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Local behavior of Riemann’s function
Stéphane Jaffard

ABSTRACT: We investigate how local Holder regularity and local scalings of a
function can be determined from its wavelet transform; we apply these results
to Riemann’s function.

1. Introduction

Let zo € R; by definition, a function f is C*(zo) if there exists a polynomial P
of order at most a such that

(1) |f(zo + ) — P(h)| < C|h|*.

Even if this upper bound is optimal, it does not describe the behavior of f in
the neighbourhood of zo. For instance trigonometric chirps studied in [10] describe
a very oscillatory behavior, of the form

a s 1
f(@o+h) = P(b) ~ [hf*sin 5o

A less oscillatory behavior appears when f is “approximately selfsimilar” i.e. satis-
fies (for0 <a<land A <1)

f(zo+ ) = P(h) = A% (f(z0 + Ah) — P(Ah)) + o(|h|).
This equality is clearly equivalent to

(2) f(zo +h) = P(h) = h*G+(log(+h)) + o(|h|*)

where =+ is the sign of h, and G4+ and G_ are log A periodic. Thus, if any of these
conditions is satisfied, we will say that f has a logarithmic chirp of order (a, \) at
To; partial necessary conditions on the wavelet transform of f can be found in [6].
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288 STEPHANE JAFFARD

If the functions G4+ and G_ are C7, the chirp is said to have the regularity
. Our purpose in the first part is to find simple necessary or sufficient conditions
of selfsimilarity on the wavelet transform of f. We will then apply these criteria
to several examples. Let us mention two of them; the first one is the “selfsimilar
functions” introduced in [8], for which we will determine the regularity of the chirps
and an explicit formula for the Fourier coefficients of the functions G and G_; for
instance, Weierstrass functions

90 . .
Z 2% sin 22’ x
1

have logarithmic chirps at the rational points where the Fourier coefficients of
G, and G_ are values of the Gamma function (given by (44)). The second example
is “Riemann’s function”

— 1
p(z) = E —2sin7rn2:c.
n
1

In this case, J.J.Duistermaat proved in [1] the existence of logarithmic chirps at the
quadratic irrationals (the irrational numbers roots of a polynomial of degree two
with integer coefficients). We will complete this study by showing that the chirps
have a regularity 1/2 at each of these points. We will also show how to determine
the Holder regularity of Riemann’s function at every point. It may be interesting
to recall briefly the history of this function.

Riemann proposed it as an example of continuous nowhere differentiable func-
tion. Actually, Hardy and Littlewood proved that ¢ is nowhere C3/* except perhaps
at the rational points of the form (2p + 1)/(2¢ + 1), p,q € Z ([4]). Their proof an-
ticipates wavelet methods: they remark that the function

C(a,b) = %(0(b +ia) — 1)

(where 6 is the Jacobi function 6(z) = Ze”"zz) is the convolution of ¢ with

nez
contractions (by a factor a) of

1
Tﬁ(w) - ‘R'(.’I) _ 2)2 .
Since 9 has a vanishing integral, an Abel type theorem (which we will state precisely
in Proposition 1) shows that, if ¢ is smooth at o, C(a, b) must have a certain decay
when a — 0 and b — z. This method will thus yield upper bounds for the pointwise
Holder exponent
a(zo) =sup{B: ¢ € C(z0)}.

This method actually yields the following more precise result which relates the
pointwise behavior of ¢ at zo to the Diophantine approximation properties of zo.
Let o ¢ D), let p,/gn be its continued fraction expansion and define

p 1
7(zo) = sup{7: | zo — = |< —}
dm Im
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for infinitely many m’s such that p,, and g,, are not both odd. Then

a(m)<l+ -
W2y 27(zo)

a result which is actually stated by J.J.Duistermaat [1] where a more direct proof
is given.

Converse results, which would yield an information about the pointwise behavior
of ¢ from estimates on its convolutions are more difficult to obtain since they are
of tauberian type. We will state such results in Proposition 1.

Finally Gerver proved the differentiability at the rational points of the form
(2p +1)/(2q + 1) [2] (where we now know that ¢ is exactly C3/2, see [10]). The
analysis of the behavior of ¢ near such a rational point z, has been considerably
sharpened since; in [10], a complete “chirp” asymptotic expansion which describes
the oscillations of ¢ is exhibited:

o(z) =u(z)+ Y (z - zo)%+nv1(x _lzo) if x>z

n>0
1

#l@) = u(m) + 3 |o =zl (o

n>0

where u is C*°, the v} are 27 periodic, with a vanishing integral, and are C3+"
(we will actually show that these points are the only ones where a chirp expansion
exists).

The results of Hardy and Gerver left open the problem of the determination
of the exact regularity of ¢ at irrational points; one of our purposes is to do this
determination using the wavelet method we sketched.

Our main results concerning Riemann’s function are stated in the following
theorem.

Theorem 1 Let x ¢ ) and let p,/q, be the sequence of its approzimations by
continued fractions. Let

1
T(m)zsup{T:|:c—p—m <=}
dm m
for infinitely many m’s such that p,, and q,, are not both odd.
Then
(z) = L + !
A =y T o)

If z is a quadratic irrational, ¢ has a logarithmic chirp at x of regularity 1 /2.

Thus Riemann’s function is interesting not only for historical reasons but also
because it displays many different local behaviors: a whole range of different Holder
exponents, chirps at some rationals and logarithmic chirps at quadratic irrationals.
Thus it is a perfect example on which one can test the efficiency of local analysis
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methods; and, in our opinion, it clearly shows the efficiency of wavelet methods.

This paper is partly a rewiew paper and partly contains new results: the analy-
sis of the local regularity by wavelet methods can be found in [7] and the pointwise
Hoélder exponent of Riemann’s function is determined in [9]. The results concern-
ing the analysis of local scalings is new, and its application for Riemann’s function
sharpens some results of J.J.Duistermaat in [1].

2. The tools: Wavelet transform and two-microlocalization.
Let a > 0; it will be the largest order of Holder regularity we will be interested

in. Let k = [a]. Suppose that a function ¢ is nonvanishing and satisfies the following
asumptions

(3) [p(@)| + [ ()] + - + [p*D ()] < O + |a|)7*72
(4) /w(x)dm = /xw(m)dm == /xkdz(m)dx =0
and either

(5) [ wors = [Cricorg =1

(()(ri) ¥(€) =0 if £<0 and / |2d£ 1

In the last case the wavelet is said to be analytic. The wavelet transform of an
L® function f is defined by

Clat)) =5 [ 1%

We will consider the three following settings: In the first one the analyzed function
f is real valued, and the wavelet satisfies (6); in the second one, f is complex valued
and the wavelet satisfies (5); in the third one, f(£) = 0 if £ < 0 and the wavelet
satisfies (6).

In each case, the following results concerning the relationships between the size
of the wavelet transform and the regularity of the function hold.

Proposition 1 Under the previous hypotheses if a function f is C*(xo),

(1) (Cla,b)(f)] < Ca(1 + L= Z0hye
Conversely, if

(8) IC(a,b)(f)] < Ca®(1+ M) for il i 8

then

9) |f(z) = f(z0)| < Clz — 20|
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for all x such that |z — zo| < 1/2. Furthermore, large O’s can be replaced by little
0’s in these results, i.e. if

f(zo +h) — P(h) = o(|h|*)

then

(10) Can() =o (ax1+ L=y

and conversely, if

(11) C(a, b)(f)—o(a"(l-{— b xOI)"‘) for an o < a.
a

then

f(zo +h) — P(h) = o(|h|%).

Let us now recall the definition of the two-microlocal spaces C* @ (0) (see [7]).
The function f belongs to C®® (z,) if its wavelet transform satisfies

|b—.’E0|

|C(a,b)(f)] < Ca™(1 + )~

The conditions above are clearly expressed in terms of two-microlocal spaces; the
connexion will even be more obvious for the conditions that imply the existence of
a logarithmic chirp of a given regularity.

Proof of Proposition 1: We only consider the case 0 < a < 1. The reader will
easily extend it to any a > 0. If f € C%(zg),

C@rNl =4l [ 1wyl

b
)dz|

= 21 [U@ - s

2
C 1
= —zol®| —— | 4
a/lm i (1+|’T‘”|> ’
C |z — b|* C dz
P B il T a_/—
= a/<1+1$7-b|>2 Pl (1+[222))2

T a
sar (1152)

Suppose now that we are in the first or the third case. In that case, f is
reconstructed from its wavelet transform by

=[]

IA

b) dadb
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Let
z—b db

a a

wla2) = [ Clab) (P

if (8) holds,
|w(a, 2)| < Ca®(1+ @)“‘
and e

|——az’$)| < Ca® (14

Using the second estimate (and the mean value theorem) for a > |z — zo| and the
first estimate for a < |z — |, we obtain

|.’E—£B0| o
a Je

a>|z—zo|

v
—\if d

+/ Ca® (1+|’” °|) L < Clz — mol.
a<lz—wo| Q a

This also implies the result in the second case by superposing reconstruction for-
mulas for £ > 0 and ¢ < 0. The proof for little o’s instead of big o’s is exactly the
same, and we leave it to the reader.

There exists some similar results for negative values of a. The reader is reffered

to [8] for a discussion on negative Hélder exponents, and the corresponding condi-
tions on the wavelet transform.

3. Logarithmic chirps and wavelets

We will prove the following result.

Theorem 2 If f has a logarithmic chirp of order (o, A) and of regularity v > 0 at
To, then its wavelet transform satisfies

(12) C(a,b) = a®H(log a, > _az‘)) +o(a® + ('ﬁim—‘”)a).
Where H is Log\ periodic in the first variable and satisfies

(13) | H(.,y) llLe< CA+[yh*™

(14) | H(y) llev< CA+[y)*

Conversely, if
(15) C(Aa,zo + Ab) = A"*C(a,zo +b) + o(a*(1 + w;am(ﬂ)a,)

where A < 1, and o/ < «; and if furthermore f € C*~*"7(xq), then f has a
logarithmic chirp of order (a,\) and of regularity v > 0 at zo, for any vy <.
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Let us make a few comments. First, we can formulate the “algebraic” selfsimilar-
ity condition satisfied by the wavelet transform either by a selfsimilarity condition
(as in (15)) or through the existence of a periodic function (as in (12)). This equiv-
alence is the purpose of the following lemma. The interesting point about using the
periodic function formulation is that we can write explicit regularity asumptions
about this function.

Lemma 1 Suppose that there exists A < 0 and a,a’ > 0 such that

(16) C(a,zo +b) = A™*C(Aa, 2o + Ab) + O(a® + b*)
then "
(17) C(a,b) = a®H(loga, —=2) + O(a® +b)

where H 1is periodic of period log A in the first variable.

Proof: In order to simplify the notations, suppose that £y = 0. The sequence
AT"*C(A"a, A™b) converges uniformy on any compact that does not contain a point
of the real axis a = 0 because (16) implies that

AT C(A"a, A"b) — A~(MHDeg(AnHlg AnHlp) = O((A"a)® + (A™B)Y)
and the limit function d(a, b) satisfies
(18) d(a,b) = A™*d(Aa, Ab)
so that the lemma reduces to the change of notations
H(z,y) = e **d(e", ye®).

We remark that this proof shows that we will be able to obtain size and regularity
estimates on H from similar uniform estimates on the sequence A="*C(A\"a, A™b).

Let us now prove the direct part in Theorem 2.
Suppose that (2) holds. Because v has vanishing moments,

a8 =— / (F) — Pl — ) LI

a

Consider the integral for £ > z (the other part is similar); it is written

)d:L'+o( /|x—xol°

The second term is clearly bounded by o(a® + |b — x9|*) and the first one is

(19) /|u+ 0 1) (w)du

which is of the form a®H (log a, ;a’”fl) where H is log/\ periodic in the first variable.
Furthermore, this term is bounded by

Ca* /(|u|°‘ + |

D)

1 z—
= / |z — 20|*G 4 (log |z — zo|)9(

212G, (log a + log |u +

b—xg du
|)1+ k+2§CG

O)Q
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In order to prove (13), we can thus suppose that |y| > 1.

Once (12) is proved, it is clear that (13) is just a two-microlocal estimate for
the term a®H (log a, 2=22). Since such estimates do not depend on the wavelet (see
[7]), we can suppose that suppy C [—1,1]. From (19), we get

BBy ) = / lu + 912Gy (2 + log Ju + y[)b (u)du.

Integrating [y] times by parts, we obtain
H(z,) = [ Ju+ ol o +loglu+yl)d(u)du

where o/ = a — [4], ¥ is the 4 integrated [] times, and

]
Gz +loglu+y|) = chGif)(:c + log |u + yl),
0

so that G is C7~[1. We have
lu+y|® = y|* + ug(u,y)

where
lg(u,y)| < Cy* 1 if u<y

(which is always the case because lu| < 1 < |y|. Thus H is the sum of two terms,
the second one being

[ watw )G+ tog u + sl

which is bounded if u < y by

L, il < Ol =01+ oga)

The first term of H is

(20) 1% [ 6o+ loglu+ yiu)du.
If |y| < 1, it is bounded by a constant, and if |y| > 1, we write

G(z +log|u + y|) = G(z + log |y| + log |1 + %l),
after substracting G(z + log |y|); we bound (20) by

Oyl / Jlog(1 + 5" G(w)ldu < O™,
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Concerning the second estimate of Theorem 2, we have

hk
H(zy) - Y 0kH(w,y) =

[k|<[e]

hk
JRRTS (G+(z+log|u+y|)— > gaﬁa+(z+loglu+y|>) ¥(w)du

[k|<[a]
which is bounded by
C [[lu+ulle - 2"y < Cla 21+

In order to prove the converse part of Theorem 2, we will need the following
proposition, which is interesting in its own right.

Proposition 2 Suppose there exists o/ < a such that

(21) O, B) = aH oz, > _a’”") +o <a°‘(1 L ‘"0)"')

a

where H is log A periodic in the first variable and satisfies (13) and (14), then f
has a logarithmic chirp of order (a, \) and of regularity ¥' at zo for any v < 7.

Proof: f is reconstructed using the formula

— b, dadb
flz) = / C(a,b)y . —_—)— e
By a classical argument (see [7]) the second term in (21) brings a contribution to
f(z) — P(z — zo) which is o(|z — zo|®); it can thus be neglected.
We choose for P:

[a]
P(z — x0) =Z zO) /C b)i/f(l)(xo b)z(zlff

=0

(one easily checks that these coefficients are well defined). Thus

f(z) — P(z — zo)
= [ [aomtoga,2=20) (w(za‘b) Y2 )’«p("(“"’a—b)) o

_ ul u
= [ [ Roglz = anl - o) (vu-1) - 3 () ) 2

which is of the form |z — z4|*G(log |z — z¢|) with g periodic of period log A. Let us
prove the estimates on G. We have

= //H(logx — log u, b) (w(u -b) — Z 1;—:1/1(1)(—17)> z:fl;
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First, let us prove that G is bounded. In the integral, if u < 1, we bound ¥ (u —
b)—> 'l‘—;w(')(—b) by ﬁéﬁ (here k = []); and the bound follows from (13). If

u > 1, it is bounded by S + €L e and the bound still follows
from (13). In order to estimate || G(.,y) ||+, one cannot use directly (14) because
the factor (1 |y|)* yields divergent integrals; one remarks that (13) and (14) imply
that V' < v, there exists &’ < a such that

I H(9) llov < C+ |y

and the bound for || G(.,y) ||+ is obtained as above.
Let us now check that the converse part of Theorem 2 is an easy consequence
of Proposition 2. Suppose that (15) holds. Lemma 1 shows that the limit

lim A~"*C(\"a, A"b) = d(a,b)

n—o0

exists and that
H(z,y) = e”*d(e”, ye*)

is log A periodic in the first variable. We still have to check (13) and (14). The
two-microlocal hypothesis implies that

b ’ b !
[AT"C(A"a, A"b)| < CAT"¥(A"a)*(1 + IEDQ =Ca*(1+ |E|)°‘ ,
hence the same estimate for d(a,b), so that

(22) |H(x,y)| < Ce™%e2(1+ [y))* < C(L+[y)*"

Let us now estimate the regularity of H in the first variable. Here too we write the
proof only for @ < 1, the general case follows easily. Remark that

a 1
%C(aﬂ b) = Ecl(a’ b)v
where C; is the wavelet transform of f using the admissible wavelet —¢’. Similarly
0 1
%C(a’ b) - ECZ(aa b)7

where C, is the wavelet transform of f using the admissible wavelet —i)—z1)’. Since
two-microlocal estimates are independant of the wavelet that is chosen (see [7]),

Vd(a,b) = lim A""*VC(A\"a, \"b)

n—oo
so that
Vd(a,b)] < AmA" 1 (a1 4+ 12D = ant+ 2
@91 = Anq a - a

But
8, H(z,y) = —aH(z,y) + 1% (81d(e%, ye®) + ydad(e”, ye™)) .
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So that
10:H (2, 9)] < C(1+ ly)* 47 (eloD2(1 4 ) + yel@D=(1 4 Jy)).

Thus )
|0 H (z,y)| < C(1+ |y)***

Thus (14) follows from this estimate and (22). (The proof for higher order deriva-
tives is exactly similar). We are now in the position to apply Proposition 2 , hence
Theorem 2.

4. Theta Jacobi function and continued fractions

In this section we establish or recall some prerequisites about the Jacobi theta
function which will be necessary for the determination of the Hélder regularity of
¢ and of its local scalings.

Using Cauchy’s formula, we obtain that (using the wavelet ¢(z) = (z — i)~2)
the wavelet transform of ¢(z) is 2ia(6(b + ia) — 1)/2. Since we want to determine
Holder exponents between 1/2 and 3/4, because of (8) we can add a term ia and
the study of the pointwise regularity of ¢ reduces to obtaining estimates similar to
(7) for the function
(23) C(a,b) = ab(b+ ia).

The theta modular group is obtained by composing the two transforms
z—r+2 and z — —1/z

It is composed of the fractional linear transformations

T+ 8
V(z) =
qr —p
where rp 4+ sq¢ = —1, 7, 3, p, q are integers and the matrix

TS . even odd odd even
(24) <q p) is of the form ( it even) or (even odd )
When v belongs to the theta modular group, 6 is transformed following the
formula (cf [1])

(25) 8(2) = 0(7(2))e™/4q=112(z — §>-1/2

where m is an integer which depends on r, s, p, g.

Let p ¢ I) and p, /g, the sequence of its approximations by continued fractions.
The idea of the proof of Theorem 1 is to use (25), which will allow us to deduce the
behavior of 6(z) near p, /g, (hence near p) from its behavior near 0 or 1. Because of
(24), we will have to separate two cases depending on whether Pn and g, are both
odd or not; but let us first derive some straightforward estimates for 6 near 0 and
1.

First remark that

(26) 10(z) — 1] < % % Tme 1
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because in this case,

3 26—7rImz 1
[} =]l —7rnImz<—<_
| (Z) I— nZ):le — 1 —e-7mImz — 9
We also have
(27) 10(2)] < ClImz|~Y? if Im(z) <1

because |8(z)| < 3" e~ I™(=); the sum for n < Im(z)~'/? is bounded trivially by
Im(z)~%2 +1 and the same bound holds for n > I'm(z)~'/? (by comparison with
an integral).

Let us now obtain the behavior of # near the point 1. Recall that 6 satisfies

) 1 1
28 1 =4/- — ) —f(-=
(28) o1+ = /2 (02 -0 D)
so that
0(1+2) = 2\/2(,4(42) — A(2))
where A(z) = Y5° e=imn’ /2 1f Im(=}) > 1, then
-1
|A(2)] < 2exp(~nIm(—1)),
so that in that case
—1/2 =1
(20) 6L+ 2)| < Clz =2 exp(~rTm(—))
Proposition 3 Let Pr be the sequence of approrimations of p by continued frac-

q
tions; let T, be deﬁnednby
p L o
(30) lo— =] = (=)™

If a, b, and n are such that

(1) 3o — 8| £ 1h—p+da| <3l — 2L,
dn q

n—

the following estimates hold:
If p,, and ¢, are not both odd but p,—1 and qn—1 are both odd

(52) Clab) < Cat*ain (14 LByt
If p, and q, are not both odd and p,—1 and gn—1 are not both odd

¢ 1 1 b_ 1
(35) (Clab) < Cat o1 + LByt

or
(34) Cla.b)l < Cat*mm 14 Loy,
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If pp and q, are both odd
1.1 — 1
(5) Oa,p)l < cat* T @ 4 Loty

Furthermore, if p, and g, are not both odd, these estimates are optimal, which
means that there exists a point in the domain (31) where (32) or (33 ) are equalities.

We remark that, since 7, > 2, this result together with Proposition 1 implies

Hardy’s result that o(z) — ¢(z0) is nowhere o(|z — zo|)%/* except perhaps at the
rational points that are quotients of two odd numbers. More precisely, we have

Corollary 1 Let p ¢ I); if there exists an infinity of integers n such that p, and
gn are not both odd and such that T,, > T, then

() — p(zo) s not o(|x—z0|)%+%,

but if there exists N such that 7, < 7 for any n > N (for which p, and q, are not
both odd), then

1

o(z) — ¢(z0) = O(|z — o) 3+ 3+,
Define I'*(zy) as the set of functions f such that
VB>a f¢Ch(x)
{ VB<a feCP(z).

If n(p) = limsup 7, (p), where the lim sup bears only on the n’s such that p, and
1 1
gn are not both odd, this result implies that ¢ € I'?TZ® (p). We will prove this

proposition in the two next sections, and in the following one, we will show how to
derive the local scalings at quadratic irrationals.

5. The case when p, and ¢, are not both odd

Let us now recall a few properties of approximations by continued fractions.

Since
(36) Pndn—1— Pn—14n = (-1)" 7,
we have 1
_ &_Pnﬂl > |p_1ﬁ
Indn+1 dn dn+1 qn
because (see [10]) Pn and 22+ 416 not on the same side of p; on the other hand,
an dn+1
1
_ Iﬁ_pn+1| SZIP—&
qnQn+1 dn  Qdn+1 dn
so that { i i
(37) (=)= % o

qn T Gn+1 qn
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We first determine v, = T"—iﬁ in the theta modular group such that the
nZ — Pn
pole of ~y, is pn/qn. Because of (36) if p,—; and g, are not both odd, we can
choose )
Tn = (_1)H‘In—17 Sn = (—1)"+1Pn—1;

the corresponding transform satisfies (24) and thus belongs to the theta modular
group, and if p,_; and g,—1 are both odd, we can choose

Tn = (_I)HQn—l +Gn, Sn = (“1)"+1pn—1 — Pn-

Since ¥
Dn Tn
Wl R )= — = =
" ) I Gz
applying (25) to fli + z and ~, leads to
n
Pn rn 1 1
38 (= +2)|=10(—— -5
3 P T N=1 &
. -1 Im(z) . .
Since Im(——) = —5—» We consider the two following cases.
Im(z) ;
FIRST CASE: 2P > 1; then (38) and (26) imply that
n
Pn 1
0(—= +2)| ~ ==
dn Va7
so that &
a
IC(a,b)| ~ =
gn(a+b—pl)

(note that here and hereafter, ~ means that the two quantities are equivalent, the
constants in the equivalence being independent of n). Because of (31),

1
a+b_—p Z—T—v
(@tlo— o>

so that

Cla,b)| < CaPrti (4 L2 Pysiz—s,

and because of (26) this upper bound becomes an equality if we choose a = e

Y
an

b = 0. This proves (32) and (33) in this case, as well as their optimality.

SECOND CASE: 172)
a2z

First Subcase: p,_; and g,—1 are not both odd; then

< 1; we separate this case into two subcases:

Pn 1 Im(z) _1/2_ qn|2|
(39) |9(qn +2z)| < WoRE (q%IzP) =\ Tm()
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so that, since |z| > 2|p — ku ,

n

(40) |C(a,b)] < 2v/agn(a + [b— p]).

Because of (31),

Tn—1
— 1 Tn—1 1 —
a+lb—p| <6lp—2 1ISG( ) s6<—)7"‘1 L
dn—-1 dn—-1 qdn
thus
h—
Cla,)] < Cagh*(1+ L= Plyre
1 S b—pl\1
& —e o SV TR 1 — el /2
(a1) < Cal ) T 1+ 224

1

<cattmm 4 LAy,
a
which proves (34).
Second Subcase: p,_; and g,_; are both odd; then
Tn = (=1)"gn-1+dn; n = (=1)"*'pp_1 — pn.
We now want to estimate § near the points p,/g, where p, and g, are both

odd; we will deduce this estimate from (29).
We see that (38) becomes

DPn (_l)nqn—l ]. 1
R e~ |
| (qn I =16 n g2z )l\/anZI
let
_ (=1)"ngn-12 -1

From (28), we get

Pn _ 1 -1 B -1
Io(qn + 2)| ’_—qn]z||gn(z)||9(4gn(z)) 9(gn(z))l-
Remark that
-1 . Im(gn(2)) _  Im(2)

D) ™ TP =~ EPg@P
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It Im(gn—(lz 7)1, using (29),
Pn 1 3 Im(z)
9 T = e T @Rl R

< 1 (qﬁlzlzlyn(z)F)l“
= Vauldllgn@)] \ Im(z)

()

so that |C(a,b)| < a®%; hence (32) in that case.

Suppose now that I'm( ) < 1. Then
gn(2)
Pn 1 -1 .\
o+ ) < (=)
dn Vnlzllgn(2)| gn(2)
1 qnl2|gn(2)]

<
Vanlzllgn(2)] V/Im(2)

n2ll9n(2)|
Im(z)
so that |g,(2)] < T and
GnGn-1’ " N qrztlzl

Dn qn|z| 1
(— + 2)| < < .
0 TN @it < Jandmta)

C(a,b)] < %

n

IA

Because of (31), |z| <

Thus

From (31), we have (1/¢,)™ < (a + |b— p|) so that
=

ICla,b)] < att o1+ LAyt
a

which proves (32) in this case.

6. The case when p, and ¢, are not both odd

Following the same procedure as in the previous section, we first determine
ar +b

Yn = =y
Tn = —Qn+1, Sn = —Pn+1 such that

such that v, (pn/gn) = 1. We choose either 7, = gn41, Sn = Pn+1 OT

PnTn — SnGn =1
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(which is possible because of (36)). Now =, is defined by the coefficients

—DPn — Sn
—8n.

{a: Gn +Tn

C= Ty

B
d=

One easily checks that (24) holds and thus <, belongs to the theta modular
group;

Pn _ 1+Qn(Tn+Qn)z _
'Yn(qn +2) = 1+ ngnz =1+ fa(2)
with )
__ I*
fn(2) = 14 rpgnz’
Because of (25), it follows that

Dn _ 1 :
0C2 +21 = 0+ 1O

dn dn+1

on the other hand (31) implies

DPn 3 Pn Pn+1
z| 23lp——| > =|— — :
21 2 3l Qn|— 2|qn qn+1|
so that

In 7‘71/2|z|1/2

Remark that the condition Im(475) > 1 is equivalent to Im(z) > g2 |2|>. Thus
we now consider the two following cases.

First Case: Im(z) > ¢2|z|?. In this case, because of (29),

Dn —mIm(z) 1 1/2
16Cq, T2 < Cexp(—arn )(|fn<z>rnz|)

—mIm(z), |1+ rpgnz|'/?
<C .
= O G 227
1 2
Because of (30), —— < (=) and thus |rpgn2| > 3/2. Thus
lTnQn’ qn"
Pn —mIm(z) 1
0(— + =z < Cex
022 +2) S Fam e

L\ 1 _ ¢
Im(2) ) |z|1/2gY? — Im(2)V/*

so that |C(a,b)| < a®/* which proves (35) in this case
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Second Case: Im(z) < g2|z|2. In this case, from (27), (28) and (42), we obtain

-1 -1
e e

o2 < L )
| (qn +2)| < \/lfn(z)rnzll (

qn|2|l/2
Tn|fn(2)[Im(z)

11+ Tngnz|t/? . |gnz|t/?
- VraIm(z) Tm(z)

As above |r,gnz| > 3/2, so that
|C(a,b)| < Ca’*/gn(a +1b— p]).

i n—1
Because of (31), a + |b— p| < 3(—)™-1"" so that
qn

)l

IC(a,b)| < Ca? 7T (1 + @)ﬁ.
Thus (35) holds in this case and Proposition 3 is proved.
The fact that (32) and (35) cannot be improved in a cone
Im(z — p) > CRe(z — p)

yields a slightly more precise information than the fact that ¢ is not smoother than
% + ﬁ;ﬁ at p because it shows that ¢ has no chirp expansion at an irrational point

p (see [9]); thus the only points where ¢ has a chirp expansion are the rationals of
the form odd / odd.

The existence of these sets of smooth points is not only a consequence of the
kind of lacunarity introduced by the frequencies n?, but also of the very special
coefficents that are chosen, which creates an exceptional behavior, as shown by
the following remark: if the coefficients were multiplied by Independant Identically
Distributed Gaussians or Rademacher series (£1), Theorem 4 (chap 8) of [11] shows
that the corresponding random function would be almost surely nowhere C*/2. It is
hard to have an idea about how specific coefficients modify the spectrum or even the
regularity at a given point. Under this respect, the following example is interesting.
Consider the function

@-r(l') — Z emnrﬁemnzz

where 7 is a parameter. For 7 = 0 we recover ¢ (or rather its analytic part, but
this does not change its regularity at any point). For a generic 7 one might think
that we introduce phases which behave quite randomly. This is not the case and
actually ¢, has the same regularity as ¢ at any point. Let us sketch the proof of
this result.
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Using the same wavelet as above, we obtain that the wavelet transform of ¢, is
(with the same notations)

C(a b) - azeirnzzeiwn‘r.
Let 0(z,7) = Ee‘""zzei""f; the changes n — n + [ and 7 — 7 4+ 2m show that
|0(z,7)| = |0(2, T + 21z + 2m)|
If z is irrational, the values of Iz + 2m are dense; hence by continuity,
0(z,7)| = |6(2,0)]

which, again by continuity also holds if z is rational. Thus the wavelet transforms
of ¢, and ¢ have the same modulus everywhere, so that these functions have ev-
erywhere the same regularity.

7. Logarithmic chirps of Riemann’s function and selfsimilar functions

We will prove first the following theorem.

Theorem 3 Riemann’s function has at every quadratic irrational a logarithmic
chirp of regularity 1/2.

Proof: If w is a quadratic irrational, there exists y(z) in the theta modular
group,

such that w is invariant by 7 (see [1]). Using (25), we see that

r — pw eimm/4
e 24 0(2})) ——
q+pw Vaqw +p

_
(Im 2)3/2’

O(w+2) =0(w+ (1+0(2))

since
0'(2)] <

we have

22

(Im z)3/2)

where B is a real number different from 1 or -1 (because B = 1 would imply that
w is a rational). Iterating this relation, we can suppose that A is real. Thus, if
z=b—w+1a,

O(w+ z) = A(w + Bz) + O(

Cla,w+b) =ab(w+2)
2

2
= Aaf(w + Bz) + O(aa—sﬁ)

= %C(BA,w + Bb) + a20(a® + b?)
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These last two terms are O(al/2?) because ¢ is C*/2 on R, so that the rest is
simultaneously O(a/?) and O(a~/2(a® + b?)). Hence by a weighted geometric
average, it is O(a%(1+ ng)"", where we can choose o’ < a and « arbitrarily close to
1. Since Proposition 3 implies that ¢ is C3/%~1/4 at quadratic irrationals, Theorem
2 applies, and the conclusion of Theorem 3 follows.

Let us now consider the following functions

(43) f(@) =) A*g(Naz)
1

where g has some Hoélder continuity, vanishes at the origin and has at most poly-
nomial growth. This situation includes of course Weierstrass functions (where
g(z) = sin2nz), but also many examples which appear in the literature about
“fractal functions”. They are particular examples of the “selfsimilar functions in-
troduced and studied in [8], and the reader will easily check that the following study
immediately extends to this setting.

Proposition 4 The function (43) has a logarithmic chirp at the origin of order
(a,\) with the same regularity as g. The Fourier coefficients of the associated
function G are given by the Mellin transform Mg of g as follows:

)

2imn

n=M —a—
¢ 9(-a log A

Proof: Note that f is almost written as a logarithmic chirp, so that by inspection,

one gets
+o00

G(z) = Z )\“’je_“g()\"je’)

j=—oc0

Since G is obtained by a periodization of e~*®g(e”), its Fourier coefficients are

_ —az z\ ,—2irnz log '\d _ * —a —2imn log/\du
cn= | e *g(e%)e 5= u%g(u)u w
R 0

Thus for Weierstrass functions
oo . .
we(z) = Z 2% sin2r2’x
1

and we obtain in this case

2i7rn) sin E( o 2imn,
log 2 2

(44) en =T(—a- )

B log 2

One easily checks that, if g is periodic of period 1 (which is the case for Weier-
strass functions), f has logarithmic chirps at the rational points whose Fourier
coefficients are given by the Mellin transform of a finite linear combination of g and
some of its dilations and translations.
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