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Abstract: This paper deals with the Fisher—consistency, weak continuity
and differentiability of estimating functionals corresponding to a class of
both linear and nonlinear regression high breakdown M estimates, which
includes S and MM estimates. A restricted type of differentiability, called
weak differentiability, is defined, which suffices to prove the asymptotic
normality of estimates based on the functionals. This approach allows to
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M estimates under more general conditions than those required in standard
approaches. In particular we prove that regression MM-estimates are

asymptotically normal when the observations are ¢-mixing.
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1. Introduction

We consider estimation in the regression model with random predictors

Yi = 9(4, Bo) + ws, (1.1)

with data (z;,y;) € RP X R, i = 1,...,n; where §y € B C R? is a vector of
unknown parameters, g(z, ) is a known function continuous in 3, and for each
i, ¢; and wu; are independent. It is assumed that {(x;,y;),¢ > 1} are identically
distributed but not necessarily independent. The well-known fact that the least
squares (LS) estimate of 3y is sensitive to atypical observations has motivated
the development of robust estimates.

An important class of robust estimators are the M estimates. Inside this
class we can distinguish the S estimates introduced by Rousseeuw and Yohai
(22) and the MM estimates proposed by Yohai (28). For linear regression, S
estimates may attain the highest possible breakdown point, and MM estimates
may combine the highest possible breakdown point with a high normal efficiency;
see e.g. (Maronna, Martin and Yohai (19), Chapter 5). In the case of nonlinear
regression, MM estimates may also combine high breakdown point with a high
normal efficiency. In fact, the normal efficiency of these estimates can be made
as close to one as desired, and Monte Carlo simulations in Fasano (10) show
them to have a highly robust behavior for some nonlinear models.

In the nonlinear case, Fraiman (12) studied bounded influence estimates for
nonlinear regression. Sakata and White (23) dealt with S estimates for nonlinear
regression models with dependent observations; Vainer and Kukush (26) and
Liese and Vajda (17) and (18) dealt with M estimates with a fixed scale, which
therefore lack scale equivariance. The latter study the \/n-consistency of M
estimates in more general models, which include linear and nonlinear regression
with independent observations. Stromberg (24) proved the weak consistency

of the least median of squares (LMS) estimate, and Cizek (4) dealt with the
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consistency and the asymptotic normality of the least trimmed squares (LTS)
estimate under dependency.

Three important qualitative features of an estimate are consistency, asymp-
totic normality and qualitative robustness. These properties have been studied
in the literature through specific approaches. Yohai (28) proved these properties
for MM estimates in the i.i.d. linear case, and Fasano (10) proved them in the
nonlinear case, both assuming symmetrically distributed u;’s.

In this work we propose an alternative approach, based on the representation
of the estimates as functionals on distributions (Hampel (13)). For a large class
of estimates, which includes M estimates, one can define a functional 7' (G) on
the space of data distributions, such that if GG, is the empirical distribution, then
T (G,) is the estimate, and if Gy is the underlying distribution, then T' (Gp) is
the parameter that we want to estimate. The weak continuity of the functional
T simplifies the proof of consistency of T'(G,,) and some suitable forms of differ-
entiability of T', as Fréchet or Hadamard differentiability, allow simple proofs of
the asymptotic normality of the estimate under very general conditions. These
results hold without the requirement that GG,, be the empirical distribution of
a sequence of i.i.d. random variables: if we want to estimate T'(Gy), it suffices
that G,, converges weakly to G a.s. The weak continuity of M functionals at a
general statistical model were studied by Clarke (5) and (6). Fréchet differen-
tiability was studied by Boos and Serfling (3) and Clarke (5), and Hadamard
differentiability by Fernholz (11). In all of these works, it is required that the
score function used for the M estimate be bounded, and therefore their results
can not be applied to regression M estimates. In this paper we prove under very
general conditions that the functionals associated to M estimates of regression
are weakly continuous. Besides, since the usual forms of differentiability, like
Fréchet or Hadamard differentiability, require in the case of M estimates the
boundedness of the score functions, we introduce a new concept of differentia-

bility, that we call weak differentiability, which is satisfied by high breakdown
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M estimates of regression, e.g., by S and MM estimates, and which is adequate
to prove the asymptotic normality of these estimates.

This work is organized as follows: In Section 2 we define the estimates to be
considered and in Sections 3, 4 and 5 we shall respectively deal with the Fisher—
consistency, continuity and differentiability of the functionals corresponding to
the estimates defined above. These results will be shown to imply the consis-
tency, qualitative robustness and asymptotic normality of the estimates under
assumptions more general than the i.i.d. model and without the requirement
of symmetric errors. In Section 6 we apply the results obtained in the former

Sections to MM estimates. Finally Section 7 contains all proofs.

2. Definitions of estimates

We first define our notation. Henceforth Eg[h(z)] and P (A) will respectively
denote the expectation of h(z) and the probability that z € A, when z is dis-
tributed according to G. If z has distribution G we write z ~ G or D (z) = G.
Weak convergence of distributions, convergence in probability and convergence
in distribution of random variables or vectors are denoted by G,, —, G, 2, —p 2
and z, —4 z, respectively. By an abuse of notation, we will write 2z, —¢ G
to denote D (z,) — G. The complement and the indicator of the set A are
denoted by A¢ and 14, respectively. The scalar product of vectors a and b is
denoted by a’b, and R, denotes the set of positive real numbers.

To identify By, without assuming that the distribution of u is symmetric
around O or that it satisfies a centering condition, (such as e.g., Epu = 0) we

assume the following

Condition 1. For all 8 # [y and for all o we have

P (g(z,Bo) = g(z,B) + o) < 1. (2.1)

Note that when this condition is not satisfied, there exist § # [y and « such

that (1.1) also holds with g instead of By and w; + « instead of u;. Condition
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1 requires that in case there is an intercept, it will be included in the error
term v instead of as a parameter of the regression function g(x,3). For linear
regression, we have g(z, ) = 'z and then this condition means that the vector
x is not concentrated on any hyperplane.

Although model (1.1) does not contain an intercept, in order to obtain con-
sistent estimates of 3y, our M estimates, besides an estimate B of (g, will include
an additional additive term &. If the model does contain an intercept, then &
will be a consistent estimate of this parameter under the centering condition
Ep'(u/o) = 0, where p is the loss function of the M estimate and o is the
asymptotic value of the estimate of the error scale that is used to define the
M estimate. If the model does not contain an intercept, then @ can be ignored.

Let henceforth £ = (', «)’ with o € R, and define the function
9(z, &) = g(z, ) + «
M estimates are then defined as
> . —g(®¢)
&m = arggenlelERZp < = > , (2.2)

where 7 is a robust residual scale and p is a loss function.
To define S estimates we need an M scale S(r). Given r = (r1,...,1,)", S(r)

is defined as the solution o of

o (z)-s &

where pg is another loss function and the constant § regulates the estimate’s
robustness.

Then, S estimates of regression are defined by

£ = arg min S (r(€)), (2.4)

where 7 (£) is the residual vector with elements r;(&) = y;—g(z, ).

imsart-generic ver. 2011/01/24 file: BEJ368.tex date: March 27, 2011



Fasano et al./Continuity and differentiability of regression M functionals 6

In particular we will consider with some detail the subclass of MM estimates.

These estimates are defined by (2.2) with & obtained from an S estimate, namely
o= min_ S(r(&)) (2.5)

with p < po. Yohai (28) showed that in the case of linear regression the
asymptotic breakdown point of MM estimates with § = 0.5 is 0.5 if P(#'x; +a =
0) = 0 for all 8 # 0, and that, simultaneously, it is possible to choose p so that
the corresponding MM estimate yields an arbitrarily high efficiency when the
errors are Gaussian.

Now in order to state our results, we must first express the already defined
M and S estimates as functionals. Throughout this article, loss functions will be

“bounded p-functions”, in the following sense.

Definition 1. A bounded p—function is a function p (¢) that is a continuous
nondecreasing function of |¢|, such that p(0) = 0, p(oc0) = 1, and p(v) < 1
implies that p (u) < p(v) for |u| < |v].

Then, in the rest of the paper we will assume the following;:

Condition 2. p and py are bounded p—functions.
Define the residual scale functional S*(G, &) by

y—g(lvf)) _s

5 (G.6) (2.6)

Eapo (

with § € (0,1). Then the regression S functional Tg and the associated error

scale M functional S(G) are respectively defined by

I5(G) = (I5,5(G), Ts,a(G)) = arggemBigRS*(G, §) (2.7)
and
S(G) = 56mBiERS’*(G, §). (2.8)
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We will deal with a regression M functional Ty(G) defined as

Tm(G) == (Tm,p(G), T, (G)) = argger%igRMa(f), (2.9)

where the function Mg : B x R — R is

(2.10)

Mal€) = Bap (y - “’("”’5)>

S(G)
and S (GQ) is an arbitrary residual scale functional, for example the one defined
in (2.8).

It is easy to show that the S regression functional defined in (2.7) is also an
M functional. In fact Ts(G) coincides with Ty (G) when in (2.10) we have
p = po and S(G) = S(G). We may then write

yZans) —g(x,g)) . (2.11)

T5(G) = arg §€%i£R Ecpo ( 3(G)
Remark 1. In general, the minimum at (2.7) or (2.9) might be attained at more
than one value of €. It will be henceforth assumed that the functional is well-
defined by the choice of a single value. Our results will not depend on how the
choice is made. However, it will be shown in Section 3 that under very general

conditions, if Gy is the distribution of (x,y) satisfying (1.1), then Ts(Go) and

Tnm(Go) are unique and Ts 3(Go) =Twm,3(Go) = Bo (Fisher—consistency).

3. Fisher—consistency of M and S estimates

In this Section we give sufficient conditions to guarantee that both (2.7) and
(2.9) are minimized at unique values, and that Ths g (Go) = Ts,3 (Go) = Bo
(Fisher consistency for ().

Recall that a density f is strongly unimodal if there exists a such that f (¢) is
nondecreasing for ¢t < a, nonincreasing for ¢ > a, and f has a unique maximum
at t = a.

We will need the following condition on p
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Condition 3. The function p is a p-function such that for some m > 0, p(u) =1
iff |u| > m, and log(1 — p) is concave on (—m,m)
It is easy to check that Condition 3 with m = k holds in particular for the

popular family of bisquare functions, defined by

or () = 1 (1 - (Z)2>3I(u| <),

We will establish the Fisher—consistency of Ty. Put for brevity o = S (Go)
and let Fy be the distribution of u; in (1.1) and assume that it has a strongly
unimodal density. Let A denote the unique minimizer of Eg, p((u — t) /o); note
that if u; is symmetric around pg, then part (b) of Theorem 3 implies that
A = pg.

Theorem 1. Let Gy be the joint distribution of (z;,y;) satisfying model
(1.1), where u; has distribution Fj with a strongly unimodal density. Assume
that Conditions 1 and 3 hold. Then Mg, (§) is minimized at the unique point
T (Go) = (Bo, A), and so T is Fisher—consistent for Sy, i.e., Tar,3(Go) = So.

If we also assume that Fy is symmetric around g, we have Thar,o(Go) = po-

Remark 2. Theorem 1 gives also sufficient conditions for the Fisher—consistency
of the regression S functional Tg. In fact, according to (2.11), Ts is also an M

functional.

4. Weak continuity of M and S regression functionals

Definition 2. We say that a functional T is weakly continuous at G if G,, —,, G
implies T(G,,) — T(G).

We will show the weak continuity of the functionals defined above in two
cases: nonlinear regression with a compact parameter space B, and linear re-

gression.

Define for G =D (z,y)
(@) =sup{Pg(f'z+a=0): € R’,a€R,[+#0}. (4.1)
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Theorem 2. Let Gy = D (z,y) be such that (2.9) has a unique solution Ty (Gp).
Assume that S is weakly continuous at G and §(G0) > 0. Then Ty = (Tm 8, T,a)

is weakly continuous at Gg if either (a) or (b) holds, where

(a) B is compact,

(b) B=RP, g(z,0) = 'z and
MGO (TM(GO)) <1-— C(Go). (42)

Theorem 3. Let Gy = D (x,y) be such that Tg(Gp) is unique and S(Gp) > 0.
Assume that either (a) B is compact, or (b) B = RP, g is linear, i.e., g(x,3) =
G’z and 0 < 1 — ¢(Gy) with ¢(G) defined in (4.1). Then S(G) and T5(G) =
(Ts,8,Ts,a) are weakly continuous at Gy.

Let now Gy be the distribution of (z,y) under model (1.1), and assume that
Twum (respectively Tg) is Fisher—consistent for (o, i.e., Ta g (Go) = Bo (respec-
tively Ts g (Go) = o). Then the former results imply that Ty g (respectively
Ts ) evaluated at the empirical distribution is consistent whenever the empir-
ical distributions converge to the underlying one. More precisely, we have the

following result:

Corollary 1. Assume the same hypotheses as in Theorem 2 (respectively Theo-
rem 3) plus the Fisher—consistency of Ty (respectively Ts): Tv g(Go) = Ts,8(Go) =
Bo. Call G,, the empirical distribution of {(z;,y;) : i = 1,...,n}. If G,, =4 Go
a.s., then {Tn g(Gr)} (respectively {Ts g(Gp)}) is strongly consistent for Gy.

This result is immediate. The a.s. weak convergence of G,, to Gy is well-
known to hold for i.i.d. (z;, ;). It holds also under more general assumptions
on the joint distribution of {(x;,y;) : @ > 1}, such as ergodicity.

We now turn to qualitative robustness. Consider a sequence of estimates {En}
based on a functional T, i.e. En = T (G,) where G,, is the empirical distribu-
tion corresponding to data (z1, ..., z,) . Hampel (13) proved that for {&,} to be

qualitatively robust at a distribution Gy it suffices that T be weakly continuous
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at Gy and fAn be a continuous function of (21, ..., zp) .

Papantoni-Kazakos and Grey (21) employ a weaker definition of robustness,
which they call asymptotic qualitative robustness, and prove that it is equivalent
to weak continuity. Therefore Theorems 2 and 3 imply the asymptotic qualitative

robustness of Ty and Tg.

5. Differentiability of estimating functionals

In this Section we shall first deal with the differentiability of general functionals
and then specialize to our regression case. Let G;, be a set of distributions on
RM. Consider an estimating functional T : G, — RF. Hampel (14) defines the
influence function of T at G € G, as the function I7 g(2) : R" — RF

AT((1—¢)G +¢&d,)
e 5:0’

Ita(z) =

(5.1)

where ¢, is the point mass distribution at z. Given a distance d on G; which
metricizes the topology of convergence in distribution, T"is Fréchet differentiable

at Go under d if
T(G) — T(Go) = Eglfngo (Z) + O(d(G, Go))

Fréchet differentiability can be used to prove the asymptotic normality of
the estimate. However, Fréchet differentiability also requires that It g (z) be
bounded. Since this condition is not satisfied by regression M estimates, we
are going to define a weaker type of differentiability, which suffices to prove

asymptotic normality.
Definition 3. Let T be an estimating functional that is weakly continuous at
Go. We say that T is weakly differentiable at a sequence {G,,} converging weakly
to Gy if
T(Gn) —T(Go) = Eg, Ir.c,(2)+o ([Ea, Ir.co (2)]) - (5.2)
The definition of weak differentiability helps understanding the asymptotic
behavior of T(G,,) — T(Gy), as the next Lemma shows.
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Lemma 1. Consider a random sequence of distributions {G,, } converging weakly
to G a.s. Assume that 7' is weakly differentiable at {G,,} a.s. and that for some

sequence {ay} of real numbers
ClnEGn IT,GO (Z) —>dH.

Then
an(T(Gr) — T(Go)) = anEq, Ir,c,(2)+0p(1) (5.3)
and therefore a,(T(G,) — T(Gy)) —q H too.

The proof of this Lemma is immediate.
Remark. Note that if (5.3) holds for a joint functional T' = (T1,T?), it also
holds for 77, i.e.,

Cln(Tl(Gn) -1 (Go)) = anEGnITl,GO (Z)—I—Op(l). (54)

We now deal with the differentiability of a general M estimating functional,
i.e., a functional T" defined on a subset of G, with values in R, that for some

function ¥ : RP x R? — RY satisfies the equation
Eq¥(z,T(G)) = 0. (5.5)

We will assume that ¥ is continuously differentiable with respect to 6 and
call ¥(z,0) (or alternatively d¥(z,0)/d0) the q x ¢ differential matrix with
elements W (z,0) = 9, (z,0) /0. Define

D(G,0) = EgV¥ (2,0). (5.6)
Let 8y = T(Gp) and assume that
Do = D (Go, 6) (5.7)

exists. Assume that T is weakly continuous at Gg and that the following holds:

Condition 4. Dy is nonsingular and there exists 7 > 0 such that
Eg, sup [|¥(z6)]| < oo, (5.8)
[16—00|<n

where ||.|| denotes the I3 norm.
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Then, it is easy to show that the influence function of T at G is given by
I7.Gy(2) = =Dy ' W(z,0p). (5.9)

We shall now see that the following conditions are sufficient for the weak

differentiability of T at {G,,}.

Condition 5. {G,} is a sequence of distribution functions that converges weakly
to G and

lim limsup sup ||D(Gn,0) — Do|| = 0. (5.10)
10 n—oo [l9—6o<n

Condition 6. {G,} is a sequence of distribution functions such that, at a neigh-
borhood of 0y, for each n

0 0

U(z,0). (5.11)

Condition 5 means that D(G,,0) approaches D(Go, 6p) when n is large and
0 is close to 0y. Condition 6 mean that we can interchange differentiation of
U(z,0) with respect to 6 and expectation with respect to G,, Theorem 4 shows

that these two Conditions imply weak differentiability and Theorem 5 shows

that these Conditions hold in very general circumstances.

Theorem 4. Assume that T is an M functional satisfying (5.5) and weakly
continuous at Gy, that ¥(z,0) is continuous in 6, and that Condition 4 holds. If

{G,} satisfies Conditions 5 and 6; then T is weakly differentiable at {G,}.

The following Theorem gives sufficient conditions for a.s. differentiability of

M functionals, at a random sequence of distributions.

Theorem 5. Let {G,,} be a sequence of random distributions converging weakly
to Gy and satisfying Condition 6 a.s.. Assume also that ¥ (z,0) is continuous
in 6 and that Condition 4 holds. Let T be an M functional satisfying (5.5) and
weakly continuous at Gy. Then T is weakly differentiable at {G,,} a.s. in any of
the following two cases: (a) for each function d(z) such that Eg, |d(2)| < oo, on
a set of probability one we have that {Eq, d(z)} converges to Eg,d(z), or (b)
W(2,0) is bounded.
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Note case (a) contains situations where a Law of Large Numbers holds, in

particular when G, is the empirical distribution of an ergodic process

Corollary 2. Let {G,} be a sequence of empirical distributions associated to
iid. {z} with distribution Gp. Assume that W (z,0) is continuous in @, that
Condition 4 holds and that I7 g, (2) has finite second moments under Gg. Let T’
be an M functional continuous at Gg. Then n'/? (T (G,,) — T (Gg)) —a N (0,V)
with

V =Eg,Ir.c, () Irc, (2) . (5.12)

There are many examples where Fréchet differentiability does not hold and
that can be dealed with using the concept of weak differentiability One of these
cases is that of MM estimates for linear an nonlinear regression which is treated
in detail in the next Section. Other examples where Fréchet differentiability
fails are MM estimates for the multivariate linear model (see Kudraszow and
Maronna (16)) and M estimates for logistic models (see Bianco and Yohai (1)
and Croux and Haesbroeck (7)). An example where the asymptotic expansions
that can be obtained with weak differentiability are essential to prove asymptotic
normality is the problem of robust estimation with missing data considered by

Sued and Yohai (25).

6. MM estimates

In this Section we will summarize the properties derived from Theorems 1-6 for

S and MM estimates of regression and location.

6.1. Regression case

Recall that MM estimates, which we denote here by Tyim = (Tvm, 8, T, o)
are defined in (2.9), where S is the functional S defined in (2.8). For notational

convenience we shall call p; the p-function employed in (2.10), and we will
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assume that p; < pg. As mentioned above, the definition of SAMM in (2.2) requires
also ¢ defined by (2.5), and hence also & defined in (2.4). Therefore, these three

estimates must be considered simultaneously. Call
0 = (§Sa§MM73) (6.1)
the joint solution of (2.2)-(2.4)-(2.5).
In the remaining of this Section we assume the following properties:
Condition 7. pg and p; are twice continuously differentiable

We denote by ¥y and 7 the derivatives of pg and p;, respectively. Assume

also:
Condition 8. g is twice continuously differentiable with respect to 3.

We denote by g(z, &) and § (x,£) the vector of first derivatives and the matrix
of second derivatives of g with respect to £, respectively. Analogously we denote
by g(z, ) and § (x,3) the vector of first derivatives and the matrix of second
derivatives of g with respect to 3, respectively. Note that g(z,£) and g (z,§)

depend only on (3, and for this reason we will indistinctly use also the notation

g(z,B) and g (z,3).

Differentiating (2.2) we have that §MM satisfies the system
Yi — xugMNO . ~
- Zﬂjl <A> Q(xngM) =0. (6.2)

It is immediate that ES also satisfies

§s—afg mln ZPO( %;( §)>.

Then, differentiating this equation we get

= Z% (y - MS)) g1, &) = 0. (6.3)

Finally according to (2.3), 7 satisfies

- Z (36&)) —5=0. (6.4)
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Then § satisfies the system of 2¢ + 3 equations (6.2)-(6.3)-(6.4). Putting z =
(24,y;) and denoting by G,, the empirical distribution of {z1, .., 2, }, this system

can be written as

%ZH: v (Zi,é\) =Eqg, VU (z, 5) =0, (6.5)

i=1

where if 0 = (&5, &, 0) 5, (2, 0) is defined by

o () gl 6)
U (z.60) = | g (SEEE) oo, )
Po (%) -0
Let
T(G) = (T5(G), Tum (), 5 () (6.6)

be the estimating functional associated to 6. T hen, if (5.8) holds, we can differ-
entiate the functions to be minimized in (2.9) and (2.11) inside the expectation,

obtaining that 7T'(G) satisfies the equation
Ec¥(z,T(G)) = 0. (6.7)

Note that the solution to this equation is in general not unique, and therefore,
T is not defined exclusively by the equation.
To verify (5.8), in addition to Conditions 2-3-7-8 we need the following

assumption:

Condition 9. For some n > 0
Eq, sup |lg(z,0)]> <oo and Eg, sup |z, B)| < . (6.8)
18—Boll<n 18—Boll<n
Assume that Dy defined by (5.7) is nonsingular; then under these assumptions,
we also get that I g, (2) has finite second moments under Gy. Note that in the

case of linear regression, (6.8) reduces to Eg, ||z]|* < oc.

Define
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-1
Qi = argmtinEFDpi (;(Go)) ,1=0,1, (6.9)

where Fp is the distribution of u; in model (1.1). We will see in Theorem 6 that
under some general conditions, T (Go) = a0 and Tvm,qo(Go) = ao1.-

Put 8y = (Bo, 0, Bo, @01, 00) with o9 = S(Gp).The following numbers, vec-
tors and matrices are required to derive a closed formula for the influence func-
tions of T},,, and Ts. Let

ao; :EGUQZJ; (yg(zvﬂO) aOi) :EFO'l/); (UUO[(M)7 i:0,1,

0o 0

eoi = B, (u;:m) (l)(u;()%i)v 1=0,1,
U — Qoo U — Qoo
dOEFO< - >¢0< - )7

bo = Ec,g(x, o), b= (b, 1),

AO = EFO (g('raﬂO) - bo)(g(ﬂ?,ﬁo) - bO)/

and
Ag + bobl, b
Co=| 0770 1, (6.10)
b 1
It is shown in Section 7.4 that the influence function of Typy is given by

(fﬂ, (603 aOl))

ITMM,[-};GO (:&y) = %wl (y 4 ) Aal (g(ﬂ?,ﬁo) - b()) (6.11)

0o
and
ITMNI,OUGO (x,y) = _%¢1 (y — g(x’;fma(n))) [1 + b6A61 (bO - g(w,ﬁo))}

| oocon (po (y — g(z. (Bo, a01))> _ 5) . (6.12)

ap1do o

The influence functions of Tg,s and 75, can be obtained similarly replacing

a1, ap1 and egr by ago, agp and ego respectively.
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Fasano et al./Continuity and differentiability of regression M functionals 17

If the errors u; have a symmetric distribution Fj, then eg; = 0 and «ag; =
Qo = ag, the center of symmetry of Fy . This entails a considerable simplification

of the influence function Ir,,,. In fact, in this case we get

_ 90 " (y—g(af,ﬁo)—ozo
Ep, ¢ (u— ag)/o0) a0

ITMM,7G0 (2) ) C()_lg(x,ﬁo%
(6.13)
and the asymptotic covariance matrix (5.12) is
— 52 Er ¢ ((u— 0)/00)*
=0p
(Er, 1 ((u — a0)/00))’

The next Theorem summarizes the properties of S and MM regression func-

1% Cyt (6.14)

tionals

Theorem 6. Let z = (x,y) satisfy model (1.1) where the distribution Fy of u;
has a strongly unimodal density and Condition 1 holds. Assume that pg and
p1 are bounded p-functions that satisfy Condition 3, with p;(u) < po(u). Let T
be defined by (6.6) and let G be the distribution of (z,y). Then:

(i) Ts(Go) = (Bo, o) is the unique minimizer in (2.7). If Fy is symmetric with
respect to pg then agg = po.

(ii) Tam(Go) = (Bo, ao1) is the unique minimizer in (2.9). If Fy is symmetric
with respect to pg then agy = po.

(iii) The functional T' = (Tg, Tvwm, S) is weakly continuous at Gy if either (a)
B is compact, or (b) B = RP, g(z,[) = 'z and § < 1 — ¢(Gyp).

(iv) Assume also that Conditions 7, 8 and 9 hold, that agg # 0, ag1 # 0,
do # 0 and that Ay is invertible. Then, Dy = Eg, ¥ (2, T(Gy)) is invert-
ible, Ity 5,Go(x,y) and Iryy, . .co(®,y) are given by (6.11) and (6.12),
respectively, while the influence functions I, , ¢, (z,y) and Irs , G, (7, )
have a similar expression replacing o1, ag1 and eg1 by o, ago and eqo,
respectively.

(v) Under the same assumptions as in (iv), let {G,,} be a sequence of random

distributions converging weakly to Go and satisfying Condition 6 a.s..
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Fasano et al./Continuity and differentiability of regression M functionals 18

Suppose also that for each function d(z) such that Eg, |d(2)| < oo, we
have that {E¢g, d(z)} converges to Eg,d(z) a.s.. Then, the functional T is
weakly differentiable at {G,,}.

(vi) Assume the same conditions as in (v) and:

n**Eq, Irq,(z,y) —a H. (6.15)
Then
nYAT(G,) — T(Go)) = n**Eq, It (2, ) + 0p(1) (6.16)
and therefore
nY2(T(G,) — T(Gy)) —q H. (6.17)

(vii) Assume that the conditions in (iv) hold and that {(z;,u;) : ¢ > 1} are
ii.d.. Let G, be the sequence of empirical distributions corresponding to
{(x4,y:) : © > 1} with common distribution Go. Then (6.17) holds with H
= N(0,V) and V = E [Iny0.G0 (@ ¥) I, co (2, ¥)'], where Iy, o (2, y)
is defined by (6.11) and (6.12).

(viii) Assume that the conditions in (iv) hold, that {u; : ¢ > 1} is stationary
and ergodic and that {x;, ¢« > 1} are i.i.d. and independent of {u; : i >
1}. Let G, be the sequence of empirical distributions corresponding to

{(zi,v:) : ¢ > 1} with common distribution Gy. Then
n'? (T, 5(Gn) — Bo) —a N(0,V) (6.18)

with

2EF01/}% (U;Ootm) 1

0 2 ! U—x j1 ’
EFO’L/)l ( 0001)

A similar result can be obtained for Té, g

V =0

(6.19)

(ix) Assume that the conditions in (iv) hold, that {(u;,z;) : ¢ > 1} is ¢-
mixing (see for example Billingsley (2) for the definition of ¢-mixing)

with >°7%, (Z),l/ 2 < 00, that u; have a symmetric distribution Fj and that
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Fasano et al./Continuity and differentiability of regression M functionals 19

{4, > 1} and {u; : ¢ > 1} are independent. Let G,, be the sequence
of empirical distributions corresponding to {(z;,¥;) : ¢ > 1} with common

distribution Gg. Then
TLl/Q(TMM(Gn) — T]\,{M(GO)) —d ]\7(07 V), (620)

where

- 03 . 3 . -1
V a E%’owll ((U—ao)/a-o)co ( Z clcl) CO ) (621)

1=—00

sl (2520 (22

Ci = Eg(x1, Bo)g(x14i, Bo)’
and T (Go) = (Bo, ao)-

Remark 3. Note that (viii) implies that the asymptotic covariance matrix of
nl/Q(TMMﬁ (Gn) — Po) is the same as when the u; are i.i.d.. This result does not
hold for the intercept estimate Thrar,o(Gr). Croux, Dhaene and Hoorelbeke
(8) derived a similar result for linear regression through the origin with one

covariable with mean 0.

Remark 4. The ¢-mixing condition in (ix) can be replaced by any other type of
mixing condition that guarantees the validity of the Central Limit Theorem
(see for example subsection 1.5.1 of Doukhan (9)). A result similar to part

(ix) of Theorem 6 was stated by Croux et al. (8).

6.2. Location case

The location model corresponds to the case where there are no regressors: p =
q =0 and so y; = u; and £ = «. If Fjy denotes the common distribution of the
u;, then T(Fy) = (Ts(Fo), Tnm (Fo), S(Fp)) is defined as in the regression case
with g(z,£) replaced by a. Then, the resulting Thiy = Thvm,a and Ts = T5 o

are the location functionals while S is a functional estimating the error scale.
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In this case, Iy, F, is given by

(o) —
ITMM,F() (LL') = 701/}1 (y 01)

ao1 00

€0100 Y — Qoo
— -0 . 6.22
ot (o (L0 - ) (6.22)

The following Theorem summarizes the properties of T' that can be derived

from the Theorems in the former sections.

Theorem 7. Assume that pg and p; are bounded p-functions that satisfy Con-
dition 3, with p; < pg. We assume that Fy has a strong unimodal density.
Then

(1) Ts(Fy) = apo is the unique minimizer in (2.7). If Fy is symmetric with
respect to pp we have agpg = o,

(ii) Twm(Fp) = ap is the unique minimizer in (2.9). If Fy is symmetric with
respect to pp we have ag; = pg.

(iii) The functional T' = (Ts, Tvw, S) is weakly continuous at Fp.

(iv) Assume also that Condition 7 holds and that agg # 0, ag1 # 0, do # 0.
Then, Dy = Eg, W (2, T(Fp)) is invertible, Iy, r,(y) is given by (6.22).
The influence function I, g, (y) has a similar expression replacing ag1,ao1
and eg1 by ago,a00 and ey respectively.

(v) Under the same assumptions as in (iv), let {F,,} be a sequence of random
distributions converging weakly to Fy and satisfying Condition 6 a.s.. Then

T is a.s. weakly differentiable at {F, }.

(vi) Assume the same conditions as in (v) and

nY*Eg, It g, (y) —a H. (6.23)
Then
W1 (F,) = T(Ry)) = nl "Elr,r, (y) + 0,(1), (6.24)
and therefore
nM3(T(F,) — T(Fy)) —q H. (6.25)
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(vii) Assume the same conditions as in (iv). Let {F},} be the sequence of em-
pirical distributions corresponding to i.i.d. observations u; with common
distribution Fy. Then (6.23) holds with H = N(0,V) and V given by
(5.12). If Fy is symmetric, the asymptotic variance of Ty given by

(6.14) becomes
V= g2 Enth (/o)
(Er, 1 (u/00))”

7. Proofs
7.1. Proof of Theorem 1

We shall need the following auxiliary result, which is due to Ibragimov (15)

Lemma 2. If f is a strongly unimodal density and ¢ is a density such that

log ¢ is concave on its support, the convolution

w0 = [ o=t (7.1)

— 00

is strongly unimodal.
The following Lemma is a small variation of one given by Mizera (20).

Lemma 3. Let p satisfy Condition 3 and let F' be a distribution with a strongly

unimodal density f. Then (a) there exists ty such that
o(t) = Epp(u— 1) (7.2)

has a unique minimum at ¢q; (b) if F' is symmetric around pg, then to=py.

Proof
(a) Put k = [ p(x)dz and ¢(u) = (1— p(u))/k, which vanishes for |u| > m.
Then

q(t) =1 = Ep(l —p(u—1)) =1 = kEpp(u —t) = 1 — kh(t),

where h(t) is given by (7.1). Since by Lemma 2 h(t) is a strongly unimodal

density, part (a) of the Lemma follows
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(b) It is proved in Lemma 3.1 of Yohai (27).

Proof of Theorem 1

Without loss of generality we may assume o = 1. To prove the Theorem
we will show that the unique minimum of R(5,a) = Eg,p(y — g(z,5) — «) is
B = Bo,a =tg. We will first prove that

R(Bo,to) < R(Bo, ) for a # to.
This is equivalent to
Ep,p(u —to) < Ep,p(u — ) for a # to,

which follows from Theorem 3.

Consider now (3, «) with 8 # (. Let A = {x : g(z, 30) = g(x,8) + a — to}
and ¢ as in (7.2), with F replaced by Fy. Then

R(,B, a) = EGO{EGO [p(y - g(xvﬂ) - a)|x]}

= Eg, {Eg, [p(u + g(z, fo) — g9(x, B) — a)|x]}. (7.3)

Since w and x are independent we get

E[p(u + g(z, B0) — g9(z, B) — a)|z] = q(g(z, B) — g(x, Bo) + ). (7.4)

Then according to Theorem 3, the left—-hand side of (7.4) is equal to ¢(to) if
x € A and grater than ¢(to) otherwise. Condition 1 implies that P(A¢) > 0 and
from (7.3) we get that R(8,a) > q(to). Finally, the Theorem follows from the
fact that R(Bo,t0) = q(to).

7.2. Proof of Theorems 2 and 3

Before proving Theorems 2 and 3 we need some auxiliary results.
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Lemma 4. Consider distributions {G,,} and Gy on RP x R. Let {{,} and {o,}
be sequences in B x R and Ry respectively, such that £, — £ € B x R and

op — 0 > 0. Assume that g(z,¢) is continuous in . If G, —4 Go, then

lim B p (y —g(x,én)> T p (y —52(%5)) _

n—00 n

Proof. Since G,, —, Gg and p is continuous and bounded, we have

Eg.p <y_g(x7§)) — Eg,p <y_g(x’§)> ’

(2 g

and therefore it suffices to show that

B p (y g(%&)) B p (y g(x,ﬁ)) o

n o
Since {Gy, }n>1 is tight, it suffices to show that if P is a tight set of distributions

of (z,y), then

sup

FeP n g

Epp <y —g(%fn)) CEep <y —g(x,§)> ’ o

To prove this, put z = (x,y). Then for all K >0

Epp (y — 4l £n)) ~Erp <y — %‘(% §)> ’ (7.5)

08 () o ()

‘y—g(x,én) y—g(fﬂ,f)‘

<2Eplyz >k +Er

If ||z|| < K we have

On o

< —llow — ollyl + o - allg(z, ) + olg(x,&n) — gz, )] (7.6)

oo
Now, given € > 0, we can find K such that

2 sup P (|[2]] > K) < /2
FePpP

and « such that

p(u) = p(v)] < e/21if [u—v] < a.

imsart-generic ver. 2011/01/24 file: BEJ368.tex date: March 27, 2011



Fasano et al./Continuity and differentiability of regression M functionals 24

Then, we can choose ng such that the right-hand side of (7.6) is smaller than
aif n > ng and ||z]] < K, and so from (7.5) we obtain for all n > ng

Erp (yg(:c,£n)> CEep (yg(x,§)>’ < e vFeP.

n g

Lemma 5. Assume that B is closed and let Gy be any distribution for (z,y)
such that (2.9) has a unique solution Ty (Gp). Let {G,} be a sequence such
that G, —, Go and {Tn(G,)} is bounded. If S(G,) — S(Go) > 0 then
T (Gn) — Tm(Go).

Proof. Put for brevity
én = Tu(Gn), &0 = Tu(Go), 0n = 5(Gn), 00 =S(Go).  (7.7)

Since {&,} remains in a compact set, it suffices to prove that &, is the only
accumulation point of {&,}. i.e., if a subsequence tends to some é\, then E = &.

Without loss of generality assume that &, — SA The definition of &,, implies

Ee, 0 (y - g“”’”) < Eo,p (y - g(m’&)) . (78)

On

Using Lemma 4 we get

M, (€) = Eciyp (y - g@,@) < Bayp (L22) < g, e

g0 go

Since &y is the only minimizer of Mg, , we conclude that E: &o.

Lemma 6. Let {&,} and {0, } be sequences in RP*! and R, respectively. As-

sume that when n — oo, G, —4, Go, ||¢n]| — oo and {c,} is bounded. Then

P SWAREY.
lim inf Eg p (yfn(x71)> >1— ¢, (7.9)

n—oo On
where ¢y = ¢(Gy) is defined in (4.1).

Proof. Assume without loss of generality that there exist v € RP and o > 0

such that for some subsequence v,, = &,//|¢.|] — 7, and o, < 0. Put A, = ||&,]|-
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For € > 0 let d. be such that p(u) > 1 — ¢ for |u| > d.. Therefore,

Ea. p <y—5%(x'1)') > Eep (y—féa(x’l)’) > (1—)Pg, ('y — @ D' d€> .

n a

Then, to prove the Lemma, it suffices to show that

>7E > 1 —
Co.
A 0

n—oo n

lim inf Pg, <‘>%/ — (2 1)

Let (zy,Yyn) ~ Gy and (z9,y0) ~ Go. Since A, — oo, we have y,, /A, —; 0.

Then the convergence of v,, to 7 guarantees that

I, 1) a7 (1)

For any o > 0 which is a point of continuity of the distribution of |y'(xo, 1)],

Apn — 00 implies

%—%WM'

lim inf Pg, (

n—oo

d
> ;0> >lim inf Pg, <’y — (2 1)’)| > a> =Pqg, (|7 (2,1)] >

n n—o0 An

Letting o — 0 and recalling (4.1) we get

lim inf Pg, (‘y — (2, 1)

n— oo >\n

d
> ;:)21—80.

The proof of the following Lemma is similar to that of Lemma 6.

Lemma 7. Let {£,} be a sequence in B X R, with B compact. Assume that

when n — 00, G,, =4 Go, ||€n]] — o0 and {0, } is bounded. Then

lim inf Eqg, p <yg(:17,£n)) =1 (7.10)

n—00 On
Finally, the following result we be used.

Lemma 8. Let S(G) be defined by (2.8 ) and suppose that S(Gg) > 0. Then,

G, —w Go implies that there exists ng such that S(G,) >0 for n > nyg.
Proof. Suppose that the Lemma is not true. Then there exists a subsequence

{Gp, }k>15uch that S(Gp,) = 0 for all k. This means that giving ¢ > 0, there

exists (Bn, , n, ) such that

Eq, po (y — 9%, in’“) — ank> < § for any s > 0.
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The same arguments that we use to prove Lemma 6 let us show that {(8,,, an, )}
is bounded and therefore (passing on to a subsequence if necessary) we can

assume that (8, ,an,) — (3, @). Then, from Lemma 4 we get that
Ec,po <y—g(x,ﬂ)—a> < ¢ for any s > 0.
€

Then, S(Gy) < S*(GO,B, @) < e. Since this holds for any € > 0, we get that
S(Gp) = 0. This contradicts the assumption that S(Gp) > 0.

7.2.1. Proof of Theorem 2

Let G,, —u Go. Since S is weakly continuous at Gy, it follows that S (Gpn) —
§(G0) > 0, by hypothesis.

Case (a): We prove first that {T\(Gp)} is bounded. Suppose that it is not
true; then without loss of generality we may assume that || Ty (G )|| — oo. Then

Lemma 7 implies

1 = liminf MGn (TM(Gn)) S liminfMGn (TM(G())) = MGO (TM(G())),

and this implies that Mg, (£) = 1 for all £. This contradicts the assumption that
T (Go) is univocally defined. Then, {T\(G,)} is bounded and from Lemma 5,
we get that Tv(Gr) — Tm(Go).-

Case (b): Recall the notation in (7.7). Convergence of {0, } guarantees that
it is a bounded sequence. Suppose that {&,} is unbounded. Then, passing on
to a subsequence if necessary, we may assume that ||¢,|| — oo. In this case by

Lemma 6 we have

y— &' 1)

n— o0 On

lim inf Mg, (&) =lim inf Eg, p ( ) >1—cp. (7.11)

We also have

y— &l 1)

On

nleréo Mg, (&) = nhﬂn;() Eg,p ( ) = Mg, (&) <1—co. (7.12)
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Inequalities (7.11) and (7.12) imply that there exists ng such that for n > ng

Mg, (&) > Mg, (o),

contradicting the definition of Ty (G,,). Therefore {£,} is bounded, and then

the weak continuity of Ty follows from Lemma 5.

7.2.2. Proof of Theorem 3

Let Gn —w Go, gn = TS(Gn), 50 = TS(G()), Op = S(Gn) and og = S(Go) We
prove first that {0, } is bounded. Take any o1 > 0¢; then by Lemma 4

Eg, po (y—g(m,&)) — Eq,po (y—g(z,fo)) <4,

g1 g1

and therefore there exists ng such that
5% (€0, Gn) < o1 for n > ny, (7.13)

which implies that S*(G,, &) is bounded and therefore o, < S*(&y, G,,) is also
bounded. On the other hand, by Lemma 8, we get that o, > 0 for n large
enough.

We now prove that {&,} is bounded. In case (a) if {&,} is unbounded,

Lemma 7 implies

y_g(if,fn)> >, (714>

On

lim inf Eg,po (
and this contradicts the fact that for all n

o (172550) sy

n
Consider now case (b) and assume that {{,} is unbounded. Then, passing
on to a subsequence if necessary, we may assume that ||¢,|| — oco. Then by

Lemma 6
(2 1)
lim inf Eg, po <y§n(:z:,)) >1—cg,

On

imsart-generic ver. 2011/01/24 file: BEJ368.tex date: March 27, 2011



Fasano et al./Continuity and differentiability of regression M functionals 28

and this contradicts the fact that for all n

y =& 1)

n

Eano< >(5<1CO.

Then in case (b) {&,} is also bounded.

We now show that o,, — 0¢. Suppose that this is not true. By passing on
to a subsequence if necessary, we may assume that o, — o* # 0¢ and &, — £*
for some &£* and o*. Since (7.13) holds for any ¢’ > o¢ we have ¢* < gg and

therefore o* < 0g. Then Lemma 4 implies

5= nlggo Eg..po (y—g(fn,x)> =Eg,p0 (y—g(f*m:)) 7

n o*
and therefore S (Gy) < S*(Go,£*) = 0* < o0p. This contradicts the fact that
S(Go) = o¢ and shows that S is weakly continuous.

Finally the weak continuity of Tg follows from (2.11) and Theorem 2.

7.3. Proofs of Theorems 4 and 5
7.3.1. Proof of Theorem 4
Since
EG’!LW(Z7T<G77I)) = 07

the Mean Value Theorem together with Condition 6 and the consistency of

T (G,) yield
Eg, ¥(2,T(Go)) + D (Gn,6;) (T(Gy) — T(Go)) =0,

where 0} — 6y. Then, (5.10) implies that D (G,,0) — Dy and, since for large

n, D (G, 0}) is nonsingular, we may write

T(Gn) — T(Go) = =D (Gn,0) " Eq, ¥(2,T(Gy))
= Fa, I1.6,(2) + (D5 = D (G, 03) ") Ba, I (2).

Condition 5 implies that the second term of the right—hand side divided by

l|Ec, Ir,c,(2)|| tends to zero, and this proves the Theorem.
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7.3.2. Proof of Theorem 5

Under the assumptions of this Theorem, we can prove that Condition 5 holds
a.s. using the same arguments as in Lemma 4.2 of Yohai (27). The only change
is to replace the Law of Large Numbers for i.i.d. random variables by the
assumption that Eg, d(z) — Eg,d(z) a.s. for all d such that Eg,|d(z)| < oo
in the case (a) and for the fact that Eg, d(z) — Eg,d(z) for all function d
bounded and continuous in case (b). Then, Theorem 4 implies that T is weakly

differentiable at {G,,}.

7.4. Derivations of influence functions
7.4.1. Derivation of (6.11)-(6.12)

Put for brevity

y — g(z, &mm) y—g(z,&s)
tay = MWy T SBSS)
g g

Then

\:.[/11 (z,6‘) 0 \i/13 (279)

\i’ (Z; 0) = 0 \1122 (Z, 0) \1’23 (Z, 9) s

\1131 (Z, 9) 0 \1133 (Z7 9)

where

W11 (2,0) = —~ 4 (1) 8, E8)g . s + o (1) § (7, &)
W13 (2,0) = —~ 4 () (. &)

Wys (2,0) = —3% (taim) gz, Enana) g, Enant)” + U1 (taann) § (2, Enanme) - (7.15)

Wos3 (2,0) = —é?//l (tvm) tvamg (2, Enam)

g1 (2,0) = ~ 0o (1) (2. )

g (2,0) = — o (1) 1.
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From (7.15) it is easy to show that

aooco 0 eoobs
. 1
Dy = EGO\I’(%@O) = _;0 0 ap1Co 6011)6
0 0 dy

Therefore | Dg| = agoao1do|Col?. Tt follows from (6.10) |Co| # 0 if and on only if
|Ao| # 0, and that

Agt .

Cit =
~1 =
—(Ag"bo)" 1+ bHAG by

Direct calculation shows that

—1—1 R I
ag Co 0 —€o0gg dy - C g
-1 _ —1~—1 -1 7-1,~-—1
D() = —0p 0 Qg1 OO —€01Gq1 dO OO bEF) )
—1
0 0 d,

and the desired results follow from (5.1).

7.4.2. Derivation of (6.22)

In this case from (7.15), it is easy to show that

ago 0 eqo

1
Dy=——

0 oo 0 aplr  €o1 5

0 0 do
which implies
agol 0 —eooagol dy !
Dy'=—-00| 0 ag —eoragdy
0 0 dyt

The rest of the derivation is straightforward.
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7.5. Proof of Theorems 6 and 7
7.5.1. Proof of Theorem 6

Part (i) and (ii) follow from Theorem 1 and Remark 2. To prove (iii), we
need to check conditions of Theorem 2 and Theorem 3. We start showing that

S(GQ) > 0. Let
vi — g(xs, B) — Oé> )

Pl = B (1

Then, we have

lim hgo(s) = po(0) =0 (7.16)
and
lir% hga(s) =1—=P(y; = g(zi, 8) + @). (7.17)

Since w; has a continuous distribution and is independent of x;, we also have

P(y; = g(wi, B)+a) = Pg(wi, fo)+ui = g(xi, B)+a) = B [P(u; = g(xi, B) — g, fo) + )] = 0.
(7.18)

Equations (7.16), (7.17) and(7.18) imply that S*(Go,B,a) > 0 for all (3, a),

and so S(Go) = S*(Go, Bo, ap1) > 0.

Note that

Mg, (Tmm(Go)) = E (m (Z/_STE\QESC%))>

y — Ts(Go)
i)
5(Go)

Then § < 1 — C(Gp) implies (4.2) and from Theorem 3 follows that Tg and S

IN
=

IN

|
&

are weakly continuous. Since S is weekly continuous Theorem 2 implies that
T is weakly continuous too, and so part (iii) follows.

Part (iv) follows from the formulas obtained in Section 7.4.
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(v) follows from part (a) of Theorem 5 while part (vi) follows from Lemma
1. Part (vii) follows from (vi) as was already shown before stating the Theorem.

To prove (viii) is enough to show that

1/2
n EG"ITMM,;}’

Go (SL‘, y) —d N(O, V), (719)

where V' is given by (6.19). From (6.11), is immediate that for all A € RY, NI,

NI I (%:7 yy)

is a stationary ergodic martingale difference. Then (7.19) follows from the Cen-
tral Limit Theorem for martingale differences (see for example Theorem 23.1 of
Billingsley (2)) and the Cramer-Wald device.

Part (ix) will follow from
nl/QEGn Ityin,Go (z,y) —a N(O, V)v (7'20)

where V' is given by ( 6.21). According to (6.13) we have that

_ ago U; — & —1.
Iy, Go (is yi) _EFO'Q/JI1 ((u— ao)/00)¢1 ( %o > Cy Q(J/‘ﬂo%

and therefore for all X € RPTY, NIy, ¢, (2i, ;) is a ¢— mixing process with

mean 0 satisfying Zaﬁ}lm < 0. Then by Theorem 20.1 of Billingsley (2)) we
i=1
have that n'/2XNEq, Iyy,.co (T, y) —a N(0, NV )), where

oo

V= 3 B I (@1 90 I, (@140 144)] -

1=—00
Finally the proof is completed noting that

Cfg C;

" EZ, 9] ((u— ag)/oo)

E |:ITMM,,G0 (:Elv yl)Ié“MM‘,GU (171+i, y1+i):| C(()_lc(ic’()_1

and using the Cramer-Wald device.

7.5.2. Proof of Theorem 7

It is completely similar to the proof of Theorem 6. The only differences are that

for part (iii) we use that in the case of a location model we have ¢ (Gg) = 0, and
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therefore condition (4.2) reduces to Mg, (Tm(Go)) < 1. Note that this inequality

is implied by the condition that Ty (Gp) is well defined. So, for this case, (4.2)

always holds, and that for part (iv) we use part (b) of Theorem 5 instead of

part (a).
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