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Abstract — We characterize the class of functions that are
Holder exponents, and for each function a(x) of this class we give
an explicit wavelet construction of a function f whose Holder
exponent is a(x) for every x. © 1995 Academic Press. Inc.

A bounded function f is C*(xp)a = 0) if there exists
a polynomial P of degree at most [a] such that |f(x) —
P(x — x¢)| < Clx — xo|*. The Hélder exponent of f at xq
(which we will denote a(xy)) is by definition the supremum
of all as such that f is C*(xy); this function takes its val-
ues in [0, +oc] (bounds included). The determination of
the Holder exponent of a function is often a difficult prob-
lem since it can be a very erratic function. Wavelet methods
give an easy estimation of the Holder regularity (see Propo-
sition 1 below) and consequently they allowed to determine
the exact Holder exponent of some classical functions, see
[7]. Numerically, even when the Holder exponent is im-
possible to compute, one often wishes to obtain at least the
dimension of the level sets of al(x); the Multifractal For-
malism for Functions was introduced for that purpose and
wavelet methods also proved their efficiency in this problem
(I1, 4, 6)).

Let 4 be orthogonal wavelets in S(R") as in [8]. The
wavelet coefficients of f are denoted

L= fl = / FORYY (2x—k)dx (j € Z,k €Z).

We note C'°2 the class of functions such that
|Cix| < €277/ 108, (1)
It is a slightly stronger assumption than uniform continuity,
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but it implies no uniform Hélder regularity. More precisely
if u(r) = 1/(loglog(1/1))

Vxy 1f) = fO < Clx -yl » £ e Ce
feC™ = xy [f() - f0)
< (C/pllx = yDlx = y|e,

THEOREM 1. A nonnegative function a(x) is a Holder
exponent of a function f in C'°¢ if and only if it can be
written as a limit inf of a sequence of continuous functions.

This theorem answers a question posed by Lévy-Véhel
(see [3]). The important point in its proof is the explicit
wavelet construction of a function f which has a prescribed
spectrum «. Remark that when « has a minimal Holder reg-
ularity, a more natural probabilist construction is supplied
by the Fractional Brownian Motion studied in [2].

We note A (=\(j, k)) = k27/. The following proposition
is a slight extension of Theorem [ of [5] and has a very
similar proof, which we leave as an exercice.

PROPOSITION 1. Suppose that f € C*(xp); if k277 —

I
xg| < 5 then

ICixl < C279(1 + |2/x0 — k|)°. (2)

Conversely, if (2) holds for all j,k such that |\ — xp| <
2-i/0e ' and if (1) holds, there exists a polynomial P of
degree at most |a] such that

|f(x) — P(x — x0)| < Clx = xol*(log |x — xo|)%.  (3)

Proof of Theorem 1. Suppose that f satisfies the uniform
regularity condition (1); then (2) and (3) imply that

log |Ct:
lim inf 8 1€yl

- ; 4
IN—x]=<2 j/tog ji2 10g(2_1 + |)\ ‘—xl) ( )

alx) =

let 8y(x) be a C™ positive function such that 8y(x) = O if
x| < I and Gp(x) = 1 if |x] = 2. We define 6,(x) = 1-
90(x) and

() = inf J 19BN+ 1€ ( I\ - x| )
G =T g2 T + n—x]) 0 \g-itog 7

[N — x|

* i (m)}
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aj(x) is continuous and (4) implies that a(x) = liminf a;(x)
so that a Holder exponent of a function f in C'°2 is a limit
inf of a sequence of continuous functions. Remark that if
0<=salx) s,

log(| f(x + k) — f(x)| +277)
log h

alx) = liminf inf

J= 27l |h|<227)

so that the characterization of Theorem 1 holds for all con-
tinuous functions if 0 < afx) < 1.

Let us now prove the converse result; we suppose that
B(x) is a limit inf of a sequence of continuous functions
Br(x); the problem is local so that we can suppose that
the 8, are uniformly continuous; thus there exist C' func-
tions vy, such that |y,(x) — 8.(x)| < C/n; let A(n) = n +
sup |Vy,u(x)|; we define the wavelet coefficients of f as fol-
lows. If j is one of the numbers [A(n)),

Cj’,k = inf(2~// 108 j 2w\

else we take C'; = 0. Let a(x) be the Holder exponent of
f at x. The direct part of Proposition 1 obviously implies
that

liminf  y,(}\)

A=2"7A+2/}3x
< liminf y,(x) + 2 /A(n) = lim inf 8,(x)

alx) <

so that a(x) < B(x). In order to prove the converse estimate
remark that f satisfies (1) so that we can use the second part
of Proposition 1. We have

i = inf(27// 108 1 2= niNy

< inf(2~//log J, 2*1’7,.(x)2j|x—7\|A(n))_

Since |\ — x| < 27//log JP 2/lx-NAW < 3 for n (hence j)
large enough and Proposition 1 implies that Holder expo-
nent at x is exactly liminf y,(x).

ExaMpLE 1. Let a(x) be a positive measurable function
in L'. After perhaps redefining « on a set of measure 0, we
can suppose that

a(u)du.

Blx,r)

. . l
Vx alx) = lim inf Vol(B(x, r))

Let ¢(x) be a positive C™ function supported in [—1, 1] of
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integral 1; then a(x) = liminfa * (1/n)¢(-/n) so that afx)
is a Holder exponent.

ExaMmpPLE 2. Let 8, > By > 0; there exists a function f
such that a(x) = 8, is x is a rational, and afx) = Fy if x is
an irrational.

We define the wavelet coefficients of f as follows. If
there exists a rational p/q such that |\ — p/g| < 2~ //llog )V
and j = g, then C, = 2771/ else C) = 2P/,

ExampLE 3. If 8y > B > O, there exists no function f
such that a(x) = 3, if x is a rational, and a(x) = Gy if x is
an irrational.

Suppose such a function exists and let 8> be such that
Bo > B2 > [ > 0. We construct a decreasing sequence of
closed intervals /,, with nonempty interiors: suppose 7,
is constructed. There exists a dyadic interval A C I,_,
such that |C\| = 277/ (else f would be C®2 on an open
subinterval of 7, ;). We choose for I, a subinterval of A
which contains no rational of denominator less than n. The
sequence [, decreases towards an irrational p and a(p) <
Ba.

Remark that in this counterexample, we do not need to
make any uniform regularity assumption on f.
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