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Integral representation formula on Banach spaces
Cauchy formula on a Banach space E

f: E — C holomorphic.

July 24th, 2014 Lagrange interpolation and approximation in Banach spaces



Integral representation formula on Banach spaces
Cauchy formula on a Banach space E

f: E — C holomorphic. Given x € E and |\| < r,

1 fwx)

f(/\X) - 277TI \w|:r w—A

dw.
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Integral representation formula on Banach spaces
Cauchy formula on a Banach space E

CM"M™ESIC. Givenxe Eand|)\ <,

1 fwx)

f(/\X) - 277TI \w|:r w—A

dw.
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Cauchy formula on C

(2) = 5 /S ) g, )

1w —Z
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Cauchy formula on C

(2) = 5 /S ) g, )

1w —Z

11 —Zzw

f(z) = /s L Hw)dP(w) @)
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Cauchy formula on C

(2) = 5 /S ) g, )

1w —Z

f(z) = /s L Hw)dP(w) @)

11 —Zzw

f(2) = [C & (w)dG(w) 3)

July 24th, 2014 Lagrange interpolation and approximation in Banach spaces



The measure:
In C",
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The measure:
In C",

GA) = - / eI g,
A

™

and we have the integral formula

f(z) = / e (w)dG(w).
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The measure:
In C",

GA) = - / eI g,
A

™

and we have the integral formula

f(z) = / e (w)dG(w).

In a Banach space E, if E has a separable dual (or predual), it
is possible to define a probability measure W on E’ and to
obtain the formula
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The measure:
In C",

GA) = - / eI g,
A

™

and we have the integral formula

f(z) = / e (w)dG(w).

In a Banach space E, if E has a separable dual (or predual), it
is possible to define a probability measure W on E’ and to
obtain the formula

00 = [ & Wit)dw(e).

July 24th, 2014 Lagrange interpolation and approximation in Banach spaces



The measure:
In C",

GA) = - / eI g,
A
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and we have the integral formula

f(z) = / e (w)dG(w).

In a Banach space E, if E has a separable dual (or predual), it
is possible to define a probability measure W on E’ and to
obtain the formula

f(x) = / e’ M F(y)dW(~), (? is in LP(W), for some p > 1) :
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The measure:
In C",

GA) = - / eI g,
A

™

and we have the integral formula

f(z) = / e (w)dG(w).

In a Banach space E, if E has a separable dual (or predual), it
is possible to define a probability measure W on E’ and to
obtain the formula

f(x) = / e’ M F(y)dW(~), (? is in LP(W), for some p > 1) :

Lisa Nilsson and Sean Dineen later obtained the same formula
in the context of fully nuclear spaces with a basis.
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Interpolation and approximation on C
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Interpolation and approximation on C
Interpolation: Say we have f : C — C, and k + 1 points
ag, @, .., dk;
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Interpolation and approximation on C

Interpolation: Say we have f : C — C, and k + 1 points

aop, a1, - - ., ax; then there is a unique polynomial p, of degree
not exceeding k such that

pk(aj):f(aj), forj=0,1,... k.
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Interpolation and approximation on C

Interpolation: Say we have f : C — C, and k + 1 points

aop, a1, - - ., ax; then there is a unique polynomial p, of degree
not exceeding k such that

pk(aj):f(aj), forj=0,1,... k.

The Lagrange form: px(z) = Z,l'(:o f(aj)¢j(z), where (;(a;) = Jj.
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Interpolation and approximation on C

Interpolation: Say we have f : C — C, and k + 1 points

aop, a1, - - ., ax; then there is a unique polynomial p, of degree
not exceeding k such that

pk(aj):f(aj), forj=0,1,... k.

The Lagrange form: px(z) = Z,l'(:o f(aj)¢j(z), where (;(a;) = Jj.
The Newton form: py(z) = 31 ¢j(z — @) - (z — &j_1), where
the coefficients ¢; are the “divided differences” defined
inductively.
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Approximation: do the py’s approximate f?
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Approximation: do the p,’s approximate f? NO.
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Approximation: do the p,’s approximate f? NO.
Example: take f(z) = 2%, and a, = n.
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Approximation: do the p,’s approximate f? NO.
Example: take f(z) = 2%, and a, = n. Say pm(2) is

Cot+C1z+cz(z—1)+c3z(z—1)(z—2)+- - -~+Cmz(z—1) - - - (z—(m—1))
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Approximation: do the p,’s approximate f? NO.
Example: take f(z) = 2%, and a, = n. Say pm(2) is

Co+Ciz+coz(z—1)+c3z(z—1)(z—2)+- - -+Cmz(z—1) - - - (z—(m—1))
Now for each n < m we want pp,(n) to coincide with 2", so

2"=cy+cin+cn(n—1)+---+cpn(n—1)---1+0
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Approximation: do the p,’s approximate f? NO.
Example: take f(z) = 2%, and a, = n. Say pm(2) is

Co+Ciz+coz(z—1)+c3z(z—1)(z—2)+- - -+Cmz(z—1) - - - (z—(m—1))
Now for each n < m we want pp,(n) to coincide with 2", so

2"=cy+cin+cn(n—1)+---+cpn(n—1)---1+0
z": n!
= Cj7|

zn: | n!
= M=)
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Approximation: do the p,’s approximate f? NO.
Example: take f(z) = 2%, and a, = n. Say pm(2) is

Co+Ciz+coz(z—1)+c3z(z—1)(z—2)+- - -+Cmz(z—1) - - - (z—(m—1))
Now for each n < m we want pp,(n) to coincide with 2", so

2"=cy+ecin+cn(n—1)+---+cpn(n—1)---1+0
z": n!
= Cir——
= (=)
z": 4o n
= M=)
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Approximation: do the p,’s approximate f? NO.
Example: take f(z) = 2%, and a, = n. Say pm(2) is

Co+Ciz+coz(z—1)+c3z(z—1)(z—2)+- - -+Cmz(z—1) - - - (z—(m—1))
Now for each n < m we want pp,(n) to coincide with 2", so

2"=cy+cin+cn(n—1)+---+cpn(n—1)---1+0
z": n!
= Cir——

= (=)
z": 4o n
= M=)
L n

(1+1)”:chj!<.>
oM

socj:]l!,andpm(z):Zfzof—!z(z—1)---(z—(j—1)).
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:

n

5 Bt pn(—1) = 3 (- 1)(-2)(-3) -+ (=)

o1 =

N
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:

271 = 1 butp(—1) = D2 (- 1)(-2)(-3) ()

N
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:

271 = 5. butpo(—1) = 3 5 (~1)(-2)(-3)- ()
j=0
— 3 (1)
j=0
=0ori
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:

The problem of approximation was studied by Boas, Hardy,
Polya, Gelfand, and many others.
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:

The problem of approximation was studied by Boas, Hardy,
Polya, Gelfand, and many others. Growth conditions imposed
on the sequence (a;) allow uniform approximation on compact
subsets of C.
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But then pm = > 12(z —1)--- (2 - (j — 1)) cannot
approximate 27 at z = —1:

The problem of approximation was studied by Boas, Hardy,
Polya, Gelfand, and many others. Growth conditions imposed
on the sequence (a;) allow uniform approximation on compact
subsets of C. For example, when f(z) = €4, one obtains
px(z) — €“ uniformly on compact sets, if

|ak|

limsup —/— < In(2).
K k
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Interpolation and approximation on Banach spaces
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Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others.
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Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others. Petersson (2002), Filipsson (2004), and
Simon (2008) have extended Kergin interpolation and
approximation to the Banach space setting.

July 24th, 2014 Lagrange interpolation and approximation in Banach spaces



Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others. Petersson (2002), Filipsson (2004), and
Simon (2008) have extended Kergin interpolation and
approximation to the Banach space setting.

We reach similar results in one step, from interpolation of the
exponential function in one variable, to a holomorphic function
f: E — C on a Banach space.
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Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others. Petersson (2002), Filipsson (2004), and
Simon (2008) have extended Kergin interpolation and
approximation to the Banach space setting.

We reach similar results in one step, from interpolation of the
exponential function in one variable, to a holomorphic function
f: E — C on a Banach space.

Say

f(x) = / / e’ f(y)dW(y)
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Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others. Petersson (2002), Filipsson (2004), and
Simon (2008) have extended Kergin interpolation and
approximation to the Banach space setting.

We reach similar results in one step, from interpolation of the
exponential function in one variable, to a holomorphic function
f: E — C on a Banach space.

Say

w= 3 O aws)
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Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others. Petersson (2002), Filipsson (2004), and
Simon (2008) have extended Kergin interpolation and
approximation to the Banach space setting.

We reach similar results in one step, from interpolation of the
exponential function in one variable, to a holomorphic function
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Say
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10 =3 [ it
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Interpolation and approximation on Banach spaces
Lagrange interpolation has been generalized to several
variables by the work of Kergin and others in the 70’s and 80’s,
and the problem of approximation has been studied by Bloom,
Filipsson and others. Petersson (2002), Filipsson (2004), and
Simon (2008) have extended Kergin interpolation and
approximation to the Banach space setting.

We reach similar results in one step, from interpolation of the
exponential function in one variable, to a holomorphic function
f: E — C on a Banach space.

Say

oo k
10 =3 [ it
k=0 ’

oo
= Z Px(x), the Taylor series of f.
k=0
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Given a sequence of points xg, X1, ..., Xn,...Iin E,
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Given a sequence of points xg, X1, ..., Xn, ... in E, define for
each v € E', L, to be the k-th Lagrange polynomial for &*
interpolating the sequence ~v(xp),v(X1), ..., v(Xn), - - .
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Given a sequence of points xg, X1, ..., Xn, ... in E, define for
each v € E', L, to be the k-th Lagrange polynomial for &*
interpolating the sequence ~(xo), v(X1),-..,v(Xn), ... Now
define the k-th Lagrange interpolant of f as

/ Ly () ) dW ().
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Given a sequence of points xg, X1, ..., Xn, ... in E, define for
each v € E', L, to be the k-th Lagrange polynomial for &*
interpolating the sequence ~(xo), v(X1),-..,v(Xn), ... Now
define the k-th Lagrange interpolant of f as

L0 = [ L (G0 )W().

Then we expect the following:

@ a) the Ly’s are well-defined (i.e., Lk ,(v(x)) € LY(W) for all
q < 00),
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Given a sequence of points xg, X1, ..., Xn, ... in E, define for
each v € E', L, to be the k-th Lagrange polynomial for &*
interpolating the sequence ~(xo), v(X1),-..,v(Xn), ... Now
define the k-th Lagrange interpolant of f as

L0 = [ L (G0 )W().

Then we expect the following:
@ a) the Ly’s are well-defined (i.e., Lk ,(v(x)) € LY(W) for all
q < ),
@ b) the L’s are continuous polynomials of degree < k on E,
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Given a sequence of points xg, X1, ..., Xn, ... in E, define for
each v € E', L, to be the k-th Lagrange polynomial for &*
interpolating the sequence ~(xo), v(X1),-..,v(Xn), ... Now
define the k-th Lagrange interpolant of f as

L0 = [ L (G0 )W().

Then we expect the following:
@ a) the Ly’s are well-defined (i.e., Lk ,(v(x)) € LY(W) for all

q < 00),
@ b) the L’s are continuous polynomials of degree < k on E,
@ C) Ly interpolates f on xg, X1, . . ., Xk,
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Given a sequence of points xg, X1, ..., Xn, ... in E, define for
each v € E', L, to be the k-th Lagrange polynomial for &*
interpolating the sequence ~(xo), v(X1),-..,v(Xn), ... Now
define the k-th Lagrange interpolant of f as

L0 = [ L (G0 )W().

Then we expect the following:
@ a) the Ly’s are well-defined (i.e., Lk ,(v(x)) € LY(W) for all

q < 00),
@ b) the L’s are continuous polynomials of degree < k on E,
@ C) Ly interpolates f on xp, X1, ..., Xk, and
@ d) with a suitable growth condition on xp, X1, ..., Xp, ..., the

L,’s converge to f uniformly on bounded subsets of E.
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For d), define My = max{| x;| : j < k}. We then obtain
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For d), define My = max{| x;| : j < k}. We then obtain

Theorem
Letf: E — C be a representable function, and

Xo, X1, - - -, Xn, - . . @ Sequence of points in E verifying

lim sup % < oo forsomea <1)/2.
k

Then the Lagrange polynomials Ly, converge to f uniformly on
bounded subsets of E.
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When || x|| is bounded and k is large,

M,’(‘Hynke"/’k”W”

700 — L (1)) <~
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When || x|| is bounded and k is large,

M,’(‘Hynke"/’k”W”

700 — L (1)) <~

Nowtake 2 < r < ! and s < 2suchthat 1 + 1 =1,
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When || x|| is bounded and k is large,

M,’(‘Hynke"/’k”W”

700 — L (1)) <~

Now take 2 < r < 1 and s < 2 such that 1 + 1 = 1. Then,
using Young’s inequality

lIvII®

"
Ml M|yl e
k! T (k) (K)s
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When || x|| is bounded and k is large,

MK [ | < Ml
90— Ly, (100 < MIEET

Now take 2 < r < 1 and s < 2 such that 1 + 1 = 1. Then,
using Young’s inequality

[

M Iy
MEl <M _ M| <e e

N Ol
B o M". =
k)T (k)
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When || x|| is bounded and k is large,

MK [ | < Ml
90— Ly, (100 < MIEET

Now take 2 < r < 1 and s < 2 such that 1 + 1 = 1. Then,
using Young’s inequality

[

M|y [keMInl M|y et e

k! T (kK )‘é
eMrrM"
(k)7 (kl)

The second factor is bounded by

s 1 s
ellWSH (6”7”5) s _ eZHZH ‘
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In the first factor consider, for large k, Mk ~ ck®:

cfkfa

Mr
Mfe™  ckkkee™s
(kD)7 (k)7
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In the first factor consider, for large k, Mk ~ ck®:

cl’kl'tl

My
Mfe™  ckkkeg™r
(K1)7 (K1)7
okl k
ue

ckkkag™r e
k7 (2rk) "z

and by Stirling’s formula,

Q

Q
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In the first factor consider, for large k, Mk ~ ck®:

K My oI KT
Mfe™  ckkkee™ i
— K )1 and by Stirling’s formula,
(kh)r NHr
\ge
chkkae™— et

Q

k7 (2rk) "z

But these terms tend to zero as k grows. In fact, they are
summable: by the root test we have
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In the first factor consider, for large k, Mk ~ ck®:

K My oI KT
Mfe™  ckkkee™ i
— K )1 and by Stirling’s formula,
(kh)r NHr
\ge
chkkae™— et

Q

k7 (2rk) "z

But these terms tend to zero as k grows. In fact, they are
summable: by the root test we have

of k(ra—1)
Ck(a—‘;)e%(gﬂk)—z% <A<1 forlarge k,
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In the first factor consider, for large k, Mk ~ ck®:

K My oI KT
Mfe™  ckkkee™ i
— : and by Stirling’s formula,
(k)7 (k)7
\ge
chkkae™— et

Q

k7 (2rk) "z

But these terms tend to zero as k grows. In fact, they are
summable: by the root test we have

of k(ra—1)
Ck(a—‘;)e%(gﬂk)—z% <A<1 forlarge k,

because o — 1 < 0, asis ra — 1.
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We therefore have

100 = L] < [ 1679 = L, GO W ()
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We therefore have
100 = L] < [ 1679 = L, GO W ()

My
_ Mke
(k)7

[ & )| awt.
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We therefore have

F(X) — Le(x)] < / \eﬂx) — Ly (YOIF() W ()

< "(”:i [ & ffen] awien

Now, if f € LP(W) and ; + 2’ — 1, using Holder’s inequality this is

wr
My
r

< “f"; ([ awen) i
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We therefore have
100 = L] < [ 1679 = L, GO W ()
My
_ Mke
(K1)7
Now, if f € LP(W) and ; + 2’ — 1, using Holder’s inequality this is
Mr
MkeTk 2019115 q 1/q 5
< (L] awen) s
My
_ Mfer
(kD)7

[ & )| awt.

/a9
|flp— 0 as k— oc.

2g)l~1°
s

1
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We therefore have

100 = L] < [ 1679 = L, GO W ()

[ & )| awt.

Now, if f € LP(W) and ; + 2’ — 1, using Holder’s inequality this is

Mr

Mke= 27159 Va .

EL (L] awen) i

(k")r ’
MI’

MkeTk s 1/q -

= TkE T Fl, —> 0 as k — oo
(k) 1
Here we have used Fernique’s theorem to assure the

. . 2q]111®
integrability of e~ s for s < 2.
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We therefore have

100 = L] < [ 1679 = L, GO W ()

[ & )| awt.

Now, if f € LP(W) and ; + 27 — 1, using Holder’s inequality this is

Mr
Mk e s19 a
2ot (| [ v ",
Mf
Mk Tk s|t/a
= Mk P F, —5 0 as k —s oo,
(k) 1

Here we have used Fernique’s theorem to assure the

integrability of ezq“;“ for s < 2. Thus L, converges to f

uniformly on bounded subsets of E.
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Thank you!
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