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ABSTRACT. We give a rigorous proof of the following heuristic result: Let
1 be a Borel probability measure and let 7(gq) be the L7-spectrum of . If
7(g) is differentiable at g = 1, then the Hausdorff dimension and the entropy
dimension of g equal 7/(1). Our result improves significantly some recent
results of a similar nature: it is also of particular interest for computing the
Hausdorff and entropy dimensions of the class of self-similar measures defined
by maps which do not satisfy the open set condition.

1. INTRODUCTION

Let u be a Borel probability measure on R? with bounded support and let
supp(u) denote the support of u. For a finite Borel partition P of supp(u),
we let |P| be the maximum of the diameters of elements of P. Define

h(u,P) == u(A)Inpu(A).
AeP
For 6 > 0, let
h(u,8) = inf{h(u, P) : P is a finite Borel partition of supp(x), |P| < 6}.

The entropy dimension (or Rényi dimension [Re|) of u is defined as

. - hw6)

dim.(p) = lim ———.

ime () = 1. —Ins
Also, we let dimy(E) denote the Hausdorff dimension of a set E' and define the
Hausdorff dimension of p as

dimy(p) = inf{dimp (E) : p(R*\ E) = 0}.

Young [Y] proved that if

. Inp(Bs(z)) _
(1.1) 61_1_:{r]1+ Y =a for u ae. z € supp(u),
then
(1.2) dimg (p) = dim(p) = a.
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An important sufficient condition for (1.1) to hold is when K is a self-similar
measure defined by

m
u=>3 piuoSy,
=1

where {S,}72, is a family of contractive similitudes satisfying the open set condition
([Hut], [F]), and the p;’s are the probability weights satisfying p; > 0 and S b=
L. In this case (1.1) holds for

(1.3) Q=ZP1’ 1111’:‘,1'2131 In p;,
i=1 1=1

where p; is the contraction ratio of 5;. If we let

B i D u(Bs(z)
G= {r € supp(u) : 51-1-%1* —hE = a},

then dimg (G) = a also. This theorem was proved by Geronimo and Hardin [GH]
for {Si}2, satisfying the strong open set condition (and also implicitly by Cawley
and Mauldin [CM]). It was also proved by Strichartz [S] by using the law of iterated
algorithm for {S;}7 | satisfying the open set condition.

Another sufficient condition to obtain (1.1) comes from the L3-spectrum. For
6 >0and q € R, the L9- (moment) spectrum of y is defined as
in Insup 3", u(Bs(z;))?

(1.4) T(q) = til__m ™

1

where {Bs(z;)}, is a family of disjoint closed 6-balls with center Z; € supp(u) and
the supremum is taken over all such families. The function 7(q) is an important
function in multifractal theory; under suitable conditions, its Legendre transform
equals the dimension spectrum of the measure w ([H], [F]). Moreover, it is suggested
in the physics literature that 7/ (1) is equal to the entropy dimension of the measure
([HP], [H], [F]). Falconer [F] gives a heuristic argument for such equality. The pur-
pose of this note is to give a rigorous proof of such a folklore theorem. Specifically,
we prove

Theorem 1.1. Let u be a Borel probability measure on R? with bounded support.
Then

(a) for u a.e z€supp(u), we have
7.(1) < lim Inu(Bs(z)) < Tim BA(Bs(z)) < (1).

f—0+ n T S0+ In
(b) If 7(q) is differentiable at g=1, then
In u(Bs(z))

lim =7'(1) for pu ae z € supp(y).

§—0+ Iné
B
Consequently, u is concentrated on G = {:z: € supp(p) : lim ln_,u(_g(a_:n =

5—0+ Iné
r’(l)}, and

dimy (G) = dimp (4) = dim. () = 7/(1).
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We will prove Theorem 1.1 in Section 3. The main idea is to show that the set
of points z € supp(u) such that
+— Inu(Bs(x))

. Ilnp(Bs(z)) p g :
lim ——— < 7.(1) or t_(1)< li
_,-_i"J— Iné +(1) - P8 Iné
has u measure zero. The proof of this relies on estimations of some counting
functions (Lemma 2.2) together with a standard covering lemma. For the special
case of self-similar measures defined by contractive similitudes satisfying the open
set condition, 7(q) is given by

ZP pi T =

Moreover, 7(q) is differentiable and 7'(1) = a, where a is given by (1.3) (see [CM]).
Such results have also been proved for some extensions of the self-similar measures
AP], [R] (with the open set condition), and for equilibrium measures of Hélder
continuous conformal expanding maps [PW]. The equality of dimy(u) and 7/(1),
under the assumption that r(q) is differentiable at ¢ = 1, was recently studied by
Fan for a certain class of infinite product measures [Fa]. An additional example is
the infinitely convolved Bernoulli measure associated with the golden ratio. This
is a good illustration and the main motivation for our result because the open set
condition fails. This will be discussed in Section 4.

2. PRELIMINARIES

Let 7: R — [—00,00) be a concave function. We define the effective domain of
T as
Dom 7= {z: —o0 < 7(z) < o0}.
The concave conjugate (or the Legendre transform) of 7 is the function 7* : R —
[—o0, 0c) defined by
7" (a) = inf{az - 7(z) : z € R}.
For z € Dom 7, we let d7(z) C R be the subdifferential of T at z, i.e.,
or(z) ={a: t(y) < 7(z) +aly—z) forall ye R}.

Then 7*(a) + 7(z) = az for a € 3r(z) [Ro|. If r(z) is differentiable at z,
then 97(z) is the singleton 7/(z). Otherwise, d7(z) is a closed interval. We will
denote the special subdifferentials dr(0) and 8r(1) respectively by [a;,a7] and
a1, af].

It is known (e.g. [LN1, Proposition 2.3]) that Dom 7* is an interval and (Dom 7*)°
= (amin‘amax)v where

Qmin := inf{a: a € 8r(z), z € Dom 1},
Qmax :=sup{a: « € dr(z), z € Dom T1}.

For the rest of this note, we assume that 7(q) is the LI-spectrum of a Borel
probability measure u defined by (1.4). It is known that 7(g) is increasing, concave
and 7(1) = 0 (see Figure 1). Moreover, it is proved in [LN1] that

~ _ . In(sup, u(Bs(z))) In(inf; u(Bs(z)))
(21) Xmin = 51_1._1'(1)14- lné' a.nd Qm = .51-1-»0+ ln6 N
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T(x)

(b)

FIGURE 1. A concave function 7 and its concave conjugate 7* (s
means slope)

where the supremum and infimum are taken over all z € supp( u). Define
T"(Amin) = lim 7*(a),
g—oc
where a € 97(q). The following proposition will be used in the proof of Lemma
3.1
Proposition 2.1. Assume that amin < a;. Then amin > * (amin )

Proof. Let amin < & < ay and q € 37*(a) (i.e., & € dr(q)). Consider the line with
slope & passing through the point (q,7(g)). This line intersects the vertical line
g =1at (1,7(q) — (g — 1)&). By using the identity 7(q) + 7*(&) = q& together
with the facts that 7 is concave with 7(1) =0 and & < a;, we have

a-1(a)=7(g) - (g—1a>0.
The same argument shows that a — 7*(a) is an increasing function of q and hence
a-1'(a)>2a—-r1*(a) forall a<a.
The result follows by letting g — oo. a

Let Bs denote a disjoint family of closed balls of radii § centered at points in
supp(u). For a € (Dom 7*)°, we define the counting functions

Ns(a) = sup #{B: B € Bs, u(B) > §°},
f\—rg(a) = s;zp #{B: B € Bs, u(B) < §%}.

The following lemma is proved in [LN1, Lemma 4.2).

Lemma 2.2. Let amin < a<af, g€ 8r°(a) and € > 0. Then for any € > 0,
there ezists §. > 0 such that for all 0 < 6 < 6.,

Ns(ae) < 677 (@)= (EEa)e
For aj < a < Qmax, the above holds with N replacing N.

Lemma 2.2 and the counting functions play a key role in the proof of the main
theorem.
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3. PROOF OF THE MAIN THEOREM
We need two lemmas.

Lemma 3.1. Let u be a Borel probability measure on R® with bounded support.
Then

. Inu(Bs(z)) _
s : min < SONRS e == »
p.{.z: € supp(i) : amin < ,_cli[;]— 05 < aj } 0
In u(B
Proof. Part 1. We claim that ;,c{:: € supp(p) : Qmin < lim M < af} =
§—0+ Iné

0. Let amin < @ < aj and g € 7*(a). Then g > 1. Since 7 is increasing, concave,
a < af, and since 7(1) = 0, we have (t(q) — 7(1))/(g—1) > r_(g) > a > 0. We
choose € > 0 small enough so that

(3.1) oc:=(r(g) - (g-1a)/2<7(q) —(g—1)a—(2+q)e
(This implies that e + ¢ < @ .) Define

Lia)= {.L‘ € supp(p) @ a-— % < 6@;1%2 <a+ %}

We will show that u(L.(a)) = 0. Putting £ = 1 in Lemma 2.2, then there exists
8, > 0 such that for all 0 < § < 4.,

(3.2) JV5{3+E)‘S6_T-(Q]_[1+QJ".
Fix m € N satisfying
(3.3) 2T b and m > 3a/e+ 2.

For each z € L.(a), we let n, be the smallest integer satisfying the following
conditions:

(i) nz 2m;
(ii) * p(Bs(z)) < 62~ forall 0 < é < 2-(M==2);
(iii) there exists 6; > 0 such that

2=+l <5, <27 and  p(Bs,(x)) > 6213/

Note that n. is uniquely determined by z. Partition L.(a) into a countable
disjoint union of subsets L*(a) where LM(a)= {z € L.(a): ny =n}. Then

(3.4) Le(@) = |J L(a).

Clearly for each n > m,
@< | Benla)
zeLl}a)
By a standard covering lemma (see [F, Lemma 4.8]), there exists a finite sequence
{z.;}¢_, in LP(a) such that {By-(z:)}{_, is a disjoint family and
€
(3.5) L2 (a) € | Be-tn-n(24).
i=1

For 1 < i < ¢, condition (iii) and (3.3) imply that
u(Bg-n(Z‘)) > 2—{n+1)(a+25/3) > 2—n(a+£]_
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Hence by (3.2),
[36) E‘E 2—"1-1—"'[0]--:].4-';!5}‘

Combining condition (ii), (3.5), (3.6) and (3.1), we have

£
—(n=2)la—e) g-—n({—=7"{a)=(1+qgle)
B')— n=—2) )) S 2 2

< C- a-n{rig)—lg—1lla—{2+q)e) %5 0.2—nol

(C'is a constant independent of n.) Using this and (3.4), we have

> —am

= 2
u(Le(a)) < ”{a))SCZT““:Cl_Q_G.

n=m n=m

Letting m — oo, we get u(L.(a)) = 0. The claim follows easily by taking a
countable cover for (cmin, @ ) by sets of the form L. (a).
Part 2. We will show that if amin < a, then

u{x € supp(p) : lim REDrg)) . amm} =0.
f—0+ lﬂé

By Proposition 2.1, we may choose € > 0 sufficiently small and a € (Dom 7*)°
sufficiently close to @i, such that

0 <o:=(amin—7(2))/2 < Amin — T‘(C‘) - (2 + q)e,
where ¢ € 87" (a). By Lemma 2.2, there exists 6. > 0 such that forall 0 < § < §,,
Ni(a+€) < 6 @-(t+ae

Now choose m and n; as in the proof of Part 1 but replace conditions (ii) and (iii)
respectively by
(i)’ w(Bs(z)) < 69min=¢ forall 0 < § < 2-(==2);
(iii)" there exists §, > 0 such that

g-iretl) 2 5. g 9" and p(Bs, (z)) > Gominte/2,
The same proof yields the result and the lemma follows by combining the above
two parts. a

Lemma 3.2. Under the same hypotheses of Lemma 3.1, then

In u(Bs(x))
,u.{n:Esupp(,u) al < 11(111+T} 0.

Proof. Again we divide the proof into two parts.

In
Part 1. ,u{a: € supp(u): af < 11m+—;%@ < ag } =0.Letaf <a<ag

and q € d7*(a). The condition 7(g) — (¢ — 1)a > 0 still holds by the assumption

a > af and by the fact that 7 is increasing and concave. Instead of L.(a), we
define
€ _ 7 lnu(Bs(z)) €
. (i s e £ i el S gt
Ue(a) {IEsupp(,u) a-z< lim 5 _a+3}

Let 5. >0 and m € N be as in the proof of Lemma 3.1. For each z € U,(a),
we let n, be chosen as in Lemma 3.1 but replace conditions (ii) and (iii) by (ii)’
and (iii)’ respectively as follows:
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(i) Forall 0 <& <2 "=~ u(Bs(x)) =67
(iii)" there exists &, >0 such that
9Nz 6: S g—inr—ll and ;.L(_B.ﬁx{.l')) S é;&-c‘

Then apply the same technique.
Part 2. We need to show that if a > a] and aj < a < amax, then

g{r € supp(p): lim oy By l)) > a} =0.

5—0+ Iné
Choose € > 0 as in the proof of Part 1 of Lemma 3.1 and define
" € _ — Inp(Bs(z))
] = s R —_— .
Ulla) = {z € supp(w) : o - 5 < Tim FEEC)

Using Lemma 2.2, we can replace inequality (3.2) by Ne(a—¢€) S laimli=qje
A similar argument yields p(U.(a)) = 0 and the result follows. O

We now proof the main theorem by combining Lemmas 3.1 and 3.2.

Proof of Theorem 1.1. (a) It follows easily from (2.1) that for each x € supp(u),

Inu(B _— :
o < lim BHBE) g aBs@)
o+ né §—0* Iné

Consequently, Lemma 3.1 implies that

. Inp(Bs(z) .\ _
u{z € supp(u) : lim S <o} =0

By Lemma 3.2,

i, BB 4} o,

,u{:ce supp(p) : lim ————= >
Part (a) now follows.
(b) The assumption that (q) is differentiable at ¢ = 1 implies that 9r(1) is a

singleton, i.e., aj = aj = 7/(1). Part (a) now implies that for pa.e. z € supp(u),

. Inu(Bs(z)) _
lim ———= = )
s+ Ind FiH
The result follows from Theorem 4.4 in [Y]. a

4. INFINITE BERNOULLI CONVOLUTIONS

Let 0 < p < 1, Si(x) = pz, Sa(z) = pz + (1 — p), and let p, be the self-similar

measure defined by Sy, S3, i.e.,
Hp = %#9051—1 +‘;'#p°s£1-

1, is known as an infinitely convolved Bernoulli measure (ICBM) because it can be
identified with the distribution of the random variable (1 — p) 3., p"€n Where
{€n} arei.i.d. random variables each taking values 0 or 1 with probability 1/2. Such
measures have been studied extensively since the 30’s. For 1/2 < p < 1, {51, S2}
does not satisfy the open set condition and hence the dimension result stated in
(1.2) (with a = 7/(1)) does not cover such measures. An important result of Erdds
says that if p~! is a P.V. number, then y is singular [E]. (Recall that an algebraic
integer 3 > 1 is a P.V. number if all of its conjugates have moduli strictly less than

1.)
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We will consider the special P.V. number p5l = (V5 +1)/2 (the golden ratio),
which is so far the best understood case. The Hausdorff and entropy dimensions
of this particular measure have been studied by a number of authors ([AY], [AZ],
LP], [La]). It is known that these two dimensions are equal and it is conjectured
that they are equal to 0.99571312... [AZ]. In (LN2], a closed formula which defines

the corresponding 7(q) for all ¢ > 0 is derived. Moreover. it is proved that 7(g) is
differentiable on (0. >c) and
1

» 1 &
(4.1) r(l}:ginpgi E cjlney,
- N 1
CJ=WL1! ]-‘.'PJI-‘]‘ Py

where
11 0
3 P = | y
L1 [0 1] g J

and P; = P; --- P;,, with j; = Oor 1. Theorem 1.1 implies that /(1) is equal
to the Hausdorff and entropy dimensions of the measure. Numerical calculations
using (4.1) suggest that /(1) ~ 0.9957, agreeing with the result obtained in [AY],
[AZ] and [La]. It is an open question how to obtain the Li-spectrum 7(q) for other
P.V. numbers.

Il
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