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(Weakly) compact m-homogeneous polynomials = map bounded
sets to relatively (weakly) compact sets.
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P : E — F is a (continuous) n-homogeneous polynomial if
P(x) = A(x, ..., x) for some (continous) n-linear mapping A.

P("E, F) = all continuous n-homogeneous polynomials from E
to F.

1P|l := supxep [P(X)]-
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A polynomial ideal:

Q is a subclass of the class of all continuous homogeneous

polynomials between Banach spaces such that all the components
Q("E,F) =P("E, F) N Q satisfy:

1. Q("E,F) — P("E, F) which contains the n-homogeneous

polynomials of finite type.

2. The ideal property: if u € L(G,E), P € Q("E,F) and
t € L(F, H), then the composition to Pouis in Q("G, H).



A normed (Banach) polynomial ideal:
(O, o] if || - [0 : @ — R satisfies

and n,

1. (Q("E;F),|| - |lo) is a normed (Banach) space for all E, F
2. [[P":K—K: P"(x) =x"||g =1 for all n, and

[to Poullo < tlliPlleflull,

3. Ifue L(G,E), P Q("E,F) and t € L(F, H), then
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Given an operator ideal [Z, ],

» the composition ideal of polynomials Z o P: all P s.t.
P =ToQ@, where Q is a homogeneous polynomial and T is a
linear operator belonging to Z.

» The composition norm of P € Zo P(™E; F)
|Pllzop == inf{e(T)||Q] : P=ToQ,Q € P("E; G), T € Z(G; F)},

With this norm Z o P becomes a Banach polynomial ideal
whenever [Z, ] is a Banach operator ideal.
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Let [Z, ] be a normed operator ideal and let F be a Banach space,

Stephani: Cz(F):= AC F s.t. AC T(Bz) for some Banach
space Z and some T € Z(Z; F).

Any A € Cz(F) is called a Z—bounded set.
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» P cP(ME; F) is locally Z—bounded if for every x € E there
exists a neighborhood V, of x such that P(V,) € Cz(F).

» Pz(™E; F)= all locally Z—bounded m-homogeneous
polynomials from E to F.

P € P("E; F) is locally Z-bounded < P(Bg) € Cz(F).
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Given P € Pz(™E;F), we have P(Bg) C T(Bz) for some Banach
space Z and some T € Z(Z; F). Define

Pz :=inf(T)
where T varies among those operators in Z fulfilling the above
condition.
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Given P € Pz(™E;F), we have P(Bg) C T(Bz) for some Banach
space Z and some T € Z(Z; F). Define

Pz :=inf(T)
where T varies among those operators in Z fulfilling the above
condition.

When m = 1 we write L7(E; F) = Pz(1E; F).

I(E;F) C Lz(E; F) C L(E; F)
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Given P € Pz(™E; F), we have P(Bg) C T(Bz) for some Banach
space Z and some T € Z(Z; F). Define

Pz :=inf(T)
where T varies among those operators in Z fulfilling the above
condition.

When m = 1 we write L7(E; F) = Pz(1E; F).

I(E;F) C Lz(E;F) C L(E; F)

Z(E; F) = Lz(E; F) if and only if Z is surjective.



[Pz, || - ||z] is a (Banach) ideal of polynomials whenever [Z, (]
is a (Banach) ideal of operators.
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» W = ideal of weakly compact operators.
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» W = ideal of weakly compact operators.

Gy (F) = relatively weakly compact sets in F.
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» W = ideal of weakly compact operators.

Gy (F) = relatively weakly compact sets in F.

Pw(ME; F) = weakly compact polynomials.
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» W = ideal of weakly compact operators.

Gy (F) = relatively weakly compact sets in F.
Pw(ME; F) = weakly compact polynomials.
» I = ideal of compact operators.
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» W = ideal of weakly compact operators.

Gy (F) = relatively weakly compact sets in F.
Pw(ME; F) = weakly compact polynomials.
» I = ideal of compact operators.

Cic(F) = relatively compact sets in F.
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» W = ideal of weakly compact operators.

Gy (F) = relatively weakly compact sets in F.
Pw(ME; F) = weakly compact polynomials.

» I = ideal of compact operators.
Cic(F) = relatively compact sets in F.
Pi(™E; F) = compact polynomials.
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» Sinha, Karn (2002): Let 1 < p, p’ < 0o be conjugate indices.

K C E is relatively p—compact if for some sequence
(xn) € €p(E), K C{>_,anxa | (an) € By},
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» Sinha, Karn (2002): Let 1 < p, p’ < 0o be conjugate indices.

K C E is relatively p—compact if for some sequence
(xn) € €p(E), K C{>_,anxa | (an) € By},
p—compact.

An operator T € L(E; F) is p—compact if T(Bg) is relatively
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» Sinha, Karn (2002): Let 1 < p, p’ < 0o be conjugate indices.

K C E is relatively p—compact if for some sequence
(xn) € €p(E), K C{>_,anxa | (an) € By},
p—compact.

ko(T) = inf{||(xa)nllp}

An operator T € L(E; F) is p—compact if T(Bg) is relatively
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» Sinha, Karn (2002): Let 1 < p, p’ < 0o be conjugate indices.
K C E is relatively p—compact if for some sequence
(xn) € €p(E), K C{>_,anxa | (an) € By},
An operator T € L(E; F) is p—compact if T(Bg) is relatively
p—compact.

ko(T) = inf{||(xa)nllp}

[Kp, kp] = the Banach ideal formed by all p—compact
operators.
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» Sinha, Karn (2002): Let 1 < p, p’ < 0o be conjugate indices.
K C E is relatively p—compact if for some sequence

(xn) € £p(E), K C{>5anxn | (an) € By},

An operator T € L(E; F) is p—compact if T(Bg) is relatively
p—compact.

ko(T) = inf{||(xa)nllp}

[Kp, kp] = the Banach ideal formed by all p—compact
operators.

» Ac Ck,(E) if and only if A'is relatively p—compact.
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» Sinha, Karn (2002): Let 1 < p, p’ < 0o be conjugate indices.
K C E is relatively p—compact if for some sequence
(xn) € €p(E), K C{>_,anxa | (an) € By},
An operator T € L(E; F) is p—compact if T(Bg) is relatively
p—compact.

ko(T) = inf{||(xa)nllp}

[Kp, kp] = the Banach ideal formed by all p—compact
operators.

» Ac Ck,(E) if and only if A'is relatively p—compact.
» P, is the ideal of all p-compact homogeneous polynomials.
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Pr,("E; F)

» Aron, Maestre and R.(2010): p-compact holomorphic
functions.

» Aron and R.(2011): the composition of a p-compact
homogeneous polynomial with any n-homogeneous polynomial
is p-compact

» Aron and R.(2011): Any continuous homogeneous polynomial
maps relatively p-compact sets to relatively p-compact sets.

» Lassalle, Turco(2012): p-approximation property on E <
p-compact homogeneous polynomials with range on E can be
uniformly approximated by finite rank polynomials.

» Aron, Caliskan, Garcia, Maestre: Any holomorphic function
maps relatively p-compact sets to relatively p-compact sets.



A Banach operator ideal [Z, || - ||z] is tensor stable with respect to

a tensor norm « if T ® S belongs to Z(E&,F; G&aH) whenever
T €Z(E;G) and S € Z(F; H).

» Vala (1964): compact operators are e-stable.

» Holub (1970): studied the stability of absolutely p-summing
operators and nuclear operators.

» Berrios, Botelho, Carl, Defant, Ramanujan, Konig, Pietsch,...
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R. Ryan (1980):
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R. Ryan (1980):

» The n-fold symmetric tensor product of E, denoted ®,E, is
the subspace of ®,E generated by all tensors of the form
X®Q- ---®@x, x€E.

Each tensor 0 in ®,sE can be written as
=" A% ® - ® X,
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R. Ryan (1980):

>

The n-fold symmetric tensor product of E, denoted ®,sE, is

the subspace of ®,E generated by all tensors of the form
X®Q- ---®@x, x€E.

Each tensor 0 in ®,sE can be written as
0=>"T1Ax® @ x;,
Projective s-tensor norm:

m m
ms(0) = infO_INlIxl" 0= Aixi @ - @ xi}.
i=1 i=1

®:,55E := the completion of (®p sE, 7s)
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Given T € L(E; F), let @ T : &°E — &"°F be defined by

n n
®mT(Za,-x,- ® QX)) = ZaiT(Xi) ® - ® T(x)
i=1 i=1

and extended by continuity to the completions.

An operator ideal [Z, ] is stable under the formation of symmetric
tensor products if ®, T : &1"E — ®7"°F belongs to

Z(&7°E; ©7°F) whenever T € Z(E; F) and, in this case,
(®mT) < Cu(T)™ for some positive constant C.
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If an operator ideal [Z, ] is stable under the formation of
symmetric tensor products then any continuous m—homogeneous
polynomial maps Z—bounded sets to Z—bounded sets.

The ideal of p—compact operators is stable under the formation of
symmetric tensor products.

Any continuous m—homogeneous polynomial maps p-compact sets
to p-compact sets.
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Aron and R.(2012)

Let Z be an operator ideal and let E, F, G and Z be Banach
spaces.
(i) If P € Pz(™E;F) and Q € P('Z; E) then
PoQ € Pz(™Z;F). In this case,

1PoQliz < [|PllzllQI™

(ii) If Z is stable under the formation of symmetric tensor
products then R o P € Pr(™KE; G) for any P € Pr("E;F)
and any R € P(¥F; G). In this case, there exists K > 0 such

that
[RoPllz < K|RIIPIZ



The lack of associativity in the projective symmetric tensor product
does not permit us to define the tensor product ®,P of an
m—homogeneous polynomials P for n # m.

However, the next definition shows how to handle the case n = m.
Let P € P(ME; F). The m—tensor product of P is the

m—homogeneous polynomial ®,,P € P(’"®7TS’SE; &F) given by
@mP = (@mPL) 0 6m.
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The commutativity of the diagram

A RmP A

& E & F
Om
\ 4

S (B E)
makes clear that (®,P)t = ®,Pt. Notice that &
( ’\ m 5(®m SE

"(®°E) and
to L(&1

AmSs,am
.

”E may differ. Then although P("®°E; & "°F) and

); ®"°F) are isometrically isomorphic via the

canonlcal linearization, we cannot conclude that (®

SE @™ F),

mP)E belongs




The composition ideal Z o P is stable under the formation of
symmetric tensor products if ®,,P belongs to

ZoP("&n E;&7°F) forall Pe€ZoP(mE;F).

If an operator ideal Z is stable under the formation of symmetric
ToP.

tensor products then so is the composition ideal of polynomials

|
If P € Pr,("E; F) then ® P € PICP('"@),TS’SE; &™F).
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An operator ideal Z is said to satisfy Condition I' if the closed
absolutely convex hull ['(A) of any Z—bounded setA is Z—bounded.
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An operator ideal Z is said to satisfy Condition I' if the closed
absolutely convex hull ['(A) of any Z—bounded setA is Z—bounded.

operators.

1. Gonzalez and Gutiérrez: Any operator ideal which is surjective
the ideals of compact operators and weakly compact

and closed satisfies Condition I'. The most usual examples are
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Z-Bounded sets
I—Comparing with the composition ideal of poly

Comparing with the composition ideal of polynomials

An operator ideal Z is said to satisfy Condition I if the closed
absolutely convex hull I'(A) of any Z—bounded setA is Z—bounded.

1. Gonzélez and Gutiérrez: Any operator ideal which is surjective
and closed satisfies Condition I'. The most usual examples are
the ideals of compact operators and weakly compact
operators.

2. For 1 < p < o0, the ideal [Kp, k] of all p—compact operators
is surjective and satisfies Condition I', although K, is not
closed.



]
If Z is surjective and satisfies Condition I then
Pz(ME; F) =Z o P(™E; F) for all Banach spaces E and F, and
|- llz < llzop-
|
If Z is closed and surjective then ||P||z = ||P| for all
P e Pz(mE; F).
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THANK YOU!
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