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THE RESULT

Given a x in N, the Dirichlet-Bohr radius L, is the best r = r(x) > 0 such that for
every aj,...ay in C, we have
San

Zla Ir’M < sup
n<x Res>0

where Q(n) denotes the number of prime divisors of n € N (counted with multiplic-

ities).

]
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THE RESULT

Given a x in N, the Dirichlet-Bohr radius L, is the best r = r(x) > 0 such that for
every aj,...ay in C, we have
San

Zla Ir’M < sup
n<x Res>0

where Q(n) denotes the number of prime divisors of n € N (counted with multiplic-

ities).

]

v

Theorem D. Carando, A. Defant, D. Garcia, M. M. and P. Sevilla, 2014

There exist A, B > 0 such that

for every x > 2
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Dirichlet series convergence

> 1
D:;QHF

with coefficients a, € C and variable s € C
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Dirichlet series convergence

. 1
Convergence of Dirichlet series }}, a,,F

unif. conv.

abs. conv.
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Dirichlet series convergence

. 1
Convergence of Dirichlet series }}, a,,F

unif. conv.

abs. conv.

1
S:= sup{o-a(D) -ou(D) : D=3, an s Dirichlet series}
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Dirichlet series convergence

. 1
Convergence of Dirichlet series }}, a,,F

unif. conv.

abs. conv.

Bohr’s absolute convergence problem
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Dirichlet series convergence

. 1
Convergence of Dirichlet series }}, a,,F

unif. conv.

abs. conv.
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Vector valued Dirichlet series

Let X be a complex Banach space, and let};;_; 2 be a Dirichlet series in X. i.e.
an belongs to X for all n.Then

S(X) = supfoa — oy}
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Vector valued Dirichlet series

Let X be a complex Banach space, and let};;_; 2 be a Dirichlet series in X. i.e.
an belongs to X for all n.Then

Theorem. A. Defant, D. Garcia, M. M., D. Pérez (Math. Annalen 2008)

For every Banach space X

’
~ Cot(X) "

1
S(X) = inf{; | Y has cotype p} =1
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Vector valued Dirichlet series

Let X be a complex Banach space, and let};;_; 2 be a Dirichlet series in X. i.e.
an belongs to X for all n.Then

Theorem. A. Defant, D. Garcia, M. M., D. Pérez (Math. Annalen 2008)
For every Banach space X

. 1 . 1
S(X) = |nf{a | Y has cotype p} =1 Cot(x)

X has cotype p (p € [2, +0]) if there exists a constant K > 0 such that

n n
(Y Py < K([ 1), exlw)xdPdo)t.

k=1 Q k=
Cot(X) :=inff2 < p < oo | X has cotype p}
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Vector valued Dirichlet series

_[2if1<p<2
COt(f")_{ pif2<p<oo,
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Vector valued Dirichlet series

_[2if1<p<2
COt(f")_{ pif2<p<oo,

”
Corollary

In particular,
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Vector valued Dirichlet series

_[2if1<p<2
COt(f")_{ pif2<p<oo,

”
Corollary

In particular,

For every t € [, 1] there is a Banach space X for which t = S(X).
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@ Dirichlet series and complex analysis on polydiscs
o
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Dirichlet series and complex analysis on polydiscs

Bohr’s power series theorem, 1914

1
-} =D
ze3

= V feH.(D): X,lca(H)z" < |Iflloo

1
— optimal
3 Ot
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Dirichlet series and complex analysis on polydiscs

Bohr’'s power series theorem, 1914

1
-} =D
ze3

= V feH.(D): X,lca(f)2" < lIflle

1
— optimal
3 Ot

Ky := sup {r<1 | Vf € Ho(DV) : sup Zlc[,(f)z"l < ||f||m}

zerDN
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Dirichlet series and complex analysis on polydiscs

Bohr’s power series theorem, 1914

1
-} =D
ze3

= V feH.(D): X,lca(f)2" < lIflle

1
— optimal
3 Ot

Ky := sup {r<1 | Vf € Ho(DV) : sup Zlc[,(f)z"l < ||f||m}

zerDN

Bohr’s power series theorem
1
K1 = 5
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Dirichlet series and complex analysis on polydiscs

Problem
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Dirichlet series and complex analysis on polydiscs

Problem
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Dirichlet series and complex analysis on polydiscs

Theorem Defant-Frerick-Ortega Cerda-Ounaies-Seip (2011 Annals of Math.)

Theorem Bayart-Pellegrino-Seoane (2013)

log N
K~ 22N
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Dirichlet series and complex analysis on polydiscs

Why Bohr’s thought about this radii?
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Dirichlet series and complex analysis on polydiscs

p = the sequence of prime numbers: p; <p> < p3 <...

p* =p;t XX py" Where(x:(cy1,...,(x,,,0,...)€N(()N)
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series
D
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _ P
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _ P
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _ P
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
U
q_(oo

Manuel Maestre A new radius for Dirichlet series



Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _ P
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
U
Hoo —_—
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _— B
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
U
Hoo _— ?
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _— B
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
U
Hoo —_—

H., = the set of all those Dirichlet series D which converge on [Re > 0] and it is
bounded on this halfplane.
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _— B
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
U
Hoo —_—

H., = the set of all those Dirichlet series D which converge on [Re > 0] and it is
bounded on this halfplane. It is a Banach algebra.
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Dirichlet series and complex analysis on polydiscs

A one to one correspondence (The Bohr transform):

Dirichlet series formal power series
D _— B
4 a,,=apa =Cq
2n@n7s — Ya CaZ”
U
Heo _ H(Bg,)

H., = the set of all those Dirichlet series D which converge on [Re > 0] and it is
bounded on this halfplane. It is a Banach algebra.
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Educated guessing
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Educated guessing

Assume that there would be a C > 0 such that
K,>C
for all n. Then
Oy =0y

for every Dirichlet series, and hence S=0!!! (Not true)
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Dirichlet series and complex analysis on polydiscs

oc 0.b=0_u g_a

172
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Dirichlet series and complex analysis on polydiscs

LetD =3, an;—s any bounded (by 1) and convergent Dirichlet series on
[Res > 0]. Consider s with Res > 0 and define the sequence

20 = (P7°. 05" P
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Dirichlet series and complex analysis on polydiscs

LetD =3, an;—s any bounded (by 1) and convergent Dirichlet series on
[Res > 0]. Consider s with Res > 0 and define the sequence

20 = (P7°. 05" P

As converges to 0 there exists ky such that |p,;‘| < C for every k > ky and take
u= (Uk) = (0, 0, 000 ,0,p;05,p;05+1 50 )
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Dirichlet series and complex analysis on polydiscs

LetD =3, an;—s any bounded (by 1) and convergent Dirichlet series on
[Res > 0]. Consider s with Res > 0 and define the sequence

= (7" 05" P

As converges to 0 there exists ky such that |p,;‘| < C for every k > ky and take

u= (Uk) = (0, 0,... ,0,p;05,p;05+1 o0 )
Hence

Z |ape U®| = sup sup Z lapu?| < sup|sup Z 8y U°| < [IDll <

aeNgN) aeNg
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Dirichlet series and complex analysis on polydiscs

LetD =3, an;—s any bounded (by 1) and convergent Dirichlet series on
[Res > 0]. Consider s with Res > 0 and define the sequence

= (7" 05" P

As converges to 0 there exists ky such that |p,;‘| < C for every k > ky and take

u= (Uk) = (0, 0,... ,0,p;05,p;05+1 o0 )
Hence

Z |ape U®| = sup sup Z lapu?| < sup|sup Z 8y U°| < [IDll <

aeNgN) aeNg

BUT BOHR HAD ALREADY PROVEN THAT THEN

Z |ape zg| < 00

aeN(N)
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Dirichlet series and complex analysis on polydiscs

LetD =3, an;—s any bounded (by 1) and convergent Dirichlet series on
[Res > 0]. Consider s with Res > 0 and define the sequence

= (7" 05" P

As converges to 0 there exists ky such that |p,;‘| < C for every k > ky and take

u= (Uk) = (0, 0,... ,0,p;05,p;05+1 o0 )
Hence

Z |ape U®| = sup sup Z lapu?| < sup|sup Z 8y U°| < [IDll <

aeNgN) aeNg

BUT BOHR HAD ALREADY PROVEN THAT THEN

Z |ape zg| < 00

aeN(N)

Thus

S 1
D lan—l= Z |ape 25 < o0
n=1

(yeN
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Dirichlet series and complex analysis on polydiscs

let X a complex Banach space and 4 > 1,

Kn(X, A) := sup {r <1IVFe Ho(DY; X) 1 sup > llca()2ll < /1||f||w}

zerDN
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Dirichlet series and complex analysis on polydiscs

let X a complex Banach space and 4 > 1,

Kn(X, A) := sup {r <1IVFe Ho(DY; X) 1 sup > llca()2ll < /1||f||w}

zerDN

(O. Blasco), 2009

If we take f : D — (C2,||.|l..) defined by f(z) = (1,z) = e, + exz for z € D.
We have

If(2)lle = max{1,|zl} =1,

for all z € D. But
llerll +llezllolzl = 1 + 12| > 1 = [[fllw,

for all z e D\ {0}. Hence
Ki(1,62) =0
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Dirichlet series and complex analysis on polydiscs

Theorem A. Defant, M.M. and U. Schwarting (2012 Advances in Math.)

Let X be a complex Banach space and 4 > 1. With constants depending only on
A and X we have:

logN
Kn(X, ) < %, for every finite dimensional X.

1 1
- < KN(X,/I) < 1—

N1 ~ Cot(X)+& N~ Co:(X)

In particular, if X has no finite cotype, then

for every infinite dimensional X.

1

KN(X,/l) = N .
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Dirichlet series and complex analysis on polydiscs

Theorem A. Defant, M.M. and U. Schwarting (2012 Advances in Math.)

Let X be a complex Banach space and 4 > 1. With constants depending only on
A and X we have:

/I N
Kn(X, ) < %, for every finite dimensional X.
1

1
- < KN(X,/I) < 1—

N1 ~ Cot(X)+& N~ Co:(X)

In particular, if X has no finite cotype, then

for every infinite dimensional X.

1

KN(X,/l) = N .

| N

Corollary

With constants only depending on A4 and p > 2 we have

KN(fp, /l) =

N'-5
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o
@ The Dirichlet-Bohr radius
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The Dirichlet-Bohr radius

Given a subset J of N, the Dirichlet-Bohr radius L(J) of J is the best r = r(J) > 0
such that for every Dirichlet series }’,.; a,n~° convergent on the open half-plane

[Res > 0], we have
Z |a,Ir¥" < sup Z:a,,n’S

ned Res>0 neJ

s

where Q(n) denotes the number of prime divisors of n € N (counted with multiplic-
ities).
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The Dirichlet-Bohr radius

@ ForJ=P ={p : prime}, L(P) =1.
Well-known: for every ¥, a,p™° convergent in [Res > 0],

D lagl=sup | > ap

p prime Res=0 p prime
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The Dirichlet-Bohr radius

@ ForJ=P ={p : prime}, L(P) =1.
Well-known: for every ¥, a,p™° convergent in [Res > 0],

D lagl=sup | > ap

p prime Res=0 p prime

o L({2“lken})=1.
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The Dirichlet-Bohr radius

@ ForJ=P ={p : prime}, L(P) =1.
Well-known: for every ¥, a,p™° convergent in [Res > 0],

D lagl=sup | > ap

p prime Res=0 p prime

o L(fer1k <)) =

({pé,|k€ N}) 1

Manuel Maestre A new radius for Dirichlet series



The Dirichlet-Bohr radius

@ ForJ=P ={p : prime}, L(P) =1.
Well-known: for every ¥, a,p™° convergent in [Res > 0],

D lagl=sup | > ap

p prime Res=0 p prime

o L(f2“lken})=1

o L({pk|K.cen))=3
@ Let Py be finite sets of primes of maximum lenght N. Assume that the Py are
pairwise disjoint. If

J= O{n—p"m,_o |fp,¢Pk}

Then
L(J) = Ky
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The Dirichlet-Bohr radius

@ ForJ=P ={p : prime}, L(P) =1.
Well-known: for every ¥, a,p™° convergent in [Res > 0],

D lagl=sup | > ap

p prime Res=0 p prime

o L(f2“lken})=1

o L({pk|K.cen))=3
@ Let Py be finite sets of primes of maximum lenght N. Assume that the Py are
pairwise disjoint. If

J= O{n—p"m,_o |fp,¢Pk}

Then
L(J) = Ky

o L(N)=0
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The Dirichlet-Bohr radius

For any natural number x, we write

Le=L(fneN|1 <n<x]),

L, = max Zla Irfmy < sup

Res>0

>

for every >,«x @a,n~° and call this number the x-th Dirichlet-Bohr radius.

n<x
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The Dirichlet-Bohr radius

For any natural number x, we write

Le=L(fneN|1 <n<x]),

L, = max Zla Irfmy < sup

Res>0

2,
n<x

for every >,«x @a,n~° and call this number the x-th Dirichlet-Bohr radius.

Theorem D. Carando, A. Defant, D. Garcia, M. M. and P. Sevilla, 2014

There exist A, B > 0 such that

4 4
aMoox - gyloox

x1/8

for every x > 2. in particular,

z A +/log x “an
ZI nl —® < sup

Res>0

9

X
3 ann
n=1

for every x and every finite Dirichlet poynomial >'%_, a,n™°
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The Tools for the Dirichlet-Bohr radius |

Reduction Theorem, D. Carando, A. Defant, D. Garcia, M. M. and P. Sevilla, 2014
If we denote

501
HE™ = () o
n=1 ne

and for m € N we define the m-homogeneous x-th Dirichlet-Bohr radius by

a, #0 only if n<x,§2(n):m}.

Lm = sup{o <r<i ‘ VD e HE™ ) Jayl < r"”llDllco}.
n=1

Then,

infLym < Ly < infLy, forall xeN
m m

W=
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The Tools for the Dirichlet-Bohr radius I
Bohr’s fundamental Lemma, 1913

For every finite Dirichlet polynomial })%_, a,,,j—s we have

X
sup‘Za,,n‘”| = sup apaz"‘.
teR 15 zep"() aENg(X)
1<p¥<x

Here,  denotes the prime counting function, i.e., 7(x) is the number of prime
numbers less than or equal to x.
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The Tools for the Dirichlet-Bohr radius I

Bohr’s fundamental Lemma, 1913

For every finite Dirichlet polynomial })%_, a,,,j—s we have

X
sup‘Zann‘”| = sup apaz"‘.
teR 15 zep"() aeNg(X)
1<p¥<x

Here,  denotes the prime counting function, i.e., 7(x) is the number of prime
numbers less than or equal to x.

v
Unusual notation for a Polynomial in C"

For m, n € N we put

J(m,n) ={i=(it,....im) e {1,....n": 1<ih <...<ip<n},

which allows to represent every m-homogeneous polynomial
P(z) = Y e Ca2%, z € C" uniquely in the form

P(z) = Z Gz, ..."Z,, zeC"
i€ (m.n)
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The Tools for the Dirichlet-Bohr radius, I

Theorem F. Bayart, A.Defant, F. Leonard, M.M. and P. Sevilla 2014

Letn>1,letm>1>1andlet« > 1. There exists C(x) > 0 such that, for any for
any m-homogeneous polynomial P in C" with coefficients (¢;);, we have

121

[ S (% ) ™7 <]t + 1) iete.

j€g(l.n) ieg(m-I,n)

im-I<jt

where ||P|l, = supf|P(2)| : z € D"}.
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The Tools for the Dirichlet-Bohr radius, I

Theorem F. Bayart, A.Defant, F. Leonard, M.M. and P. Sevilla 2014

Letn>1,letm>1>1andlet« > 1. There exists C(x) > 0 such that, for any for
any m-homogeneous polynomial P in C" with coefficients (¢;);, we have

121

[ S (% ) ™7 <]t + 1) iete.

j€g(l.n) ieg(m-I,n)

im-I<jt

where ||P|l, = supf|P(2)| : z € D"}.

Theorem, Balasubramanian, Calado, and Queffélec, Studia Math. 2006

Let m > 2 and « > 1. There exists C(x) > 0 such that for every m-homogeneous
Dirichlet polynomial D = YX_, a,n~° in HE™ we have

m

(log n) 7!
Z| 9N G m™ (26Dl
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The Tools for the Dirichlet-Bohr radius, I

Theorem F. Bayart, A.Defant, F. Leonard, M.M. and P. Sevilla 2014

Letn>1,letm>1>1andlet« > 1. There exists C(x) > 0 such that, for any for
any m-homogeneous polynomial P in C" with coefficients (¢;);, we have

1\1m
K(1 +7)] 1Pl .

121

[ 3 (5 ewf) ] <o

j€g(l.n) ieg(m-I,n)

im-I<jt

where ||P|l, = supf|P(2)| : z € D"}.

Theorem, Balasubramanian, Calado, and Queffélec, Studia Math. 2006

Let m > 2 and « > 1. There exists C(x) > 0 such that for every m-homogeneous
Dirichlet polynomial D = YX_, a,n~° in HE™ we have

m

(log n) 7!
Z| 9N G m™ (26Dl

1-a

Zp"" 1—a|)(;g for every 0 < a < 1

p<X
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