0) where q^+_u and q^−_u are the borelian functions in 3.2.2).

Proof of Thm. 3.2. In order to prove the theorem we will make use of some results in [1]. In fact, u^+ is harmonic in {u > 0} and locally uniformly nondegenerate on Ω ∩ ∂{u > 0} in the sense of (3.1). On the other hand, since u is locally Lipschitz, for every Ω^′ ⊂⊂ Ω there exist C > 0 and r_1 > 0 such that – ∫ –_{∂B} r (x_0) u^+ ≤ Cr for x_0 ∈ Ω^′ ∩ ∂{u > 0}, 0 < r ≤ r_1.

Under these conditions it was proved in [1], 4.5 that 3.2.1) holds and there exists a borelian function q^+_u defined on Ω ∩ ∂{u > 0} such that Δu^+ = q^+_u H^{N−1}⌊ ∂{u > 0}. Also 3.2.3) holds by the results of [1].

Moreover, it follows from [1], 4.5 that the local uniform nondegeneracy of u^+ on Ω ∩ ∂{u > 0} in the sense of (3.1) implies that q^+_u ≥ c > 0.

On the other hand, u^− is a nonnegative harmonic function in Ω ∩ {u < 0}. Since u is Lipschitz, – ∫ –_{∂B} r (x_0 ) u^− ≤ Cr for every x_0 ∈ Ω^′ ∩ ∂{u < 0}, 0 < r ≤ r_1. On the other hand, since u is harmonic in Ω ∩ {u ≤ 0}^∘ then ∂{u < 0} ⊂ ∂{u > 0}. Therefore, by 3.2.1) and [1], Remark 4.6, there exists a borelian function q^−_u defined on Ω ∩ ∂{u < 0} such that Δu^− = q^−_u H^{N−1}⌊ ∂{u < 0}. Thus, if we define q^−_u = 0 in ∂{u > 0} \ ∂{u < 0} there holds that q^−_u ≥ 0 and Δu^− = q^−_u H^{N−1}⌊ ∂{u > 0}. Therefore 3.2.2) is proved.

It also follows that

q^+_u ≤ C in Ω^′ ∩ ∂{u > 0} , q^−_u ≤ C in Ω^′ ∩ ∂{u > 0}

so 3.2.4) is true.

Finally, by [1], 4.8 and 4.9

u^+(x) = q^+_u (x_0)⟨x − x_0, ν⟩^+ + o(|x − x_0|)

for H^{N−1}-almost every x_0 in ∂_{red}{u > 0}. Proceeding as in [1], 4.8 we can also deduce that u^−(x) = q^−_u (x_0)⟨x − x_0, ν⟩^− + o(|x − x_0|)

for H^{N−1}-almost every x_0 in ∂_{red}{u > 0} and 3.2.5) follows.

So that the theorem is proved.

4. Viscosity solutions to the free boundary problem E.

In this section we prove that the limit function u is a viscosity solution to the free boundary problem (E) Δu = 0 in Ω \ ∂{u > 0}, u = 0, (u^+_ν )^2 − (u^−_ν )^2 = 2M on Ω ∩ ∂{u > 0},

where u^+ = max(u, 0), u^− = max(−u, 0), and ν is the inward unit normal to the free boundary Ω ∩ ∂{u > 0}. This notion of weak solution was introduced by Caffarelli in [6], [7].

We start the section with some definitions and we then prove our main results in Theorems 4.1 and 4.2. We also include some corollaries at the end of the section (Corollaries 4.1, 4.2 and Proposition 4.1).

Definition 4.1. Let Ω be a domain in R^N . Let u be a continuous function in Ω. Then u is called a viscosity supersolution in Ω if

(i) Δu ≤ 0 in Ω^+ := Ω ∩ {u > 0}. (ii) Δu ≤ 0 in Ω^− := Ω ∩ {u ≤ 0}^∘. (iii) Along F = Ω ∩ ∂{u > 0}, u satisfies the condition (u^+_ν )^2 − (u^−_ν )^2 ≤ 2M in the following weak sense. If x_0 ∈ F , F has a tangent ball at x_0 from Ω^+ (i.e, there is a B_ρ(y) ⊂ Ω^+, such that x_0 ∈ ∂B_ρ(y)), and, in B_ρ(y) u(x) ≥ α⟨x − x_0, ν⟩^+ + o(|x − x_0|), for α ≥ 0 (ν given by the inward unit radial direction of the ball at x_0), then u(x) < −γ⟨x − x_0, ν⟩^− + o(|x − x_0|) in B_ρ(y)^c for any γ ≥ 0 such that α^2 − γ^2 > 2M.

Definition 4.2. Let u be a continuous function in Ω. Then u is called a viscosity subsolution in Ω if

(i) Δu ≥ 0 in Ω^+ := Ω ∩ {u > 0}. (ii) Δu ≥ 0 in Ω^− := Ω ∩ {u ≤ 0}^∘. (iii) Along F = Ω ∩ ∂{u > 0}, u satisfies the condition (u^+_ν )^2 − (u^−_ν )^2 ≥ 2M in the following weak sense. If x_0 ∈ F , F has a tangent ball at x_0 from Ω^− (i.e, there is a B_ρ(y) ⊂ Ω^−, such that x_0 ∈ ∂B_ρ(y)), and, in B_ρ(y) u(x) ≤ −γ⟨x − x_0, ν⟩^− + o(|x − x_0|), for γ ≥ 0 (ν given by the outward unit radial direction of the ball at x_0), then u(x) > α⟨x − x_0, ν⟩^+ + o(|x − x_0|) in B_ρ(y)^c for any α ≥ 0 such that α^2 − γ^2 < 2M.

Definition 4.3. We say that u is a viscosity solution in Ω if it is both a viscosity subsolution and a viscosity supersolution.

Definition 4.4. Let u be a continuous function in a domain Ω ⊂ R^N . We say that a point x_0 ∈ Ω ∩ ∂{u > 0} is a regular point from the positive side if there is a tangent ball at x_0 from {u > 0} (i.e, there is a B_ρ(y) ⊂ {u > 0}, such that x_0 ∈ ∂B_ρ(y)).

Analogously, we say that a point x_0 ∈ Ω ∩ ∂{u > 0} is a regular point from the nonpositive side if there is a tangent ball at x_0 from {u ≤ 0}^∘ (i.e, there is a B_ρ(y) ⊂ {u ≤ 0}^∘, such that x_0 ∈ ∂B_ρ(y)).

We will use throughout this section the following auxiliary lemma on the asymptotic behavior of nonnegative subharmonic functions at boundary points which are regular from the nonpositive side.

Lemma 4.1. Let U be a Lipschitz function in some ball B centered at the origin. Assume that U is nonnegative and subharmonic in B, U(0) = 0. Assume, in addition, that U ≡ 0 in some ball B_ρ(y) ⊂ {x_1 < 0}, B_ρ(y) ⊂⊂ B, 0 ∈ ∂B_ρ(y).

Then, near the origin, U has the asymptotic development

U(x) = αx^+_1 + o(|x|) in {x_1 > 0},

with α ≥ 0.

Proof. Let ρ^′ > ρ be such that B_ρ′ (y) ⊂⊂ B. Since U is Lipschitz continuous, there exists a constant Λ > 0 such that U < Λ on ∂B_ρ′ (y). Let v be the harmonic function in B = B_ρ′ (y) \ B_ρ(y) such that v = 0 on ∂B_ρ(y) and v = Λ on ∂B_ρ′ (y). Clearly, v is positive in B and smooth in B and it vanishes at 0 ∈ ∂B. Therefore,

(4.1) v(x) = δx^+_1 + o(|x|) in {x_1 > 0},

for some δ > 0. On the other hand, the function w = v − U is superharmonic and positive in B and, in particular, it is so in the subset B ∩ {x_1 > 0}. Therefore, we can use Lemma A1 in [7] (which applies to superharmonic functions even though it is stated for harmonic functions) to deduce that

w(x) = δ̄x^+_1 + o(|x|) in {x_1 > 0},

for some δ > 0, which implies, by (4.1),

U(x) = αx^+_1 + o(|x|) in {x_1 > 0}, with α ≥ 0.

Now we will prove our main results in the section.

Theorem 4.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Then u is a viscosity supersolution in Ω.

Proof. Clearly, u satisfies (i) and (ii) in Definition 4.1 (see for instance Prop. 2.2). We will show that (iii) also holds. Let B_ρ(y) ⊂ {u > 0} be a ball touching ∂{u > 0} at a point x_0, and assume that, for some α ≥ 0,

(4.2) u(x) ≥ α⟨x − x_0, ν⟩^+ + o(|x − x_0|)

in B_ρ(y) (ν given by the inward unit radial direction of the ball at x_0).

If α^2 ≤ 2M there is nothing to prove. Otherwise, let γ ≥ 0 be such that α^2 − γ^2 > 2M. We will show that u(x) < −γ⟨x − x_0, ν⟩^− + o(|x − x_0|) in B_ρ(y)^c.

We will assume without loss of generality that ν = e_1 and x_0 = 0. We claim that u(x) = αx^+_1 − γx^−_1 + o(|x|) with α, γ > 0. In fact, by Lemma 4.1,

(4.3) u^−(x) = γx^−_1 + o(|x|) in {x_1 < 0},

for some γ ≥ 0. Let us consider, for λ > 0,

u_λ(x) = 1 λ u(λx). Since u is locally Lipschitz continuous and u(0) = 0 then, for every sequence λ_n → 0, there exists a subsequence, that we still call λ_n, such that u_{λn} → u_0 uniformly on compact sets of R^N , where u_0 is Lipschitz in R^N . By (4.2) and (4.3) we know that u^−_0 (x) = γx^−_1 in R^N and u_0 > 0 and harmonic in {x_1 > 0}.

(Let us recall at this moment our assumption that α > √ 2M > 0).

We will consider two cases. Case I: γ > 0.

In this case, u_0 < 0 in {x_1 < 0}. Therefore u_0 = 0 on {x_1 = 0} and since u_0 is Lipschitz, we have u^+_0 (x) = αx^+_1 in R^N , for some α > 0. Thus, we deduce that (4.4) u_0(x) = αx^+_1 − γx^−_1 , α, γ > 0. Case II: γ = 0.

In this case, u_0 ≥ 0 in R^N . Since u_0 > 0 and harmonic in {x_1 > 0}, then by Lemma A1 in [7], there exists α > 0 such that (4.5) u_0(x) = αx^+_1 + o(|x|) in {x_1 > 0}. Necessarily (4.6) α ≥ α > √ 2M. Let us consider, for λ > 0, (u_0)_λ(x) = 1 λ u_0(λx). Since u_0 is Lipschitz continuous and u_0(0) = 0, we deduce that there exists a sequence λ_n → 0 such that (u_0)_{λn} → u_{00} uniformly on compact sets of R^N , where u_{00} is a Lipschitz continuous function in R^N . By (4.5), u_{00}(x) = αx^+_1 in {x_1 > 0}.

Also, u_{00} ≥ 0 in R^N and harmonic in the set where it is positive. Since u_{00} = 0 in {x_1 = 0}, then the application of Lemma A1 in [7] yields u_{00}(x) = α̃x^−_1 + o(|x|) in {x_1 < 0}, for some α̃ ≥ 0. Let us finally consider for λ > 0 (u_{00})_λ(x) = 1 λ u_{00}(λx).

As before, we see that there exist a sequence λ̃_n → 0 and a Lipschitz function u_{000} in R^N , such that u_{λ̃n} → u_{000} uniformly on compact sets of R^N . From our computations above we deduce that

u_{000}(x) = αx^+_1 + α̃x^−_1 , α > 0, α̃ ≥ 0.

Applying Prop. 2.3 we see that there exist a sequence δ_n → 0 and solutions u^{δn} to E_{δn} such that

(4.7) u^{δn} → u_0

uniformly on compact sets of R^N . Applying Prop. 2.3 two more times, we see that there exist a sequence δ̃_n → 0 and solutions u^{δ̃n} to E_{δ̃n} such that u^{δ̃n} → u_{000} uniformly on compact sets of R^N .

It follows that u_{000} is under the hypotheses of Thm. 3.1 or Prop. 2.4. In either case, α ≤ √ 2M < α which contradicts (4.6).

Thus we get a contradiction. So that Case II is not possible and (4.4) holds. By (4.7), we see that we may apply Thm. 3.1 to the function u_0 to conclude that

(4.8) α^2 − γ^2 = 2M.

By Lemma 3.1, there exists δ independent of the sequence λ_n such that

(4.9) α γ = δ,

By (4.8) and (4.9) we see that the limit function u_0 does not depend on the sequence λ_n. So that we have u_λ → u_0

uniformly on compact sets of R^N (as λ → 0). Therefore,

u(x) = αx^+_1 − γx^−_1 + o(|x|).

In particular,

(4.10) u(x) = −γx^−_1 + o(|x|) in B_ρ(y)^c.

By (4.8), we have

(4.11) γ = √ α^2 − 2M ≥ √ α^2 − 2M > γ. So that by (4.10) and (4.11), we deduce that u(x) < −γx^−_1 + o(|x|) in B_ρ(y)^c, and the theorem is proved.

Theorem 4.2. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume, in addition, that at every regular point from the nonpositive side x_0 ∈ Ω ∩ ∂{u > 0} (this is, such that there exists a ball B_ρ(y) ⊂ {u ≤ 0} with x_0 ∈ ∂B_ρ(y) ), u satisfies one of the following hypotheses:

H1) u^+ is nondegenerate at x_0 in the sense of (3.2).

or else H2) u < 0 in B_ρ(y).

Then u is a viscosity subsolution in Ω.

Proof. Clearly, u satisfies (i) and (ii) in Definition 4.2 (see for instance Prop. 2.2). We will show that (iii) also holds. Let B_ρ(y) ⊂ {u ≤ 0}^∘ be a ball touching ∂{u > 0} at a point x_0, and assume that for some γ ≥ 0 (4.12) u(x) ≤ −γ⟨x − x_0, ν⟩^− + o(|x − x_0|) in B_ρ(y), (ν given by the outward unit radial direction of the ball at x_0).

Let α ≥ 0 be such that α^2 − γ^2 < 2M. We will show that u(x) > α⟨x − x_0, ν⟩^+ + o(|x − x_0|) in B_ρ(y)^c.

We will assume without loss of generality that ν = e_1 and x_0 = 0. By Lemma 4.1 we know that there exists α ≥ 0 such that

(4.13) u^+(x) = αx^+_1 + o(|x|) in {x_1 > 0}.

Let us consider, for λ > 0, u_λ as in Theorem 4.1. For every sequence λ_n → 0 there exist a subsequence, that we still call λ_n, and u_0 Lipschitz continuous in R^N such that u_{λn} → u_0 uniformly on compact sets of R^N .

Then, by (4.13) we have

u^+_0 (x) = αx^+_1 in {x_1 > 0}.

On the other hand, since B_ρ(y) ⊂ {u ≤ 0}, 0 ∈ ∂B_ρ(y) and e_1 is the outward unit radial direction to B_ρ(y) at the origin, then u_0 ≤ 0 in {x_1 < 0}. Since u is harmonic in the set {u ≤ 0}^∘, we can actually have only one of the following situations:

i) u ≡ 0 in B_ρ(y), in which case

(4.14) u_0 ≡ 0 in {x_1 < 0}.

ii) u < 0 in B_ρ(y). In this case, by Hopf’s Principle there exists θ > 0 such that u(x) ≤ −θx^−_1 + o(|x|) in B_ρ(y) and therefore,

(4.15) u_0 < 0 in {x_1 < 0}.

We will consider two cases (independently on whether (4.14) or (4.15) holds). Case I: α > 0. Then we have u^+_0 = u_0 in {x_1 > 0}. Since u_0 ≤ 0 in {x_1 < 0}, we deduce that u_0 = 0 in {x_1 = 0}. Thus, u_0 is Lipschitz in R^N , nonnegative and harmonic in {x_1 < 0} and vanishes on {x_1 = 0}. We conclude that there exists γ ≥ 0 such that u_0(x) = −γx^−_1 in {x_1 < 0}.

Therefore,

(4.16) u_0(x) = αx^+_1 − γx^−_1 in R^N .

Case II: α = 0. In this case we must have u < 0 in B_ρ(y). In fact, if not, by H1) u^+ must satisfy (3.2) at the origin. Rescaling (3.2) we get that – ∫ –_B

r (0) u^+_{λn} ≥ c r for every small r > 0. So that – ∫ –_B

r (0)

u^+_0 ≥ c r

which is not possible if α = 0.

Therefore u < 0 in B_ρ(y) and thus, u_0 < 0 in {x_1 < 0} (see ii) above).

On the other hand, since u^+_0 = 0, we have that u_0 ≤ 0 in R^N . By the arguments in Thm. 4.1 we know that there exist a sequence δ_n ↘ 0 and solutions u^{δn} of E_{δn} such that u^{δn} → u_0 uniformly on compact sets of R^N . Therefore, u_0 is harmonic in R^N since any such limit is harmonic in the interior of the set where it is nonnegative (see Prop. 2.2).

From the fact that u_0(0) = 0 we deduce that we must have u_0 ≡ 0 in R^N which we have just seen that is not possible.

So that Case II is not possible and we have (4.16) with α > 0 and γ ≥ 0. As in Thm. 4.1 we see that we may apply Thm. 3.1 to the function u_0 to deduce that α, γ satisfy the free boundary condition (4.8).

As in Thm. 4.1, by the application of Lemma 3.1, we see that the limit function u_0 does not depend on the sequence λ_n → 0 and therefore,

u(x) = αx^+_1 − γx^−_1 + o(|x|).

In particular, u(x) = αx^+_1 + o(|x|) in B_ρ(y)^c.

By (4.12) we see that necessarily γ ≥ γ. Thus, α = √ 2M + γ^2 ≥ √ 2M + γ^2 > α.

So that u(x) > αx^+_1 + o(|x|) in B_ρ(y)^c

and the theorem is proved.

In particular we obtain the following corollaries.

Corollary 4.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume, in addition, that {u ≡ 0}^∘ = ∅. Then u is a viscosity solution in Ω.

Corollary 4.2. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume, in addition, that u^+ is nondegenerate at every point x_0 ∈ Ω ∩ ∂{u > 0} in the sense of (3.2). Then u is a viscosity solution in Ω.

As a corollary to the proof of Theorem 4.2 we have the following proposition which is of the type of Theorem 3.1. This is a result of a pointwise nature.

Proposition 4.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Let x_0 ∈ Ω ∩ ∂{u > 0} be a regular point from the nonpositive side (this is, such that there exists a ball B_ρ(y) ⊂ {u ≤ 0} with x_0 ∈ ∂B_ρ(y) ). If u ≡ 0 in B_ρ(y) we assume in addition that u^+ is nondegenerate at x_0 in the sense of (3.2). Then u has the following asymptotic development u(x) = α⟨x − x_0, ν⟩^+ − γ⟨x − x_0, ν⟩^− + o(|x − x_0|) with α > 0, γ ≥ 0 and α^2 − γ^2 = 2M.

5. Regularity of the free boundary.

In this section we study the regularity of the free boundary. We first want to remark that there are limit functions u which do not satisfy the free boundary condition in the classical sense on any portion of ∂{u > 0} (for instance, u = αx^+_1 + αx^−_1 with 0 < α < √ 2M, see [11], Remark 5.1). Thus, extra hypotheses have to be made in order to get regularity results.

On one hand, we prove in Theorem 5.1 that in the absence of zero phase, if u^− is nondegenerate at x_0 ∈ ∂{u > 0}, then the free boundary is a C^{1,α} surface in a neighborhood of x_0. Therefore u is a classical solution to E in that neighborhood. We point out that in the strictly two phase case, if the free boundary is smooth, then u^− is nondegerate on the free boundary (see Remark 5.1). As a corollary to Theorem 5.1 we deduce that in the absence of zero phase, there is a subset of the free boundary which is locally a C^{1,α} surface. This subset is open and dense in ∂{u < 0} (Corollary 5.1). See also Corollary 5.2.

On the other hand, we prove for the general two phase case that, under nondegeneracy assumptions on u^+, if x_0 ∈ Ω∩∂{u > 0} is such that the free boundary has at x_0 an inward unit normal in the measure theoretic sense, then the free boundary is a C^{1,α} surface in a neighborhood of x_0 (Theorem 5.2). Then, in Corollary 5.3 we prove that, under suitable assumptions on our limit function u, there is a subset of the free boundary which is locally a C^{1,α} surface. Moreover, this smooth subset is open and dense in ∂{u > 0} and the remainder of the free boundary has (N − 1)-dimensional Hausdorff measure zero. We end our work with further results for the one phase case (Theorems 5.3 and 5.4).

In order to get our regularity results we use, on one hand, the results we have obtained in the previous sections for the limit function u and the regularity theory developed in [6], [7]. On the other hand, we use the result of Proposition 5.1 —which replaces, in Theorem 5.1, more usual geometric measure theoretic arguments.

We start the section with a definition and some auxiliary lemmas: Definition 5.1. Let v be a continuous function in a domain Ω ⊂ R^N . We say that the set {v ≤ 0} has positive density at a point x_0 ∈ Ω ∩ ∂{v > 0}, if there exist c > 0 and r_0 > 0 such that

(5.1) |{v ≤ 0} ∩ B_r(x_0)| |B_r(x_0)|

≥ c for 0 < r ≤ r_0.

We say that the set {v ≤ 0} has uniform positive density on Γ ⊂ Ω ∩ ∂{v > 0}, if there exist c > 0 and r_0 > 0 such that (5.1) holds for every x_0 ∈ Γ. Lemma 5.1. Let u be a locally Lipschitz continuous function in a domain Ω ⊂ R^N , harmonic in {u > 0}∪{u ≤ 0}^∘ and globally subharmonic. Assume that u^+ is locally uniformly nondegenerate on Ω ∩ ∂{u > 0} in the sense of (3.2) and that the set {u ≤ 0} has locally uniform positive density on Ω ∩ ∂{u > 0}. Then, for every Ω^′ ⊂⊂ Ω there exist C > 0 and ρ_0 > 0 such that, for x ∈ Ω^′, (5.2) u^+(x) ≥ Cd(x, {u ≤ 0}) if d(x, {u ≤ 0}) ≤ ρ_0. Here d(x, A) is the distance from the point x to the set A.

Proof. If the result does not hold, then there exists a sequence x_n in Ω^′ ⊂⊂ Ω such that d(x_n, {u ≤ 0}) <^1_n and u^+(x_n) <^1_n d(x_n, {u ≤ 0}).

Let z_n ∈ ∂{u > 0} be such that λ_n := d(x_n, {u ≤ 0}) = |x_n − z_n|, and let u_{λn} (x) =^1_{λn} u(z_n + λ_nx). Then, λ_n → 0 and there is a function u_0 such that, for a subsequence, u_{λn} → u_0 uniformly on compact sets of R^N . We can choose the subsequence so that there exists

v := lim_{n→∞} v_n, where v_n := x_n − z_n λ_n , and without loss of generality we will assume that v = e_1.

Then, u_0 is Lipschitz continuous and harmonic in {u_0 > 0} ∪ {u_0 < 0}, and from the fact that B_1(v_n) ⊂ {u_{λn} > 0}, we deduce that u_0 is harmonic and nonnegative in B_1(e_1). Since u_0(e_1) = 0, it follows that u_0 ≡ 0 in B_1(e_1). Now, we can apply Lemma 4.1 to u^+_0 and u^−_0 to deduce that u_0(x) = αx^−_1 + o(|x|) in {x_1 < 0}, with α ∈ R. Next, we consider for λ > 0, (u_0)_λ(x) =^1_λ u_0(λx). There exists a sequence λ̄_n → 0 such that (u_0)¯_{λn} → u_{00} uniformly on compact sets of R^N . It follows that u_{00}(x) = αx^−_1 in R^N .

On the other hand, since u^+ is locally uniformly nondegenerate on Ω ∩ ∂{u > 0} in the sense of (3.2), it follows that, for r > 0, 1 λ_nr – ∫ –_B λnr (z_n) u^+ ≥ c > 0, if n large

and therefore, 1 r – ∫ –_B

r (0)

u^+_0 ≥ c for r > 0,

which gives – ∫ –_B

1(0)

u^+_{00} ≥ c.

Hence α > 0.

Using now that the set {u ≤ 0} has locally uniform positive density on Ω∩∂{u > 0}, we see that, for r > 0, 0 < c ≤ |{u ≤ 0} ∩ B_{λnr}(z_n)| |B_{λnr}(z_n)| if n large,

and therefore, c ≤ |{u_{λn} ≤ 0} ∩ B_r(0)| |B_r(0)| = |{u_{λn} ≤ 0} ∩ B_1(v_n)^c ∩ B_r(0)| |B_r(0)| . Letting n → ∞, we get c ≤ |{u_0 ≤ 0} ∩ B_1(e_1)^c ∩ B_r(0)| |B_r(0)| , and then, rescaling and letting n → ∞ again,

c ≤ lim sup n→∞ |{(u_0)¯_{λn} ≤ 0} ∩ B_{1/}¯_{λn} (e_1/λ̄_n)^c ∩ B_1(0)| |B_1(0)| ≤ |{u_{00} ≤ 0} ∩ {x_1 < 0} ∩ B_1(0)| |B_1(0)| . But this contradicts the fact that u_{00} > 0 in {x_1 < 0} and the lemma follows.

Lemma 5.2. Let u be a locally Lipschitz continuous function in a domain Ω ⊂ R^N , harmonic in {u > 0} ∪ {u ≤ 0}^∘ and globally subharmonic. Assume that u^− is nondegenerate at x_0 ∈ Ω∩∂{u > 0} in the sense of (3.2). Then u^+ is nondegenerate at x_0 in the same sense.

Proof. Let us proceed by contradiction. Then, there exist a sequence λ_n → 0 such that lim_{n→∞} 1 λ_n – ∫ –_B

λn (x_0)

u^+ = 0.

Now consider the sequence u_{λn} (x) =^1_{λn} u(x_0 + λ_nx). Since u is locally Lipschitz continuous and u(x_0) = 0 there exist a subsequence, that we still call λ_n, and a Lipschitz continuous function u_0 such that u_{λn} → u_0 uniformly on compact subsets of R^N . We have – ∫ –_B

1(0)

u^+_0 = lim_{n→∞} – ∫ –_B

1(0)

u^+_{λn} = lim_{n→∞} 1 λ_n – ∫ –_B

λn (x_0)

u^+ = 0.

Thus, u^+_0 ≡ 0 in B_1(0) and then, u_0 ≤ 0 in B_1(0). So that u_0 is a nonpositive harmonic function in B_1(0) which vanishes at the origin. We deduce that u_0 ≡ 0 in B_1(0). But this contradicts the fact that u^− is nondegenerate at x_0 in the sense of (3.2). Indeed,

0 = lim_{n→∞} – ∫ –_B

1(0) u^−_{λn} = lim_{n→∞} 1 λ_n – ∫ –_B

λn (x_0) u^− ≥ c > 0. Therefore, u^+ is nondegenerate at x_0 in the sense of (3.2) and the proof is complete.

Proposition 5.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Let x_0 ∈ Ω ∩ ∂{u > 0} and let λ_n > 0 be a sequence such that λ_n → 0. Consider the functions u_{λn} (x) = 1 λ_n u(x0 + λnx) and assume that uλ^n → U as n → ∞ uniformly on compact sets of

R^N . If u^− is nondegenerate at x_0 in the sense of (3.2), then U(x) = α⟨x, ν⟩^+ − γ⟨x, ν⟩^− in R^N , where ν is a unit vector, and α, γ are positive constants satisfying α^2 − γ^2 = 2M.

Proof. Let us consider, for t > 0,

J_U (t) := 1 t^2 (∫_0 −t ∫ R^N |∇U^+|^2G(x, −s)dxds ) (∫_0 −t ∫ R^N |∇U^−|^2G(x, −s)dxds ) , where G(x, t) =^1_{(4πt) N2} e^{− |x|24t} .

From the local parabolic monotonicity formula in [9] it is possible to deduce that there exists δ ≥ 0 independent of the sequence λ_n such that

(5.3) J_U (t) ≡ δ for t > 0.

In fact, this was done by Caffarelli and the authors, for the parabolic version of this problem (Lemma 3.1 in [12]).

Let us see that we necessarily have δ > 0. In fact, assume that ∫_0 −t ∫ R^N |∇U^−|^2G(x, −s)dxds = 0

for some t > 0. Then, U^− ≡ 0 in R^N and therefore, for any r > 0,

0 = lim_{n→∞} 1 r – ∫ –_B

r (0) u^−_{λn} = lim_{n→∞} 1 λ_nr – ∫ –_B λnr (x_0) u^−,

which contradicts the nondegeneracy of u^− at x_0 in the sense of (3.2). Since also u^+ is nondegenerate at x_0 in the same sense (recall Lemma 5.2), we proceed analogously with U^+.

That is, we have shown that (5.3) holds with δ > 0. We will now conclude that U(x) = α⟨x, ν⟩^+ − γ⟨x, ν⟩^− in R^N , with α > 0, γ > 0 and ν a unit vector.

We will show that this can be deduced from the proof of the global parabolic monotonicity formula in Theorem 1 in [9], and from the convexity results for the first eigenvalue of the Dirichlet problem for Gaussian measure in [4], since (5.3) holds with δ > 0.

In fact, in [4] the authors consider for any domain Ω ⊂ R^N

λ(Ω) = inf_{K(Ω)} ∫ Ω |∇v|^2e^{−|ξ|2} dξ ∫ Ω v^2e^{−|ξ|2} dξ where

K(Ω) = { v / ∫ Ω (v^2 + |∇v|^2) e^{−|ξ|2} dξ < ∞, v = 0 on ∂Ω, v ≢ 0 } .

For every 0 < m < ∫ R^N e −|ξ|^2 dξ they prove that inf Ω / ∫ Ω e^{−|ξ|2} dξ=m λ(Ω) = λ(Ω_a) =: λ(a),

where Ω_a := {ξ_N > a} and a is such that ∫ Ω_a e −|ξ|^2 dξ = m. Also, the authors prove in [4]:

(1) λ(a) is a convex function of a.

(2) If λ(Ω) = λ(a), with ∫ Ω e^{−|ξ|2} dξ = m, then Ω = Ω_a (for a certain system of coordinates).

Moreover, they prove that

(3) If λ(a) + λ(−a) = 2λ(0), then a = 0.

Let us also observe that, from the definition of λ(Ω), it follows that

Ω_1 ⊂ Ω_2 implies that λ(Ω_1) ≥ λ(Ω_2).

On the other hand, since J_U (t) ≡ δ for t > 0, there follows that J^′_U (t) ≡ 0 which is equivalent to I^′_1(t) I_1(t) + I^′_2(t) I_2(t) = 2 t with I_i(t) =

∫_0 −t ∫ R^N |∇u_i(x)|^2G(x, −s)dxds where u_1 = U^+ and u_2 = U^−. Here it is used that, since δ > 0, I_i(t) ≠ 0 for every t > 0. Now, since u_1 and u_2 satisfy the hypothesis of Theorem 1 in [9], there holds that (see [9], or [4]) I^′_i(t) I_i(t) ≥ λ ( {u_i(2 √ tξ) > 0} ) 2t ≥ λ(a_i) 2t where a_i is such that ∫ {ξ_N >a_i} e −|ξ|^2 dξ = ∫ {u_i(2 √ tξ)>0} e −|ξ|^2 dξ. Therefore, 2 t = I^′_1(t) I_1(t) + I^′_2(t) I_2(t) ≥ λ ( {u_1(2 √ tξ) > 0} ) + λ ( {u_2(2 √ tξ) > 0} ) 2t ≥ λ(a_1) + λ(a_2) 2t ≥ λ(−a_2) + λ(a_2) 2t ≥ λ(0) t = 2 t since a_1 ≥ −a_2 and λ(a) is increasing and convex. In fact, since

{u_1(2 √ tξ) > 0} ∩ {u_2(2 √ tξ) > 0} = ∅, there follows that ∫ {ξ_N >a_1 } e^{−|ξ|2} dξ + ∫ {ξ_N <−a_2 } e^{−|ξ|2} dξ = ∫ {ξ_N >a_1} e^{−|ξ|2} dξ + ∫ {ξ_N >a_2 } e^{−|ξ|2} dξ = ∫ {u_1(2 √ tξ)>0} e^{−|ξ|2} dξ + ∫ {u_2(2 √ tξ)>0} e^{−|ξ|2} dξ ≤ ∫ R^N e^{−|ξ|2} dξ. Therefore, a_1 ≥ −a_2.

So that, there holds that

λ(a_2) + λ(−a_2) 2 = λ(0)

and, by the results of [4] we deduce that a_2 = 0. But, there also holds

λ(a_1) + λ(a_2) 2 = λ(a_1) + λ(0) 2 = λ(0)

so that λ(a_1) = λ(0) and it follows that a_1 = 0.

Now, since λ ( {u_i(2 √ tξ) > 0} ) ≥ λ(a_i), it follows that λ ( {u_i(2 √ tξ) > 0} ) = λ(a_i). Therefore, by the results in [4] (since a_i = 0) there exists a unit vector ν_i (for i = 1, 2) such that {u_i(2 √ tξ) > 0} = {ξ / ⟨ξ, ν_i⟩ > 0} and thus, {U^+(x) > 0} = {x / ⟨x, ν_1⟩ > 0}. Analogously, {U^−(x) > 0} = {x / ⟨x, ν_2⟩ > 0}. Since {U^+(x) > 0} ∩ {U^−(x) > 0} = ∅, there follows that ν_2 = −ν_1.

Finally, from the fact that U is Lipschitz continuous in R^N and harmonic in {U > 0} ∪ {U ≤ 0}^∘ it follows that (with ν = ν_1) U(x) = α⟨x, ν⟩^+ − γ⟨x, ν⟩^− with α, γ > 0.

Now Prop. 2.3 and Thm. 3.1 give α^2 − γ^2 = 2M and the proof is complete.

Let us start with the regularity results.

Theorem 5.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume that {u ≡ 0}^∘ = ∅ and that u^− is nondegenerate at x_0 ∈ Ω ∩ ∂{u > 0} in the sense of (3.2). Then the free boundary is a C^{1,α} surface in a neighborhood of x_0.

The same result holds if we replace the assumption that {u ≡ 0}^∘ = ∅ by the hypothesis of Theorem 4.2.

Proof. Since u falls under the hypotheses of Corollary 4.1 it follows that u is a viscosity solution to the free boundary problem in Ω. (If instead of the fact that {u ≡ 0}^∘ = ∅ there holds that u satisfies the hypothesis of Theorem 4.2, the same conclusion follows).

We will now derive our regularity result.

Let λ_n > 0 be a sequence such that λ_n → 0 and such that u_{λn} (x) =^1_{λn} u(x_0 + λ_nx) converges to a function U as n → ∞, uniformly on compact sets of R^N .

From Proposition 5.1, it follows that U(x) = α⟨x, ν⟩^+ − γ⟨x, ν⟩^− in R^N , with ν a unit vector, and α, γ positive constants satisfying α^2 − γ^2 = 2M.

Therefore, given 0 < μ < 1 and^π_4 < θ_0 <^π_2 , there exists n_0 such that, for any n ≥ n_0, u_{λn} is μ-monotone in B_1(0) in any direction τ of the cone

Γ(θ_0, ν) = {τ : angle(τ, ν) ≤ θ_0}.

That is, u_{λn} (x + rτ) ≥ u_{λn} (x) for any 1 ≥ r ≥ μ.

Since u_{λn} is a viscosity solution to problem E, it follows from Theorem 1 in [7] that u_{λn} is fully monotone in B_{1/2}(0) in any direction of a smaller cone. Therefore the free boundary of u is Lipschitz in B_{λn/2}(x_0).

Now Theorem 1 in [6] and the remarks in Section 1 in [7] imply that ∂{u > 0} is a C^{1,α} surface in a neighborhood of x_0.

Remark 5.1. We point out that in the strictly two phase case, if the free boundary is smooth, then u^− is nondegenerate on the free boundary. This is the case even if we only require the free boundary to be locally Lipschitz continuous.

In fact, if {u ≡ 0}^∘ = ∅, then u is a viscosity solution (Corollary 4.1). Therefore, if the free boundary is locally Lipschitz continuous, we may apply the results in [6] and [7] to conclude that it is locally a C^{1,α} surface. Thus, by Hopf’s principle u^− is nondegenerate on the free boundary.

When {u ≡ 0}^∘ = ∅, the free boundary cannot be smooth in a neighborhood of a point x_0 ∉ ∂{u < 0} ⊂ ∂{u > 0}. For ∂{u < 0} we have the following regularity result:

Corollary 5.1. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume that {u ≡ 0}^∘ = ∅. Then, there is a subset R of Ω ∩ ∂{u > 0} which is locally a C^{1,α} surface. Moreover, R is open and dense in Ω ∩ ∂{u < 0}.

Proof. Let x_0 ∈ Ω ∩ ∂{u < 0} and let r > 0 small. Let y ∈ {u < 0} ∩ B_{r/2}(x_0) and z ∈ ∂{u < 0} be such that d = dist(y, ∂{u < 0}) = |y − z|. Then, B_d(y) is tangent to ∂{u < 0} at the point z. Moreover, u < 0 in B_d(y) so that u^− is nondegenerate at z in the sense of (3.2). By Theorem 5.1 the free boundary is a C^{1,α} surface in a neighborhood of z. In addition, the distance from z to x_0 is at most r. The corollary is proved.

Corollary 5.2. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume that there exists a domain U ⊂ Ω such that u^− is nondegenerate at every point in U ∩ ∂{u > 0} in the sense of (3.2). Then U ∩ ∂{u > 0} is locally a C^{1,α} surface.

Proof. Since u^− is nondegenerate at every point in U ∩ ∂{u > 0} in the sense of (3.2), then by Lemma 5.2 u^+ is nondegenerate at every point in U ∩ ∂{u > 0} in the same sense. Therefore u satisfies the hypothesis of Theorem 4.2 and we may apply Theorem 5.1 at every point x_0 ∈ U ∩ ∂{u > 0}.

For the general two phase case, we have the following result:

Theorem 5.2. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume that u^+ is locally uniformly nondegenerate in the sense that (5.2) holds on every compact subset of Ω. If x_0 ∈ Ω∩∂{u > 0} is such that ∂{u > 0} has at x_0 an inward unit normal in the measure theoretic sense then, the free boundary is a C^{1,α} surface in a neighborhood of x_0. Proof. We will see that u^+ is locally uniformly nondegenerate on the free boundary in the sense (3.2), so that u falls under the hypotheses of Corollary 4.2 and we deduce that u is a viscosity solution in Ω.

In fact, under our hypotheses we can apply Lemma 7 in [8] to u^+. Therefore, for every Ω^′ ⊂⊂ Ω there are positive constants c and r_0 such that sup B_r (y_0) u^+ ≥ cr, for every y_0 ∈ Ω^′ ∩ ∂{u > 0} and 0 < r < r_0.

Next, let y_0 ∈ Ω^′ ∩ ∂{u > 0}, 0 < ρ < r_0 and consider the function h which is harmonic in B_ρ(y_0) with boundary values u^+. We clearly have

h ≥ u^+ in B_ρ(y_0), h(y_0) = – ∫ –_{∂B} ρ(y_0)

u^+,

and then, by Harnack’s inequality applied to h we get – ∫ –_{∂B} ρ(y_0 )

u^+ = h(y_0) ≥ 1 2^N sup B_{ρ/2}(y_0) u^+ ≥ Cρ. Therefore, – ∫ –_B

r (y_0 )

u^+ ≥ Cr for every 0 < r ≤ r_0.

This is, u^+ is locally uniformly nondegenerate on Ω∩∂{u > 0} in the sense of (3.2).

We will derive our regularity result from Theorem 2’ in [7]. To do so, let us see that the free boundary is flat in a neighborhood of x_0. In fact, since the free boundary has at x_0 an inward unit normal ν in the measure theoretic sense we can apply Theorem 3.1 to deduce that u(x) = α⟨x − x_0, ν⟩^+ − γ⟨x − x_0, ν⟩^− + o(|x − x_0|), with α^2 − γ^2 = 2M, α > 0, γ ≥ 0.

Then, given λ_n → 0, the sequence u_{λn} (x) =^1_{λn} u(x_0 + λ_nx) converges uniformly on compact sets of R^N to u_0(x) = α⟨x, ν⟩^+ − γ⟨x, ν⟩^−.

It is not hard to see that for any ε > 0 small, there holds that u_{λn} > 0 in B_1(0) ∩ {⟨x, ν⟩ > ε}, (5.4) u_{λn} ≤ 0 in B_1(0) ∩ {⟨x, ν⟩ < −ε}, (5.5)

if n is large enough. Indeed, (5.4) follows easily and the same happens with (5.5) in case γ > 0.

Let us derive (5.5) in case γ = 0. In fact, suppose that there holds that B_1(0) ∩ {⟨x, ν⟩ < −ε} ∩ ∂{u_{λnk} > 0} ≠ ∅, for a subsequence. Then, we arrive at a contradiction by using that u^+ is locally uniformly nondegenerate on

Ω ∩ ∂{u > 0} in the sense of (3.2). If, on the other hand, there holds that u_{λnk} > 0 in B_1(0) ∩ {⟨x, ν⟩ < −ε} for a subsequence, then the contradiction follows from the fact that u^+ satisfies (5.2) in a neighborhood of x_0. Thus, (5.5) holds.

Therefore, u falls under the hypotheses of Thm. 2’ in [7] for small balls around x_0. This eventually implies that ∂{u > 0} is a C^{1,α} surface in a neighborhood of x_0.

Corollary 5.3. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume, in addition, that:

i) u^+ is locally uniformly nondegenerate on Ω ∩ ∂{u > 0} in the sense of (3.2).

ii) The set {u ≤ 0} has locally uniform positive density on Ω ∩ ∂{u > 0}. Then, there is a subset R of the free boundary Ω ∩ ∂{u > 0} (R = ∂_{red}{u > 0}) which is locally a C^{1,α} surface. Moreover, R is open and dense in Ω ∩ ∂{u > 0} and the remainder of the free boundary has (N − 1)-dimensional Hausdorff measure zero.

Proof. Let us first observe that, since Theorem 3.2 applies (see Remark 3.1), the free boundary Ω∩∂{u > 0} has locally finite (N −1)-dimensional Hausdorff measure and therefore, {u > 0} has locally finite perimeter in Ω.

By Lemma 5.1, u^+ is locally uniformly nondegenerate in the sense that it satisfies (5.2) on every compact set. Therefore u is under the hypothesis of Theorem 5.2 for every point x_0 ∈ Ω ∩ ∂{u > 0} at which the free boundary has an inward unit normal in the measure theoretic sense, this is, at every point x_0 ∈ ∂_{red}{u > 0}. Thus, the free boundary is a C^{1,α} surface in a neighborhood of any such point.

To conclude the proof we observe that under our hypotheses, we have for every point x̄ ∈ Ω ∩ ∂{u > 0}

lim inf r→0 |B_r(x̄) ∩ {x/u(x) > 0}| |B_r(x̄)| > 0, lim inf_{r→0} |B_r(x̄) ∩ {x/u(x) ≤ 0}| |B_r(x̄)| > 0,

and therefore, Lemma 1 in [15], Section 5.8, gives that H^{N−1}- almost all x̄ ∈ Ω ∩ ∂{u > 0} is in the reduced boundary. Finally, Theorem 3.2 (see 3.2.3)) implies that the reduced boundary is dense in Ω ∩ ∂{u > 0}. Thus, the corollary is proved.

We obtain the following result for the one phase case:

Theorem 5.3. Let u and R be as in Corollary 5.3. Assume in addition that u ≥ 0 in U ⊂⊂ Ω. Then R ∩ U is locally an analytic surface.

Proof. The previous results imply that for every free boundary point x_0 ∈ R there is a neighborhood N = N_{x0} ⊂ U such that N ∩ ∂{u > 0} is a C^{1,α} surface. Therefore, u satisfies Δu = 0 in N ∩ {u > 0}, u = 0, u_ν = √ 2M on N ∩ ∂{u > 0} (ν the inward unit normal to the free boundary) in the classical sense and then, Theorem 2 in [17] implies that N ∩ ∂{u > 0} is analytic.

We finally study the behavior near (not necessarily regular) free boundary points, in the one phase case:

Theorem 5.4. Let u^{εj} be solutions to E_{εj} in a domain Ω ⊂ R^N such that u^{εj} → u uniformly on compact subsets of Ω and ε_j → 0. Assume that u ≥ 0 in U ⊂⊂ Ω.

Let Γ ⊂ U ∩ ∂{u > 0} denote the set of free boundary points in U which are regular from the positive side and assume, in addition, that the set {u ≤ 0} has uniform positive density on Γ. (We call this property, Property (D)). Then, for every x_0 ∈ U ∩ ∂{u > 0} there holds that

lim sup x→x_0 u(x)>0 |∇u(x)| = √ 2M.

The same result holds if we replace Property (D) by the following property which we call Property (L): For every point z ∈ Γ, and for every ball B_{ρ(z)}(y_z) ⊂ {u > 0} with z ∈ ∂B_{ρ(z)}(y_z), there exists a unit vector ẽ_z, with ⟨ẽ_z, y_z − z⟩ > θ||y_z − z||, such that u(z − sẽ_z) ≤ 0 for 0 < s < s_0.

Here θ and s_0 are positive constants not depending on the point z.

Remark 5.2 In [11], Theorem 6.1, it was proved (for the parabolic version of this problem) that if u is a limit function and lim supx → x_0 |∇u^−(x)| ≤ γ, then lim supx → x_0 |∇u^+(x)| ≤ √ 2M + γ^2.

In particular, any limit function u ≥ 0 satisfies

lim sup x→x_0 u(x)>0 |∇u(x)| ≤ √ 2M.

On the other hand, it was shown in [11], Remark 5.1, that we cannot expect the equality to hold in general.

In Theorem 5.4 we show, when u ≥ 0, that under some additional hypothesis at points which are regular from the positive side (Property (D) or Property (L)), the equality holds.

Proof of Theorem 5.4. Let x_0 ∈ U ∩ ∂{u > 0}, and set

α := lim sup x→x_0 u(x)>0 |∇u(x)|.

Since u is locally Lipschitz continuous, we have 0 ≤ α < ∞. Case I. Assume that α > 0. We will show that in this case α = √ 2M. We know that there is a sequence y_n → x_0 with u(y_n) > 0, |∇u(y_n)| → α. Let d_n := dist(y_n, ∂{u > 0}). Then d_n → 0. Let z_n ∈ U ∩ ∂{u > 0} be such that d_n = |y_n − z_n|. We have B_{dn} (y_n) ⊂ {u > 0}. Let us consider the sequence u_{dn} (x) =^1_{dn} u(z_n + d_nx). There is a function u_0 such that, for a subsequence, u_{dn} → u_0 uniformly on compact sets of R^N . We can choose the subsequence so that there exists

v := lim_{n→∞} y_n − z_n d_n , and without loss of generality we will assume that v = e_1.

Then, u_0 is Lipschitz continuous and harmonic in {u_0 > 0} and there holds, by construction, that either

B_1(e_1) ⊂ {u_0 > 0} or u_0 ≡ 0 in B_1(e_1).

Also, |∇u_0| ≤ α in {u_0 > 0} and |∇u_0(e_1)| = α

and therefore, u_0 > 0 in B_1(e_1).

Let ν :=^{∇u0(e1)}

|∇u_0(e_1)| , and consider the function ∂u_0 ∂ν , which is harmonic in {u_0 > 0} and satisfies ∂u_0 ∂ν ≤ α in B_1(e_1), ∂u_0 ∂ν (e_1) = α.

The strong maximum principle hence implies ∂u_0 ∂ν (x) ≡ α and u_0(x) = α⟨x, ν⟩ + c in B_1(e_1),

so that necessarily c = 0 and ν = e_1. Finally, by analytic continuation we get

u_0(x) = αx^+_1 in {x_1 ≥ 0}.

Next, the application of Lemma A1 in [7] to u_0 in {x_1 < 0} yields

u_0(x) = γx^−_1 + o(|x|) in {x_1 < 0}, γ ≥ 0.

Let us consider for λ > 0, (u_0)_λ(x) =^1_λ u_0(λx). There exists a sequence λ_n → 0 such that (u_0)_{λn} → u_{00} uniformly on compact sets of R^N . It follows that

u_{00}(x) = αx^+_1 + γx^−_1 in R^N .

If Property (D) holds, it is not hard to see that the set {u_0 ≤ 0} has positive density at the origin and therefore, the same property holds for u_{00}. This implies that γ = 0.

We get the same conclusion in case Property (L) holds instead of Property (D). Finally, we apply Theorem 3.1 (arguing as we did in Theorem 4.1) to deduce that α = √ 2M. Case II. We will now assume that α = 0 and arrive at a contradiction.

In fact, given δ > 0 small, we have

(5.6) |∇u(x)| < δ in B_ρ(x_0),

for some ρ > 0.

Let us choose a point z_0 ∈ B_ρ(x_0) ∩ ∂{u > 0} which is regular from the positive side so that u^+ is nondegenerate at z_0 in the sense of (3.2). Let us consider sequences λ_n, λ_n and λ̃_n going to zero such that, for some functions u_0, u_{00} and u_{000},

u_{λn} (x) = 1 λ_n u(λ_nx + z_0), u_{λn} → u_0,

(u_0)_{λn} (x) = 1 λ_n u_0(λ_nx), (u_0)_{λn} → u_{00},

(u_{00})_{λ̃n} (x) = 1 λ̃_n u^{00}( λ̃_nx), (u_{00})_{λ̃n} → u_{000}.

Then, we have from (5.6)

(5.7) |∇u_{000}(x)| < δ in R^N .

On the other hand, an argument similar to the one used in Thm. 4.1, in combination with the fact that u^+ is nondegenerate at z_0 in the sense of (3.2) and with Property (D) or (L), implies (via the application of Theorem 3.1) that

u_{000}(x) = √ 2M⟨x, e⟩^+, for some unit vector e. This is in contradiction with (5.7) and therefore, α > 0. Now the proof is complete.

References

[1] H.W. Alt, L.A. Caffarelli, Existence and regularity for a minimum problem with a free boundary, J. Reine Angew. Math. 325 (1981), 105–144.

[2] H. Alt, L.A. Caffarelli, A. Friedman, Variational problems with two phases and their free boundaries, Trans. AMS 282(2) (1984), 431–461.

[3] H. Berestycki, L.A. Caffarelli, L. Nirenberg, Uniform estimates for regularization of free boundary problems, Analysis and Partial Differential Equations (Cora Sadosky, ed.), Lecture Notes in Pure and Applied Mathematics, vol. 122, Marcel Dekker, New York, 1988.

[4] W. Beckner, C. Kenig, J. Pipher, A convexity property of eigenvalues with applications (to appear).

[5] J.D. Buckmaster, G.S.S. Ludford, Theory of Laminar Flames, Cambridge University Press, Cambridge, 1982.

[6] L.A. Caffarelli, A Harnack inequality approach to the regularity of free boundaries. Part I: Lipschitz free boundaries are C^{1,α}, Rev. Matem. Iberoamericana 3(2) (1987), 139-162.

[7] , A Harnack inequality approach to the regularity of free boundaries.

Part II: Flat free boundaries are Lipschitz, Comm. Pure and Appl. Math. 42 (1989), 55–78.

[8] , A Harnack inequality approach to the regularity of free boundaries.

Part III: Existence theory, compactness and dependence on X, Ann. Scuola Norm. Sup. Pisa 15(4) (1988), 583-602.

[9] , A monotonicity formula for heat functions in disjoint domains, Boundary value problems for P.D.E.’s and applications, dedicated to E. Magenes (J.L. Lions, C. Baiocchi, eds.), Masson, Paris, 1993, pp. 53–60.

[10] , Uniform Lipschitz regularity of a singular perturbation problem, Diff.

and Int. Eqs. 8(7) (1995), 1585–1590.

[11] L.A. Caffarelli, C. Lederman, N. Wolanski, Uniform estimates and limits for a two phase parabolic singular perturbation problem, Indiana Univ. Math. J. 46(2) (1997), 453–490.

[12] L.A. Caffarelli, C. Lederman, N. Wolanski, Pointwise and viscosity solutions for the limit of a two phase parabolic singular perturbation problem, Indiana Univ. Math. J. 46(3) (1997), 719–740.

[13] L.A. Caffarelli, J.L. Vázquez, A free boundary problem for the heat equation arising in flame propagation, Trans. Amer. Math. Soc. 347 (1995), 411–441.

[14] H. Federer, Geometric measure theory, Springer-Verlag, New York, 1969. [15] L. Evans, R. Gariepy, Measure Theory and Fine Properties of Functions, Studies in Advanced Mathematics, CRC Press, Boca Raton, 1992.

[16] V.A. Galaktionov, J. Hulshof, J.L. Vázquez, Extinction and focusing behaviour of spherical and annular flames described by a free boundary problem, Jour. Math. Pures Appl., to appear.

[17] D. Kinderlehrer, L. Nirenberg, Regularity in free boundary problems, Annali Scuola Norm. Sup. Pisa (4)4 (1977), 373–391.

[18] J.L. Vázquez, The free boundary problem for the heat equation with fixed gradient condition, Free Boundary Problems, Theory and Applications (M. Niezgodka, P. Strzelecki, ed.), Pitman Research Series in Mathematics, vol. 363, Longman, 1996, pp. 277–302.

Claudia Lederman - Noemi Wolanski Departamento de Matematica Facultad de Ciencias Exactas Universidad de Buenos Aires (1428) Buenos Aires - Argentina e-mail: clederma@mate.dm.uba.ar — — wolanski@mate.dm.uba.ar