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In general, a fram& = {gn }nen for H is adual of Fif: Vf € H

f = Z<f79n> fn = T]:((f, gn>)n€N = T]_-Téf o T]__Té =1.
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Frames for Hilbert spaces (bounds and excess)
Let F = {fn}nen be a frame fofH:
E(F) :=dimkerTr € NU {co} — is theexcessof F .
Recall thatA, B > 0 are bounds foF iff Vf e H

Allf? < (sFf, f) < BJf|?

Hence, the optimal bounds f@r are
Ar:=mino(Sr) = S|t and Bz :=maxa(Sr) = ||Sr
We say thatF is Parseval if Ar = Br = 1i.e.Sf = I: in this case

F=> (f, fa)fa, Ve,

neN
(Parseval) frames inducedundant andstable linear representations.
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Existence of Parseval Dual frames
Consider

P(H) ={G = {On}nen : G is aParseval frame fdi } .

Theorem (D. Han (2008))

Let F be a frame forH, with optimal lower frame bound Aand
frame operator $. The following statements are equivalent:

e There existg € P(H) that is a dual frame ofF.
e Ar > 1 and dmR(Sr —I) < E(F).

In terms of operators, the analysis operatgiof G solves the system:

{T;Té =1 (G isadual frame ofF ) )

TgTg =1 (GeP(H))

What can be done if there is no solution to the system (1)?
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Let F = {fn}nen be a frame fof{. Our goals are:
o Computen(F) = infgeppy) [T TS — 1|, thatis

a(F) = inf su f’ £t ‘
( ) {On}nen€P(H) (fEH, ||PH:1 H Z< gn> n H)

neN

a(F) is the optimal lower bound for the (normalized) worst case
reconstruction error witbF and any Parseval frame.

e Describe the set of Parseval “quasi-dual” framegof
X(F)={9 € P(H) : a(F) = [T Tg — 1|}

if the infimum is attained (i.e. in cas®(F) # 0).
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1/2
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and hencev(F) < |T=Tg — 1| = (1 — AL?).
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Let F = {fn}nen be a frame forH with £(F) = oo and optimal
lower bound A:-. Then,
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Proof. Ar < 1) LetG € P(H), [Tr T — 1| <r <1-A¥? <1
1
H=(TFT5) P eBRH), |H| < - = (HTAT; =1

soG € P(H) is a dual frame ofF = {H fy}nen, sinceTz = H Tx;
Ar
(1-r)?

but Sz = H(TrTx)H* = Az =mino(Sz) < <1. ]
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Let F = {fn}nen be a frame fof{ with £(F) < .
Let M C ¢?(N) be a closed subspace with dit = oo

SetCy = {G € P(H) : R(TS) = M} > G (fixed)
If G € Cuy thenTng =1, TéTg = Py and

ITrTe =1 = (T Py —Tg) Tgll = | TFPa — Tg
= M0 (T Pm = To)ll = TG, T Pra = Tg, Tg||
= (TG, Tr)m — (T5,, To) mllam
(V)m = PyV|m € B(M) is the compression of € B(¢?(N)) to M
Notice (Tg, Tg)m € U(M) is a unitary operator fof € C.
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Let M C #?(N) be a closed subspace with dit = oo

SetCph ={G € P(H) : T5Tg =Pam} 3 G (fixed).

Then, ift/(M) C B(M) is the group of unitary operators

nf [TeTg =1l = inf (TG TA)Mm — (T, To) mlle
€Cnm geC
= inf T T Ul|| =:d TE T
o M)H( G TFIM — Ul =2 dyan) (TG, TF) M)
Since P(H) = U Cu then
MCE(N), dim M=co
F)= inf |[TT;-1]] = inf |nf TTS — |
a(lF) QGP(H)H 715 =1l MCP2(N), dim M=co GEC IT#Tg =1l
= inf du(M)((TéMTf)M)

MC2(N), dim M=oo

whereG g € P(H) is such thaR(Tg, ) = M.
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s(T) = sup{mina(|T|y) : N C F3(N), dm(N) =k} for k> 1.

Proposition
Let F be a frame forH with £(F) = n and optimal lower bound A
1. If G € P(H) with R(T}) = M C ¢3(N) then

ind[(Tg TF)m] = 0 iff dimM* = £(G) =n.

2. Ifwe let Cr = $,41(Tx) then
inf{|T=T&— 1], G € P(H), £(G) = n} = max{1—AY? Cr—1}.

3. There is a closedM C ¢2(N), with dim M+ = n such that
inf{||T=T5—1||, G € P(H), TiTg = Pa} = max{1-AY? Cr—1}.
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E(F) < oo and ind(Tg, Tr)m #0

ForT € B(¢?(N), H) recall thatme(T) = minoe(|T|).

Proposition
Let F be a frame for{ with £(F) = n. Then

inf{[[T=Tg —1ll, G € P(H), £(G) # n} = 1+ me(TF) .

Moreover, there is a closet C ¢?(N), dim M~ # n such that

inf{||TFTg —Ill, G € P(H), TgTg = Pam} = 1+ me(TF)
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Theorem

LetF = {fn}nen be a frame forH with £(F) = n and optimal lower
bound Ar. If Cr= Sn_;,_l(T]:) then

a(F) = min{max{1 — A;/Z, Cr—1}, 14+ me(Tr)}




Computation ofx(F) in caseg(F) < oo.

Theorem

LetF = {fn}nen be a frame forH with £(F) = n and optimal lower
bound Ar. If Cr= Sn_;,_l(T]:) then

a(F) = min{max{1 — A;/Z, Cr—1} 14+ me(Tr)}
Moreover, there exists a closed subspadec ¢2(N) such that

a(F) = InH{||[TTg —1Il, G € P(H), TgTg = P}

=ty (Tg, TF) M)

whereGy € P(H), Tg,, Tou = Pt
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Let F = {fn}nen be a frame fof{ with £(F) < oo and optimal
lower boundA-.

In our approach, the existence (and characterization) of Parseval
guasi-dual frames oF i.e. elements of

X(F)={G e P(H) : a(F) = [[TrTg -1}
relies on the existence of unitary approximants in Rogers’ result i.e.
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