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Annals of Mathematics, 122 (1985), 1-25

On iterations of 1 — ax®* on(— 1, 1)
By MicHAEL BENEDICKS AND LENNART CARLESON

Chapter I

1. Introduction

We study iterations of F(x;a) =1 —ax? — 1 <x<1, where a is a
parameter in the interval (0, 2). Let the »" iteration of F be denoted by F*(x; a)
and in particular set £,(a) = F’(0; a). We shall consider two related problems.

1) Does F have an attractive cycle? It is known, see Section 4 below, that
this is not the case if im, , |9 F’(1;a)| = .

2) Suppose that for a certain value of a there are no attractive cycles. In
this case, the question arises as to what can be said of the distribution of {£,}%,
and in particular of what type is the corresponding invariant measure of the map
x — F(x;a).

The last problem was treated by Jakobson [3]. For the first problem and
related results see the book [1] and the paper [2] by Collet-Eckmann.

In Part II of our paper we prove that for a set of a-values A_ of positive
Lebesgue measure x = F(x; a) has no attractive cycles, and in Part III it is
proved that for almost all a € A_, x = F(x;a) has an absolutely continuous
invariant measure. We even prove that the density function of the invariant
measure belongs to L? for p < 2, which is best possible in general. The proof
also shows that for 2 — a, small enough the set of a € (a,2) for which F(x; a)
has an attractive cycle is open and dense in A_.

A first draft of this paper was ready in early 1983. In the present version we
have profited very much from suggestions of the referee and J. Gheiner for which
we are very grateful.

2. Notation

We shall study how ¢,(a) = F’(0;a) returns to a (fixed) short interval
I* = (—8,8), 8 = e ", and in particular how close they are to the origin. We
divide I* = U|,.L|>aIM so that I, =(¢.c1) where ¢, = exp{ — \/ﬁ} for p >0
and I, =—1_,,p<0.
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2 M. BENEDICKS AND L. CARLESON

We shall consider three types of returns to (— 8, 8), called free, bound and
inessential and denoted by x, y and z respectively. If the free returns are
X, Xy,..., each x, is followed by bound returns Yijp J = 1,...,Y, and these

could be followed by inessential returns z; b J= 1,...,Z, The sequence
{m,}32, consists of the indices of the free returns as iterations, i.e. x,(a) = §,,(a).

3. Some lemmas

For the proof we need some initial information about the behaviour of
iterations of F. Here this is obtained by a perturbation calculation from the case
F(x;2) = 1 — 2x2, which is formulated in the following sequence of lemmas.

LEmMAa 1. For sufficiently small & > 0, there exists a, < 2 such that if
a € [a,,2] and if n, € [— 1,1] and k are such that

|Fi(ne;a)| =8, j=0,1,2,....k—1,

and

|Fk(110;a)| <9,
then
(3.1) |9, F (ng; a)| = (1.9)".

Proof. We make the standard change of variables x = ¢(8) = sin(7/2)86.
Let F(8;a) denote the transformation expressed in the new variables; i.e.,

F(8;a) = %arcsin(l - asinzgﬂ).

Its f-derivative is

) cosgﬂ
3,F(6;a) = — V2asgn(8) .
o T . 9T _a
\/cos 20 +(sm 20)(1 2)

Let n, = F"(n,; a) and assume that
In,| =1 — 282, vy=0,1,2,...,j— 1,
but |n,| <1 — 28 and write F* = @oF*¥iogp~lo Fi. We have

k-1 i-1
- d _
(3.2) 0,F* = ¢/(6,) I19,F(6,50) o™ '(n)) L1 (— 2am,).
v=j y=

Since |n,_,| =8, »=1,2,...,§, it follows inductively that |n,| <1 — ad?,
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ITERATIONS OF 1 — ax? 3

v =j,...,k and from (3.2) and |n,| > 1 —28% » =0,...,j — 1, (3.1) is easy
to establish.

LemMMmA 2. There are constants y > 0 and K = K(8) such that when
a, € (0,2) is sufficiently close to 2, forall a € (a,,2] and all |x| > c,, ,, there
exists | = l(x,a) < K such that

G) |Fi(x;a) =8, i=1..1-1

(ii) log|d F'(x;a)| = yl.

Proof. Let m, = F”(x;a). When |ng| = 3, |9,F(n,)| = |2any| = a. We
observe that £ =— 1+ ¢, /(2 —a)/a <& < §, implies £ < F(§) < — 1 + 4e.
We chose I so that 27! > |5,| = 27!, 1 > 2, and note that

|0.F'(ng; a)| = |2ano| |2am,| - - |2an,_,|
> (2a)-27'-(2a)(1 — 2 - 27%1%2)
- (2a)(1-4-2- 2*21+2) -+ (2a) .(1 — é)
=(a)' (1= })--- (1 -272),
The lemma is therefore proved with y = {log2 and K = 2 + [%log(1/8)].

LemMma 3. For any sufficiently small § > 0, any a, < 2 and any positive
integer N, there is an integer m, > N and an interval A, C (a,2) such that:
(i) Foranya € A, §(a) =F'(0;a)<— 3§ for2<v<m;— 1
(i) a = F™(0; a) is a one-to-one map of A, onto I* = (— §, 9).
(iii) |9, Fi(1;a)| = (1.9 ji=12...,m, — L

Proof. Since

£y+l_£y=1_a£3—§ﬂ
—2-a+alg,+D1-7-8)

it follows that while £, < — 4, {1 + £,} is exponentially increasing. Furthermore
it follows inductively that if §, < 0 for2 < » < j then a — £, (a) is decreasing
since

de;.
da

(i) and (ii) of the lemma are therefore easy to establish and since

d,
=—¢ - 2a£].d—a] <-¢&.

j
|0,Fi(1;a)|= I;[l(— 2a¢,),
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4 M. BENEDICKS AND L. CARLESON

where §, =1 and —1<§ <-—
evident.

, ¥=2,...,f, j<m;— 1. (ili) is also

DO [t

We next turn to an important general principle, which will be used
throughout this paper: Under suitable assumptions the x- and a-derivatives of F*
are comparable.

For the derivatives d, and d, we have in our case the two recursion
formulas

3 F**l = — 24F"3 F*, 4, F°=1

and
3, F**'=— 2aF’9,F” — (F")?,  4,F°=0.

This gives

v—1
(3.3) a_F"=1]](-2aF'), »=12,...,

i=0
and

v—1 Fi
d,F —aF" 1+ - |, v=2,3,.
2a 113 2(180F’)

(3.4) d,F =— x>

These formulas show that d F” and d,F” grow at the same rate. The
following version of this principle will be used in the sequel.

LemMa 4. There exist § > 0 and a, < 2 such that, if
1. 1-28%2<n, <1

2. a,<a <2

3. |8, Fi" Y nza)| = ei™” forj=8,9,...,k, then

|a Fk l(’h,a)|

o F < 16.
| ”fh,a)|

(3.5)

Proof. First it follows by continuity and a simple numerical calculation that
if & is sufficiently small, if 1 — 8§2/10 <a,<a <2 and 1 -28%2<7, <1,
then

; .
m |Fi(n,;a)| 1
L > <.
2a I;I © |2a9,F(n;a)|) " 8
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ITERATIONS OF 1 — ax? 5

Furthermore we verify that
s 8 1
Es(l - e‘z/a) Z3

When these estimates are inserted in (3.4), then (3.5) readily follows.

Remark. With computer calculations similar lemmas could be proved for a
in small intervals A, in a more general position. Certain modifications are then
also needed later in the proof. Such a systematic investigation would seem to be
of interest.

Chapter 1I

4. The non-existence of attractive cycles

Our first main result is

Tueorem 1. There is a set A C (0,2) of positive Lebesgue measure, such
that for all a € A the map F(-;a):x = 1 — ax® from [— 1,1] into [— 1,1]
has no attractive cycles (stable periodic orbits).

From Corollary 11.4.2 of Collet and Eckmann [1] it follows that if for a
certain a the point x = 0 is not attracted to a stable periodic orbit then F(-;a)
has no stable periodic orbits.

Thus Theorem 1 follows from:

TuEOREM 2. There is a set A C (0,2) of positive Lebesgue measure and an
integer v,, such that foralla € A,

|0.F"(1;a)| > e, v =,

Remark. By a minor modification of the proof we can replace e”” by e”
for any o < 1. What one expects to be true is however that |d _F*(1; a)| grows
exponentially almost everywhere on A _.

This is indicated by the following argument. In the second part we prove
the existence of a “good” invariant measure p. It follows that for almost all a

log| 9, F*(1,@)| ~ » [ (log|2ax|) du(x)

and

f(log|2ax|)dp.(x) >0,

and one can therefore expect exponential increase in general. However, we do
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6 M. BENEDICKS AND L. CARLESON

not have uniform exponential increase for all a considered, and the introduction
of o < 1 has allowed us to make very simple rules for the definition of A .

The rest of the first part of the paper is devoted to the proof of Theorem 2.
The set A_ is constructed as NF_(A;, Ay DA, D --- N A, where A, is
defined at the k* induction step.

5. The partition

We wish to define recursively the concept of a free return to I* and the
partition associated with a free return.
The index of a free return is denoted by k.

£
By Lemma 3 there is an integer m, such that a - F ™(0; a) is a one-to-one

map of A, onto I*. Also m, is the index of the first free return. The correspond-
ing partition is

{fl_l(laﬂ)’ffl(l—(ml))} and AI=-f1“l(I*(a+l))U.flvl(Ia+l)'

The set E, = A\ A, is excluded from further consideration.

Let now « be an interval of the k' partition, k > 1. We intend to define
the (k + 1)* free return and the corresponding partition.

Suppose that a - F™(0;a) maps w = [a,,a,] onto I,. For convenience
we assume that p > 0. We wish to study the further evolution of «w under
mappings by F. The integer p = p(w) is defined by the following stopping rule:

l&,.(a)|

(5.1) |¢,(a) = Fi(n;a)| < 1072

holds for all @ € w, and all 9,0 <75 <¢,_y, for j=1,2,...,p but

l£p+l(a)|
> ————————

(5.2) |¢,.1(a) — FP*(n;a)| 100y + 1)

for some a € w and some 7,0 <7 < ¢,_,. For certain j’s, 1 < j <p,§,, . (a)
may return to I*. Those are the bound returns {y,;}1* .

Let i be the smallest integer i > p + 1, such that F™*{(0; w) N I* = J, #
@. Let S, be the set of » so that (i) I, C J; and (ii) |»| < a + k. The sets of
a € A, for which §,, ,(a) € I, with |v| > a + k + 1 are now excluded and are
denoted E,;.

(a) If S, = @ we do not make any construction of a partition but go on to
consider the next integer ¢ + 1. Then n,, = m, + i is the index of the first
inessential return. Now “bound” inessential returns defined by the relations (5.1)
and (5.2) with p = »,, where |y)| = min,.g|v| may follow. At the return
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ITERATIONS OF 1 — ax? 7

thereafter, case (a) may occur again. In that case this “free” inessential return is
§,,,» Which in its turn may be followed by “bound” inessential returns and then a
“free” inessential return §,, = etc. The set of all inessential returns following x,
up to x,,, is denoted {z;,}%,. These are thus all returns between n,, and
My g

(b) If S, # &, let w;, be the subinterval of w mapped to I,,» € S,. Then
|»| > a. Let K be one of the possibly 0, 1 or 2 intervals of the set

kaH(O; w)\(( U Iv) U(_ Ca+k+l’ca+k+l) .
vES;
If K c I, for some I,, which is then adjacent to one of the selected I,’s we
expand the corresponding «,, so that F™*(0; w;,) = I,.,, U K. Observe that if
v = + «a this means that we go slightly outside (— &, §).
The construction means that

(5.3) I,c F™*(0;0,)cI,UI,,,

for suitable » and suitable sign +. For a € w,, the next free return m, , (a) =
m, + i is defined.

We have now constructed w;,, » € S, in our partition P and have obtained
0, 1 or 2 remaining intervals of w. On each of these we repeat the construction
by considering i + 1,i + 2,... until we get an intersection with I* as above.
We continue the construction and get a partition P(w; m;) = { w,,}. The set @
may be expressed as the disjoint union

w= (.Uw') UR U(UE”)

i,v
where R consists of those a which never return to I* inside [— c,, ,,c, ]
By Lemma 2 and Lemma 3, (iii),

|ava(1;a)|Zeyv’ aER’ 'Y>0, VZV()a
and hence Theorem 2 holds for ¢ € R.
The set A, , is now defined as

Ak+1 = Ak\ U UEw-

wCA Qv

We make two comments. It follows from Section 12 that the measure of R is
zero. From the present point of view this is irrelevant since it is obvious that
attractive cycles do not exist for a € R. The second comment concerns the
partition P. For the intervals w, the associated intervals C I* are precisely
intervals I, except at the ends where we can have the situation (5.3). In what
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8 M. BENEDICKS AND L. CARLESON

follows we are going to ignore this possibility, in order to avoid cumbersome
notation.

6. The main induction step

We assume that for all free returns of order k and for all a € A, the
following are true:
(i) If m, = m(a) is an index of a free return of order k > 1,

c?xF’"*"(l;a)‘ > e2m”
(if) If 4 < i < my(a), then
10,5 L;a)| > ™.

(i) |£(a) = e Vi, 1<j<m,.

Note first that Lemma 3 implies that (i), (ii) and (iii) hold for k = 1.

We shall now turn to the proof of the main induction step and intend to
prove (i), (ii) and (iii) for index k + 1.

Let w be an interval of A, and let p = p(w), m; and p be as defined in
Section 5. We also assume that the induction step is proved in the case where w
is mapped onto an interval I, with |¢| < p if such » exist. We first use the
induction assumption (i) and (5.1) to give an upper bound for p in terms of p.

By the mean value theorem

(6.1) ¢,(a)—FP(n;a) = FP"(1;a) — FP" (1 — an’ a)
= an?d F* (1 — an'®; a),

where 0 <7’ <% <¢,_,.
From (3.3) (the product formula for d_F) and (5.1), it follows that

a_F'(1 —an*a)

6.2 27 l<Ct<| 2 - <C«x<2,
(6.2) d.F*(1;a)
v=12,...,p — 1, since C may be chosen as

1 &1
exp{ ==, —) <2
p{ 10 Xl: nz}
and the same estimate holds for all »',0 <7’ <.
Hence it follows from (5.1) and (6.1) that
10, Fi1(1;a) | < 82— < o%F,
10j%a
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ITERATIONS OF 1 — ax? 9

As long as j — 1 < m,, the induction hypothesis (ii) implies that
el < e,
By (5.1) and Lemma 3,
(6.3) i< 2%%% < 2%%(a + )Vt < 23%(aP + K3/
<157%(im, + im,) < 15°m, < m,

provided that § is small enough and a, is close enough to 2.
Hence the inequality j < 2%/%u®* will be violated before the inequality
j < m, as j increases and it follows that

(6.4) p < 2523/,

Let w = (a,b). Next we give a lower bound for the length of Q =
F™*P*1(; ) which may be expressed as

(6.5) || =|F™***Y0;a) — F™**1(0;b)|
=|F**}(¢,,(a);a) — FP*1(£,.(b); b)|.
Since
|€,(a) = £, (b)| = la = b||3,F™(0;a')|
> |a — b| - ke™", a<a <b,

the explicit dependence on the parameters a and b in (6.5) is inessential.
From the mean value theorem it follows that for some 6,1 — ad2 <8 < 1,

(6.6) 121 > 32a[¢,,(a)] |¢,,(a) = £,,(b)||9,F(6;a)|
> jac,|1 | |9,F?(0;a)|.

From (5.2) and (6.1) with p replaced by p + 1, it follows that for some 7 and
n//,o < nl' < n < C;L—l’

S __1_‘£p+1(a)|
IR CES U

From (6.4), (6.5) and the uniformity estimate (6.2) we conclude that

(6.7) an®

8xF”(1 - a(n")z; a)’

(6.8) |Q|>i.l.c_ﬂ|i|i,M
. -3 2 c2 10 (p+1)2'

By the induction assumption (iii), |£,,,| > e VP*1 1t follows from (6.4), (6.8)
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10 M. BENEDICKS AND L. CARLESON

and p > a = (log1/8)? that

1 _ 3/4\1/2 _ 3/8
(6.9) |2 > 80u1/26 @+p/H2 S -2

provided that & is small enough.
Proof of (i) at the next free return. We first prove:
(6.10) |3 F™P=Y(1;a) | 2 eXm ™ +A/100%° g e A
By the chain rule
3, F™*?~Y1;a) = 9,F™ Y(1;a)2a¢,,(a) 3xF”"1(§mk+1(a); a).

By (6.7), the uniformity estimate (6.2) and (5.2),

(6.11) |2a£m(a)8xF”_l(§mkH(a);a)’
> 2ae V¢ . ‘/7 40 ( ) |£p+1|
> 1_1 exp{ép”‘”’ - \/m} > gt/P™?

0 (p+1)

if 8 is made sufficiently small. (Note that (6.4) implies /u > 1p?/® and that (5.2)
implies that there is a lower bound for p of the type @O(log1/8) so that p is large
for small 8.)

Hence, since by (6.3) m, > 15°%p,

|9, F™*P=Y(1;a)| 2 eXmctp)™*+a/100*°
x > =
for a € w, and (6.10) is verified.

According to the rules of the definition of the partition we now follow the
image of w until F™*?*{(0; w) hits I* for i = i,. From Lemma 1 and (6.10) it
follows that

Ia ka+p+il—l(1;a)‘ > 62(mk+}7+i1)2/3.
x =

If the return £, ., ., (@) is free, the proof of (i) is complete. If the return is
inessential it follows from (8.9) that F™*?*(0; w) hits I,, with » < p. The
preceding argument for I, may be used to conclude that at the next return

10, F™Y(1;.0)| > o2

We keep on until the return §, is free. This happens eventually since the
lengths of the images of w at the returns are rapidly increasing.
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ITERATIONS OF 1 — ax? 11

Note that we have also proved that
(6.12) |0, F™~Y(1;a)| = 2%’
holds for the inessential returns é"kj'

Proof that (ii) holds for m; < i <m, ,,. We give the proof in the case
m < i < ny,. The case ny; < i < ny ;,, is similar. Assume first that i — m; <

pr < m;, where p = p, is defined by (5.1) and (5.2). From the induction
assumption (i) combined with (ii) and the chain rule it follows that

|axFi—1(1; a)‘ > e2m%/3e—ﬁe(i—1—mk)2/3

3 :
em%/ +(t—l—mk)2/aem%/3—‘/ﬁ

> eiz/s

In the last inequality we have used the fact that m, > p. For i > p, + m, we
use (6.10) and Lemma 2 and note that

2(m, +p)  +y(i — 1 - p, — m;) — Klog4 > i%/3,
This completes the proof of (ii).
Proof of (iii). We have to prove 1§;1 = e Vi for m; < j < m;,. Note that
by Lemma 3, m, may be chosen > 2a. It follows that
mp>im,+im >k+1+a
for 2 — a,, sufficiently small, since m; > m, and m, - o0, as a, = 2. Hence
;1 = e Ve kAL 5 ooy 5 Vi

for m, < j <my,,.

Estimate of the excluded set. To complete the proof of Theorem 2 we have
to show that the set A, ,, defined in Section 5 satisfies |A,, | > |A;|(1 — &),
where 0 < a; < 1and [ (1 — ;) > 0. We assume temporarily that

c!< |aaka“(O;al)| <
|0, F™+1(0; ay)]

for a,,a, € w, where the constant C is independent of k. This will be proved in
the next section.

It follows from (6.9) that the portion of w excluded when A, , , is formed is
less than

e—\/a+k+1

Const
_ 3/8
e
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12 M. BENEDICKS AND L. CARLESON
From this we see that
3/8 _
o < Conste(2(k+a) ‘/(x+k+1)’

and [T (1 — a;) > 0. Hence |A_| = |UZ,A,] > 0.

7. A uniform estimate for the a-derivative

To finish the proof of Theorem 2 we must prove:

Lemma 5. Suppose that xi(a) € 1, is a free return after m, iterations
and that F™(0; w) C I,. Then there are constants C and C’ such that for
a,bewc A and j<m,,

[9.F(L:b)| _

7.1 < and
i 0.51:0)
(72) [0, Fi(1:b)| _

|0, Fi(1; a)4

Proof. It is enough to prove the estimate (7.1), since (7.2) follows from (7.1)
and Lemma 2. Note that (7.1) is equivalent to

i a0 _
( ) o e(a)]

First, by the induction assumption (i) and Lemma 4

lw| < Ce™ ™",

Thus the first factor is inessential. It is sufficient to estimate
_ "‘*Z‘l 1£,(a) — £,(b)|
v=1 | gv( a ) |

Let {t;}%, be the indices of the free and the free inessential returns to I*
arranged in increasing order. We shall subdivide the sum

No—1t—1  N-1

L L-1s

At time t].,g,i S I‘Li, and we denote 0; = (£,j(a), £,(b)) C Iﬂj. We shall first
estimate the sum S;. The contribution from the bound part ¢; < i < t; + p; can
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ITERATIONS OF 1 — ax? 13

be estimated by an absolute constant times

(7.3) lofl 1ol g Gl |0.F~}(1;a)]

7] |I#j| s=1 |£s(a)|

(We have used (6.2) and the mean value theorem; compare (6.6).)
The sum is split into two parts

Pj

Y = Z+Z,

s=1 pj+1
where p; = i\/u—] . In the first we invoke the elementary estimates
|0,F*| < 4°
€(a)| = e7*

and in the second we use the stopping rule (5.1) and (6.1). The result is that the
term (7.3) may be estimated by
lo;l 1

Ll e,

After time t,+p; the interval moves up to time ¢;,, outside I*. Note that
by Lemma 1 and (3.2),
1 /2] -1

X(%%)_t'“”“tst,xfz) 0

where §,,,-1 is very close to 1/ Va . Therefore

Const

zH 1

£40) - &,0)] = [VBalt,., 1

b

ti+l |£v(a) - ‘Ev(b)| < Cons |$tj+ (a) - gt'ﬂ(b)l .
Z @] o &, ()]

so this contribution may be absorbed in X! ,+2 !, Therefore

z

I

1
Z T
This sum is estimated as follows. By an argument equivalent to that in Section 6
(cf. (6.9)) it follows that

(7.4) ‘F”f ;a ’) > e 27", a’ € [a,b].
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14 M. BENEDICKS AND L. CARLESON

During the bound period 1 < i < p;, consider
_ (ﬂ)i Vl:[lF (x3;a,)
as

lleV(xz;az)
(2

for x ), x, € I,‘i,al,a2 € w. Since

axFi(xl;al)
axFi(x2; a2)

i |Fy(xl;al) - F”(xz;a2)|
v= |Fy(x2§a2)|

|§,,+1(a)|

IFv(l_axz;a)_Fy(l )l— 10 ( 1)

x € I,;,a € w, this quotient is uniformly bounded by an absolute constant C,,.
From this uniformity and Lemma 1 it follows that

Fri( I ;
(7'4) |°J'+1| Zutﬁm(a) - gt,‘+p,»(b)( = CQI‘ |(I”j a)'

|o
P','l

fl

> Cy le\/“—lefz"?/sw.l.

Hence, |0, ,| > 5|o;| for sufficiently small 5. (Note that p; > a = (log 1/8)%)
Because of this exponential increase

] 1 |l
Y =ir= L L =i
i=1 \/"TJ 1L, s€{p} my=s \/l_‘: I,

o
Const Z —l—l ;(s)l ,
s€{n;} ‘/';: I SI

IA

where J(s) is the last j for which p; = s.
This amounts to the fact that the p;’s can be assumed to be distinct. The
sum

1 lojl
- i %)
is then split into two parts. Let J, be the set of indices such that
1/ \ﬂ;)(|oj|/|1“i|) < ,U.]TZ and J, is the set of remaining indices. The sum
1 |lojl |
s I
j€en \/;"i v=1"
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ITERATIONS OF 1 — ax? 15

and is therefore uniformly bounded. If j € J,
ol
\/“ |Iu,|

and by (7.4) it follows for k > j that

'-.tol'_‘

loy| = C; '2eFie 2 e \/_f—2 > ¢~
i

if 8 is sufficiently small. Since I, D o;, py<9p¥* The set {u;};c, is
therefore very lacunary and hence

i€k \/> II"I ]EIZF

is uniformly bounded. The proof of Lemma 5 is complete.

Chapter III

8. The distribution problem

Let again ¢ (a) be the images of 0 under the n'® iteration. Let
1 n
(8.1) == g

We shall study the asymptotic behaviour of p, and more precisely prove the
following theorem.

THEOREM 3. For almost all a € A, defined in Section 6, the weak-* limit
p of {p,}x_, is absolutely continuous, du =gdx,and g € L? forallp < 2.

The strategy of the proof is as follows. We first study the distribution of free
returns x, on I*.

It turns out that x, behaves in a pseudo-random way as a “pseudo-Markov-
process” and from this we deduce in Section 11 that the x, have a distribution in
I* with a bounded density.

We next prove in Section 10 that the inessential returns to I* are so few
that—although we have no control of the location of these returns—they still give
rise to a bounded density.

The bound returns, finally, reflect the tendency of the process to repeat its
early history and can therefore be described in terms of the preceding free
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16 M. BENEDICKS AND L. CARLESON

returns. These returns produce singularities s in g, which have the form

|x — u| 72, x> u(resp. x < u)
S =
1 x < u (resp. x > u),
where the u are the free returns to I*. From this it follows that g € L2 These
results are proved in Section 11. When the distribution is known in I* it can be
transferred to (— 1, 1) (Section 12).

9. Distribution of the free returns

In the previous section we defined a set A = A_ C A, where the mapping
is aperiodic. Let us renormalize the Lebesgue measure so that mA = 1 and
consider it as a probability measure. We can then speak of expectations E and
conditional probability in the usual way. We are going to study returns to some
fixed interval w # 0. In doing that we can disregard the restrictions on returns,
which were the basis of the definition of A.

Let &/ be a subset of A, which is defined by conditions on the free returns
X,,...,%,. More precisely, let 1 <v, <v, < --- <y, <n and p;, py,..., 1
be given. Then /= {a € An|x,,} (S Iu’,j =1,...,1}, or &= A. Sets of this
type can be subdivided into subsets .2/(i) corresponding to the different itiner-
aries i going through these different intervals I u, at the v;h free return.

We define the sets

A, ={aeHx,(a) e 1,},
A, (i)={aeAx,(a) €], x,.(a) €1, itin. i}
Al = UAy”(i).

The only information available (see (6.9)) is that for each i, I, is increased to
an interval (i), where

(9.1) |2,(i)| = L(#,i) > 9(v) = e >,

which is then subdivided into intervals I,. This is the significance of the
definition of the partition P (Section 5). With regard to the uniformity estimates
in Section 7 this means that

. L, :
(9.2) mA, (i) < ConstL(y,i) %mAyk(z).

We have the following lemma.

LEmMA 6. Let &/ =U,A, be given C A or &/ C A, as above. There is a
constant C,,, independent of £, so that if for some Q > C,

mA, < 20Q|I,Jms/ forall v,
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ITERATIONS OF 1 — ax? 17

then
mA,, < Q|I|ms/
for all p.

Remark. The statement clearly means that we have an estimate of “condi-
tional probability” of transition from » to p.

Proof. From (9.2) we get
mA’ = ZmAm(i) < Y mA,()

l<v<g
i

+C]I,L] Z L( ZmAvk( )s

v>q
i

and by (11.1) the second sum may be estimated by

1oy iy <90y LM

Eq ( Z A1) 2Q§q o0)
Q
%mﬂ

if q is suitably chosen since >.|I,| /@(») < o0. For » < q we have L(»,i) > L,
so that

N_ C . _ G
Y. mA, (i) < T IL kaA,,k(z) < S, imet
v<q v,

if G, = (2C/L,). This implies
C
mA/, < %1#1 + Sl | mel < QI |ms7,
which completes the proof.
We formulate a special case of this in
Lemma 7. IfA,, = {a€ A, |x(a) € I,},n=12,..., then foralln

mAvn < CO]Iy] .

Proof. For n = 1 this holds by Lemma 3. We then use Lemma 6 induc-
tively.

With these lemmas it is now easy to estimate the distribution function of the
x;’s. Let w be an interval of length & not containing 0, and assume that w C I,

for some ». Let x_, be the characteristic function of w. Then with the notation
above with &/ = A

E(Xw(xn))tffow(x,,(a))da.
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18 M. BENEDICKS AND L. CARLESON

A, can be decomposed, A, = U;A (i) for different itineraries i. For each i the
distribution of x,(a) in I, has a uniform density by Lemma 5. Hence

&
1Ll ~

E(x,(x,)) < ConstmA, -

where the last inequality follows from Lemma 7. Hence if

1N
Fy(a) = 'Z_V‘ Z
then
(9.3) E(F,) < Conste.
We now choose h as a large integer (fixed as N — o0).
(9.4) E(F!) = Y N- fx (x;) " xo(x;)da.
Jis-oes jh<N

The number of h-tuples (§,,..., j,) for which min, ,|j, — j,| < VN is bounded

by C(h)N"~/?  The contribution from these terms to (9.4) is therefore

O(N~Y?). Take j, <jo< '+ <j,<Nsothat j,,, — ji=VN,k=1,...,

h — 1, and consider an interval w C I,. Suppose that x; € w for s < 1. We
choose, in Lemma 6, n = j, and &=/, = {a € A|x; € I,,s < I}.

The assumptions of Lemma 6 are satisfied with 2Q = |I,|~' and

= {a e H)x,(a) € I,}. Let AP = {a € H|x;,(a) € 1,}. It follows that

mA) < OmsZ)|1,|,
and after k = j,,, — j, = VN iterations we have
mAP < 2751 Q- met, - |1,| < G|lL,| - moL
provided that VN >Zlog(1/|L,|G,); i.e. |I,| > C; 27V, Hence,
msty, < G|l |msty;
i.e.
mst), < (Gy|L,| )

for N large enough. Now, if for each j, we require that x; € w C I, it follows
from Lemma 5 in Section 7 that the measure is decreased by

e

(We have used the fact that x; has a probability density bounded above.) Hence
E(F!) < (Ce)",  N=Ny(h,w),
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ITERATIONS OF 1 — ax? 19

so that

Hm ||Fyll,, < Goe

N-> oo
with probability 1. It follows that the limit distribution has a density bounded by
C, outside the point x = 0. The remaining possibility of a pointmass at x = 0 is

excluded by Lemma 6, which holds uniformly in n and », and the fact that
x, # 0, for all n.

10. The inessential returns

As described above, a free return x; to I, is followed by a sequence y,;,
j=12,...,Y,, of bound returns and, possibly, a sequence of inessential returns
z i = 1,..., Z;. For the sequence { y;;}, we know by Theorem 2 that when x,
describes I,, y,; describes an interval J so that

eN|L| < |]] < 4M)1,

where y,;(a) = mk+N (a). Remember that x,(a) = £, (a). By (8.4) it follows
that p < 2%2u3/* and furthermore we know from (6.8) that

12| >i—e P

Let us generically denote this interval Q by I;. When the first inessential
return z,, occurs, I, is mapped into an interval o, such that ¢, C I, U I, .. It
must then hold that u, < 4p** (cf. (6.9)). I, (together with I, . ) may now
have a bound evolution and ¢, mapped into o,,, » = 1,2,..., Z{". After this
time our interval ¢, may be mapped onto o,, which intersects I, . The results
about the uniformity of the derivatives in Section 7 give

4

|1,
|oy| = Clo,|

~2 i s Alg
II = | ll

P’ll

for some fixed A > 2 (say). This process is continued until the intervals o; or o;,
are so long that a free return takes place. Observe that inessential retums occur
for all o; and o;,.

Let again w be a fixed interval and consider

1 1
(10.1) G(a) = N l<§<Nx (zk](a )) = N g
i
where G, are the sums corresponding to free returns x,, k= 1,2,...,N. We

shall estimate E(G(a)). Let us fix p and consider an itinerary i so that x;, € I,.
E is the sum of expectations E; for different i’s, and x, is distributed on I, with
a bounded density (Section 11). For those z;; which return to w, the correspond-
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20 M. BENEDICKS AND L. CARLESON

ing density is bounded from above and below by fixed positive constants. We
shall make the worst possible assumption and assume that all z;; return to . As
long as |0,,| < |w| we get 1 as a contribution to G. When |o;,| > |w| we get a
relative contribution < C|w|/|o;,|. The conditional expectation E,(G(a)) can
therefore be estimated by a constant times

(10.2) (T 1)+iel T or<lelTiol
j-v

logl —
loj,| < || loju1 > lw] 1757

and we claim that

(10.3) Y
j;” Iojvl

Observe first that by the mean value theorem (cf. (6.9), (6.2) and (ii) of the
induction step)

3/8
< Const p/2+@/Dedn™",

0] > Je e = Jom ",
the length of each bound evolution of some o; is less or equal to Cu®*. Since o]
increases exponentially, the number of oj’s < Const \/ﬁ and (10.3) follows.

To complete the proof we must again consider high powers h of G(a):

G(a)" = %zch(a) ... G,(a).

By (10.2) and (10.3), the argument of Section 9 can be repeated when
ljx — jul = VN.
The number of remaining terms is < C(h)N"~1/?, For such a choice of
{jx} observe that
G, c].hs%(c;; + - +Gh).
Note that the number of terms in G, for x; € I, is less than Cp®*. Therefore

fG,':(a)da < Clw| Y p/ eV < o,
A "

We note that the normalization of G(a) is made by dividing by N, i.e. the
number of free returns. The normalization of p, in (8.1) is therefore smaller.

We conclude that the limit distributions of the inessential returns also have a
bounded density.

11. Distribution of bound returns

We are now going to study the distributions of the bound returns {y,;},
n=1,...,N, j=12,...,. We first study the distribution for fixed j < J and
then show that the total mass corresponding to j > J is small.
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ITERATIONS OF 1 — ax?2 21

Take j <J and let the j™ return of 0 to I* occur at time g; and set
ujfa)=¢§ ay We call the return odd (even) if the corresponding kneading
sequence is odd (even). Let p and [ > 0O be given and let w(a) be the interval

(a) (u]. -p—1, u; — p), odd returns
w(a) =
(u; + p, ui+p+ 1), even returns.

We consider

. 1 ¢
H{ =Hy(a)=% ), Xw(a)(ynj(a))'
Nn=l

Let U be an interval in {a € Aj|x,(a) € 1,}. Suppose that u,(a) is the ¢,
iteration of 0. For a € U, consider the images of ¢ = (0, cui-1) D I, under
F, ie. o(a) = F%(o; a). It follows by (6.2), Theorem 2 and the mean value
theorem that

(11.1) |ol.(a)] > Const|a(a)|2e"f2/3 > Const]o(a)|zejm.

Note that the right (left) endpoint of o; is u ;j if {§,})2, has an odd (even)
kneading sequence.

- i
¥ —

0 w(a) uj

It follows that the “conditional probability” p, that a point x,, from I, at
the j bound return belongs to w(a), satisfies

l
Const——  if [o;] > p
p < |°j|

0 if |o;| < p.
By conditioning with respect to x,, € I, and by (11.1), we conclude that

s — L
E(Xw(a)(yn,-(a))) < Constle i ¥ —"2
peM C,

where
M= {.U«IC,? > Constpe—fm}‘
(The set M contains { p| IUjl > p}.) This gives
E(Hz(vj)(a)) < Const le("l/z)i"’/:‘p—l/z'

We consider again high powers. The sum

N~k Z NE(Xw(a)(y"lf(a)) o x“’(")(y"hf(a)))
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22 M. BENEDICKS AND L. CARLESON

is estimated by splitting into the cases min |h , , —
VN as in Sections 11 and 12. The result is

h1/k
[E(Z-\II_ 2 Xw(a)(ynj(a)) ] < Const le V21 =172 +(C1(h)N_l/2)l/h'
n=1

As before it now follows that the contribution of the y,;’s to the limit
distribution has for almost all a € A, a density g; so that

hsl < ‘/N a'nd lns+l - nsl =

f g,(x)dx < Const le'~ L2 =1/2

w(a)
for every choice of p,! > 0,and j=1,2,...,].
We next turn to the total mass corresponding to returns with j > J. Let

0,;(a) = 1 if the return y,; exists and set 6,; = O otherwise. We define 6, =
Ej" J+10.j> and have to estimate

1N
N=NZ

If x, €1, p > a it follows from (6.4) that X% 6, < 2%2|u|3/* < |u|. There-
fore 0n < |pu| and 8, # O only when || > J + 1. We therefore conclude that

E(8,) < Const Y pe V< e~ 1/2V1

p=J+1
and the same estimate holds for E(Ty). As before we estimate E(Tx) and since
E(6)) < C- Lpe
n
the argument is the same as in Section 10. We conclude that
Em Ty(a) < e~ V/2V)

N- oo
for almost all a € A.
We can summarize the results so far in the following theorem.

TueoreM 4. For almost all a € A, any limit distribution of free and of
inessential returns to I'* has a uniformly bounded density. A limit distribution of
bound returns has a density g(x) and

g(x) < Const| Y, e(_l/z)jw(p(uj —x)+ Y eV (x — u;)

u; odd u; even
where
L x>0
Vx
(P(x) =4\ o x=0
1 x < 0.
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12. Iterated points outside I*

In the previous discussion we have only described the returns to I*. We now
keep a € A fixed and study the orbit more in detail. Let

1 n
B ™% vgl B ()
For { p,}_, the following result holds.

THEOREM 5. For almost all a € A every weak-* convergent subsequence of
{m,}_, has an absolutely continuous limit gdx and g € L*(— 1,1) for every
p <2

Proof. As before, let {u,(a)}™ | be the returns to I* up to time n. Then

The prime in the summation sign indicates that 8, , is included in the sum if
and only if Fi(u,) & I*, j=1,2,... k.
Let p* denote the weak-* limit of { P, i21- We have already proved that

lim p® = u*| eL?

A n;
] ©

I‘
for p < 2 (Theorem 4), and we turn to the {uV}%_,, which are supported on

[1 — ad2 1]. Let  be a subinterval of [1 — a82,1]. Now F~lw consists of two
symmetric intervals £ and — € in I*. We have

po(@) = pP(0) = pP(Q U - Q).

By Theorem 4,
p*(w) sf h(x)dx,
QU -Q
where
i 2/3 1
h(x) = Const }_ e~/ — —
() = Const e =7

By a change of variables

[, e = [ E B8

where {F;'}2 | are the two branches of F~!. We claim that the density
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24 M. BENEDICKS AND L. CARLESON
i2=lh’(Fi_l(x))(Fi_1)l(x) € LP? for p < 2. We have
1 p P
(12.1) [ (@) [(F )y
1—a8?

dx
=f8|h(x)|p—1—_1 dx
0 |F'(x) "

< Const/(;slh(x)lpx 1

p—1

dx

> p 1
< Constugafllh(x)l dx

X

mn

< Const ), e(”_l)/‘:f |h(x)|” dx.
IF‘

p=a

But

1/p
(/Ilh(x)|pdx)

[w7%] o~/ I/p 0
< Const ), — dx + Y =8 +8S,.
y=1 I“]x - u,,| v=[W/8]+1

To estimate S, we use the relation |u,| > e ¥, which implies |x — u,
— 1 7/16
> ge ", v < [W/®],x € I,. Hence

[(w7%]
S, < Const( 3 e“‘/z)”m) LV - 9120 /2R

v=1

< Constexp(p.7/16 — (l/p)\/ﬁ).

The second sum is estimated as follows:

o]

1/p
S, < Const ), e(_l/z)"m( fl —di—)

= [5]+ 1 —1]x — u,|P?

-1 7/12
< Const e~ 1/2#77

and the convergence of (12.1) follows. Hence
(12.2) B*| (1 _as2y € L? forp < 2.

Let now w be an interval contained in (— 1,1 — a82)\ I*. From Lemma 2 and
Lemma 3, (iii), we conclude that for x € (1 — @82, 1) such that F’(x) & I*,
v=12...,k—1,

(12.3) |9, FX(x)| = A%,
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where A > 1 is a uniform constant. From (12.3) it now follows that
lim p.(,fj)(w) < fgk(x)dx, k=2,3,...,

where ||g[|,, < Const AR p <2

Let E, = {x € I*|F'(x) € I*, »=1,2,...,k}. By (12.3), cf. [1], Theo-
rem I1.5.2, part 3, there is some 1 < 1 such that |E,| = O(n*). By this fact and
the absolute continuity of p*| _,s2 ), it is clear that for every & > 0 there is a
q = q(¢) such that

n

1
- (k)
L el <e

k=qg+1

We finally conclude that

w(o) < [| X eo)) ds,
wlk=2
where 27 g, € L? and Theorem 5 is proved.

RovaL INSTITUTE OF TECHNOLOGY, STOCKHOLM, SWEDEN
InsTITUT MITTAG-LEFFLER, DjURSHOLM, SWEDEN

REFERENCES

[1] P. CoLLETr anD ].-P. EckManN, Iterated Maps on the Interval as Dynamical Systems,
Birkhauser, 1980.

[2] , On the abundance of aperiodic behaviour for maps on the interval, Comm. Math.
Phys. 73 (1980), 115-160.

[3] M. Jakosson, Absolutely continuous invariant measures for one-parameter families of one-
dimensional maps. Comm. Math. Phys. 81 (1981), 39-88.

[4] S. M. UrLam anp J. voN NEUMANN, On combinations of stochastic and deterministic processes,
Bull. A. M. S. 53 (1947), 1120.

(Received March 1, 1983)

This content downloaded from 157.92.4.12 on Fri, 3 Oct 2014 12:05:26 PM
All use subject to JISTOR Terms and Conditions



http://www.jstor.org/page/info/about/policies/terms.jsp

	Article Contents
	p. [1]
	p. 2
	p. 3
	p. 4
	p. 5
	p. 6
	p. 7
	p. 8
	p. 9
	p. 10
	p. 11
	p. 12
	p. 13
	p. 14
	p. 15
	p. 16
	p. 17
	p. 18
	p. 19
	p. 20
	p. 21
	p. 22
	p. 23
	p. 24
	p. 25

	Issue Table of Contents
	Annals of Mathematics, Second Series, Vol. 122, No. 1 (Jul., 1985), pp. 1-204
	Front Matter [pp. ]
	Volume Information [pp. ]
	On Iterations of 1 - ax<sup>2</sup> on (- 1,1) [pp. 1-25]
	Frobenius Splitting and Cohomology Vanishing for Schubert Varieties [pp. 27-40]
	Partial Desingularisations of Quotients of Nonsingular Varieties and their Betti Numbers [pp. 41-85]
	Diophantine Equations, Hilbert Series, and Undecidable Spaces [pp. 87-112]
	K-Theory of Quadric Hypersurfaces [pp. 113-153]
	Fourier-Stieltjes Coefficients and Asymptotic Distribution Modulo 1 [pp. 155-170]
	Structure of Manifolds of Nonpositive Curvature. I [pp. 171-203]



