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Introduction ~ Bana

Multilinear Operators

LetEy,...,E,, F be Banach spaces over C.

@ We denote by L(E), ..., E,; F) to the space of continuous n-linear operators
T:E; x---x E, — F provides with the supremum norm
T[] = sup [[T(x1, ..., xa)]]-

X/EBE]»
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Introduction ~ Banach Ideals

Multilinear Operators

LetEy,...,E,, F be Banach spaces over C.

@ We denote by L(E), ..., E,; F) to the space of continuous n-linear operators
T:E; x---x E, — F provides with the supremum norm
T[] = sup [[T(x1, ..., xa)]]-

X/EBE]»
e If n =1, L(E; F) is the classical space of continuous linear operators.
o We write L(E|,...,E,)if F=C.

o We write L("E;F), whenE; =--- =E, = E.
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Banach Ideals

Banach Ideals

A Banach ideal of n-linear operators is a pair (2L, || - ||o) such that
Q AE,,... ,E;F)=2ANL(E),...,E,;F) is a linear subspace of
L(Ey,...,Eq; F)and || - ||o is @ norm which makes the pair (2, || - ||o) a Banach
space.
Q@ IfT €cAandR, Sy, ,S, are linear operators, then Ro T o (Sy,...,S,) € A
and
[RoT o (St Su)llac < IRI[- T [l - ISyl -~ [ISwll-

@ The n-linear mapping given by (A, ..., A,) = A; -+ - A, belongs to 2A("C) and
has norm 1.

e Ifn=1,(2, | - ||) is a Banach operator ideal.

o IfF=C, (A, | -|) is a Banach ideal of n-linear forms.
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Banach Ideals

Examples of ideals of n-linear operators endowed with the supremum norm
7] = supyep, IT(x1s- o )l:

o L(Ey,...,E,; F) := continuous n-linear operators.
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Introduction ~ Banach Ideals

Banach Ideals

Examples of ideals of n-linear operators endowed with the supremum norm
7] = supyep, IT(x1s- o )l:

o L(Ey,...,E,; F) := continuous n-linear operators.

o Ly(E\,...,E,; F) := finite type n-linear operators, those of the form
N
T(x1,..., %) = ZXIIJ(xl) - x i () - £,
j=1

where x; ; € E; and f; € F.
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Banach Ideals

Examples of ideals of n-linear operators endowed with the supremum norm
7] = supyep, IT(x1s- o )l:

o L(Ey,...,E,; F) := continuous n-linear operators.

o Ly(E\,...,E,; F) := finite type n-linear operators, those of the form
N
T(x1,..., %) = ZXIIJ(xl) - x i () - £,
j=1

where x; ; € E; and f; € F.

@ Lyp(El, ..., E,; F) := approximable n-linear operators, the ones that can be
approximated by finite type n-linear operators.

More precisely, L, = ff‘l"l.
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Tensor products and tensor norms

We denote by ®_, E; the n-fold tensor product and by
=17

Zﬂ@...@xlr'l
=1

one of its elements.
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We denote by ®_, E; the n-fold tensor product and by
=17

Zﬂ@...@x{q
=1

one of its elements.

We say that « is a tensor norm of order n if v assigns to the normed spaces Ej, . .
anorm o -, ®j’.‘:1Ej) on the n-fold tensor product ®7_, E; such that

. E,
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Tensor products and tensor norms

We denote by ®7_, E; the n-fold tensor product and by
Zx’] ® - ® X,
j=1

one of its elements.

We say that « is a tensor norm of order 7 if o assigns to the normed spaces E, . . ., E,
anorm o -, ®j’.‘:1Ej) on the n-fold tensor product ®7_, E; such that

Q@ ¢ < a < mon®j,E;, where € and 7 are the classical injective and projective
tensor norms.
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Intr n  Tensor norms

Tensor products and tensor norms

We denote by ®7_, E; the n-fold tensor product and by
Zx’] ® - ® X,
j=1

one of its elements.

We say that « is a tensor norm of order 7 if o assigns to the normed spaces E, . . ., E,
anorm o -, ®j’.‘:1Ej) on the n-fold tensor product ®7_, E; such that
Q@ ¢ < a < mon®j,E;, where € and 7 are the classical injective and projective
tensor norms.
Q M@ - @T,: (S B o) = (L Fj; )| < |[Tul--- [|Ty]| for any linear
operators T; € L(E;; F;) (metric mapping property).

We denote by (®/_, Ej; o) the tensor product ®7_, E; endowed with the norm
. ~n . .
a( -, ®E;), and we write (®;_, Ej; ) for its completion.
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Int n Tensor norms

Tensor products and tensor norms

A tensor norm « is finitely generated if for every normed spaces Ej, . . ., E, and
z € @, E; we have

a(z, @ Ej) := inf {a(z, ®]_ M) : M; € FIN(E)), z€EM @ --- QO M,}.

Romin Villafaiie (IMAS / UBA) Coincidence on multilinear ideals. Buenos Aires - July 2014 6/26



Introduction ~ Tensor norms

Tensor products and tensor norms

A tensor norm « is finitely generated if for every normed spaces Ej, . . ., E, and
z € @, E; we have

a(z, @ Ej) := inf {a(z, ®]_ M) : M; € FIN(E)), z€EM @ --- QO M,}.

If 2 is a vector-valued ideal of multilinear operators, its associated tensor norm is
the unique finitely generated tensor norm «, of order n + 1, satisfying

AM,, ..., My;N) = (M| ®---® M, ®N;a)
for every finite dimensional spaces M, ..., M,,N.

In that case we write that 2 ~ «.

6/26

Romin Villafaiie (IMAS / UBA) Coincidence on multilinear ideals. Buenos Aires - July 2014



Introduction ~ Tensor norms

Tensor products and tensor norms

A tensor norm « is finitely generated if for every normed spaces Ej, . . ., E, and
z € @, E; we have

a(z, @ Ej) := inf {a(z, ®]_ M) : M; € FIN(E)), z€EM @ --- QO M,}.

If 2 is a vector-valued ideal of multilinear operators, its associated tensor norm is
the unique finitely generated tensor norm «, of order n + 1, satisfying

AM,, ..., My;N) = (M| ®---® M, ®N;a)
for every finite dimensional spaces M, ..., M,,N.
In that case we write that 2 ~ a.

For example, £ ~ ¢, L4,y ~ €, N ~ 7, PL ~ mand GZ ~ .
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Introduction ~ Minimal ideals

Minimal ideals

The minimal kernel of 2/ is defined as the composition ideal
At =FoAo (F,...,T),

where F stands for the ideal of approximable operators.
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Introduction ~ Minimal ideals

Minimal ideals

The minimal kernel of 2/ is defined as the composition ideal
At =FoAo (F,...,T),

where F stands for the ideal of approximable operators.
The A-minimal norm of 77 is given by

T [lgnin := inf LIS} - ([ Tafloc - 1R[]~ (IRl }

where the infimum runs over all possible factorizations T = So T» o (Ry,...,R,) as
above.
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Introduction ~ Minimal ideals

Minimal ideals

The minimal kernel of 2/ is defined as the composition ideal
At =FoAo (F,...,T),

where F stands for the ideal of approximable operators.
The A-minimal norm of 77 is given by

T [lgnin := inf LIS} - ([ Tafloc - 1R[]~ (IRl }

where the infimum runs over all possible factorizations Ty = So T, o (Ry, . ..

above.
Example: (£)™" = L,,, and (PZ)™" = N

The ideal 2 is said to be minimal if ™" = 9.
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Introduction ~ Minimal ideals

Minimal ideals - Representation theorem

The following theorem due to Defant and Floret shows a close relation between the
tensor product and the minimal kernel of an ideal.
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Intr¢ Minimal ideals

Minimal ideals - Representation theorem

The following theorem due to Defant and Floret shows a close relation between the
tensor product and the minimal kernel of an ideal.

Representation theorem for minimal ideals

LetEy,...,E,, F be Banach spaces and let 2l ~ « be a minimal ideal. Then there is a
natural quotient mapping

(E)®...RE.8F;a) > U(E,...,EnF)
defined on Ef ® - - - ® E;, ® F by the obvious rule
() @ ® () ®f = S (W) () - () (-
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Intr¢ Minimal ideals

Minimal ideals - Representation theorem

The following theorem due to Defant and Floret shows a close relation between the
tensor product and the minimal kernel of an ideal.

Representation theorem for minimal ideals

LetEy,...,E,, F be Banach spaces and let 2l ~ « be a minimal ideal. Then there is a
natural quotient mapping

(E)®...RE.8F;a) > U(E,...,EnF)
defined on Ef ® - - - ® E;, ® F by the obvious rule
() @ ® () ®f = S (W) () - () (-

- o~ i~ I
Therefore, we have (E|® ... QFE,QF; a) — A™"(Ey, ..., E,; F) for any ideal
associated to cv.
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Intr¢ Minimal ideals

Minimal ideals - Representation theorem

The following theorem due to Defant and Floret shows a close relation between the
tensor product and the minimal kernel of an ideal.

Representation theorem for minimal ideals

LetEy,...,E,, F be Banach spaces and let 2l ~ « be a minimal ideal. Then there is a
natural quotient mapping

- 1
(B/®...QE,QF;a) — U(Ey, ..., Ey F)
defined on Ef ® - - - ® E;, ® F by the obvious rule

() @ ® () ®f = S (W) () - () (-

- o~ i~ I
Therefore, we have (E|® ... QFE,QF; a) — A™"(Ey, ..., E,; F) for any ideal
associated to cv.

Moreover, if Ef, .. ., E}, F have the bounded approximation property, then
(E\®...RE.@F;0) = Amn(E,,. .. E,:F).
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Motivation of the problem  Motivation

Motivation of the problem

Recall that a Banach space E has a Schauder basis (e; )rcn if there are coordinate
functionals (e})xen such that every vector x is written as x = >~ | e} (x)ex.
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Motivation of the problem  Motivation

Motivation of the problem

Recall that a Banach space E has a Schauder basis (e; )rcn if there are coordinate
functionals (e})xen such that every vector x is written as x = >~ | e} (x)ex.
LetT € L(E,,...,E,;F), then

T(x1y...,x,) = Z e;l(xl)...ej{n(xn) -fi.

Jtseeesdnsl
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Motivation of the problem  Motivation

Motivation of the problem

Recall that a Banach space E has a Schauder basis (e; )rcn if there are coordinate
functionals (e})xen such that every vector x is written as x = >~ | e} (x)ex.
LetT € L(E,,...,E,;F), then

Can we give conditions to find bases in subspaces of multilinear operators?
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Motivation of the problem  Motivation

Motivation of the problem

Recall that a Banach space E has a Schauder basis (e; )rcn if there are coordinate
functionals (e})xen such that every vector x is written as x = >~ | e, (x)ey.
LetT € L(E,,...,E,;F), then

Can we give conditions to find bases in subspaces of multilinear operators?

Remark

Let Ey, ..., E, be Banach spaces with Schauder bases (e;,);,, ..., (ej,);, respectively
and « be a tensor norm of order n. There is a natural ordering (called the generalized

square ordering of Gelbaum-Gil de Lamadrid) in N” such that the monomials
(e ® - @€ )ji,...n

form a Schauder basis of (E|® ... ®E,, a).
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Motivation of the problem  Motivation

Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?
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Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,QF;a) to U(E), ..., E;F)
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Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,&F;a) to A(E), ..., E,; F) defined by

0: (E|®...QE\QF;q)
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Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,&F;a) to A(E), ..., E,; F) defined by

. ! S N (N7 ! min .
0: (E/®...QE,QF;a) = A™(Ey,...,E; F)

Representation theorem
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Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,&F;a) to A(E), ..., E,; F) defined by

R 1 . <1
0: (E/®...QE,QF; o) - A" (Ey, ..., Ey; F) = U(Ey, ..., Ep; F).

Representation theorem Natural inclusion
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Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,&F;a) to A(E), ..., E,; F) defined by

- - T <1
0: (E/®...QE,QF; o) - A" (Ey, ..., Ey; F) = U(Ey, ..., Ep; F).

Representation theorem Natural inclusion

Our goal is to find conditions under which the mapping o results a metric surjection.

Romin Villafaiie (IMAS / UBA) Coincidence on multilinear ideals. Buenos Aires - July 2014 10/26



Motivation of the problem  Motivation

Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,&F;a) to A(E), ..., E,; F) defined by

- - 1 . <1
0: (E/®...QE,QF; o) - A" (Ey, ..., Ey; F) = U(Ey, ..., Ep; F).
Representation theorem Natural inclusion
Our goal is to find conditions under which the mapping o results a metric surjection.

In that case we get that there is an isometric isomorphism between ™" and A
(coincidence result).
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Motivation of the problem  Motivation

Motivation of the problem

IfEy,...,E, and F have bases (¢} );,, - - -, (€], );,, (fi): respectively, when the
monomials (¢}, () -+ €] (-) - fi)jy....,j,.1 (ordered in some way) form a basis of
A(E, ..., En F)?

Let A ~ « be an ideal of n-linear operators.
The representation theorem for minimal ideals gives a natural norm one inclusion
from (E/® ... QE,&F;a) to A(E), ..., E,; F) defined by

- - T <1
0: (E/®...QE,QF; o) - A" (Ey, ..., Ey; F) = U(Ey, ..., Ep; F).

Representation theorem Natural inclusion

Our goal is to find conditions under which the mapping o results a metric surjection.
In that case we get that there is an isometric isomorphism between ™" and A
(coincidence result).

Then £l inherits properties of the tensor product (such as having basis).
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History Linear operators

History - Coincidence result for linear operators

Lewis in 1977 states a coincidence result for ideals of linear operators. To do this, he
had to define a Radon-Nikodym property for tensor norms (of order 2).
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Radon-Nikodym property for ideals of linear operators

A finitely generated tensor norm (of order 2) « has the Radon-Nikodym property if
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for every Banach space E.

Romin Villafaiie (IMAS / UBA) Coincidence on multilinear ideals. Buenos Aires - July 2014 11/26



History Linear operators

History - Coincidence result for linear operators
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had to define a Radon-Nikodym property for tensor norms (of order 2).

Radon-Nikodym property for ideals of linear operators

A finitely generated tensor norm (of order 2) « has the Radon-Nikodym property if

E/®a£1 é (E ®a’ CO)/

for every Banach space E.

In other words, this definition says that if .4 is a maximal operator ideal associated to
a, then using the representation theorems for maximal and minimal ideals we have

A"(E; ) = A(E; ).
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History Linear operators

History - Coincidence result for linear operators

Lewis in 1977 states a coincidence result for ideals of linear operators. To do this, he
had to define a Radon-Nikodym property for tensor norms (of order 2).

Radon-Nikodym property for ideals of linear operators

A finitely generated tensor norm (of order 2) « has the Radon-Nikodym property if

E/®a£1 é (E ®a’ CO)/

for every Banach space E.

In other words, this definition says that if .4 is a maximal operator ideal associated to
a, then using the representation theorems for maximal and minimal ideals we have

A"(E; ) = A(E; ).

@ we can say that A4 has the Radon-Nikodym property.
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History Linear operators

History - Coincidence result for linear operators

Lewis theorem

Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
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History - Coincidence result for linear operators

Lewis theorem

Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
then denoting «/ the right-projective tensor norm associated to a,

Eléa/F, —» (E ®(a/)’ F)/

is a metric surjection.
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History Linear operators

History - Coincidence result for linear operators

Lewis theorem

Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
then denoting «/ the right-projective tensor norm associated to a,

Eléa/F, —» (E ®(a/)’ F)/
is a metric surjection. Thus, for .4/ the maximal ideal A/ ~ a/,
(A/)"™" (B F') = A/ (E; F')

holds isometrically for all Banach space E.
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History Linear operators

History - Coincidence result for linear operators

Lewis theorem

Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
then denoting «/ the right-projective tensor norm associated to a,

Eléa/F, —» (E ®(a/)’ F)/
is a metric surjection. Thus, for .4/ the maximal ideal A/ ~ «/,
(A/)"™" (B F') = A/ (E; F')

holds isometrically for all Banach space E.

Remarks:
@ « has the Radon-Nikodym property if and only if o/ has it.
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Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
«/ with the F-RNp

E’@)a/él —» (E ®(a/)’ C()),
is a metric surjection. Thus, for .4/ the maximal ideal A/ ~ a/,
(A/)""(E; tr) = A/(E; &)

holds isometrically for all Banach space E.
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Lewis theorem

Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
then denoting «/ the right-projective tensor norm associated to a,

E'®a/F — (E®(ayy F)
is a metric surjection. Thus, for .4/ the maximal ideal A/ ~ «/,
(A/)"™" (B F') = A/ (E; F')

holds isometrically for all Banach space E.

Remarks:
@ « has the Radon-Nikodym property if and only if o/ has it.
@ Note that («/)’ = («)\ is a right-injective tensor norm.
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History - Coincidence result for linear operators

Lewis theorem

Let A ~ « where A is maximal and « with the Radon-Nikodym property. If F is an
Asplund space (i.e., every separable subspace of F has separable dual),
then denoting «/ the right-projective tensor norm associated to a,

Eléa/F, —» (E ®(a/)’ F)/
is a metric surjection. Thus, for .4/ the maximal ideal A/ ~ «/,
(A/)"™" (B F') = A/ (E; F')

holds isometrically for all Banach space E.

Remarks:
@ « has the Radon-Nikodym property if and only if o/ has it.
@ Note that («/)’ = («)\ is a right-injective tensor norm.
o In the proof of Lewis theorem it is used that if A™"(E; ¢1) = A(E; £y), then
Amin(E: 0,(])) < A(E;€,(J)) for all index set J.
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History - Coincidence result for multilinear forms

In 2010 Carando and Galicer gave a similar result in the context of multilinear forms
and homogeneous scalar polynomials. They also states a Radon-Nikodym property in
this context.
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In 2010 Carando and Galicer gave a similar result in the context of multilinear forms
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A finitely generated tensor norm « of order n has the symmetric Radon-Nikodym pro-
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History - Coincidence result for multilinear forms

In 2010 Carando and Galicer gave a similar result in the context of multilinear forms
and homogeneous scalar polynomials. They also states a Radon-Nikodym property in
this context.

Radon-Nikodym property for ideals of multilinear forms

A finitely generated tensor norm « of order n has the symmetric Radon-Nikodym pro-
perty if

~ 1 ~
(®?=1€13 a) = (®?:1C07 O‘/)/'

Again, using the representation theorems, we have that if I/ is a maximal ideal of
n-linear forms associated to c, then

L

umin (nCO) Z/{(nC()) )
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History - Coincidence result for multilinear forms

Carando-Galicer theorem
Let « be a tensor norm with the symmetric Radon-Nikodym property and Ey, ..., E,

be Asplund spaces. Then
(®i=1Ef \af) = (Bi=iEi, [a/\)

is a metric surjection and

(u/a,\)min(El, .. ,En) = Z/{/a/\(El, e ,En).

holds isometrically.
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Carando-Galicer theorem
Let « be a tensor norm with the symmetric Radon-Nikodym property and Ey, ..., E,

be Asplund spaces. Then
(®i=1Ef \af) = (Bi=iEi, [a/\)
is a metric surjection and

(u/a,\)min(El, .. ,En) = Z/{/a/\(El, e ,En).

holds isometrically.

Remarks:
@ « has the symmetric Radon-Nikodym property if and only if \«/ has it.

o IfU ~ o, then U ;o1\ ~ /a'\ and every n-linear form T € U o\ (E1, - - -, Ey,)
can be extended in each variable with the same ideal norm.
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History Multilinear forms

History - Coincidence result for multilinear forms

Carando-Galicer theorem
Let « be a tensor norm with the symmetric Radon-Nikodym property and Ey, ..., E,
be Asplund spaces. Then

(®i=1Ef \af) = (Bi=iEi, [a/\)
is a metric surjection and

(u/a,\)min(El, .. ,En) = Z/{/a/\(El, e ,En).

holds isometrically.

Remarks:
@ « has the symmetric Radon-Nikodym property if and only if \«/ has it.

o IfU ~ o, then U ;o1\ ~ /a'\ and every n-linear form T € U o\ (E1, - - -, Ey,)
can be extended in each variable with the same ideal norm.

e In the proof of the C-G theorem it is used that if /™" ("c) Lu ("co), then
UM (co(J1), - .. co(dn)) = U(co(r), . .., co(Jy)) for all index sets Jy, .. . , J,.
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General results ~ Radon-Nikodym property

New Radon-Nikodym property

D. Galicer, R. Villafaiie. Coincidence of extendible vector-valued ideals with their
minimal kernel. J. Math. Anal. Appl. (to appear).

Radon-Nikodym property for ideals of multilinear operators

Let 20 ~ « be an ideal of n-linear operators and F be a Banach space. We say that 2

has the F-Radon-Nikodym property (F-RNp) if

(G .. B I)EF, a) = A(co(1), - - -, coldn); F),

for all Jy, ..., J, index sets.
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General results ~ Radon-Nikodym property

New Radon-Nikodym property

D. Galicer, R. Villafaiie. Coincidence of extendible vector-valued ideals with their
minimal kernel. J. Math. Anal. Appl. (to appear).

Radon-Nikodym property for ideals of multilinear operators

Let 20 ~ « be an ideal of n-linear operators and F be a Banach space. We say that 2
has the F-Radon-Nikodym property (F-RNp) if

(G .. B I)EF, a) = A(co(1), - - -, coldn); F),

for all Jy, ..., J, index sets.

This definition says that if 2 has the F-RNp then
Amin (o (1), ... co(n); F) = Aco()s - . ., coldn); F)

forall Jy,...,J, index sets.
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New Radon-Nikodym property

But now we have the following proposition that allows us to check weaker conditions
on an ideal of multilinear operators in order to have the F-RNp.
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New Radon-Nikodym property

But now we have the following proposition that allows us to check weaker conditions
on an ideal of multilinear operators in order to have the F-RNp.

Proposition
Let 2l ~ « be an ideal of n-linear operators such that

= =~ 1
(£1®...®€1®F7a) —» Q((Co,...,C();F).
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Gener t: Rad 'm property

New Radon-Nikodym property

But now we have the following proposition that allows us to check weaker conditions
on an ideal of multilinear operators in order to have the F-RNp.

Proposition
Let 2l ~ « be an ideal of n-linear operators such that

= = o 1
(£1®...®€1®F7a) —» Q((Co,...,C();F).

If F contains no copy of ¢y or 2 C L. (weakly sequentially continuous n-linear
operators),

v

Romin Villafaiie (IMAS / UBA) Coincidence on multilinear ideals. Buenos Aires - July 2014 16/26



General results Radon-] 'm property

New Radon-Nikodym property

But now we have the following proposition that allows us to check weaker conditions
on an ideal of multilinear operators in order to have the F-RNp.

Proposition
Let 2l ~ « be an ideal of n-linear operators such that

= = o 1
(£1®...®€1®F7a) —» Q((Co,...,C();F).

If F contains no copy of ¢y or 2 C L. (weakly sequentially continuous n-linear
operators), then 2 has the F-RNp.

v
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To enunciate the main theorems we need to introduce more definitions:
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To enunciate the main theorems we need to introduce more definitions:

@ An ideal of multilinear operators 2l is extendible if for every
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Main theorems

To enunciate the main theorems we need to introduce more definitions:

@ An ideal of multilinear operators 2l is extendible if for every
G| DE,...,G, DE, Fandevery T € A(E,...,E,; F), there exists an

extension T € A(G, ..., Gy; F) with ||T||s = ||T|s.

@ For 1 < k < n, the k-Arens extension of T, Exty, is the canonical extension to
the bidual in the k-coordinate:

Exty. : ,C(El,...,En;F) — ,C(El,...,Ek_l,EIL/,Ek_;,_],...,En;FN).
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Main theorems

To enunciate the main theorems we need to introduce more definitions:

@ An ideal of multilinear operators 2l is extendible if for every
G| DE,...,G, DE, Fandevery T € A(E,...,E,; F), there exists an

extension T € A(G, ..., Gy; F) with ||T||s = ||T|s.

@ For 1 < k < n, the k-Arens extension of T, Exty, is the canonical extension to
the bidual in the k-coordinate:

Exty. : ,C(El,...,En;F) — ,C(El,...,Ek_l,EIL/,Ek_;,_],...,En;FN).

o Let 2 be an ideal of multilinear operators, we say that 2l is an F-Arens stable
ideal if the mapping

Exty: L(Ey,...,E;F) — L(Ey,...,Ex_1,E! Ey1,...,Ep; F)

is well defined an results an isometry for all 1 < k < n.
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General results Main theorems

Main theorems

To enunciate the main theorems we need to introduce more definitions:

@ An ideal of multilinear operators 2l is extendible if for every
G| DE,...,G, DE, Fandevery T € A(E,...,E,; F), there exists an

extension T € A(G, ..., Gy; F) with ||T||s = ||T|s.
@ For 1 < k < n, the k-Arens extension of T, Exty, is the canonical extension to
the bidual in the k-coordinate:
Exty : L(Er,...,Ei;F) = L(Ey, ..., Ex_1,E  Ext1, ..., Es; F").
o Let 2 be an ideal of multilinear operators, we say that 2l is an F-Arens stable
ideal if the mapping

Exty: L(Ey,...,E;F) — L(Ey,...,Ex_1,E! Ey1,...,Ep; F)

is well defined an results an isometry for all 1 < k < n.
Note that the condition above says that the range of every Arens extension
remains on F.
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It is time to state our Lewis type theorem: a coincidence result for ideals of
multilinear operators.

Main theorem I

Let Ey, ..., E, be Asplund spaces. If 2{ ~ « is an F-Arens stable extendible ideal with
the F-RNp
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It is time to state our Lewis type theorem: a coincidence result for ideals of
multilinear operators.

Main theorem I

Let Ey, ..., E, be Asplund spaces. If 2{ ~ « is an F-Arens stable extendible ideal with
the F-RNp then,
(E1®...QF,QF, o) - U(Ey, ..., Ey; F)

is a metric surjection.
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multilinear operators.

Main theorem I

Let Ey, ..., E, be Asplund spaces. If 2{ ~ « is an F-Arens stable extendible ideal with
the F-RNp then,
(€1® . .®£1®F,Oé) - Q[(C(), .. .,CQ;F)

is a metric surjection.

In particular, 2Amin(co, . .., co; F) = A(co, - - -, co; F).
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General results Main theorems

Main theorems

It is time to state our Lewis type theorem: a coincidence result for ideals of
multilinear operators.

Main theorem I

Let Ey, ..., E, be Asplund spaces. If 2{ ~ « is an F-Arens stable extendible ideal with
the F-RNp then,
(E|®...QE,QF,a) - UA(Ey,...,Ey; F)

is a metric surjection.

In particular, A (E,. ... EyF) = UEy, ... EnF).

Note that the conditions of the Main theorem I are a bit more general than those of
Lewis theorem (for linear operators) and C-G theorem (for multilinear forms).
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o In many cases, for an arbitrary space F, the ideal 2l is F’-Arens stable but not
F-Arens stable.
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Main theorems

o In many cases, for an arbitrary space F, the ideal 2l is F’-Arens stable but not
F-Arens stable.

@ In this situation, the Main theorem I gives us a coincidence result only in the
cases where the target space is a dual.
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General results Main theorems

Main theorems

o In many cases, for an arbitrary space F, the ideal 2l is F’-Arens stable but not
F-Arens stable.

@ In this situation, the Main theorem I gives us a coincidence result only in the
cases where the target space is a dual.

@ In other hand, as we are interested in searching for monomial bases on spaces of
multilinear operators, it is natural to deal with spaces which have shrinking
Schauder bases.
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Main theorems

Main theorems

o In many cases, for an arbitrary space F, the ideal 2l is F’-Arens stable but not
F-Arens stable.

@ In this situation, the Main theorem I gives us a coincidence result only in the
cases where the target space is a dual.

@ In other hand, as we are interested in searching for monomial bases on spaces of
multilinear operators, it is natural to deal with spaces which have shrinking
Schauder bases.

Main theorem II

Let 2 be an F”’-Arens stable extendible ideal with the F”-RNp. If E, ..., E, have
shrinking bases and F”’ has the bounded approximation property,
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Main theorems

Main theorems

o In many cases, for an arbitrary space F, the ideal 2l is F’-Arens stable but not
F-Arens stable.

@ In this situation, the Main theorem I gives us a coincidence result only in the
cases where the target space is a dual.

@ In other hand, as we are interested in searching for monomial bases on spaces of
multilinear operators, it is natural to deal with spaces which have shrinking
Schauder bases.

Main theorem II

Let 2 be an F”’-Arens stable extendible ideal with the F”-RNp. If E, ..., E, have
shrinking bases and F”’ has the bounded approximation property, then

(E|®...QE.QF,q) = A" (Ey, ... Epy;F) = A(Ey,. .., Ey; F).
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Theorem
Let 2l ~ « be an extendible ideal of n-linear operators.
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As a consequence of the main theorems, we have

Theorem
Let 2l ~ « be an extendible ideal of n-linear operators.

@ If A is F-Arens stable, has the F-RNp and EJ,
(€},)i»- - - (€], )i, (fi)1 respectively, then the monomlals

(e/- () ejl'n(') 'ﬁ)jlw‘*i"’l

J1

., E!, F have Schauder bases

with the generalized square ordering form a Schauder basis of 2(Ej, . . .

7En;F)-
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General results Consequences

Consequences

As a consequence of the main theorems, we have

Theorem
Let 2l ~ « be an extendible ideal of n-linear operators.

@ If A is F-Arens stable, has the F-RNp and EY, .. ., E/,, F have Schauder bases
(€},)jr»- - - (€], )i, (fi)1 respectively, then the monomials

CAQRTACR /I

with the generalized square ordering form a Schauder basis of 2(E, . .., E,; F).

@ If2lis F”-Arens stable and has the F”-RNp, F” has the bounded approximation
property, Ei, . .., E, have shrinking Schauder bases (¢}, );,, - - -, (€], ),
respectively and F has basis (f});,
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General results Consequences

Consequences

As a consequence of the main theorems, we have

Theorem
Let 2l ~ « be an extendible ideal of n-linear operators.

@ If A is F-Arens stable, has the F-RNp and EY, .. ., E/,, F have Schauder bases
(€},)jr»- - - (€], )i, (fi)1 respectively, then the monomials

CAQRTACR /I

with the generalized square ordering form a Schauder basis of 2(E, . .., E,; F).

@ If2lis F”-Arens stable and has the F”-RNp, F” has the bounded approximation
property, Ei, . .., E, have shrinking Schauder bases (¢}, );,, - - -, (€], ),
respectively and F has basis (f;);, then the monomials (associated to the
coordinate functionals)

CAQRAOR /I

with the generalized square ordering form a Schauder basis of 2A(E, ..., E,; F).
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Applications ~ Applications for th xtendible multilinear operators

Applications for the ideal of extendible n-linear operators

A multilinear operator 7' : E| X - - - X E, — F is extendible if for every Banach spaces
Gy,...,G, containing Ey, ..., E, respectively, there exists Te L(Gy,y...,Gy;F)
extending 7. We denote by E(E, . .., E,; F) the space of all extendible multilinear
operators and results an ideal of multilinear operators with the norm

[|IT)|e :=inf{c > 0: forevery G; D E; there exists an extension T
of T withnorm < c}.
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Applications for the ideal of extendible n-linear operators

A multilinear operator 7' : E| X - - - X E, — F is extendible if for every Banach spaces
Gy,...,G, containing Ey, ..., E, respectively, there exists Te L(Gy,y...,Gy;F)
extending 7. We denote by E(E, . .., E,; F) the space of all extendible multilinear
operators and results an ideal of multilinear operators with the norm

[|IT||e :=inf{c >0: forevery G; D E; there exists an extension T
of T withnorm < c}.

The next proposition shows that we can apply the main theorems for the ideal of
extendible n-linear operators.
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Applications for the ideal of extendlble n-linear operators

A multilinear operator 7' : E| X - - - X E, — F is extendible if for every Banach spaces
Gy,...,G, containing Ey, ..., E, respectively, there exists Te L(Gy,y...,Gy;F)
extending 7. We denote by E(E, . .., E,; F) the space of all extendible multilinear
operators and results an ideal of multilinear operators with the norm

||T||e :==inf{c >0: forevery G; D E; there exists an extension T
of T withnorm < c}.

The next proposition shows that we can apply the main theorems for the ideal of
extendible n-linear operators.

Proposition

The ideal € is extendible and F’-Arens stable for every dual space F’.
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Applications for the ideal of extendlble n-linear operators

A multilinear operator 7' : E| X - - - X E, — F is extendible if for every Banach spaces
Gy,...,G, containing Ey, ..., E, respectively, there exists Te L(Gy,y...,Gy;F)
extending 7. We denote by E(E, . .., E,; F) the space of all extendible multilinear
operators and results an ideal of multilinear operators with the norm

||T||e :==inf{c >0: forevery G; D E; there exists an extension T
of T withnorm < c}.

The next proposition shows that we can apply the main theorems for the ideal of
extendible n-linear operators.

Proposition

The ideal € is extendible and F’-Arens stable for every dual space F’.

In addition, if G is a Banach space which contains no copy of ¢, then £ has the G-RNp.
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Applications for the ideal of extendible n-linear operators

Applying the Main theorem I we obtain the next corollary.
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Applying the Main theorem I we obtain the next corollary.

Corollary I
Q IfE,..., E, are Asplund spaces, then

EMN(E,, ... EnF) £ E(Ey,... EnF),

for every dual space F’ which contains no copy of cj.
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Applying the Main theorem I we obtain the next corollary.

Corollary I
Q IfE,..., E, are Asplund spaces, then

EMN(E,, ... EnF) £ E(Ey,... EnF),

for every dual space F’ which contains no copy of cj.

@ If F' is a dual space which contains no copy of ¢g and EY, . .., E/, F’ have bases
(e]/-I g e ns (e;n )jn» (f] )1 respectively,
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Applying the Main theorem I we obtain the next corollary.

Corollary I
Q IfE,..., E, are Asplund spaces, then

EMN(E,, ... EnF) £ E(Ey,... EnF),

for every dual space F’ which contains no copy of cj.

@ If F' is a dual space which contains no copy of ¢g and EY, . .., E/, F’ have bases
(€],)ii»- -+ (€], )i, (ff )i respectively, then the monomials

(e]{l () 800 ej’,n(.) fl/)

with the generalized square ordering form a Schauder basis of E(Ey, . .., E,; F').

J 1“'1/-'171
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Corollary I

@ If F’ is a dual space which contains no copy of ¢y, and Ey, . . ., E,; F have
shrinking Schauder bases (ej,);,, - - -, (¢j,);,, (fi); respectively,
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Corollary I

@ If F’ is a dual space which contains no copy of ¢y, and Ey, . . ., E,; F have
shrinking Schauder bases (e;,);,, - - - , (¢;,);,, (fi): respectively, then the
monomials (associated to the coordinate functionals)

(€, ()~ €,() 'fl/)jl,u.,in,l
with the generalized square ordering form a boundedly complete Schauder basis
of E(E,...,En F).
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Corollary I

@ If F’ is a dual space which contains no copy of ¢y, and Ey, . . ., E,; F have
shrinking Schauder bases (e;,);,, - - - , (¢;,);,, (fi): respectively, then the
monomials (associated to the coordinate functionals)

(€, ()~ €,() 'fl/)jl,u.,in,l
with the generalized square ordering form a boundedly complete Schauder basis
of E(E,...,En F).

Note that Corollary I shows results of coincidence and existence of Schauder basis for
the ideal of extendible multilinear operators where the range space is a dual space.
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Applications for the ideal of extendible n-linear operators

Applying the Main theorem II we obtain a corollary for the ideal of extendible
multilinear operators for any range space.
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Applying the Main theorem II we obtain a corollary for the ideal of extendible
multilinear operators for any range space.

Corollary II

Q IfE,...,
and contains no copy of ¢y,

E, have shrinking bases, F’ has the bounded approximation property

Buenos Aires - July 2014 24/26
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Applying the Main theorem II we obtain a corollary for the ideal of extendible
multilinear operators for any range space.

Corollary II

Q IfE,...,
and contains no copy of ¢y, then

E, have shrinking bases, F’ has the bounded approximation property

9 1
EMMEY, ... En;F) = E(Ey, ... ExF).
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xtendible multilinear operators

Applications for the ideal of extendlble n-linear operators

Applying the Main theorem II we obtain a corollary for the ideal of extendible
multilinear operators for any range space.

Corollary II
Q IfE,...,E, have shrinking bases, F’’ has the bounded approximation property
and contains no copy of ¢y, then

9 1
EMMEY, ... En;F) = E(Ey, ... ExF).

In particular,
if F has also a basis then the monomials with the generalized square ordering

form a basis of E(Ey, ..., E,; F).

Buenos Aires - July 2014 24/26
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Other applications

@ The main theorems permit to relate structural properties of the ideal 2 with
properties of the spaces involved and their tensor product such as separability,
the Radon-Nikodym and Asplund properties.
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Other applications

@ The main theorems permit to relate structural properties of the ideal 2 with
properties of the spaces involved and their tensor product such as separability,
the Radon-Nikodym and Asplund properties.

o If we apply these results to the ideal of Pietsch integral multilinear operators, we
obtain a new proof of a classical result of Alencar (1983).
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Other ap

Other applications

@ The main theorems permit to relate structural properties of the ideal 2 with
properties of the spaces involved and their tensor product such as separability,
the Radon-Nikodym and Asplund properties.

o If we apply these results to the ideal of Pietsch integral multilinear operators, we
obtain a new proof of a classical result of Alencar (1983).
IfEy,..., E, are Asplund spaces, then
N(Ei,...,Ep;F) = (PT)""(Ey, ... ,En;F) = (PT)(Ey, ..., En F)

for every Banach space F.
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Other ap

Other applications

@ The main theorems permit to relate structural properties of the ideal 2 with
properties of the spaces involved and their tensor product such as separability,
the Radon-Nikodym and Asplund properties.

o If we apply these results to the ideal of Pietsch integral multilinear operators, we
obtain a new proof of a classical result of Alencar (1983).
IfE,...,E, are Asplund spaces, then

N(Ei,...,Ep;F) = (PT)""(Ey, ... ,En;F) = (PT)(Ey, ..., En F)

for every Banach space F.

@ These results hold for ideals of homogeneous polynomials too.
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