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Frames for Hilbert spaces

H denotes a complex, separable, infinite dimensional Hilbert space.
F = {fn}n∈N in H is aframe for H if ∃ bounds A, B > 0

A ‖f‖2 ≤
∑

n∈N

|〈f , fn〉|
2 ≤ B ‖f‖2 , ∀f ∈ H .

In this case we consider:
• TF ∈ B(ℓ2(N),H), thesynthesis operator of F :

TF (cn)n∈N =
∑

n∈N

cn fn ∈ H ;

• T∗
F ∈ B(H, ℓ2(N)), theanalysis operator of F :

T∗
F f = (〈f , fn〉)n∈N ∈ ℓ2(N) ;

• SF = TFT∗
F ∈ B(H)+, theframe operator of F :

SF f =
∑

n∈N

〈f , fn〉 fn .
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Frames for Hilbert spaces (duals)

LetF = {fn}n∈N in H be a frame forH: let A, B > 0

A ‖f‖ ≤
∑

n∈N

|〈f , fn〉|
2 ≤ B ‖f‖ , ∀f ∈ H .

SinceSF = TF T∗
F then

A‖f‖2 ≤
∑

n∈N

|〈f , fn〉|
2 = ‖T∗

F f‖2
ℓ2(N) = 〈T∗

F f ,T∗
F f 〉 = 〈SF f , f 〉 ≤ B‖f‖2

=⇒ SF is invertible: henceS−1
F ∈ B(H)+ and

f = SF (S
−1
F f ) =

∑

n∈N

〈S−1
F f , fn〉 fn =

∑

n∈N

〈f , S−1
F fn〉 fn =

∑

n∈N

〈f , f#n 〉 fn

wheref#n = S−1
F fn, n ∈ N is thecanonical dual of F .

In general, a frameG = {gn}n∈N for H is adual of F if: ∀f ∈ H

f =
∑

n∈N

〈f , gn〉 fn = TF (〈f , gn〉)n∈N = TF T∗
G f ⇔ TF T∗

G = I .
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Frames for Hilbert spaces (bounds and excess)

LetF = {fn}n∈N be a frame forH:

E(F) := dim kerTF ∈ N ∪ {∞} − is theexcess of F .

Recall thatA, B > 0 are bounds forF iff ∀ f ∈ H

A ‖f‖2 ≤ 〈SF f , f 〉 ≤ B‖f‖2

Hence, the optimal bounds forF are

AF := minσ(SF ) = ‖S−1
F ‖−1 and BF := maxσ(SF ) = ‖SF‖

We say thatF is Parseval if AF = BF = 1 i.e. SF = I : in this case

f =
∑

n∈N

〈f , fn〉 fn , ∀f ∈ H .

(Parseval) frames induceredundant andstable linear representations.
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Existence of Parseval Dual frames
Consider

P(H) = {G = {gn}n∈N : G is a Parseval frame forH} .

Theorem (D. Han (2008))
LetF be a frame forH, with optimal lower frame bound AF and
frame operator SF . The following statements are equivalent:

• There existsG ∈ P(H) that is a dual frame ofF .

• AF ≥ 1 and dimR(SF − I) ≤ E(F).

In terms of operators, the analysis operatorT∗
G of G solves the system:

{

TF T∗
G = I ( G is a dual frame ofF )

TG T∗
G = I ( G ∈ P(H) )

(1)

What can be done if there is no solution to the system (1)?
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Parseval quasi-dual frames

LetF = {fn}n∈N be a frame forH. Our goals are:

• Computeα(F) = infG∈P(H) ‖TF T∗
G − I‖ , that is

α(F) = inf
{gn}n∈N∈P(H)

(

sup
f∈H , ‖f‖=1

‖
∑

n∈N

〈f , gn〉 fn − f‖

)

.

α(F) is the optimal lower bound for the (normalized) worst case
reconstruction error withF and any Parseval frame.

• Describe the set of Parseval “quasi-dual” frames ofF

X (F) = {G ∈ P(H) : α(F) = ‖TF T∗
G − I‖}

if the infimum is attained (i.e. in caseX (F) 6= ∅).
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Parseval quasi-dual frames withE(F) = ∞

Theorem (E(F) = ∞)

LetF = {fn}n∈N be a frame forH with E(F) = ∞ and optimal
lower bound AF . Then,

• α(F) = 1− min{A1/2
F , 1};

• α(F) is attained i.e.X (F) 6= ∅;

• If G ∈ X (F) then TF T∗
G is invertible in B(H).

• We can chooseG ∈ X (F) such that TF T∗
G = min{A1/2

F , 1} I.

Proof. If AF < 1 letF ′ = {A−1/2
F fn}: thenE(F ′) = ∞ andAF ′ = 1.

By D. Han’s result∃ G ∈ P(H) that is a dual forF ′ i.e.

I = TF ′ T∗
G = A−1/2

F TF T∗
G =⇒ TF T∗

G = A1/2
F I

and henceα(F) ≤ ‖TF T∗
G − I‖ = (1− A1/2

F ).
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−1 ∈ B(H) , ‖H‖ ≤
1
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=⇒ (HTF )T
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soG ∈ P(H) is a dual frame ofF̃ = {H fn}n∈N, sinceTF̃ = H TF ;

but SF̃ = H (TFT∗
F )H∗ =⇒ AF̃ = minσ(SF̃ ) ≤

AF

(1− r)2 < 1 .
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Parseval quasi-dual frames - slicing the problem

LetF = {fn}n∈N be a frame forH with E(F) < ∞.

LetM ⊂ ℓ2(N) be a closed subspace with dimM = ∞

SetCM = {G ∈ P(H) : R(T∗
G) = M} ∋ GM (fixed)

If G ∈ CM thenTG T∗
G = I , T∗

G TG = PM and

‖TF T∗
G − I‖ = ‖(TF PM − TG)T∗

G‖ = ‖TF PM − TG‖

= ‖T∗
GM

(TF PM − TG)‖ = ‖T∗
GM

TF PM − T∗
GM

TG‖

= ‖(T∗
GM

TF )M − (T∗
GM

TG)M‖B(M)

(V)M = PMV|M ∈ B(M) is the compression ofV ∈ B(ℓ2(N)) toM

Notice(T∗
GM

TG)M ∈ U(M) is a unitary operator forG ∈ CM.
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TF )M − U‖ =: dU(M)((T
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GM
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Since P(H) =
⋃

M⊂ℓ2(N), dimM=∞

CM then

α(F) = inf
G∈P(H)

‖TF T∗
G − I‖ = inf
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dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H) is such thatR(T∗
GM

) = M.



Parseval quasi-dual frames - slicing the problem
LetM ⊂ ℓ2(N) be a closed subspace with dimM = ∞

SetCM = {G ∈ P(H) : T∗
G TG = PM} ∋ GM (fixed) .

Then, ifU(M) ⊂ B(M) is the group of unitary operators

inf
G∈CM

‖TF T∗
G − I‖ = inf

G∈CM

‖(T∗
GM

TF )M − (T∗
GM

TG)M‖B(M)

= inf
U∈U(M)

‖(T∗
GM

TF )M − U‖ =: dU(M)((T
∗
GM

TF )M)

Since P(H) =
⋃

M⊂ℓ2(N), dimM=∞

CM then

α(F) = inf
G∈P(H)

‖TF T∗
G − I‖ = inf

M⊂ℓ2(N), dimM=∞
inf

G∈CM
‖TF T∗

G − I‖

= inf
M⊂ℓ2(N), dimM=∞

dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H) is such thatR(T∗
GM

) = M.



Parseval quasi-dual frames - slicing the problem
LetM ⊂ ℓ2(N) be a closed subspace with dimM = ∞

SetCM = {G ∈ P(H) : T∗
G TG = PM} ∋ GM (fixed) .

Then, ifU(M) ⊂ B(M) is the group of unitary operators

inf
G∈CM

‖TF T∗
G − I‖ = inf

G∈CM

‖(T∗
GM

TF )M − (T∗
GM

TG)M‖B(M)

= inf
U∈U(M)

‖(T∗
GM

TF )M − U‖ =: dU(M)((T
∗
GM

TF )M)

Since P(H) =
⋃

M⊂ℓ2(N), dimM=∞

CM then

α(F) = inf
G∈P(H)

‖TF T∗
G − I‖ = inf

M⊂ℓ2(N), dimM=∞
inf

G∈CM
‖TF T∗

G − I‖

= inf
M⊂ℓ2(N), dimM=∞

dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H) is such thatR(T∗
GM

) = M.



Parseval quasi-dual frames - slicing the problem
LetM ⊂ ℓ2(N) be a closed subspace with dimM = ∞

SetCM = {G ∈ P(H) : T∗
G TG = PM} ∋ GM (fixed) .

Then, ifU(M) ⊂ B(M) is the group of unitary operators

inf
G∈CM

‖TF T∗
G − I‖ = inf

G∈CM

‖(T∗
GM

TF )M − (T∗
GM

TG)M‖B(M)

= inf
U∈U(M)

‖(T∗
GM

TF )M − U‖ =: dU(M)((T
∗
GM

TF )M)

Since P(H) =
⋃

M⊂ℓ2(N), dimM=∞

CM then

α(F) = inf
G∈P(H)

‖TF T∗
G − I‖ = inf

M⊂ℓ2(N), dimM=∞
inf

G∈CM
‖TF T∗

G − I‖

= inf
M⊂ℓ2(N), dimM=∞

dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H) is such thatR(T∗
GM

) = M.



Parseval quasi-dual frames - slicing the problem
LetM ⊂ ℓ2(N) be a closed subspace with dimM = ∞

SetCM = {G ∈ P(H) : T∗
G TG = PM} ∋ GM (fixed) .

Then, ifU(M) ⊂ B(M) is the group of unitary operators

inf
G∈CM

‖TF T∗
G − I‖ = inf

G∈CM

‖(T∗
GM

TF )M − (T∗
GM

TG)M‖B(M)

= inf
U∈U(M)

‖(T∗
GM

TF )M − U‖ =: dU(M)((T
∗
GM

TF )M)

Since P(H) =
⋃

M⊂ℓ2(N), dimM=∞

CM then

α(F) = inf
G∈P(H)

‖TF T∗
G − I‖ = inf

M⊂ℓ2(N), dimM=∞
inf

G∈CM
‖TF T∗

G − I‖

= inf
M⊂ℓ2(N), dimM=∞

dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H) is such thatR(T∗
GM

) = M.



Parseval quasi-dual frames - slicing the problem
LetM ⊂ ℓ2(N) be a closed subspace with dimM = ∞

SetCM = {G ∈ P(H) : T∗
G TG = PM} ∋ GM (fixed) .

Then, ifU(M) ⊂ B(M) is the group of unitary operators

inf
G∈CM

‖TF T∗
G − I‖ = inf

G∈CM

‖(T∗
GM

TF )M − (T∗
GM

TG)M‖B(M)

= inf
U∈U(M)

‖(T∗
GM

TF )M − U‖ =: dU(M)((T
∗
GM

TF )M)

Since P(H) =
⋃

M⊂ℓ2(N), dimM=∞

CM then

α(F) = inf
G∈P(H)

‖TF T∗
G − I‖ = inf

M⊂ℓ2(N), dimM=∞
inf

G∈CM
‖TF T∗

G − I‖

= inf
M⊂ℓ2(N), dimM=∞

dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H) is such thatR(T∗
GM

) = M.



Distance to the unitaries
ForT ∈ B(H), consider

• m(T) = minσ(|T|) andme(T) = minσe(|T|),

• Fredholm index: ind(T) = dimN(T)− dimN(T∗) ∈ Z ∪ {±∞}

Theorem (Rogers (1977))

Let T∈ B(H) be semi-Fredholm such that ind(T) is defined . Then,

dU(H)(T) =











max{‖T‖ − 1, 1− m(T)} if ind(T) = 0 ,

max{‖T‖ − 1, 1+ me(T)} if ind(T) < 0 ,

max{‖T‖ − 1, 1+ me(T∗)} if ind(T) > 0 .

LetF = {fn}n∈N be a frame forH with E(F) < ∞

α(F) = inf
G∈P(H)

‖TF T∗
G−I‖ = inf

M⊂ℓ2(N), dimM=∞
dU(M)((T

∗
GM

TF )M)

whereGM ∈ P(H), R(T∗
GM

) = M and ind[(T∗
GM

TF )M] is defined!
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E(F) < ∞ and ind[(T∗
GM

TF)M] = 0
ForT ∈ B(ℓ2(N),H) define

sk(T) = sup{minσ(|T|N ) : N ⊂ ℓ2(N), dim(N ) = k} for k ≥ 1.

Proposition

LetF be a frame forH with E(F) = n and optimal lower bound AF .

1. If G ∈ P(H) with R(T∗
G) = M ⊂ ℓ2(N) then

ind[(T∗
G TF )M] = 0 iff dimM⊥ = E(G) = n .

2. If we let CF = sn+1(TF ) then

inf{‖TFT∗
G − I‖, G ∈ P(H), E(G) = n} = max{1−A1/2

F , CF −1} .

3. There is a closedM ⊂ ℓ2(N), with dimM⊥ = n such that

inf{‖TFT∗
G−I‖, G ∈ P(H), T∗

GTG = PM} = max{1−A1/2
F , CF−1} .
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E(F) < ∞ and ind[(T∗
GM

TF)M] 6= 0

ForT ∈ B(ℓ2(N),H) recall thatme(T) = minσe(|T|).
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LetF be a frame forH with E(F) = n. Then
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Computation ofα(F) in caseE(F) < ∞.

Theorem
LetF = {fn}n∈N be a frame forH with E(F) = n and optimal lower
bound AF . If CF = sn+1(TF ) then

α(F) = min{max{1− A1/2
F ,CF − 1}, 1+ me(TF )}

Moreover, there exists a closed subspaceM ⊂ ℓ2(N) such that

α(F) = inf{‖TFT∗
G − I‖, G ∈ P(H), T∗

GTG = PM}

= dU(M)((T
∗
GM

TF )M)

whereGM ∈ P(H), T∗
GM

TGM
= PM.
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Parseval quasi-dual frames withE(F) < ∞

LetF = {fn}n∈N be a frame forH with E(F) < ∞ and optimal
lower boundAF .

In our approach, the existence (and characterization) of Parseval
quasi-dual frames ofF i.e. elements of

X (F) = {G ∈ P(H) : α(F) = ‖TF T∗
G − I‖}

relies on the existence of unitary approximants in Rogers’ result i.e.

α(F) = dU(M)((T
∗
G TF )M) = ‖(T∗

G TF )M − U(M)‖

whereU(M) ∈ U(M) - for appropriateM ⊂ ℓ2(N).

Yet, in all examples considered,X (F) 6= ∅.
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