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Multipliers of Dirichlet series

Dirichlet series

1
D=3, a,,; with coefficients a, € C and variables € C

V.

F% = the Banach space of all Dirichlet series D representing
bounded holomorphic functions on [Re > 0]

A sequence of complex scalars (b,) is an £;-multiplier of 5,

s v Zan%e%’w: > |anba| < oo
n

n
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Multipliers of Dirichlet series

A sequence of complex scalars (bp) is an ¢3-multiplier of J#,

1
RS/ Eanﬁeeﬁfm: E |a,,b,,|<oo
n

n 4
THE EXAMPLE
1
bn = -0
nz
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A sequence of complex scalars (bp) is an ¢3-multiplier of J#,
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THE EXAMPLE

bn=

S
M-—-I L

Balasubramanian, Calado, Queffélec, 2006 )
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1
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Multipliers of Dirichlet series

(bn) is an £y-multiplier of

1
S E a,,;e%’oo: E |anbn| < 00
n n

e(715_€) vlognlioglogn
bn = 1
n2
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Multipliers of Dirichlet series

Recall

(bn) is an £y-multiplier of

1
R— V Zanﬁ G ‘%’OO 5 Z |anbn| < o0
n n

4

(<) viognioglogn
bn = T
n2

Queffélec 1995,

Konyagin-Queffélec 2001,
Balasubramanian-Calado-Queffélec 2006,

de la Breteche 2008,
D.-Frerick-Ortega-Ounaies-Seip =: DFOOS 2011
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Multipliers of Dirichlet series

(bn) is an £y-multiplier of

RS/ Za"%e'}f“: E|anb,,|<oo
n n

Give a reasonable description of all £;-multipliers of F%.
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Multipliers of Dirichlet series

(bn) is an £y-multiplier of

RS/ Za,,%e.}foo: E|anb,,|<oo
n

n
Give a reasonable description of all £;-multipliers of F%. I
... this problem seems to be too difficult right now! )
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Multipliers of Dirichlet series

(bn) (completely) multiplicative

= bn.m = bn . bm
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(bn) (completely) multiplicative
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Multipliers of Dirichlet series

(bn) (completely) multiplicative
= bn.m = bn . bm
& by = (bp,)™ whenevern=p$* x ... x pp¥ = p*

<3 zeCV: b,=2z*whenevern=p“

o

@ b Dirichlet character
°0-(3)
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Multipliers of Dirichlet series

(bn) (completely) multiplicative
= bn.m = bn . bm
& by = (bp,)™ whenevern=p$* x ... x pp¥ = p*

<3 zeCV: b,=2z*whenevern=p®

@ b Dirichlet character

@ b= (nlﬂ) = (%)a whenever n = p*
J
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Multipliers of Dirichlet series

Give a description of all multiplicative £;-multipliers (bj) of %
in terms of the asymptotic decay of the subsequence (bp,).

We know from previous work that-at least philosophically-this set of
all multiplicative multipliers should be close to 45 ...
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An almost satisfying solution

A sequence of complex scalars (bp) is an ¢3-multiplier of J#,

RS/ zanéeeﬁfm: z|anb,,|<oo
n

n
o

The Problem

| ? C Set of all multiplicative ¢;-multipliers of 54, C 2? |
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An almost satisfying solution

n

1
B :={be D" multiplicative | limsup —— ) b3z <1

n—oco lOgn =
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An almost satisfying solution

n—oo lOQn

n
B:= {b € DN multiplicative | limsup 1 Y bpZ< 1}

=1

Theorem, Bayart, D., Frerick, Maestre, Sevilla Peris 2014

B C Set of all multiplicative ¢;-multipliers of 545, g B
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An almost satisfying solution

1 n
. N . . . . %2
B .= {b € D™ multiplicative Inrfp sup _Iogn E bpj < 1}

j=

Theorem, Bayart, D., Frerick, Maestre, Sevilla Peris 2014

B C Set of all multiplicative ¢;-multipliers of 7, g B

The theorem is up to some point isometric, which explains why its
proof is somewhat sophisticated ... J
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An almost satisfying solution

{b € DN multiplicative | lim nsup - Eb*z < 1}

B C Set of all multiplicative ¢;-multipliers of 52,

o

b € DN N ¢, multiplicative YES
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An almost satisfying solution

1 n
. N . . . . *2
B:= {b € D™ multiplicative | limsup _ogn E bp/ < 1}

|
n—oo i

B C Set of all multiplicative ¢;-multipliers of 52, g B

b= (%) YES
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An almost satisfying solution

B:= {b € DN multiplicative | lim nsup - Eb*z < 1}

B C Set of all multiplicative ¢;-multipliers of 52,

o

‘Reformulation
bn=(%)aifn=p°‘ [YEs |
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An almost satisfying solution

1 n
. N . . . . *2
B:= {b € D™ multiplicative | limsup _ogn E bP/ < 1}

|
n—oo =

B C Set of all multiplicative ¢;-multipliers of 52, g B
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An almost satisfying solution

T I 1 O
B:={be DM multiplicative | limsup —— ) b}’ <1
n—oo lOQn = !

B C Set of all multiplicative ¢;-multipliers of 52, g B

4

( )a if n = p> [YES forc<1]|
bn=

(

S &

o
)" #n=p*  [NO forc>1]
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An almost satisfying solution

{b € DN multiplicative | limsup —— Zb*z < 1}

n—o0 |0

B C Set of all multiplicative ¢;-multipliers of 74, C B

4

b (%): if n = p* [YES forc<1]|
()" in=p> [NO forc>1]
c=17
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Dirichlet series
D

Zn a"#
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Dirichlet series formal power series
D _ B
Co = ape
Yoty  ————— Yo CaZ
U U
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Dirichlet series and holomorphic functions in high dimensions

Dirichlet series formal power series
D _— B
Co = Apo
>on an# _— > o CaZ®
U U
Horo _— Hoo(Be,)

v

Hw(B¢,) := all bdd. and holo. fcts f : B,, — C
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Dirichlet series and holomorphic functions in high dimensions

Dirichlet series formal power series
D _— B
Co = Apo
>on an# _— > o CaZ®
U U
Horo _— Hoo(Be,)

.

Hw(B¢,) := all bdd. and holo. fcts f : B,, — C

In which sense is Hoo(Bg,) in fact a subspace of 8 ?

N
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Dirichlet series and holomorphic functions in high dimensions

f € Hoo(Bg,)

a=(a,...,ay,0,...) € NSN)
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Dirichlet series and holomorphic functions in high dimensions
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a=(a,...,ay,0,...) € INgN)
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Dirichlet series and holomorphic functions in high dimensions

f € Hwo(Bc,)

a=(a,...,ay,0,...) € NgN)

fu(2) :=f(z,0,...), zeDN
colf) := 20

an(f)z“ monomial expansion (formal!) of f € Huo(Bc,)
o
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Dirichlet series and holomorphic functions in high dimensions

f € Hoo(Bg,)
a=(a,...,ay,0,...) € INgN)
fu(z) :=f(z,0,...), zeDN
9afn(0
a(f) N( )

an(f)z"‘ monomial expansion (formal!) of f € Hoo(Bc,)
o

ath monomial coefficient of f

V.

Y o Ca(f)z™ determines f € Hy(Bc,) uniquely l
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Dirichlet series and holomorphic functions in high dimensions

Dirichlet series formal power series
D _ B
1 Ca=apx
Y onanys > o CaZ®
U U
Horo _ Hoo(Be,)
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Dirichlet series and holomorphic functions in high dimensions

Dirichlet series formal power series
D _ B
1 Ca=apx
Y onanys > o CaZ®
U U
Hoo _ Hoo(Be,)

Theorem

Bohr 1913, Hedenmalm-Lindqvist-Seip 1997

Hoo = Hoo(Bc,)
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Dirichlet series and holomorphic functions in high dimensions

f(z) = an(f)z" for all finite sequences z € B,
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Dirichlet series and holomorphic functions in high dimensions

f(z) = an(f)z" for all finite sequences z € B,
«

Otherz’'s? Evenallz's? )

mMon Heo(Be,) == {z € B, | Yf € Hyo(Bg,) : f(2) = an(f)z“}
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Dirichlet series and holomorphic functions in high dimensions

Then our original problem ...

? C Set of all multiplicative ¢;-multipliers of 74, C ??

v
... transfers into

monHy,(Be,) = ?
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Dirichlet series and holomorphic functions in high dimensions

Then our original problem ...

? C Set of all multiplicative ¢;-multipliers of 7%, C 2?

o

... transfers into

monHy(Be,) = ?

”

For each multiplicative sequence b the following are equivalent:

@ (bn) is an ¢;-multiplier for %,
® (bp;) € monH.,(Bc,)
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014

1 n
. N . . . . *2
B:.= {b € D™ multiplicative | Ilrnn sup _Iogn E bpj < 1}

=

B C Set of all multiplicative ¢;-multipliers of 2, g B
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014

B:= {b € DN multiplicative | lim sup —— Zb*z < 1}

n—o0

B C Set of all multiplicative £;-multipliers of 7%, = B

.

Z.= DN | limsup—— ) z? <1
{ze - z g }

n—o0 I
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014

B:= {b € DN multiplicative | lim sup —— Zb*z < 1}

n—o0

B C Set of all multiplicative ¢;-multipliers of 2, = B
Z:={zeD" | limsup — z*2 1

n—o0

Theorem, BDFMS 2014

Z C monHx(Be,) & Z
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014

1 n
. N . *2
Zz:= {b eD | limsup _Iogn j§=1 zi° < 1}

n—oo

Z C monH(Bs,) & Z
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Recall, BDFMS 2014

1 n
. N . *2
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Z C monH(Bs,) & Z
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014

1 n
. N . *2
Zz:= {b eD | limsup _Iogn j§=1 zi° < 1}

n—oo0

Z C monH(Bs,) & Z

o

This result improves work of

Hilbert 1909, Toeplitz 1914, Bohr 1914,
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014
Z:.= {b e DN lim sup —— Zz*z < 1}

n—oo0

Z C monH(Bs,) & Z

o

This result improves work of

Hilbert 1909, Toeplitz 1914, Bohr 1914, Bohnenblust-Hille 1931,
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Dirichlet series and holomorphic functions in high dimensions

Recall, BDFMS 2014

Z:={beD" | limsu 2 <1
fpen| imap s <l

Z C monH(Bs,) & Z

This result improves work of

Hilbert 1909, Toeplitz 1914, Bohr 1914, Bohnenblust-Hille 1931
D.-Prengel-M. 2009

1
| A\,
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € Hx(Bc,) the aim is to
control the following sum uniformly in n

> lea(z

aENg
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € H,(Bc,) the aim is to
control the following sum uniformly in n

> lea(fze

a€ENG

Z > 1hin(2 -2

1<h <...<jm<n
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € H,(Bc,) the aim is to
control the following sum uniformly in n

> lea(fze

a€ENG

[e o]

=> ) l6hz---z

m=1  je_#(m,n)
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € H,(Bc,) the aim is to
control the following sum uniformly in n

> lea(fze

a€ENG
p—1 [e’)

=D > 16Ozl [+ D 6022
m=1 je_#(m,n) m=p je_¢(m,n)
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € H,(Bc,) the aim is to
control the following sum uniformly in n

> lea(fze

a€ENG

oo
$|polynomial case |+ Z z lci(f)z, - - - Z;,,
m=p je_¢(m,n)
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € H,(Bc,) the aim is to
control the following sum uniformly in n

> lea(fze

a€ENG

< | polynomial case |

12\ 23] ®

J1 1
+ | XY |zl | [ ——=

j€ #(p.n) =11 — (J%l)2

1
)%

X Z P z Z |C(I,j)|2

m>p i€ #(p;n) \ i€ _#(m—p,n)
im—p<i1
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € H,(Bc,) the aim is to
control the following sum uniformly in n

> lea(fze

a€ENG

< | polynomial case |

+| condition: z€ Z |

X me Z Z |f-'(i,j)|2

mZP jef(pJ') iedg(m_‘%n)
im—p<i1
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € Hx(Bc,) the aim is to
control the following sum uniformly in n

> lea(z

aENg

< | polynomial case |

+| condition: z€ Z |

X | recent Bohnenblust-Hille type inequalities
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € Hx(Bc,) the aim is to
control the following sum uniformly in n

> lea(z

aENg

< | polynomial case |

+| condition: z€ Z |

X | recent Bohnenblust-Hille type inequalities

<[oo]
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Dirichlet series and holomorphic functions in high dimensions

Idea of proof: Given z € Z and f € Hx(Bc,) the aim is to
control the following sum uniformly in n

> lea(z

aENg

< | polynomial case |

+| condition: z€ Z |

X | recent Bohnenblust-Hille type inequalities

<[oo]

DFOOS 2011, Bayart-Pellegrino-Seoane 2013 ... J
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From polydiscs to /.-spaces

mon Huo(Be,) := {z € By,

Vf € Hoo(By,) : f(2) = ) ca(f)z"‘}
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From polydiscs to /,-spaces

mon Huo(Be,) := {z € By,

Vf € Hoo(By,) : f(2) = an(f)z“}

monH(Be,) = ? I
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From polydiscs to /,-spaces

mon Huo(Be,) := {z € By,

Vf € Hoo(By,) : f(2) = an(f)z"}

monH(Be,) = ? I

D.-Prengel-M. 2009

Forl<r<ooandl1l/q=1/2+1/max(r,2)

Be, N eq C monHoo(Be,) CBg N fq.,.e

Holomorphic functions in high dimensions and primes numbers Buenos Aires, 2014 26/30



From polydiscs to /,-spaces

mon Huo(Be,) := {z € By,

Vf € Hoo(By,) : f(2) = an(f)z"}

monH(Be,) = ? I

D.-Prengel-M. 2009

Forl<r<ooandl1l/q=1/2+1/max(r,2)

Be, N eq C monHoo(Be,) CBg N fq.,.e

e=07? J
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From polydiscs to /,-spaces

Or=1: YES| Lempert 2000
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From polydiscs to /,-spaces

@r=1: YES| Lempert 2000
@r=o0: %emonHw(ng) but%qﬁt’z
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From polydiscs to /,-spaces

@r=1: YES| Lempert 2000
@r=o0: %emonHw(ng) but%qﬁt’z

®l<r<oo: Next theorem:
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From polydiscs to /,-spaces

Answer

Or=1: YES| Lempert 2000
@r=o0: %emonHoo(ng) but%qéez

®l<r<oo: Next theorem:

v,

Theorem, B., D., Schliters 2014

Foreachl <r< oo

1

pl_mT_{lr_zy . Be, C mon HOO(B[’_) 9

and the exponent in the primes p is optimal.
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From scalar values to vector values

New object of desire

1

anp € X, X Banach space
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Again we can define
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From scalar values to vector values

New object of desire

1

anp € X, X Banach space

Again we can define

@ Hp(X) = ...
@® b € CN is an ¢1-multiplier of S, (X) whenever ...

Given X, describe all multiplicative £;-multipliers of 5% (X). I

... or equivalently

mon Huo(Bey, X) = ?
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From scalar values to vector values

Local Banach space theory enters the game . .. J
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From scalar values to vector values

Local Banach space theory enters the game . .. )

Theorem, Carando, D., M., Garcia, S. 2014

@ For every multiplicative sequence b € CN:

b is an £y-multiplier of #o(€y) < b € DN N lmingw 2}

Holomorphic functions in high dimensions and primes numbers Buenos Aires, 2014 30/30



From scalar values to vector values

Local Banach space theory enters the game . .. )

Theorem, Carando, D., M., Garcia, S. 2014

@ For every multiplicative sequence b € CN:
b is an £y-multiplier of #o(€y) < b € DN N lmingw 2}
® mon Hoo(Bcoazu) =D"n zmin{u’,2}
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From scalar values to vector values

Local Banach space theory enters the game ... J

Theorem, Carando, D., M., Garcia, S. 2014

@ For every multiplicative sequence b € CN:
b is an £y-multiplier of #o(€y) < b € DN N lmingw 2}
© mon He(Bey, €u) = DN N Lmingu 2}

More generally

X inf. dim. with hypercontractive homogeneous cotype cot(X)

@ b is an £ -multiplier of #,(X) < b€ DN N Leoyxy
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From scalar values to vector values

Local Banach space theory enters the game ... J

Theorem, Carando, D., M., Garcia, S. 2014

@ For every multiplicative sequence b € CN:
b is an £y-multiplier of #o(€y) < b € DN N lmingw 2}
© mon He(Bey, €u) = DN N Lmingu 2}

More generally

X inf. dim. with hypercontractive homogeneous cotype cot(X)

@ b is an £ -multiplier of #,(X) < b€ DN N Leoyxy
© Mon Hoo (B, X) = DN N Legrxy
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