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The Lorch analytic Mappings

E = commutative complex Banach algebra with a unit e s.th. ‖e‖ = 1.

U = open connected subset of E .
Br (z0) = {z ∈ E : ‖z − z0‖ < r} for all z0 ∈ E and r > 0.
∆r (λ0) = {λ ∈ C; |λ− λ0| < r} for all λ0 ∈ C and r > 0.
∆1(0) will be denoted by ∆.
∆r (φ(z0)) = φ(Br (z0)) for every non zero homomorphism φ : E → C.

Definition
A mapping f : U → E is Lorch analytic if given any z0 ∈ U there exists r > 0
and there exist (unique) elements an ∈ E , such that Br (z0) ⊂ U and
f (z) =

∑∞
n=0 an(z − z0)n, for all z ∈ Br (z0).

If f : U → E is Lorch analytic in U then it is continuous and Fréchet
differentiable in U and hence it is a holomorphic mapping in the usual
sense . The converse is not true.
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The Lorch analytic mappings

The development of the Lorch theory goes parallel with that of the
classical theory.

With Lorch’s work as foundation, Blum extended the theory to include a
study of Laurent expansions, analytic continuation, rational functions and
singularities of analytic functions.
The mappings exp and log were defined and studied in this context. In
particular, Glickfeld described the periods of exp in terms of the
idempotents of E .
Glickfeld presented a generalization of the Cauchy-Riemann equations to
the setting of the Lorch analytic mappings when E is provided with a
continuous involution ∗.
Glickfeld presented a generalization of the Mittag-Leffler’s Theorem .
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The Lorch analytic mappings

Notation:

Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.

If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).

Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .

So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The Lorch analytic mappings

Notation:
Given any U ⊂ E open and connected ,

HL(U,E) = space of all Lorch analytic mappings in U.
If U = E we write HL(E) instead of HL(E ,E).

If U = BE = {z ∈ E : ‖z‖ < 1} we write HL(BE ) instead of HL(BE ,E).

PL(nE) = the space of the n-homogeneous polynomials from E into E
which are Lorch analytic in E . (Topological subspace of P(nE ,E)).
Given any a ∈ E , ∀n ∈ N Pa,n(z) = azn ∀z ∈ E .
Pa,0(z) = a ∀z ∈ E .

It is routine to verify:

For each n ∈ N, P ∈ PL(nE) if and only if there exists a ∈ E such that
P(z) = azn for all z ∈ E .
So, for each n ∈ N, PL(nE) is isometrically isomorphic to E .

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 4 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space

HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .

In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.

dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.

dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The spaces HL(E) and HL(U,E)

With the usual operations, HL(E) is a closed subspace of Hb(E ,E).

(HL(E), τb) is a Fréchet space
HL(E) ⊂ Hb(E ,E) =⇒ f ∈ HL(E) if and only if there exists (unique)
elements an ∈ E such that lim

n→∞
‖ an ‖

1
n = 0 and f (z) =

∑∞
n=0 anzn for all

z ∈ E .
In general, HL(E) & Hb(E ,E).

As Id = Pe,1 ∈ HL(E), HL(E) 6⊂ Hwu(E ,E) whenever dim E <∞.
dU(a) = dist (a, ∂U) > 0 for every a ∈ U.

rbf (w0) = radius of boundedness of f at w0 for f ∈ HL(U; E) and w0 ∈ U.

Proposition
If f ∈ HL(U; E) and w0 ∈ U, then rbf (w0) = dU(w0).

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 5 / 22



The space HL(U,E)

For f : U → F where F = complex Banach space,

‖f‖Br (z) =: sup{‖f (w)‖ ; w ∈ Br (z)}.

Hd (U,F ) =: {f ∈ H(U; F ) : ‖f‖Br (z) <∞ ∀z ∈ U and ∀ 0 < r < dU(z)}

Hb(U; F ) ⊂ Hd (U; F ) ⊂ H(U; F )

HL(U,E) ⊂ Hd (U; E).

τd = topology generated in Hd (U,F ) by the family of semi-norms

{‖ · ‖Br (z) : 0 < r < dU(z) and z ∈ U}).

E separable⇒ (Hd (U,F ), τd ) is a Fréchet space (Dineen and Venkova,
for F = C)
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The space HL(U,E)

Proposition
HL(U,E) is a closed subspace of (Hd (U; E), τd ) whenever E is separable.
Consequently, (HL(U,E), τd ) is a Fréchet space whenever E is separable.

If U = Br (z0), z0 ∈ E , r > 0, HL(Br (z0),E) & Hb(Br (z0),E) =
Hd (Br (z0),E) and τd = τb in HL(Br (z0),E).

In particular HL(BE ) & Hb(BE ,E) = Hd (BE ,E) and τb = τd .

Proposition
(HL(Br (z0),E), τb) is a Fréchet space. In particular (HL(BE ), τb) is a Fréchet
space.
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Definitions and Notation

A = complex commutative unital Fréchet algebra.

M(A) = the set of the non-null complex valued continuous homomorphisms
defined in A (= spectrum of A).

The radical R(A) of is the intersection of all maximal ideals in A.

An algebra A is called semi-simple if R(A) = {0}.

Well known:

M(A) coincides with the set of the closed maximal ideals of A.
As a consequence:

R(A) =
⋂

ϕ∈M(A)

ϕ−1(0).
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The algebra HL(E)

HL(E) denotes the algebra obtained when we consider the usual product in
the space HL(E).

HL(E) is a commutative Fréchet algebra with identity.

Theorem
Let E be a commutative Banach algebra with a unit element e. The mapping

δ :M(E) × C −→ M(HL(E))

defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ HL(E) is injective and onto.
Moreover, δ is a homeomorphism.

Proposition
E is semi-simple if and only if HL(E) is semi-simple.

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 9 / 22



The algebra HL(E)

HL(E) denotes the algebra obtained when we consider the usual product in
the space HL(E).

HL(E) is a commutative Fréchet algebra with identity.

Theorem
Let E be a commutative Banach algebra with a unit element e. The mapping

δ :M(E) × C −→ M(HL(E))

defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ HL(E) is injective and onto.
Moreover, δ is a homeomorphism.

Proposition
E is semi-simple if and only if HL(E) is semi-simple.

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 9 / 22



The algebra HL(E)

HL(E) denotes the algebra obtained when we consider the usual product in
the space HL(E).

HL(E) is a commutative Fréchet algebra with identity.

Theorem
Let E be a commutative Banach algebra with a unit element e. The mapping

δ :M(E) × C −→ M(HL(E))

defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ HL(E) is injective and onto.
Moreover, δ is a homeomorphism.

Proposition
E is semi-simple if and only if HL(E) is semi-simple.

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 9 / 22



The algebra HL(E)

HL(E) denotes the algebra obtained when we consider the usual product in
the space HL(E).

HL(E) is a commutative Fréchet algebra with identity.

Theorem
Let E be a commutative Banach algebra with a unit element e. The mapping

δ :M(E) × C −→ M(HL(E))

defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ HL(E) is injective and onto.
Moreover, δ is a homeomorphism.

Proposition
E is semi-simple if and only if HL(E) is semi-simple.

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 9 / 22



The algebra HL(E)

HL(E) denotes the algebra obtained when we consider the usual product in
the space HL(E).

HL(E) is a commutative Fréchet algebra with identity.

Theorem
Let E be a commutative Banach algebra with a unit element e. The mapping

δ :M(E) × C −→ M(HL(E))

defined by δ(ϕ, λ)(f ) = ϕ(f (λe)) for every f ∈ HL(E) is injective and onto.
Moreover, δ is a homeomorphism.

Proposition
E is semi-simple if and only if HL(E) is semi-simple.

G. Mauro, L. A. Moraes and A. F. Pereira (UFRJ) Algebras of Lorch Analytic Mappings Buenos Aires, 23/07/2014 9 / 22



The algebra HL(Br(z0),E)

HL(Br (z0),E) denotes the algebra obtained when we consider the usual pro-
duct in the space HL(Br (z0),E).

HL(Br (z0),E) is a commutative Fréchet algebra with identity.

The topology τb (=τd ) in HL(Br (z0),E) is defined by the seminorms

ρn(f ) = sup{‖f (z)‖; ‖z − z0‖ < r − 1/n}.

Let f ∈ HL(U,E) and φ ∈M(E).

If there is a (necessarily unique) complex analytic function g : φ(U)→ C
so that g ◦ φ = φ ◦ f on U, we say that g is the quotient function of f with
respect to φ and write g = fφ.
Glickfeld discussed the existence of the quotient function fφ. From his
results we have that f ∈ HL(Br (z0),E)⇒ fφ exists for all φ ∈M(E).

For each φ ∈M(E), fφ is defined in ∆r (φ(z0)) = φ(Br (z0)) by

fφ(λ) =
∞∑

n=0

φ(an)(λ− φ(z0))n.
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The algebra HL(Br(z0),E)

Lemma
ψ(Pe,1) ∈ ∆r (ψ0(z0)) for every ψ ∈M(HL(Br (z0),E)).

Proof: ψ0(a) = ψ(Pa,0) defines a nonzero homomorphism in E (clear).
Let λ ≥ 0 and 0 ≤ θ < 2π such that ψ(Pe,1)− ψ0(z0) = λexp(iθ) and take

f (z) =
∞∑

n=0

e
rn exp(inθ)

(z − z0)n for all z ∈ Br (z0).

Clearly f ∈ HL(Br (z0),E) and

ψ(f ) =
∞∑

n=0

ψ0

(
e

rn exp(inθ)

)
(ψ(Pe,1)− ψ0(z0))n

=
∞∑

n=0

1
rn exp(inθ)

λn exp(inθ) =
∞∑

n=0

(
λ

r

)n

.
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The algebra HL(Br(z0),E)

Since this series converges (to ψ(f )), we must have λ
r < 1 and hence λ < r .

So, |ψ(Pe,1)− ψ0(z0)| = λ < r , i.e., ψ(Pe,1) ∈ ∆r (ψ0(z0)).

Theorem
Let E be a commutative Banach algebra with a unit element e. The mapping

δ :
⋃

φ∈M(E)

{(φ, λ0) ;λ0 ∈ ∆r (φ(z0))} −→M(HL(Br (z0),E))

defined by δ(φ, λ0)(f ) = fφ(λ0) for every f ∈ HL(Br (z0),E) (where fφ denotes
the quotient function of f with respect to φ) is injective and onto.

Proof: Given any φ ∈M(E) and λ0 ∈ ∆r (φ(z0)),
• δ(φ, λ0) is linear and multiplicative (easy);
• φ ∈M(E)⇒ ∃w0 ∈ E such that φ(w0) 6= 0.
• ∆r (φ(z0)) = φ(Br (z0))⇒ there exists z ∈ Br (z0) such that φ(z) = λ0.
Now, for f = Pw0,0 we have fφ(λ0) = fφ ◦ φ(z) = φ ◦ Pw0,0(z) = φ(w0) 6= 0 and
from this we infer that δ(φ, λ0) 6≡ 0.
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The algebra HL(Br(z0),E)

• δ(φ, λ0) is continuous:
Given any z ∈ Br (z0) such that φ(z) = λ0,∃n ∈ N so that ‖z − z0‖ < r − 1

n .
Consequently

|δ(φ, λ0)(f )| = |fφ(φ(z))| = |φ(f (z))| ≤ ‖f (z)‖ ≤ ρn(f ).

This completes the proof of δ(φ, λ0) ∈M(HL(Br (z0),E)).

• δ is injective: Suppose that δ(φ, λ0) = δ(µ, λ1).
Take z1, z2 ∈ Br (z0) such that φ(z1) = λ0, and µ(z2) = λ1.

δ(φ, λ0) = δ(µ, λ1) ⇒ φ(a) = φ ◦ Pa,0(z1) = (Pa,0)φ ◦ φ(z1) = (Pa,0)φ(λ0) =
δ(φ, λ0)(Pa,0) = δ(µ, λ1)(Pa,0) = (Pa,0)µ(λ1) = (Pa,0)µ ◦ µ(z2) = µ ◦ Pa,0(z2) =
µ(a) ∀a ∈ E ⇒ φ = µ.

Moreover δ(φ, λ0) = δ(µ, λ1) and φ = µ ⇒ λ0 = φ(e)λ0 = (Pe,1)φ(λ0) =
(Pe,1)µ(λ1) = µ(e)λ1 = λ1.

So, δ is injective.
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The algebra HL(Br(z0),E)

• δ is onto:

take ψ ∈M(HL(Br (z0),E)) arbitrary.

f ∈ HL(Br (z0),E)⇒ f (z) =
∑∞

n=0 an(z − z0)n for all z ∈ Br (z0)

⇒ f =
∑∞

n=0 Pan,0(Pe,1 − Pz0,0)n

By definition,

fψ0 (λ) =
∑∞

n=0 ψ0(an)(λ− ψ0(z0))n for all λ ∈ ∆r (ψ(z0)).

Now ψ0(a) = ψ(Pa,1) is an element of M(E), ψ(Pe,1) ∈ ∆r (ψ0(z0)) and

δ(ψ0, ψ(Pe,1))(f ) = fψ0 (ψ(Pe,1)) =
∑∞

n=0 ψ0(an)(ψ(Pe,1)− ψ0(z0))n = ψ(f )

for all f ∈ HL(Br (z0),E).

So, δ is onto.
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The algebra HL(Br(z0),E)

ConsiderM(HL(Br (z0),E)) andM(E) endowed with Gelfand topology τG and⋃
φ∈M(E)

{(φ, λ0) ;λ0 ∈ ∆r (φ(z0))} endowed with the topology τπ induced by the

product topology inM(E)× C.

Theorem
The mapping δ defined by δ(φ, λ0)(f ) = fφ(λ0) establishes a homeomorphism
between

M (HL(Br (z0),E)) and

( ⋃
φ∈M(E)

{(φ, λ) ;λ ∈ ∆r (φ(z0))} , τπ

)
.

Proof: We just showed that δ−1(ψ) = (ψ0, λ0) where ψ0(a) = ψ(Pa,0) for all
a ∈ E and λ0 = ψ(Pe,1).
Fix any ψ ∈ M(HL(Br (z0),E)) and take any net (ψα)α ⊂ M(HL(Br (z0),E))

such that ψα
τG→ ψ.

• ψα
τG→ ψ ⇒ ψα(Pa,0)→ ψ(Pa,0) for every a ∈ E and hence (ψα)0

τG→ ψ0.
• ψα(Pe,1)→ ψ(Pe,1) in C.
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The algebra HL(Br(z0),E)

Hence δ−1(ψα)→ δ−1(ψ) in
⋃

φ∈M(E)

{(φ, λ) ;λ ∈ ∆r (φ(x0))} .

So δ−1 is continuous.

In order to show the continuity of δ, take any net ((φα, λα))α∈L in⋃
φ∈M(E)

{(φ, λ) ;λ ∈ ∆r (φ(z0))} and (φ0, λ0) ∈
⋃

φ∈M(E)

{(φ, λ) ;λ ∈ ∆r (φ(z0))}

such that (φα, λα)
τπ→ (φ0, λ0).

We claim that given f ∈ HL(Br (z0),E) and ε > 0, there exists αε ∈ L such that
|δ(φα, λα)(f )− δ(φ0, λ0)(f )| = |fφα(λα)− fφ0 (λ0)| < ε for all α ≥ αε.

Choose z ∈ Br (z0) such that φ0(z) = λ0 and take λα0 = φα(z) for every α ∈ L.
• f continuous in z ⇒ there exists δε > 0 such that Bδε(z) ⊂ Br (z0) and
‖f (z)− f (w)‖ < ε/2 for all w ∈ Bδε(z).
• φα

τG→ φ0 and λα → λ0 ⇒ there exists αε ∈ L such that |(φ0 − φα)(f (z))| <
ε/2, |λα0 −λ0| = |φα(z)−φ0(z)| < δε/2 and |λα−λ0| < δε/2 for all α ≥ αε.
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In order to show the continuity of δ, take any net ((φα, λα))α∈L in⋃
φ∈M(E)

{(φ, λ) ;λ ∈ ∆r (φ(z0))} and (φ0, λ0) ∈
⋃

φ∈M(E)

{(φ, λ) ;λ ∈ ∆r (φ(z0))}

such that (φα, λα)
τπ→ (φ0, λ0).

We claim that given f ∈ HL(Br (z0),E) and ε > 0, there exists αε ∈ L such that
|δ(φα, λα)(f )− δ(φ0, λ0)(f )| = |fφα(λα)− fφ0 (λ0)| < ε for all α ≥ αε.

Choose z ∈ Br (z0) such that φ0(z) = λ0 and take λα0 = φα(z) for every α ∈ L.
• f continuous in z ⇒ there exists δε > 0 such that Bδε(z) ⊂ Br (z0) and
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ε/2, |λα0 −λ0| = |φα(z)−φ0(z)| < δε/2 and |λα−λ0| < δε/2 for all α ≥ αε.
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Hence λα ∈ ∆δε(λα0 ) = φα(Bδε(z)) for all α ≥ αε and so there exists wα ∈
Bδε(z) such that φα(wα) = λα.

From this, by using the definition of quotient function we get
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∣∣fφα

(λα)− fφα
(λα0 )
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The algebra HL(Br(z0),E)

As φ(0) = 0 for all φ ∈M(E), we have:

Theorem
Let E be a commutative Banach algebra with a unit element e. The spectrum
M(HL(BE )) is homeomorphic toM(E)×∆ by the mapping

δ :M(E)×∆ −→M(HL(BE ))

defined by δ(φ, λ0)(f ) = fφ(λ0) for every f ∈ HL(BE ).

As a consequence of the description of the spectrum of HL(Br (z0),E) we get:

Proposition
E is semi-simple if and only if HL(Br (z0),E) is semi-simple.
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The algebra HL(Br(z0),E)

Proof: For A = E or HL(Br (z0),E), A is semi-simple⇔ R(A) = {0} where
R(A) =

⋂
ϕ∈M(A)

ϕ−1(0).

Suppose that E is semi-simple.

f ∈ R (HL(Br (z0),E))⇔ fφ(λ) = δ(φ, λ)(f ) = 0 ∀φ ∈M(E), ∀λ ∈ ∆r (φ(z0)).

Since φ(z) ∈ ∆r (φ(z0)) ∀ z ∈ Br (z0) and ∀ φ ∈M(E), this gives

φ ◦ f (z) = fφ(φ(z)) = 0 ∀ z ∈ Br (z0) and ∀ φ ∈M(E).

⇒ f (z) = 0 for every z ∈ Br (z0).

⇒ f ≡ 0 whenever f ∈ R (HL(Br (z0),E)) .

⇒ HL(Br (z0),E) is semi-simple.
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The algebra HL(Br(z0),E)

Suppose that HL(Br (z0),E) is semi-simple and take any a ∈ R(E).

ψ ∈M(HL(Br (z0),E))⇒ ∃(φ, λ) ∈M(E)×∆r (φ(z0)) such that ψ(f ) = fφ(λ)
for every f ∈ HL(Br (z0),E).

Equivalently,

ψ ∈ M(HL(Br (z0),E)) if ψ(f ) = fφ(φ(z)) for some z ∈ Br (z0) and for every
f ∈ HL(Br (z0),E).

In particular, ψ(Pa,0) = φ(a).

But a ∈ R(E)⇒ φ(a) = 0 ∀φ ∈M(E).

Hence ψ(Pa,0) = 0 ∀ψ ∈M(HL(Br (z0),E)).

Hence, HL(Br (z0),E) is semi-simple⇒ Pa,0 ≡ 0⇒ a = 0.

So a = 0 whenever a ∈ R(E).

⇒ E is semi-simple.
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