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1 Proof of Theorem 1

Put \* = C’~1)\, then
S(LNCx, H)) = S(L(\'x, H))

and
To(L((y, N Cx, 8'%), H)) = To(L((y, \'x, 8'%), H)).

Therefore
A(C'18,L((y, Cx), H)) = A(B,H),

and then the Theorem holds.

2 Proof of Theorem 2

According to (8) we have
A(Bo, Ho) = 0. (36)

On the other hand take §#8y and put Ao = (Bo—03)/||Bo—0]| and oy =
[|8—Bol|- Then Byx=anAyx+3"x and this implies that (y, \jx,3'x) follows model
(6)-(7). Then (8) implies that

To(L((y, Mox, %), Ho) = an = ||8 = Bo|| > 0, (37)
and since S(L(N'x,Gp)) > 0, we obtain
A(B3,Hy) > 0. (38)

Then from (36),(38) and (14) we get that T(Hy) =0o.

3 Proof of Theorem 3

Since both sides of (18) are affine invariant, we can assume that V(Gp) is the
p X p identity matrix.
Take [ such that

d+(Go,€)
||ﬁ - ﬁOH > (1+d(G0,€)> H§1|1|I=)1 B(T07>\,ﬁ0aG075)- (39)
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Let H € V(Hp, ). We have to show that

T(H) # f. (40)
We have

A(Bo, H) < sup  sup  |To(L((y, \'x, Byx),H)|d" (Go, )
IN[=1 HEV(Ho,e)

< sup sup  |To(M)|d"(Go,e)
IN=1 MEV(M, ,; e)

< sup B(TOaAaﬂO7G07€)d+(GOa5)' (41)
[[All=1

Put Ao = (Bo—0)/||Bo—0|| and ay = ||5—0||- Then using (9)-(10) we obtain
To(L((y, Aox, 8%),H)=|18 — Bol|To(L((y. (8, — B)'x, 5'x),H))
=18 = Bol | To (L((y: (B, — B)'x, (B, — (Bo — B))'x),H))

=118 = Boll(To(L((y: (B, — B)'x, Box),H))+1)
= TO(‘C((y7 )\6X, ,86X),H)) + ||ﬁ - 50”7

and therefore by (39) we get

|TO(‘C’((y7)‘/X7ﬁ/x)7H))IZHﬁ - BOH - Hil‘l‘IilB(T(h )‘7607G07€)

+
> (1+d<GO’€)> sup B(To, A, Bo,Go, €)

d=(Go,€) ) |a)=1
— Ssup B(To,)\,ﬂO,Go,{:‘). (42)
[IA[l=1
Then, we obtain
A(/BvH) > d+(G078) sSup B(T()?)‘?ﬂOvGOvE)' (43)
[IAll=1

Inequalities (41) and (43) imply (40).

4 Proof of Theorem 4

Let U, = nY2(T(H,)—B0), kn = ||Unll, A\n = U,/||knl|. We have to prove
that k,, is bounded in probability. We can also write

T(H,) = Bo + knAn/n/2. (44)
By (19) we have

n' 2Ty (L ((y, Ny, Box) ,Hy)) = Op(1).



Then by (20), (21) and the definition of T we obtain
n!2 Ty (£ ((y, Xyx, T(Hn)'x),H)) = Op(1),

and then using (44) we can write

V,, = n'/?T, (L‘, <<y N x, (50 + n’j’/‘zxn) x) Hn>> = 0,(1). (45)

However, because of (10) we have
Vn = n1/2fI‘0 (‘C ((y7 )\;X, /B(SX) 7Hn)) - knv

and then
kp = n'2To(L((y, X%, B4x),Hy) — V.

Then because of (19) and (45), k,, is bounded in probability.

5 Proof of Theorem 5

In order to simplify the proof of Theorem 5, in this Section we omit S(L) in the
definition of the initial estimating functionals given in (22). The proof when
the scale is included is essentially the same but it requires to take care of some
cumbersome technical details.

5.1 Uniform consistency of the initial estimator

In Lemma 2 we prove a uniform convergence property of the initial estimator
Tp given by (22). The following Lemma is required to prove Lemma 2.

Lemma 1. Assume P1-P4, then

(i) Let r(01,02) = Ep, [n(y — 6(01))] - Then 61 < 0 implies r(01,02) > 0 and
01 > 05 implies r(01, 92) < 0.

(ii) The function 6(0) is strictly increasing.

(iii) 0(0) is continuous.

(iv) The function () is continuously differentiable.

(v) For all & > 0 we have

En, [n(y — 6(g7 (aXNx + Bjx)))s(Nx)] <0 (46)
and
En, [n(y — 6(g7 (—aXNx + Bix)))k(XNx)] > 0. (47)

Proof. Assume first 6; < 0>. As in Lemma 3 of Bianco, Garcia Ben and
Yohai (2005), we can prove that Fp, (y) > Fp,(y) for all y. Let 6; < 63, then
r(01,02) > 0 follows from the following two facts (a) r(61,01) = 0 and (b) there
exists ¢ > 0 such that Py, (Jly —0(61)] < ¢) > 0 and n(u) is strictly increasing for



|u| < ¢. The proof in the case 61 > 65 is similar. This proves (i), and (ii) is a
direct consequence of (i).

Parts (iii) and (iv) are proved here only for the case of a continuous family of
distributions. The proofs for the discrete case are similar. To prove the continu-
ity of §(6) is enough to show the left and right continuity. We only show the right
continuity of §(f) and the proof of left continuity is completely similar. Let 6,
be a non-increasing sequence such that 6,, — 6, then §(0,,) is a non-increasing
sequence such that 6(6,) — a. Then to prove that 4() is right continuous is
enough to show that §(8) = a. According to the definition of §(6) we have

Een [T](y - 5(0”))] = O’
or equivalently

/D 0y — 6(6)) (. 6)dy = 0. (48)

Since f(y,0,) is the density of an exponential family and »n is bounded, we can
find an integrable function f*(y) such that

Slwllp |77(y - 5(9n))| f(ya Hn) < f*(y)

and therefore by the Dominated Convergence Theorem we can take limits in
(48) inside the integral obtaining

/D n(y —a)f(y,0)dy =0 (49)

proving that 6(6) = a.
To prove (iv) note that according to (23) we have

Eoyn [1(y — 68+ 1) = /D n(y — 66+ 1) f(y.0+ W)dy =0.  (50)

Applying the Mean Value Theorem (MVT) we get

| = (0+1) 1000+ )y

= [ty =010+ 1)y

= 600+ )= 30)) [ /(s =" (0. W) S0+ W),
where [6*(y, h) — 8(8)| < |8(6 + h)) — 6(8)|. Therefore

5(0+h) —5(0) = Jonly —06(6))f(y,0 + h)dy

= Ty =57y, ) 0, 0+ Ry (51




Using the MVT theorem again, (23) and part (i) of this lemma we get

0<R0.0+1) = [ oy =670+ 1)y

_ Of (y,0)
= [ atw=s@n 100y n [ nty—s0)) 2

— [ty - a0 2L

where |6*(y, h) — 6| < h. Then from (51) and (52) we obtain

dy
0=0"(y,h)

dy, (52)

6=0*(y,h)

9f(y.9)

5(0+h)—6(0) Jpnly —0(0)) =5 oo () dy
h oy —0*(y,h) f(y, 0+ h)dy

Note that P1 implies

/Dn’(y —8(0))f(y,0)dy >0

and then from (53) we derive

5(0) = Tim (0 +h) —8(6) _ Jpnly— 5(0)) 2100 g,
" h Jpn'(y—0(9))f(y,0)dy

which is a continuous function. This proves part (iii).
Equation (46) can be written as

Eg, [r(g_l(a)\’x + ﬁéx),g_l(ﬁéx))ﬁ()\'x)} < 0. (54)
Note that Lemma 1 (i), P2 and P4 imply that

(g (aNx + ﬁéx),g_l(ﬁéx))m()\x) <0

and
r(g™ (@Xx + B7x),9™ 1 Byx))w(Ax) <0
when |\'x| > 0. Then (54) follows from P3. The proof of (47) is similar.
Lemma 2. Assume P1-P3. Consider a random sample (y1,%X1), .-, (Yn, Xn)
from model (1)-(3), where y|x is Fy with g(0) =B(x;. For any A€ RP let ()
be the estimating functional Ty given in (22) applied to (y;, \ix,04%;), 1 <i < n.
Then
sup |an(A)] — 0. as..
[IAll=1
Proof. Note that a,, () is the value of « satisfying

b
D nly — 897 (@Xxi + Bpxi)) r(N'xi) = 0.

i=1



Then, to prove the Lemma it suffices to show that for all oy > 0, there exists
¢ > 0 such that

n

1
limsup, o sup  — > (i = 8(g~ (N + Goxi)))s(N'xi) < —¢ (55)

a>ao,||A|=1 T 5T

and
liminfnaoo Oz)\/Xl + X; )\/X 2 c. 56
a<—ao, HA|| 1nzn B0%1)))(X'Xo) (56)

Since the proofs of (55) and (56) are similar we only prove (55).
Note that P1, P2,P4 and part (ii) of Lemma 1 imply that

n(yi — 6(g~ " (aNx + B)x)))k(N'x)

is non-increasing in « and therefore we have

Z n(yi — 6(g H(aNx; + B6x:)))k(N'x;1)

eanlnl=1 S

n

— sup =3 (s — (g™ (0N xi + Fyx))R(Vx). (57)

1N
MAl=1"5=5

Then in order to prove (55) it is enough to show that

n

1
limsup, o sup =% n(yi = o(g™" (@oXxi + foxi)))w(Nxi) < —e. (58)
HIAl=1"529

From Lemma 3 of Muler and Yohai (2002) we get that

1 n
limsup,, o, sup — Y n(y; — (g~ (X% + Byx:)))k(N'x;)

1N
[IA[l=1 75

< s By [nfy: = 5lo ™ a0\ + B In(Nx0)]

The Dominated Convergence Theorem implies that
a(\) = B, [n(y — 39" (aoXx + 55x)))(X'x)]
is a continuous function of A. Since by part (iv) of Lemma 1 we have a()) < 0,
(58) follows.
5.2 Consistency order of the initial estimator

Given a compact metric space S with a metric d, we denote by C(S) the space
of the real continuous functions defined on S and C(S)*, the space of linear and



continuous functionals defined on C(S). We denote by N4(S,u) the smallest
number of spheres of radio equal or less than p that cover S.

The following Theorem is proved in Jain and Marcus (1975).

Theorem 10. Let S be a compact metric space with a metric d. Let X be
a random variable with values in C(S) the space of all continuous functions on
S satisfying

E[f(X)]=0forall fe C(S)* (59)
and such that
sup E[X?()\)] < oo. (60)
€S

Assume also that there exists a non-negative random wvariable M such that
E[M?] < oo and a metric d* in S, which is continuous with respect to d such
that given s,t € S

X (s) = X()] < Md*(s,). (61)
Assume also -
> 27" /InNg-(5,27") < 0. (62)
n=1
Then if Xq,...,X, are i.i.d. random variables with the distribution of X, we
have
1 n
ni/2 ZXi
i=1

converges in distribution to a Gaussian process in C(S).
Lemma 3. Assume P1-P4 and let (y1,X1), ..., (Yn,Xn) be a random sample
from model (1)-(3). Then

Vn sup Z?? = 0971 (Boxi)) ) w(N'xi) (63)

IAI=1]"

18 bounded in probability.
Proof. Let C, = {\€ RP : ||\|| = 1}. Note that

Xi(A) = n(ys — 697 (Bpx)))k(N'x3),1 < i <,

is a set of i.i.d. random variables with values in C(C,,), where C), is endowed with
the Euclidean metric. Then, it is easy to verify that taking d* = d, conditions
(59)-(62) hold. Then by Theorem 6 we have

IS -1 D
7 2 1= g B (x) =P (),
where J(\) is a Gaussian process in C,,. Then

Vv sup ZU ; —d(g _1 50x1))) ()‘/Xi) —" m J(A),

ax
Ix=1|" = HAII 1



and this proves the Lemma.
Proof of Theorem 5. Let &, (\) be the solution of

n

D0y — 5 @a(NNx; + Goxi))r(Nxi) = 0,

1
n
i=1

where 6*(u) = (g~ (u)),Then we have to show that

Vi sup (@ (N)] = Op(1).

AEC,
A Taylor expansion yields

where

Zn = 0" (Boxi)) K (A'Xi),

Zn = 8" (ol (Vx4 B80x:))87 (0l X', + B Jr(X' ) (N'x,)

and |a (A)] < o, (A)]. Then by Lemma 3, it is enough to show that

liminf, o inf B,(\) > 0.
[IAl]=1

Put b(u) = min(x(u)u, 1). Since by Lemma 2 we have sup) =y |, (A)] — 0 a.s.
and by P1, P2, P4 and Lemma 1 7/ (y; — §*(84x:))0* (8yx;)b(N'x;) > 0, Lemma
4.2 of Yohai (1985) implies that

hmlnfn—w)o ||;\ﬂ£1 BH(A) > Hlﬂf EHO [ (y - 5*(,66)())5*,(66)()[)()\/)()] > 0.

Moreover as F'(X) =Eg, [n'(y — 0*(6,x))0* (85x)b(A'x)] is a continuous function
of A, it is enough to prove that for all A with [|A|| =1

F(\) > 0. (65)
Note that P1 implies that e(0) = Eg [n'(y — §(0))] > 0 for all §. We also have
F(\) = Eg, [6(971@1))5*/(01)5(”2)] ;
where v; =%, va =A'x. Put v = (v1,v2), then P3 implies that there are inter-

vals I; and I such that v has a positive density in I x I5. Since §*(0) is strictly
increasing we can also assume that 6*/(v) > 0 for v € I;. Then (65) holds.



6 Proof of Theorem 6

Note that Q(0,\,s) =0 and since Q(«,\,s) is non-increasing in «, we have
a1(A) <0 and az(A) > 0. Let H = (1 —e)Hp + €H, then

(1 - 5)Q(TO(['((y7 )\/X, ﬂ(/)x)’ H)v /\vS(‘C()‘lva)))+

© By |8y =3 BN 50 D vy )| =0

and this implies that

[Q(To(L((y, N'x, Box), H)), \,S(L(N'x,H)))
< EC1C2
“1l-¢

for all H € V(e, Hp). Since |Q(e, A,s)| in non-increasing in s we get
_6(6) < Q(T(ﬁ((y, A,Xa 6(,))()7 H)7 Aa C+(G07 &, A)) < 6(6)

for all H € V(g, Hy). Using that Q(a, A,s) is monotone non-decreasing in o we
obtain
ai(e,A) < T(L((y, A%, Bpx), H)) < as(e, A)

for all H € V(e, Hy).This proves the Theorem.

7 Proof of Theorem 7
Suppose that
e < min(e+* (S, Go), e (S, Go)) (66)

and
g > EZO(T, ﬂo, G()). (67)

Then to prove (i), it is enough to show
€ > ﬂl(Go) (68)
and to prove (ii) we have to show

£ > U2(Ho). (69)

Since ¢ satisfies (66) and (67), according to (18) and (17), there exists a
sequence of distributions H,, = (1—¢)H, +eH,, of (y,x), and a sequence \,, € RP
satisfying ||A,|| = 1 such that d,, = To(L((y,\,x, 3,x), Hy,)) converges either
to —oo or to oco. Without loss of generality we can also assume that A, — Ag.
Then we should have

(1= e)Em, [n(y — 6(g™ " (dnx + G5x)))sign (X, x)]



+eBy, [n(y — 6(g (dnX,x + Gox)))sign (X, x)] =0,
Then if we put ¢; = supn we get

1—¢ ’Eﬁn [n(y — 6(g7 (dn A x + Bix))) sign (A, x)] ’

e |Em, 1y — 0(g NdaN,x + 55x)))sign (A,x)]|
C1

= By 11y — 60 (dnNyx + x)))sign (]|

In case A, using the same arguments as in Lemma 3 of Bianco, Garcia
Ben and Yohai (2005), it can be shown that m(f) — oo implies y —¥ oo and
m(f) — —oo implies y —P —oco. This implies that 6(g~1(¢)) — oo when ¢ — oo
and §(g~1(¢)) — —oo when ¢ — —oo. As a consequence of this and P4 we have
that A\{x #0 implies

(70)

lim n(y — (g~ " (du Xy x + Bx)))sign (A, x) =

n—oo

{ - if d, —

c if d, — —oo,

and therefore

Jim |En, [n(y — 6(g " (dn X, x + B0x)))sign (A,x)]| > 1 Pg, (Myx # 0)
> 1&1(Go).

From (70) we get
1-¢
( s ) < &1(Go)
and this implies € > &1(Go)/(1 + £1(Go)) = 91(Go) proving (68). This proves
(i)

In case B, using once more arguments similar to those in Lemma 3 of Bianco
et al. (2005), we can prove that m(f) — oo implies that y —% oo and m(6) —
—oo implies y —P? 0. Then §(g~1(¢)) — oo when ¢ — oo and 5(g~(¢p)) — 0
when ¢ — —oo and therefore Ajx #0 implies

lim n(y — 897" (dn X, x + Fix)))sign (X, x)

e I(Nx >0)—c I(Mjx <0,y>0) if d, — o0
N al(Nyx <0)+ci I(\gx >0,y>0) if d, — —oo,

and then

Jim | By, [n(y — 6(g7" (dnXx + 85x)))sign (A,x)]| > €1Pr, (A'x #0,y£0)
> c1&2(Ho).

Then (69) follows from (70) and the last equation. This proves (ii).
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8 Proof of Theorem 8

The following Lemma is required to prove Theorem 8.

Lemma 4. Let e(z,3) : R x R¥ — R* be a continuously differentiable
function in 3 and let z1, ..., Zz, be i.i.d random vectors of dimension p. Consider
a sequence of estimators [3, such n'/?(B,—Bo) = O,(1). Suppose also that there
exists ¢ > 0 such that

sup |e(z, 5)]
[1B—Boll<¢

has finite expectation. Then we have:
(a) If Ele(z,By)] = 0, then

(b) Also assume that

de(z, B)

R ‘B—BO]ZO’ (71)

then
1 n . 1 n
mze(zi,ﬂn) - er(zi’ﬁo) =op(1).
=1 =1

Proof. Using the Mean Value Theorem (MVT) we have

-~ ~ 1 < ~ 1 <~ ez, )
—= e(zi, By)——7 > e(zi, o) =n2(Bn—Bo) =Y —a , (72
n1/2; ( ) nl/Q; ( 0) ( O)n; op p ( )
where () —P 0.
By Lemma 4.2 of Yohai (1985) we have
1y ae(zi,m’ ae(zi,m’ ]
lim — —_— =F|—F—+> . (73)
"ﬁ“"; 9B lp=p; B ls=p,

By the Central Limit Theorem (CLT) n_l/ZZe(Xi,ﬁo) is bounded in prob-
ability. Then part (a) follows from (72) and (73).

Part (b) follows from (72), (73) and (71).

Proof of Theorem 8. Put
3, — 3 A—lln FICTRTDS B x s*)xs
ﬂQn - ﬂOn - £} EZ;IU( (Xza Hns n))w(yuﬂonxu Sn)xz-

We start proving that

12 (Biy — B2n) — 0. (74)
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Since
~ ~ o 1 ~ ~
Bin = Bon = AL = w(d(xis fin, Zn) ) (i BonXis 57)%i,
i=1
we have that

~ ~ a1 & o~ ~ .
nl/z(ﬁln - ﬂ?n) = (AO t— Anl)mzw(d(x’ﬂ Moy Zn))w(y“ ﬂé)nxh sn)X’i
=1

B ~ 1 & ~ =~
= (A" - Anl)m > "e(i,BonfinSn), (75)
=1

where z; = (y;,%;), and given z = (y,x) we define
e(z, B, 1, 2,8) =w(d(x, u, X)) (y, /%, 8)x.
Note that A2 implies E [¢(y, 8ix,s)|x] = 0 and then
Ele(z, Bo, 1o, Xo, 50)|=E [E [e(2, By, g, Zo, 55) ]

—E[E [y, Byx.s3)lx] w(d(x, o, To))x]
=0.

Then, by part (a) of Lemma 4 (a) we have
1 Sa
mze(zi;[%ruznasn) = Op(l)
i=1

and therefore (74) follows from A5 and (75).
Note that by the Multivariate Central Limit Theorem

Dy, = —nPAGY w(d(xs, o, T0)) ¢ (yi, Boxi, s5)xi —* N(0,Vp).
i=1
Then according to (74) in order to prove the Theorem it is enough to show
nY2(Ban — Bo) — Dy = 0p(1). (76)
We can write

nl/Q(BQn - 50) - D, = n1/2(BOn - 50)

- 1 n . N
FAG LS (e o, So,55)0 (0, X, o, )%

i=1

2l ¢ G, 5" i
- AO 1mzw(y’u X;ﬁOna Sn)w(d(xi’ Hons Zn))xz
=1

- nl/z(Z(e*(thivﬁOn, En, S;) - e*(yivxiaﬂov E07 SS))?
i=1

12



where
e (3,9, 8, 1,3, 8) = B — (y, X' B,)w(d(x, 1, £)) Ay ' x.
Note that

ae*(y7 X7 /87 I’L’Z7 8)
0%

8w(d(xa Ho, Z))

% Ag'x,

= _’(/}(y7 X/ﬁOa 8)

and therefore putting 6* = g=1(x’3y )we get
E(y,x'Bo, s)[x] = Eo- [¥(y, 9(6"), )] = 0.
This implies

E 86* (yv X, 503 ,U,(),E, 83)
19))

x| = B 00,5l
=0
and then for all 3
B [36*(%&507#0;2753)} 5 [E [86*(%& Bos Hos 2, 85)

0% o)

dl

=0.
Similarly we can prove that for all u

E [66*(%?(/@0, /-1‘7207 S):| —0.
o

We can write

(96*(Z7 ﬂa Ho, 207 56)
op

and therefore by (31) we get

=1 — A0_1U/(d(x, Ho, 20)1/)0(% ﬂ,X,SS) XX/

0 e*(y,x,ﬁ,uo, EOa 86)

E 5

] =I-A;'Ay=0.
ﬁzﬁo

Since

B [(y, fx,5)| = 0 for all 5,

x| =0

0 e*(yax7ﬁ0a Ho, 207 8)
ds

Then (76) follows from part (b) of Lemma 4.

we get that
p [0l i)
ds

and this implies

E
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9 Proof of Theorem 9

Take
e <min(e*(Ty, Hy),e* (T, Ho), " (Tx, Hy),e” *(Ta, Ho)). (77)

To prove (a) we have to show that || Ty (H)|| remains bounded for H € V(Hy,¢).
Note that the functional T4 (H) is given by

Ti(H) = To(H)~Ta(H) ' Eg [w(d(x,T,(H), Ts(H))i(y, To(H)'x,Ts (f({));C] :
78
We can write
Eglw(d(x, T, (H), Ts(H)))(y, To(H)'x,Ts- (H))x]
ZTE(H)WEH[ (d(x, Ty (H), T (H)))¥(y, To(H)'x,Ts+ (H)) T (H)~/?(x — T, (H))]
+ Eglw(d(x, T, (H), Ts(H)))(y, To(H)'x,Ts- (H))Tu(H)]. (79)
Let Ky =sup v, Ky = supw and K3 = supw(d)d,

Ky = Ts(H
1= o ex L, w(T=H),

Ko =, max [T, ().
By (77) we have K4 < oo and K5 < co. Then for H € V(Hy,¢) we have
T (H)"? Exlw(d(x, T,u(H), Tx(H)))t(y, To(H)'x,Ts- (H))Ts(H)~/?(x = T, (H))]|
< KiKiEglw(d(x, T, (H), Tx(H)))||Ts (H) "/ (x = T (H))|l]
< KaF0 Ky Bylw(d(x, Tu(H), Ts(H)))?d(x, T, (H), T ()
< K K KYPKY? (80)

We also have

| Eg [w(d(x, T, (H), Ts(H)))Y(y, To(H)'x,Ts- (H))T,(H)]|| < K1 K| T, (H)]|
< K1 K2 K.
(81)

From (79), (80) and (81) we conclude that
| [w(d(x, T),(H), Ts(H)))y(y, To(H)'x,Ts- (H))x]|

remains bounded when H € V(Hy,¢). Since € < ¢~ *(Ta, Hp), the eigenvalues
of Ta(H)™! remain also bounded. Therefore using that ¢ < &*(Ty, Hp) and
(78), we obtain that ||T1(H)|| remains bounded too. This proves part (a) of
the Theorem.

Now we prove part (b). The functional T4 is defined as

Ta(H) = Exw(d(x, T, (H), Ts(H)))r"(To(H)'x,Ts- (H))xx'],
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where 7*(¢, 8) = 7(g71(¢), s).Since by A10 7%(¢,s) < 0, A(H) is semidefinite
negative. Then, it is enough to show that if

£ < min <€*(T0,H0), 6*(TS*7HO); ém) ) (82)
then
inf inf —c'Ta(H)c > 0. (83)

HeV(Ho,e) ||c]|=1

Given H = (1 —¢)Hy + ¢H*, we have that

~Ta(H) =~(1~¢e)Eny[w(d(x,T,(H), Ts(H)))r" (To(H)'x,Ts- (H))xx']
—eEg-[w(d(x,T,(H), Tx(H)))T*(To(H)'x,Ts- (H))xx'],

and since
—eEp~ [w(d(x, T, (H), Tx(H)))T*(To(H)'x,Ts~(H))xx']
is semidefinite positive, in order to prove (83) it will be enough to show that

inf inf —c’A*(H)c > 0,
HEV(Ho ) [|el =1

where
A*(H) = Eg, [w(d(x,T,(H), Tx(H)))m"(To(H)'x,Ts(H))xx'] .

Since € < (fl(GO) — 05)/51(G0) we have

1 0.5
Yo = g <§1(G0) - 1_€>

_ —e&1(Go) +&1(Gop)) — 0.5

3(1—¢)
_ &~ [(£1(Go) — 0.5)/&1(Go)]
3(1—¢)
>0 (84)

and from the definition of & (Gy) we can prove that there exists 4 > 0 such
that
Sup Pa,(|'x| <) <1 = &(Go) + 0. (85)
c||=1

Assumptions A8 and A9 imply

Pe (w(d(x, Ty(H), T (H))) <wp) < =

<o (86)

Let Kg be such that
Pg, ([[x]] >Kg) < 0. (87)
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By (82) we can find ky > 0 and K7 < oo such that

inf  Ts.(H)>ko, sup Ts-(H)< Ky
HEV(Hy,e) HeV(Ho,e)

and Kg < oo such that

sup ||T1(H)|| < Ks.
HGV(HQ,E)

Since 7*(¢, s) is continuous and by A10 7*(¢, s) < 0 for all (¢, s) with s > 0 we
have
by = inf —7*(¢,8) > 0.
? [|$l|<KeKs,ko<s<K7 (9,5)
Put
De = {lc’x| <m} U{l[x[| =Ko} U{w(d(x, T, (H), Tx(H))) <wo}.

Then, from (85), (86), (87) and (84) we obtain

0.5
Pg,(Dc) < (1 —=&(Go) +v0) +10 + 1-z
=1-£61(Go) + 27 + &1(Go) — 370
=1-=10

and if we denote by DS the complement of D, we have

Fg, (Dg> > 70-
Take ¢ €RP with ||c|| = 1. Since in DS we have w(d(x, T, (H), Tx(H))) >wo,
T (To(H)'x,Ts«(H)) > by and |c'x| > 7, we get

inf —c'A*(H)c
HeV(Hop,e)

> nf =B, [w(dx T (H), Ts (1)) (To(H)'x T (H))(€'x)’

>  inf -E {I De
Z yeith, o) ~FHo [1(De

> yfwoba Pa, (D)

> Y2wobao,

Jw(d(x, Ty, (H), Tx(H)))7*(To(H)'x,Ts- (H)) (C’X)Q}

and then (83) follows. This proves part (b) of the Theorem.

10 Derivation of the CUMGES estimators

A general M-estimator (GM-estimator) of « for the auxiliary model (6)-(7) is
defined by

n

Zw(y,w,z,a) =0,

i=1
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where ¥ : R* — R. The GM-estimator corresponding to 1 is conditionally
unbiased (CUGM-estimator) if ¢ satisfies

Ea(¢(y, w, z, Oé)|’u)7 Z) - O

Assume ¢(f) = m(f). The maximum likelihood estimator for the auxiliary
model has score function

¢0(y7 w, z, a) = (y - q(gi‘l(aw + Z)))w’

where ¢(6) = Ey(y) and then it is a CUGM-estimator.
Let 0x(0) and ¢y (y, w, z, ) be defined by

Eo (Yr(y —0r(0)) =0

and
Vel w,z,0) = nff (=02 (97 (aw+2))) w)

= sign(w)|w|n% (y — 6 (97 (aw+ z))) . (88)

Jw]

Then if 0, . = g~ (aw + z), we have

Ba(t(y,w,2,afw,2)) = sign()lul B, . [n'E (y= 04 (6.0))]
=0.

Then the GM-estimator of a based on ¥y (y, w, z, ) is conditionally unbiased.
Let B(a) be defined by

0 LW, Z,

Bu(a) = ’E [wk(yaa>] ‘

Then as in Kiinsch et al. (1989) it can be proved that for the auxiliary model the
GM-estimator based on 9y (y, w, z, &) is the conditional unbiased GM-estimator
with smallest variance subject to the constrain that the GES is smaller or equal
than k/By(«).

To obtain the minimum GES it seems natural to take k& — 0. Then in case
that the median of Fy is well defined we have limy_,¢ 65 () = do(6) =mediany(y)
and from (88) we get

o1
%1—>H10 %wk(ya w, 2, Oé)

. o1
= sign(w) lim,

(v 0.1 (97" (aw + 2)) ) sign(y — do(g ™" (aw + 2)))sign(w)
[w]

[w]

1
= sign(w) lim 0 (y = (g™ (aw + 2))

= sign(y — o9~ (aw + 2)))sign(w).
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Therefore the GM-estimator with score function

Yo(y, w, z,a) = sign(y — do(g~" (aw + 2)))sign(w)

is a CUMGES estimator. A rigorous proof that the GES is minimized when
k — 0 requires arguments similar to those used in Section 3.8.6 of Maronna et
al. (2006).

When y takes only non-negative integer values the median of Fy is not in
general well defined. In this case we will show that

1 1 _ .
Jim, (5w, 2,0) = ——nlly(y — o5 (97 (w + 2))sign(w),  (39)

and therefore the M-estimator with score function

bo(y, w, 2z, @) = 03’5 (y — So.5(9~ " (aw + 2)))sign(w)
is the CUMGES estimator. We first prove that for 0 < k < 0.5.

1 1
~i (y = 01(0)) = 1615 (y — Fo.5(0))- (90)
k 0.5
Since nf (u)and 4 () are continuous in k,to prove (90) it is enough to show
that given ko < k1 < 0.5

(5 = 51,(0) = -t (v = 61, (0). (91)

Note that k; < 0.5 implies that there exists at most one non-negative integer
y such that |y — d, (0)| < k1. Assume first that there exists one integer yo(6)
satisfying this condition. In this case we can write

ky if y>yo(0)
Ny (Y — On, (0)) = —ky if y <yo() (92)
Yo(0) — 0k, (0) if y = yo(0).

Now we prove prove that dg,(6) is given by §* defined by
yo(0) — 6% = (k2/k1)(yo(0) — 0, (0))- (93)
Note that (93) implies that |yo(0) — 6*| < k2 and therefore

k2 ity > yo(0)
sy = 07) = —k ity <yo(0) (94)
K2 (4o (6) — 61, (8))  if ¥ = yo(6).

From (92) and (94) we get that
M (y = 07) = (ko /k1)1k, (y = Ok, (6))- (95)

and then
Eg(nr,(y —0%)) = (k2/k1) Eo(n, (y — 6x, (0))) = 0.
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This implies that dy,(0) = 6* and by (95) we get (91).
Consider now the case that |y — dg, (6)| > k1 for all non-negative integer y.

Then 5k, (0)
ki oy > 6, (0
Mk (Y — 6k, (0)) = { —kiif oy < 0k, (0), %)

and since for all y we have |y — 0y, (0)] > k1 > ko we get

maty-duon ={ B2 L v (97)
Then .
Mk (Y — 0k, (0)) = k*jﬁkl (y — 0k, (0))
and

By~ 01, (0)) = 12 EoCi (3 — 50,(0)) = 0.

This implies that dy,(0) = 0y, (0) and (91) holds too.
From (88) and (90) we have that

1 . . 1 g —1
Jim 0,00 = sn(u) fim (y-0.2 (97 (aw+2))

1
= sign(w) lim =n;1(y = du(g™" (aw + 2)))

= Cesign(w)nlls(y — Gos(9 (0w + 2))).

This proves (89).

11 Numerical Algorithm

In this Section we give an efficient algorithm to approximately compute P-
estimators for the GLM. The algorithm, based on subsampling, is similar to the
one given in Maronna and Yohai (1993) for projection estimators in the linear
model. Suppose that we have a set B = {5(1), el ,ﬁ(N)} of candidates for 3.
For any 3" we define the following set of candidates for A

) — B
G BY=8Y .
M=o —gapp I 7

Then we define
An(BD)=max S(LAD'x, Hy)) [ To(L((y, A%, '), Hp))- (98)
J
Then the approximate projection estimator is Bn = 300)  where
A, (BU0)) = min_ A, (3D).

1<i<N
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It is not necessary to compute An(ﬁ(i)) for all 7. Suppose that we have
already computed A, (8M),...,A,(3%) and let

a; = min(A,, (BM),...,A4,(89)).
If while computing A, (3¢+1)) we find j such that
S(LAD %, Hy)) [To(£((y, A%, 84 D"%), H,,))>as,

we would know that A, (30F)) >a; and therefore we can stop computing 4,,(30+1).
Then, it only remains to explain how to obtain the candidates 39,1 < i <

N. These candidates are obtained by generating at random N subsamples of

size h from the original sample of size n, where h is small. Let 3;, 1 <17 < N,

be the value of ML estimator computed with the i-th subsample. In the case

that y is Bernoulli, the directions (;/||5i|| of these estimates are not far from

the true direction Bo/||Bo|| however the norms || B,H are in general much larger

than ||8o|| especially if the number of overlaps between zeros and ones is small.

For this reason we replace @ by @* = a@ and the value of « is estimated using

the CUMGES estimator. Then the estimate of « is obtained by solving

n yi—g ! (aﬁ’xi)

;max (g—l (QB'Xi> 1_g (aﬁ’xi)) sign <B/X1') =0.

where g is the logistic function. Since this function is continuous and monotone
in «, to solve this equation we can apply any algorithm for a nonlinear equa-
tion with one unknown parameter, e.g., binary search or the Brent ’s (1973)
algorithm.

When the zeros and ones of one sample are separated, the MLE is not
defined. However in this case we can compute a value a §3; separating ones
and zeros. Even if f; is far from 0, for some subsamples 3;/||5;|| would be a
reasonable estimate of 3y/||Bo||- Then again we replace 3;by @* = a@,where
« is obtained by solving (99).

The number N of candidates can be calculated so that probability of obtain-
ing at least one subsample of size h without outliers be smaller or equal that
a number pg close to one, e.g. pg = 0.99. Then if ¢ is the expected fraction of
outlier contamination, N is given by

(99)

_ log(1 — po)
log(1 — (L —2)")"
The size h of the subamples should be small to increase the probability that the

subsamples do not contain outliers. In our Monte Carlo study we took h = 2p
for the logistic model and h = p for Poisson regression.
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