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Let K be a compact Hausdorff topological space.

We denote by C(K ) the Banach space of all continuous functions

f : K −→ K, K = R or C, endowed with the sup norm.

The classical Banach-Stone theorem:

Theorem

(Banach 1932, Stone 1937) Let K and L be compact Hausdorff
topological spaces. Then C(K ) and C(L) are isometric if, and only
if, K and L are homeomorphic.

Banach: metric spaces. Stone: topological spaces. Arens and
Kelly, 1947: complex case
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Banach-Stone theorem for other spaces of continuous
functions.

Let X be a locally compact Hausdorff space. We denote by C0(X )
the Banach space of all continous functions f : X −→ R that
vanish at infinity, endowed with the sup norm.

Theorem

(Behrends 1978) The Banach spaces C0(X ) and C0(Y ) are
isometric if, and only if, X and Y are homeomorphic.
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Vector valued function spaces.

Let X be a metric space and let E be a Banach space. We denote
by C∗(X ,E ) the Banach space of all continuous and bounded
mappings f : X −→ E , endowed with the sup norm

.

Theorem

(Bachir 2001) Let X and Y be complete metric spaces, let E e and
F be Banach spaces with property (smooth). Then C∗(X ,E ) and
C∗(Y ,F ) are isometric if, and only if, X and Y are homeomorphic.
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Theorems for function algebras.

Consider C(K ), K compact, as a Banach algebra.

That is, ‖1‖ = 1 and ‖f · g‖ ≤ ‖f ‖ · ‖g‖, for all f , g ∈ C(K ).

Theorem

(Gelfand & Kolgomorov 1939) Let K and L be compact Hausdorff
topological spaces. Then C(K ) and C(L) are isomorphic (as
algebras) if, and only if, K and L are homeomorphic.

Proof is based on the spectra of the algebras C(K ) and C(L).
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Algebras of differentiable functions

Let E be a Banach space. We denote by C∞(E ) the space of the
functions f : E −→ R that are infinitely Fréchet-differentiable.

Theorem

(Garrido, Jaramillo & Prieto 2000) Let E and F be Banach spaces
with properties. Then C∞(E ) and C∞(F ) are isomorphic (as
algebras) if, and only if, E and f are isoomorphic.

The results listed here are presented in the article Variations on the
Banach-Stone theorem [3].
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Algebras of holomorphic functions.

Let E be a Banach space and let U ⊂ E be an open subset.

We denote by H(U) the algebra of all holomorphic functions
f : U −→ C.

Endowed with the compact-open topology τ0, we have that
(H(U), τ0) is a topological algebra,

which is complete but not metrizable when dimE =∞.
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In 2006, [5], we showed the following Banach-Stone theorem
concerning these topological algebras:

Theorem

Let E and F be separable Banach spaces with the bounded
approximation property, and let U ⊂ E and V ⊂ F be
pseudo-convex open subsets. Then the following conditions are
equivalent:

1 (H(U), τ0) and (H(V ), τ0) are topologically isomorphic (as
algebras).

2 U and V are biholomorphically equivalent.

Which means that there exists an holomorphic bijective mapping
ϕ : U −→ V such that ϕ−1 is holomorphic.
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Fréchet algebras of holomorphic functions.

Let E be a Banach space, and let U ⊂ E be an open subset.

We say that a bounded subset A ⊂ U is U-bounded if there exists
r > 0 such that A + B(0, r) ⊂ U.

It is possible to construct a fundamental sequence of U-bounded
sets, that is, a sequence (Un)n∈N of U-bounded sets, such that
each U-bounded set is contained on some Un.

We denote by Hb(U) the algebra of all f ∈ H(U) that are
bounded on each U-bounded subset. Endowed with the topology
of the uniform convergence on the sets (Un)n∈N, we have that
Hb(U) is a Fréchet algebra.
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Let E be a Banach space, U ⊂ E be an open subset and A ⊂ E .

ÂP = {x ∈ E : |P(x)| ≤ supA |P|, ∀P ∈ P},

where P = P(E ) or P(mE ), for m ∈ N.

The set ÂP is called the P-hull of A.

A compact subset K ⊂ E is P-convex if K̂P = K ,

where P = P(E ) or P(mE ), for m ∈ N.
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D. Carando e S. Muro, in 2012 [1], proved the following
Banach-Stone theorem for the algebras Hb(U) and Hb(V ):

Theorem

(Carando & Muro 2012) Let E and F be Tsirelson-like Banach
spaces. Let U ⊂ E and V ⊂ F be open bounded balanced subsets.
Then the following conditions are equivalent.

1 There exists an algebra topological isomorphism
T : Hb(U) −→ Hb(V ).

2 There exists a bijective mapping ϕ ∈ Hb(ÛP(E); V̂P(F )) such
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Let us clarify some notations of Theorem 7.

Inspired by the space constructed by Tsirelson in [4], we say that a
Banach space E is Tsirelson-like if E is reflexive and Pf (mE ) is
norm-dense in P(mE ), for all m ∈ N.

The open subset ÛP(E) is defined by ÛP(E) =
⋃

n∈N (̂Un)P(E),

where (Un)n∈N is a fundamental sequence of U-bounded sets,

and
(
Ûn

)
P(E)

denotes the polynomial hull of Un.

In their work, it is also proved, for U open, bounded and balanced,

that each f ∈ Hb(U) admits an extension f̃ ∈ Hb(ÛP(E)).
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Ûn

)
P(E)

denotes the polynomial hull of Un.

In their work, it is also proved, for U open, bounded and balanced,

that each f ∈ Hb(U) admits an extension f̃ ∈ Hb(ÛP(E)).

Daniela M. Vieira - IME-USP Banach-Stone theorems for algebras of germs of holomorphic functions.



The classical Banach-Stone theorem
Banach-Stone theorems for algebras of holomorphic functions

References

Let us clarify some notations of Theorem 7.

Inspired by the space constructed by Tsirelson in [4], we say that a
Banach space E is Tsirelson-like if E is reflexive and Pf (mE ) is
norm-dense in P(mE ), for all m ∈ N.
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Ûn

)
P(E)

denotes the polynomial hull of Un.

In their work, it is also proved, for U open, bounded and balanced,

that each f ∈ Hb(U) admits an extension f̃ ∈ Hb(ÛP(E)).
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Algebras of holomorphic germs.

Let E be a Banach space and let K ⊂ E be a compact subset. Let
us consider the following set:

h(K ) = ∪{H(U) : U ⊃ K is an open subset of E}.

Let f1, f2 ∈ h(K ) and let U1, U2 be open subsets of E , with
K ⊂ U1 and K ⊂ U2, such that f1 ∈ H(U1) e f2 ∈ H(U2).

We say that f1 and f2 are equivalent (and we denote f1 ∼ f2) if
there exists an open subset W ⊆ E with K ⊂W ⊆ U1 ∩ U2 and
such that f1 = f2 em W .

Then ∼ is an equivalence relation in h(K ) and we denote
H(K ) = h(K )/ ∼.
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The elements of H(K ) are called holomorphic germs on K .

Finally, we endow H(K ) with the locally convex inductive topology
with respect to the inclusions in : Hb(Un) ↪→ H(K ), where
Un = K + B(0, 1n ), for every n ∈ N.

And we write H(K ) = lim−→n∈NHb(Un).

We denote by [f ] the elements of the algebra H(K ), which means
that the class [f ] ∈ H(K ) if, and only if, there exists n ∈ N such
that f ∈ Hb(Un).

We have studied Banach-Stone for the algebras H(K ) and H(L).
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The result that we obtained is the following:

Theorem

Let E and F Tsirelson-like Banach spaces, let K ⊂ E and L ⊂ F
be balanced compact subsets. Then the following conditions are
equivalent:

1 H(K ) e H(L) are topologically isomorphic (as algebras).

2 K̂P(E) e L̂P(F ) are biholomorfically equivalent.

We observe that two compact sets are biholomorfically equivalent
if there exists a biholomorphic mapping between open subsets
containing each of the compact sets.
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Idea of the proof.

Let T : H(K ) −→ H(L) be a topological isomorphism.

It was proved in [2] that for each k ∈ N there exists mk ∈ N and a
continuous homomorphism Tk : Hb(Uk) −→ Hb(Vmk

) such that
the following diagram commutes.

H(K )
T−−−−→ H(L)

ik

x ximk

Hb(Uk)
Tk−−−−→ Hb(Vmk

)
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Using Theorem 7, there exists a holomorphic mapping

ϕk : (V̂mk
)P(F ) −→ (Ûk)P(E),

with the property T̃k(f ) = f̃ ◦ ϕ, for all f ∈ Hb(Uk).

Applying the same argument for S = T−1, for mk we find nk > k ,
a continuous homomorphism

Sk : Hb(Vmk
) −→ Hb(Unk ) and a holomorphic mapping

ψk : (Ûnk )P(E) −→ (V̂mk
)P(F ),

such that S̃k(g) = g̃ ◦ ψ, for all g ∈ Hb(Vmk
).

Then we prove that ϕk ◦ ψk : (Ûnk )P(E) −→ (Ûk)P(F ) is the
inclusion mapping, for all k ∈ N.
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a continuous homomorphism

Sk : Hb(Vmk
) −→ Hb(Unk )

and a holomorphic mapping

ψk : (Ûnk )P(E) −→ (V̂mk
)P(F ),

such that S̃k(g) = g̃ ◦ ψ, for all g ∈ Hb(Vmk
).

Then we prove that ϕk ◦ ψk : (Ûnk )P(E) −→ (Ûk)P(F ) is the
inclusion mapping, for all k ∈ N.
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Next it follows that ϕ1 = ϕk on each (V̂mk
)P(F ),

and then ϕ1(L) ⊂ (Ûk)P(E), for all k ∈ N.

Using the properties of the sets Uk , as well as the properties of the
elements of P(E ) we can show that:

K̂P(E) =
⋂
k∈N

(Ûk)P(E).

And hence ϕ1(L) ⊂ K̂P(E).
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By the same arguments, we show that ψ1(K ) ⊂ L̂P(F ).

Next, we make some adjustments, and obtain open subsets U ⊂ E ,
V ⊂ F , with K̂P(E) ⊂ U, L̂P(F ) ⊂ V ,

and a biholomorphic mapping ϕ : V −→ U such that

ϕ(L̂P(F )) = K̂P(E).

And then (1)⇒ (2) is proved.

The implication (2)⇒ (1) is not difficult to prove, and is true with
no assumptions on E and F , and for K and L balanced compact
subsets.
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When K and L are polynomially convex, that is

when K = K̂P(E) and L = L̂P(F ), we have the following corollary:

Corollary

Let E and F Tsirelson-like Banach spaces, let K ⊂ E and L ⊂ F
be balanced and polynomially convex compact subsets. Then the
following conditions are equivalent:

1 H(K ) e H(L) are topologically isomorphic (as algebras).

2 K and L are biholomorfically equivalent.

Corollary 9 improves a result of [6]. Where the results are obtained
when K = K̂P(mE) and L = L̂P(nF ).
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THANK YOU!
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