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Introduction

The classical Bloch space.

The Bloch space on the unit ball B, of C".

The Bloch space on the unit ball Bg of a Hilbert space E.

Equivalent norms. A norm which is invariant by automorphisms of Bg.

@ Bounded analytic functions on Bg are Bloch functions.
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The infinite dimensional case

The Bloch space on the unit disk

The classical Bloch space B is the space of analytic functions f : D — C satisfying

Iflls = sup(1 — |2*)|f'(2)| < co.
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The Bloch space on the unit disk

The classical Bloch space B is the space of analytic functions f : D — C satisfying

Iflls = sup(1 — |2*)|f'(2)| < co.
zeD

It is endowed with the norm |[|f||gien = |F(0)] + ||| < co and

(Bl - IBiock)

becomes a Banach space.

o || - ||g invariant by automorphisms: ||f o p||g = ||f||g if f € B and ¢ € Aut(D).

Recall that automorphisms ¢ = e"gwa, where pa(z) = 12:;2,

for |a] < 1.
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The Bloch space on the unit disk

The classical Bloch space B is the space of analytic functions f : D — C satisfying

Iflls = sup(1 — |2*)|f'(2)| < co.
zeD

It is endowed with the norm |[|f||gien = |F(0)] + ||| < co and
(Bl - IBiock)

becomes a Banach space.
o || - ||g invariant by automorphisms: ||f o p||g = ||f||g if f € B and ¢ € Aut(D).
Recall that automorphisms ¢ = e'?p,, where pa(z) = 127—’;'2 for |a| < 1.

H®° := {f : D — C analytic and bounded } — (H®°,|| - ||cc) Banach space.
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The Bloch space on the unit disk

The classical Bloch space B is the space of analytic functions f : D — C satisfying

Iflls = sup(1 — |2*)|f'(2)| < co.
zeD

It is endowed with the norm |[|f||gien = |F(0)] + ||| < co and
(Bl - IBiock)

becomes a Banach space.
o || - ||g invariant by automorphisms: ||f o p||g = ||f||g if f € B and ¢ € Aut(D).
Recall that automorphisms ¢ = e'?p,, where pa(z) = 127—’;'2 for |a| < 1.

H®° := {f : D — C analytic and bounded } — (H®°,|| - ||cc) Banach space.

@ H® is properly contained in B and

Ifll5 < [Iflleo for any £ € H.
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Main result: The infinite dimensional case
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The Bloch space on the unit disk

The classical Bloch space B is the space of analytic functions f : D — C satisfying

Iflls = sup(1 — |2*)|f'(2)| < co.
zeD

It is endowed with the norm |[|f||gien = |F(0)] + ||| < co and
(Bl - IBiock)

becomes a Banach space.
o || - ||g invariant by automorphisms: ||f o p||g = ||f||g if f € B and ¢ € Aut(D).
Recall that automorphisms ¢ = e'?p,, where pa(z) = 127—’;'2 for |a| < 1.

H®° := {f : D — C analytic and bounded } — (H®°,|| - ||cc) Banach space.

@ H® is properly contained in B and

Ifll5 < [Iflleo for any £ € H.

o f(z) = Iog(i) € B\ H>®.
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There are several possible extensions of the Bloch space to the unit ball B, of C".

Timoney considers functions f : B, — C satisfying:
1) [|flls, = sup,es, (1~ [ZIP)IVF(2)]| < oo, where V£(z) = (£5(2).-- - . £(2)).

2) [|fllg, :=sup{||fllz : x € C",||x|| = 1} < oo, where fx(z) = f(zx), z € D.
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The Bloch space on the unit ball B, of C" (R. Timoney, 1980 and Zhu, 2005)

There are several possible extensions of the Bloch space to the unit ball B, of C".

Timoney considers functions f : B, — C satisfying:
1) flle, == sup.cs, (1 — 2RIV < oo, where V(z) i= (£ (2). - - , £5(2))-
2) [|fllg, :=sup{||fllz : x € C",||x|| = 1} < oo, where fx(z) = f(zx), z € D.

Zhu also considers functions f : B, — C satisfying:
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The Bloch space on the unit ball B, of C" (R. Timoney, 1980 and Zhu, 2005)

There are several possible extensions of the Bloch space to the unit ball B, of C".

Timoney considers functions f : B, — C satisfying:
1) Iflls, = suszBn(l — ||z||2)HVf(z)H < 00, where Vf(z) := (53—;1 Do g 8‘lz“n(z)).
2) [|fllg, :=sup{||fllz : x € C",||x|| = 1} < oo, where fx(z) = f(zx), z € D.

Zhu also considers functions f : B, — C satisfying:

3) lIflle; := sup.es, (1 — lIzIP)IRf(2)] < oo,
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The Bloch space on the unit ball B, of C" (R. Timoney, 1980 and Zhu, 2005)

There are several possible extensions of the Bloch space to the unit ball B, of C".

Timoney considers functions f : B, — C satisfying:
1) Iflls, = suszBn(l — ||z||2)HVf(z)H < 00, where Vf(z) := (53—;1 Do g 8‘lz“n(z)).
2) [|fllg, :=sup{||fllz : x € C",||x|| = 1} < oo, where fx(z) = f(zx), z € D.

Zhu also considers functions f : B, — C satisfying:

3) [Iflls; := supep, (1 — [1zI?)IRf(2)] < oo, where

Rf(z) := (Vf(z), z) is the so-called radial derivative (z = (z1, ..., Zn)).
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The Bloch space on the unit ball B, of C" (R. Timoney, 1980 and Zhu, 2005)

There are several possible extensions of the Bloch space to the unit ball B, of C".

Timoney considers functions f : B, — C satisfying:

1) [Iflls, = sup,eg, (1~ 22 VF(2)]| < oo, where VA(z) = (£5(2), - , £5(2)).

e
2) [|fllg, :=sup{||fllz : x € C",||x|| = 1} < oo, where fx(z) = f(zx), z € D.
Zhu also considers functions f : B, — C satisfying:
3) [Fllg, = sup,cs, (1 — IZI2)|RF(2)] < oo, where
Rf(z) := (Vf(z), z) is the so-called radial derivative (z = (z1, ..., Zn)).

Theorem [Timoney 1980, Zhu 2005]. The spaces X; := {f € H(B,) : ||f||5, < oo}
are equal for i = 1,2,3 and the three semi-norms are equivalent.

X; endowed with the norm ||f||; := [f(0)| 4 ||f||s, becomes a Banach space.
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The Bloch space on the unit ball B, of C" (R. Timoney, 1980 and Zhu, 2005)

There are several possible extensions of the Bloch space to the unit ball B, of C".

Timoney considers functions f : B, — C satisfying:

1) [Iflls, = sup,eg, (1~ 22 VF(2)]| < oo, where VA(z) = (£5(2), - , £5(2)).

e
2) [|fllg, :=sup{||fllz : x € C",||x|| = 1} < oo, where fx(z) = f(zx), z € D.
Zhu also considers functions f : B, — C satisfying:
3) [Fllg, = sup,cs, (1 — IZI2)|RF(2)] < oo, where
Rf(z) := (Vf(z), z) is the so-called radial derivative (z = (z1, ..., Zn)).

Theorem [Timoney 1980, Zhu 2005]. The spaces X; := {f € H(B,) : ||f||5, < oo}
are equal for i = 1,2,3 and the three semi-norms are equivalent.

X; endowed with the norm ||f||; := [f(0)| 4 ||f||s, becomes a Banach space.

Remark. || - ||, is not invariant by automorphisms of Bn: ||f o ¢||5, # ||f]|B,-
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The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if
[fllg := sup Qf(2) < oo.
zeB,

B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,
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The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if

[fllg := sup Q¢(2) < oo.

zeB,
B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,
iWhat is Qr(z)?
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Main result: The infinite dimensional case
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The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if
[fllg := sup Qf(2) < oo.
zeB,

B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,

iWhat is Qr(z)?
o Qr(2) = sup{ LD - w e €7\ {0}}

w, W)
@ B;(u,v) is the Bergman metric on By: For any z € B,, B;(u, v) is an inner

. . . . . 2 -
product whose matrix with respect to the canonical basis is %% log K(z, ).
==
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The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if
[fllg := sup Qf(2) < oo.
zeB,

B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,
iWhat is Qr(z)?
— [(Vf(z),m)] . n
o Qr(z) =sup{ VB (w,w) w € C"\ {0}}

w, W)
@ B;(u,v) is the Bergman metric on By: For any z € B,, B;(u, v) is an inner

. . . . . 2 -
product whose matrix with respect to the canonical basis is %% log K(z, ).
==

@ The Bergman Kernel K(z,w) = W, z,w € By.
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The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if
[fllg := sup Qf(2) < oo.
zeB,

B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,
iWhat is Qr(z)?
— [(V(z),m)]| . n
o Qr(z) =sup{ VB (w,w) w € C"\ {0}}
@ B;(u,v) is the Bergman metric on By: For any z € B,, B;(u, v) is an inner
product whose matrix with respect to the canonical basis is %a;’—;_ log K(z, ).
i©7g;
@ The Bergman Kernel K(z,w) = W, z,w € B,.

@ Qf(z): norm of df considered as a cotangent vector —» Differential Geometry.
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The infinite dimensional case

The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if
[fllg := sup Qf(2) < oo.
zeB,

B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,

iWhat is Qr(z)?
— KVi(z).w)]| . n
o Qr(z) =sup{ VB (w,w) w € C"\ {0}}
@ B;(u,v) is the Bergman metric on By: For any z € B,, B;(u, v) is an inner
product whose matrix with respect to the canonical basis is %a;’—;_ log K(z, ).
i©7g;
@ The Bergman Kernel K(z,w) = W, z,w € B,.

@ Qf(z): norm of df considered as a cotangent vector —» Differential Geometry.

Proposition [Timoney, 1980]. || o ¢||g = ||f||g for any f € B(B,) and ¢ € Aut(B5,).
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The infinite dimensional case

The Bloch space B(B»). A norm invariant by automorphisms of B,

Definition [Timoney, 1980]. A function f : B, — C is said to belong to the Bloch
space B(By) if
[fllg := sup Qf(2) < oo.
zeB,

B(Br) := {f : B, — C analytic : sup Qr(z) < oo}.
z€EB,

iWhat is Qr(z)?
— KVi(z).w)]| . n
o Qr(z) =sup{ VB (w,w) w € C"\ {0}}
@ B;(u,v) is the Bergman metric on By: For any z € B,, B;(u, v) is an inner
product whose matrix with respect to the canonical basis is %a;’—;_ log K(z, ).
i©7g;
@ The Bergman Kernel K(z,w) = W, z,w € B,.

@ Qf(z): norm of df considered as a cotangent vector —» Differential Geometry.

Proposition [Timoney, 1980]. ||f o ||z = ||f||g for any f € B(B») and ¢ € Aut(Bn).
Theorem [Timoney, 1980]. f € B(B,) if and only if f € Xi, that is,

Iflls < oo if and only if ||f||g, := sug @ = zIPIVF2)] < co.
zeB,
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Automorphisms of B,

For any a € B, we consider the analytic map m, : B, — C" given by

a—2z

“1-wa @1

ma(z)
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Main result: The infinite dimensional case
Referen

Automorphisms of B,
For any a € B, we consider the analytic map m, : B, — C" given by

a—2z

“1-wa @1

ma(z)

To define the analogues of Mobius transformations on B, we consider P, : C" — C",
the orthogonal projection along the one-dimensional subspace spanned by a, that is,

P.(z) =

and Q, : C" — C", its orthogonal complement, Q, = Id — P,.
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For any a € B, we consider the analytic map m, : B, — C" given by

a—2z

“1-wa @1

ma(z)

To define the analogues of Mobius transformations on B, we consider P, : C" — C",
the orthogonal projection along the one-dimensional subspace spanned by a, that is,

P.(z) =

and Q, : C" — C", its orthogonal complement, Q, = Id — P,.
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pa(2) = (/1 = [|al1* Qs + Pa)(ma(2))- (22)
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Referen

Automorphisms of B,

For any a € B, we consider the analytic map m, : B, — C" given by

a—2z

“1-wa @1

ma(z)

To define the analogues of Mobius transformations on B, we consider P, : C" — C",
the orthogonal projection along the one-dimensional subspace spanned by a, that is,

Piz) = & a; a

and Q, : C" — C", its orthogonal complement, Q, = Id — P,.

We consider ¢, : B, — B, defined according to

pa(2) = (/1 = [|al1* Qs + Pa)(ma(2))- (22)

@ ©,(0) = a and p,(a) = 0.
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Automorphisms of B,
For any a € B, we consider the analytic map m, : B, — C" given by

a—2z

“1-wa @1

ma(z)

To define the analogues of Mobius transformations on B, we consider P, : C" — C",
the orthogonal projection along the one-dimensional subspace spanned by a, that is,

P.(z) =

and Q, : C" — C", its orthogonal complement, Q, = Id — P,.

We consider ¢, : B, — B, defined according to
va(2) = (/1 — ||all>Qa + Pa)(ma(2)). (2.2)

@ ©,(0) = a and p,(a) = 0.

The biholomorphic automorphisms of B, are compositions of ¢, with unitary
transformations U of C”.
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The infinite dimensional case

Zh

Definitions.

results. Connection with the invariant gradient

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).
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The infinite dimensional case

Zhu's results. Connection with the invariant gradient

Definitions.

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).

Consider functions satisfying: ||f||s, := sup,cp, IVF(2)] < oo.
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Zhu's results. Connection with the invariant gradient

Definitions.

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).

Consider functions satisfying: ||f||s, := sup,cp, IVF(2)] < oo.
Proposition [K. Zhu, 2005]. | - ||, is invariant by automorphisms of Bj:

If [1fllg, < 00 —> I o @llg, = [Ifllg, for any o € Aut(B,).
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Zhu's results. Connection with the invariant gradient

Definitions.

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).

Consider functions satisfying: ||f||s, := sup,cp, IVF(2)] < oo.

Proposition [K. Zhu, 2005]. | - ||, is invariant by automorphisms of Bj:

If [1fllg, < 00 —> I o @llg, = [Ifllg, for any o € Aut(B,).

Theorem [K. Zhu, 2005]. For z € B, and f holomorphic on By,
Qr(2) = IVF(2)I.
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Zhu's results. Connection with the invariant gradient

Definitions.

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).

Consider functions satisfying: ||f||s, := sup,cp, IVF(2)] < oo.
Proposition [K. Zhu, 2005]. | - ||, is invariant by automorphisms of Bj:

If [1fllg, < 00 —> I o @llg, = [Ifllg, for any o € Aut(B,).

Theorem [K. Zhu, 2005]. For z € B, and f holomorphic on By,
Qr(2) = IVF ()|l
Remark. B(B,) is endowed with ||f||g = sup,cp, Q¢(2). Clear that ||f|lg = ||f||5,.
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Zhu's results. Connection with the invariant gradient

Definitions.

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).
Consider functions satisfying: ||f||s, := sup,cp, IVF(2)] < oo.

Proposition [K. Zhu, 2005]. | - ||, is invariant by automorphisms of Bj:

If [1fllg, < 00 —> I o @llg, = [Ifllg, for any o € Aut(B,).

Theorem [K. Zhu, 2005]. For z € B, and f holomorphic on By,
Qr(2) = IVF ()|l
Remark. B(B,) is endowed with ||f||g = sup,cp, Q¢(2). Clear that ||f|lg = ||f||5,.

Corollary [K. Zhu, 2005] The Bloch space B(B5,) is the space of functions
f : Bp — C such that [|f||g = sup,¢p, [[Vf(2)]| < oo
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Zhu's results. Connection with the invariant gradient

Definitions.

o The invariant gradient of a holomorphic function f : B, - C at z € B, is
V£ (z) == V(f 0 ;)(0).
Consider functions satisfying: ||f||s, := sup,cp, IVF(2)] < oo.

Proposition [K. Zhu, 2005]. | - ||, is invariant by automorphisms of Bj:

If [1fllg, < 00 —> I o @llg, = [Ifllg, for any o € Aut(B,).

Theorem [K. Zhu, 2005]. For z € B, and f holomorphic on By,
Qr(2) = IVF ()|l
Remark. B(B,) is endowed with ||f||g = sup,cp, Q¢(2). Clear that ||f|lg = ||f||5,.

Corollary [K. Zhu, 2005] The Bloch space B(B5,) is the space of functions
f : By — C such that [|f||g = sup,¢p, [[VF(2)|| < oo and endowed with

[fllBioch = [F(O)] + [Ifllz — (B(Bn), || - [l Broch) is a Banach space.
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Bloch functions on the unit ball of a Hilbert space

We consider a complex Hilbert space E with unit ball Bg.
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Bloch functions on the unit ball of a Hilbert s

We consider a complex Hilbert space E with unit ball Bg.

o Every z € E can be written as z = Y, . zxex and we write Z = >, - Zxex.
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Bloch functions on the unit ball of a Hilbert space

We consider a complex Hilbert space E with unit ball Bg.

o Every z € E can be written as z = Y, . zxex and we write Z = >, - Zxex.

o A function f : Be — C is said to be holomorphic if it is Fréchet differentiable at
every x € Bg or, equivalently, if

F(x) = Pa(x)
n=0

for all x € Bg, where P, is an n—homogeneous polynomial.
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Bloch functions on the unit ball of a Hilbert space

We consider a complex Hilbert space E with unit ball Bg.

o Every z € E can be written as z = Y, . zxex and we write Z = >, - Zxex.

o A function f : Be — C is said to be holomorphic if it is Fréchet differentiable at
every x € Bg or, equivalently, if

F(x) = Pa(x)
n=0

for all x € Bg, where P, is an n—homogeneous polynomial.
@ Given a holomorphic function f : B — C and x € Bg, we will denote
f'(x) = Vf(x) = ( of (x))k . € E* such that for f/(x) € E* we have
€

Oxk

) =3 %(x)zk = (2, VFG)).

kel
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

1fll5(8e) = sup (1 = XD VF()I < oo

sup
XEBE
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

Iflls(8g) = sup (1 — [IxIZ)IVF(x)] < oo.
XEBE

B(Bg) endowed with the norm ||f|| := |f(0)| + ||f||3(5;) becomes a Banach space.
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

Iflls(8g) = sup (1 — [IxIZ)IVF(x)] < oo.
XEBE

B(Bg) endowed with the norm ||f|| := |f(0)| + ||f||3(5;) becomes a Banach space.

We shall try to answer the following questions:
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

Iflls(8g) = sup (1 — [IxIZ)IVF(x)] < oo.
XEBE

B(Bg) endowed with the norm ||f|| := |f(0)| + ||f||3(5;) becomes a Banach space.

We shall try to answer the following questions:

1 Which "interesting” equivalent norms we find?
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

Iflls(8g) = sup (1 — [IxIZ)IVF(x)] < oo.
XEBE

B(Bg) endowed with the norm ||f|| := |f(0)| + ||f||3(5;) becomes a Banach space.

We shall try to answer the following questions:

1 Which "interesting” equivalent norms we find?

2 |s there any equivalent norm which is invariant by automorphisms?
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Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

Iflls(8g) = sup (1 — [IxIZ)IVF(x)] < oo.
XEBE

B(Bg) endowed with the norm ||f|| := |f(0)| + ||f||3(5;) becomes a Banach space.
We shall try to answer the following questions:
1 Which "interesting” equivalent norms we find?

2 |s there any equivalent norm which is invariant by automorphisms?

3 Bounded analytic functions on Bg are Bloch functions?

Alejandro Miralles Bloch functions. The infinite dimensional case



Bloch spaces The classical Bloch spaces

The infinite dimensional case

Definition of B(Bg) and Main Questions

Definition. The Bloch space B(Bg) is the space of holomorphic functions f : Bg — C:

Iflls(8g) = sup (1 — [IxIZ)IVF(x)] < oo.
XEBE

B(Bg) endowed with the norm ||f|| := |f(0)| + ||f||3(5;) becomes a Banach space.

We shall try to answer the following questions:

1 Which "interesting” equivalent norms we find?
2 |s there any equivalent norm which is invariant by automorphisms?
3 Bounded analytic functions on Bg are Bloch functions?

4 Which is the "log" function in this case?
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.

of holomorphic functions on Bg for which

We denote B (Bg) the space
(1= IxIP)IRF(x)| < oo.

Ifll= := sup
XEBE
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.

We denote B (Bg) the space of holomorphic functions on Bg for which

Ifllr = sup (1 —[|x[|*)|Rf(x)| < oco.
XEBE

2. Let fy(z) = f(zy), |z| < 1, for each y € E with |ly|| = 1.
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.

We denote B (Bg) the space of holomorphic functions on Bg for which

Ifllr = sup (1 —[|x[|*)|Rf(x)| < oco.
XEBE

2. Let fy(z) = f(zy), |z| < 1, for each y € E with |ly|| = 1.

We denote Be.x(BE) the space of holomorphic functions on Bg for which

Hf”weak = sup ”f:VHB < oo.
llyll=1
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Introduction Invariance under automorphisms
Bloch spa The embeddeding of H‘\‘[BE"} into B(BE)
Main results A basic exa

mple
feren Examples of Bloch functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.
We denote B (Bg) the space of holomorphic functions on Bg for which

Ifllr = sup (1 —[|x[|*)|Rf(x)| < oco.
XEBE

2. Let fy(z) = f(zy), |z| < 1, for each y € E with |ly|| = 1.

We denote Be.x(BE) the space of holomorphic functions on Bg for which

Hf”weak = sup ”f:VHB < oo.
llyll=1

Question. Do the spaces Br (Bg), Bueak(Bg) coincide with B(Bg) ?
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Introduction Invariance under automorphisms
Bloch spa The embeddeding of H°° (B ) into B(BE)

Main results A basic example
feren Examples of Bloch functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.

We denote B (Bg) the space of holomorphic functions on Bg for which

Ifllr = sup (1 —[|x[|*)|Rf(x)| < oco.
XEBE

2. Let fy(z) = f(zy), |z| < 1, for each y € E with |ly|| = 1.

We denote Be.x(BE) the space of holomorphic functions on Bg for which

Hf”weak = sup ”f:VHB < oo.
llyll=1

Question. Do the spaces Br (Bg), Bueak(Bg) coincide with B(Bg) ?
Theorem. We have B(Bg) = Br(Bg) = Bueak(Bg) and there exists C > 0:

Ifllr < Ifllwesk < ClIfllz and
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Introduction Invariance under automorphisms
Bloch spa The emb'dd d g of H°(Bg) into B(BE)

Main results A basic
feren: Examples of E‘\ach functions

Other equivalent norms for B(Bg)

1. Let R(f)(x) = (VF(x),%) = D ser xkaa—);(x) for any x € BE.

We denote B (Bg) the space of holomorphic functions on Bg for which

Ifllr = sup (1 —[|x[|*)|Rf(x)| < oco.
XEBE

2. Let fy(z) = f(zy), |z| < 1, for each y € E with |ly|| = 1.

We denote Be.x(BE) the space of holomorphic functions on Bg for which

Hf”weak = sup ”f:VHB < oo.
llyll=1

Question. Do the spaces Br (Bg), Bueak(Bg) coincide with B(Bg) ?
Theorem. We have B(Bg) = Br(Bg) = Bueak(Bg) and there exists C > 0:

Ifllr < Ifllwesk < ClIfllz and

Ifll= < Ifllasg) < (3log 2)[|f |lweak-
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Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic mple
of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?
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Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?

For any a € Bg, we consider the analytic map m, : Be — E given by

a—X

=T (3.1)

m(x)
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Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?

For any a € Bg, we consider the analytic map m, : Be — E given by

a—X

=T (3.1)

m(x)

To define the analogues of Mobius transformations on Bg:
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Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?

For any a € Bg, we consider the analytic map m, : Be — E given by

a—X

=T (3.1)

ma(x)
To define the analogues of Mobius transformations on Bg:

We consider P, : E —> E, the orthogonal projection along the one-dimensional
subspace spanned by a and Q, : E — E, its orthogonal complement, Q; = Id — P,.
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Introduction Invariance under automorphisms
Bloch spa The embeddeding of H° (B ) into B(BE)

Main results A basic example
feren Examples of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?

For any a € Bg, we consider the analytic map m, : Be — E given by

a—X

=T (3.1)

m(x)

To define the analogues of Mobius transformations on Bg:

We consider P, : E —> E, the orthogonal projection along the one-dimensional
subspace spanned by a and Q, : E — E, its orthogonal complement, Q; = Id — P,.

We consider ¢, : Be — Bg, defined according to

Pa(x) = (/1 = llall>Qa + Pa)(ma(x))- (32)
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Introduction Invariance under automorphisms
Bloch spa The embeddeding of H° (B ) into B(BE)

Main results A basic example
feren Examples of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?

For any a € Bg, we consider the analytic map m, : Be — E given by

a—X

=T (3.1)

m(x)

To define the analogues of Mobius transformations on Bg:

We consider P, : E —> E, the orthogonal projection along the one-dimensional
subspace spanned by a and Q, : E — E, its orthogonal complement, Q; = Id — P,.

We consider ¢, : Be — Bg, defined according to

Pa(x) = (/1 = llall>Qa + Pa)(ma(x))- (32)

@ ©,(0) = a and p,(a) = 0.
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Introduction Invariance under automorphisms
Bloch spa The embeddeding of H° (B ) into B(BE)

Main results A basic example
feren Examples of Bloch functions

Automorphisms of Bg

Question. Can we find an equivalent norm for B(Bg) invariant by automorphisms?

For any a € Bg, we consider the analytic map m, : Be — E given by

a—X

=T (3.1)

m(x)

To define the analogues of Mobius transformations on Bg:

We consider P, : E —> E, the orthogonal projection along the one-dimensional
subspace spanned by a and Q, : E — E, its orthogonal complement, Q; = Id — P,.

We consider ¢, : Be — Bg, defined according to

Pa(x) = (/1 = llall>Qa + Pa)(ma(x))- (32)

@ ©,(0) = a and p,(a) = 0.

The automorphisms of the unit ball Bg turn to be compositions of such analogues
Mobius transformations with unitary transformations U of E.
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Invariance under automorphisms
ddeding of H (BE) into B(Bg)

Main results
3loch functions

An equivalent m invariant under auto phisms.

The invariant gradient of a holomorphic function f : Be — C at x € Bg is

VF(x) := V(f o px)(0).
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Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic le
Examples of Bloch functions

An equivalent norm invariant under auto phisms.

The invariant gradient of a holomorphic function f : Be — C at x € Bg is

VF(x) := V(f o px)(0).

Denote Bin, (Bg) the space of holomorphic functions f : Be — C such that

Ifllimy := sup [VF(x)]| < oo.
XEBE

Alejandro Miralles Bloch functions. The infinite dimensional case



Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic le
Examples of Bloch functions

An equivalent norm invariant under auto phisms.

The invariant gradient of a holomorphic function f : Be — C at x € Bg is

VF(x) := V(f o px)(0).

Denote Bin, (Bg) the space of holomorphic functions f : Be — C such that

Ifllimy := sup [VF(x)]| < oo.
XEBE

Remark. For any f € Bj,,(Bg) and an automorphism ¢ of Bg, we have

”f © ‘P”inv = ”f”inw
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)
Main results A basic exampl

Examples of Bloch functions

For any infinite dimensional Hilbert space E, we have B(Bg) = Bin,(BE)
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Invariance under automorphlsms
bed of H> (BE) into B(Bg)

Main results A basic e
Ex mp\» of Bloch functions

For any infinite dimensional Hilbert space E, we have B(Bg) = Bin,(Bg) and

V31

Ifllse) < Nfllinv < [ 1+ — 11l 5Be)-
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Invariance under automorphisms
deding of H® (B ) into B(BE)

Main results
ch functions

For any infinite dimensional Hilbert space E, we have B(Bg) = Bj,, (Bg) and

V31
Ifllze) < Nfllimy < (1 = Il 5(Bg)-

Tools to prove first inequality ||f||z(z) < [Iflinv

Proposition. If f : Be — C is a holomorphic function then

IVFCIP + (1 = IxIP)IRFCP = (1 — XDV ()]
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Invariance under automorphisms
The embeddcdm of H>® (Bg) into B(Bg)

Main results A basic
Examples of E‘\arh functions

Tools to prove second inequality ||f||in, < (1 + ‘ﬁ) I ll58e)

If f: Be — C is a holomorphic function then

S — « oup LA FCA), (@I (W)
”W(X’“‘ﬁ;é EORT]
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Invariance under automorphisms
The embeddcdm of H>® (Bg) into B(Bg)

Main results A basic
Examples of E‘\arh functions

Tools to prove second inequality ||f||in, < (1 + ‘ﬁ) I ll58e)

If f: Be — C is a holomorphic function then

S — « oup LA FCA), (@I (W)
”W(X’“‘ﬁ;é EORT]

and we decompose w = Ax + y, where (x, y) = 0.
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Invariance under automorphlsms

The embedded >3 (BE) into B(Bg)
Main results
Bloch functions

Tools to prove second inequality ||f||in, < (1 + ‘ﬁ) I ll58e)

If f: Be — C is a holomorphic function then

S — « oup LA FCA), (@I (W)
”W(X’“‘ﬁ;é EORT]

and we decompose w = Ax + y, where (x, y) = 0. After many calculations,

|<¢;(0)(Vf(X)),go;(o)fl(w))\ y I N2 —
\/ ‘|¢;(0)—1(W)H Vf() ” ” ( H H )+|<Vf( )v ”}’HH 1 || H
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)
Main results A basic example
Examples of Bloch functions

Tools to prove second inequality ||f||in, < (1 + ‘ﬁ) I ll58e)

If f: Be — C is a holomorphic function then

SF0 = %upu £L(O)(VF(x), 24 (0)~H(w))|
w#0

llx(0) (W)

and we decompose w = Ax + y, where (x, y) = 0. After many calculations,

\/| AUV OO g0 ” Dl —Hx\|2>+|<w(x),”§—u>\ A,

e (@)~ (W)l

Lema. Let f : Be — C holomorphic s.t. ||f||5s;) < oo. Let x € Bg and y € E,
llyll = 1, such that (x,y) = 0. Then

(= 17 < Y22 o
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Invariance under automorphisms
The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

Tools to prove second inequality ||f||in, < (1 + ‘ﬁ) I ll58e)

If f: Be — C is a holomorphic function then

SF0 = %upu £L(O)(VF(x), 24 (0)~H(w))|
w#0

llx(0) (W)

and we decompose w = Ax + y, where (x, y) = 0. After many calculations,

et (V7 ()), 2O W) . R N2 —
\/ 2L (0) 2 (w)] [(V£(x), ” I = ) + (VA0 Ty = el

Lema. Let f : Be — C holomorphic s.t. ||f||5s;) < oo. Let x € Bg and y € E,
llyll = 1, such that (x,y) = 0. Then

(= 17 < Y22 o

Final of proof. |VF(x)I| < IIfls(se) + Y2 lfllscee) < (1+ %) Ifllsse)-
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Invariance under automorphisms

The embeddeding of H® (Bg) into B(Bg)

Main results A basic example

Examples of Bloch functions

Re-definition of the Bloch space

The Bloch space B(Bg) is endowed with the norm
£l Bioch == [£(0)] + [If[liny

and (B(Bg), || - l|Bloch) is @ Banach space whose corresponding semi-norm || - ||, is
invariant by automorphisms of Bg.
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Invariance under automorphisms

The embeddeding of H® (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

the use of Schwarz lemma

B(Be)
The space H>°(Bg) is given by {f : Be — C: f is holomorphic and bounded}.

(H®°(Bg), || - |loo) is a Banach space.

Alejandro Miralles Bloch functions. The infinite dii sional case




Invariance under automorphisms

The embeddeding of H® (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The inclusion H>*(Bg) C B(Bg) and the use of Schwarz lemma

The space H>°(Bg) is given by {f : Be — C: f is holomorphic and bounded}.

(H®°(Bg), || - |loo) is a Banach space.

The pseudohyperbolic distance in Bg is defined by

Pe(x,¥) = llo—y(x)|| for any x,y € Be.
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Invariance under automorphisms

The embeddeding of H® (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The inclusion H>*(Bg) C B(Bg) and the use of Schwarz lemma
The space H>°(Bg) is given by {f : Be — C: f is holomorphic and bounded}.
(H®°(Bg), || - |loo) is a Banach space.

The pseudohyperbolic distance in Bg is defined by

Pe(x,¥) = llo—y(x)|| for any x,y € Be.

Using that
< lIx =yl
11— (x, )l

we manage to show Schwarz lemma in our case:

pE(X)y) ,X,YEBE
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Invariance under automorphisms

The embeddeding of H® (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The inclusion H>*(Bg) C B(Bg) and the use of Schwarz lemma

The space H>°(Bg) is given by {f : Be — C: f is holomorphic and bounded}.

(H®°(Bg), || - |loo) is a Banach space.

The pseudohyperbolic distance in Bg is defined by
PE(x,y) = llo—y (x| for any x,y € BE.

Using that

lx =yl
PE(X,y) S —————
11— ()

we manage to show Schwarz lemma in our case:

, X, ¥ € BE

Theorem. Let f € H°°(Bg) such that ||f||ec < 1. For any x € Bg, we have that

A= XDV < 1= [F(x)%.
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Invariance under automorphisms

The embeddeding of H® (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The inclusion H>*(Bg) C B(Bg) and the use of Schwarz lemma

The space H>°(Bg) is given by {f : Be — C: f is holomorphic and bounded}.

(H®°(Bg), || - |loo) is a Banach space.

The pseudohyperbolic distance in Bg is defined by

pe(x,y) = |lo—y(x)| for any x,y € Be.
Using that

lx =yl
PE(X,y) S —————
11— ()

we manage to show Schwarz lemma in our case:

, X, ¥ € BE

Theorem. Let f € H°°(Bg) such that ||f||ec < 1. For any x € Bg, we have that

A= XDV < 1= [F(x)%.

Corollary. The inclusion i : H*°(Bg) — B(Bg) is a linear operator satisfying

Ifllsge) < Iflloo-
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The "log”

Remark. Let E = /5. Define for x = Y 72, xcex € By,, the function

nction in this case

oo 1 n ;
f(x) = ; m(éxﬁ) :
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The "log” function in this case

Remark. Let E = /5. Define for x = Y 72, xcex € By,, the function

oo 1 n ;
f(x) = ; m(éxﬁ) :

Then f € B(Bg,) \ H*(Bg,).
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The "log” function in this case

Remark. Let E = /5. Define for x = Y 72, xcex € By,, the function

oo 1 n ;
f(x) = ; m(éxﬁ) :

Then f € B(Bg,) \ H*(Bg,).

Proof. Let 0 < r < 1 and ||x|| < r. The series > 2 %ﬂ(zzzl x2)" converges
uniformly in ||x|| < r. Hence f is holomorphic on the unit ball.
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Invariance under automorphisms

The embeddeding of H> (Bg) into B(Bg)

Main results A basic example
Examples of Bloch functions

The "log” function in this case

Remark. Let E = /5. Define for x = Y 72, xcex € By,, the function

oo 1 n ;
f(x) = ; m(éxﬁ) :

Then f € B(Bg,) \ H*(Bg,).

Proof. Let 0 < r < 1 and ||x|| < r. The series > 2 %ﬂ(zzzl x2)" converges
uniformly in ||x|| < r. Hence f is holomorphic on the unit ball.

On the other hand, for j € N, 2% (x) = o 2 (i X))
J
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The "log” function in this case

Remark. Let E = /5. Define for x = Y 72, xcex € By,, the function
oo 1 n
f(x) = — x2)".
(x) 2::0 n+1(k§ 7)

Then f € B(Bg,) \ H*(Bg,).

Proof. Let 0 < r < 1 and ||x|| < r. The series > 2 %ﬂ(zzzl x2)" converges
uniformly in ||x|| < r. Hence f is holomorphic on the unit ball.

On the other hand, for j € N, 2 B f(x) = = n+1(zk L x2)71x;. Hence

|[27=2
X175

|20 SZ (Z| )
J n=

and [|Vf(x)|| £ ;== so f € B(Bk).
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The "log” function in this case

Remark. Let E = /5. Define for x = Y 72, xcex € By,, the function

oo 1 n ;
f(x) = ; m(éxﬁ) :

Then f € B(Bg,) \ H*(Bg,).

Proof. Let 0 < r < 1 and ||x|| < r. The series > 2 %ﬂ(zzzl x2)" converges
uniformly in ||x|| < r. Hence f is holomorphic on the unit ball.

On the other hand, for j € N, 2 B f(x) = = n+1(zk L x2)71x;. Hence
of
==l < Z (Zl xl?) X127 =211
Ox; p
and [|[Vf(x)| < 7 ||XH2 so f € B(BE).
Finally we observe that selecting x = (2,0, ---,) we have f(x) = log({— 2) and

therefore f ¢ H>°(By,).
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eneral constructions

Proposition. Let f € H*°(Bg) with [|f|lcc =1 and ¢ € B. Then g = ¢ o f € B(Bg)
and |lglls) < llvlls-

In particular, f(x) = log(1 — (x, e1)) € B(Bg) \ H*(Bk).
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General constructions

Proposition. Let f € H*°(Bg) with [|f|lcc =1 and ¢ € B. Then g = ¢ o f € B(Bg)
and |lglls) < llvlls-

In particular, f(x) = log(1 — (x, e1)) € B(Bg) \ H*(Bk).

Proposition. Let (Py)?2; be a sequence of 2k —homogeneous polynomials on E = ¢
with
M= sup  [Py)l <o
keN,yeBg

Then f(x) = Y22, Pk(x) € B(Bg).
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