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Annals of Mathematics, 122 (1985), 1-25 

On iterations of 1 ax2 on (-1,1) 

By MICHAEL BENEDICKS AND LENNART CARLESON 

Chapter I 

1. Introduction 

We study iterations of F(x; a) = 1-ax2, - < x < 1, where a is a 
parameter in the interval (0, 2). Let the Pth iteration of F be denoted by Fv(x; a) 
and in particular set ~(ja) = F'(O; a). We shall consider two related problems. 

1) Does F have an attractive cycle? It is known, see Section 4 below, that 
this is not the case if lim, pooI dxFv(1; a) I = xo. 

2) Suppose that for a certain value of a there are no attractive cycles. In 
this case, the question arises as to what can be said of the distribution of { (^ }? = I 
and in particular of what type is the corresponding invariant measure of the map 
x -- F(x; a). 

The last problem was treated by Jakobson [3]. For the first problem and 
related results see the book [1] and the paper [2] by Collet-Eckmann. 

In Part II of our paper we prove that for a set of a-values A,,, of positive 
Lebesgue measure x -- F(x; a) has no attractive cycles, and in Part III it is 
proved that for almost all a E A,,, x -* F(x; a) has an absolutely continuous 
invariant measure. We even prove that the density function of the invariant 
measure belongs to LP for p < 2, which is best possible in general. The proof 
also shows that for 2 - a0 small enough the set of a E (a0, 2) for which F(x; a) 
has an attractive cycle is open and dense in A 0. 

A first draft of this paper was ready in early 1983. In the present version we 
have profited very much from suggestions of the referee and J. Gheiner for which 
we are very grateful. 

2. Notation 

We shall study how ~(ja) = F'(O; a) returns to a (fixed) short interval 
I* = (- 8, 8), 8 = e-E, and in particular how close they are to the origin. We 
divide I* = Uiu >aIA so that 1 = (c,,c,1) where c, = exp{-} ) for p > 0 
and 1 = - Imp < O. 
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2 M. BENEDICKS AND L. CARLESON 

We shall consider three types of returns to (-8, 8), called free, bound and 
inessential and denoted by x, y and z respectively. If the free returns are 
x1, x2 ... ., each xi is followed by bound returns Yij, j = 1,... , Yi and these 
could be followed by inessential returns zij, j = 1,... ,Zi. The sequence 
{ mi ) 1 consists of the indices of the free returns as iterations, i.e. xif(a) = e(a). 

3. Some lemmas 

For the proof we need some initial information about the behaviour of 
iterations of F. Here this is obtained by a perturbation calculation from the case 
F(x; 2) = 1 - 2x2, which is formulated in the following sequence of lemmas. 

LEMMA 1. For sufficiently small 8 > 0. there exists aO < 2 such that if 
a E [a0, 2] and if qh) e [- 1, 1] and k are such that 

lFj(rjo; a) I 2 8, j = 0,1,2, .. .,k - 1, 

and 

|Fk( %; a) I< 85 

then 

(3.1) dxF k(no; a) I (1.9)k 

Proof: We make the standard change of variables x = p(O) = sin(7/2)0. 
Let F(0; a) denote the transformation expressed in the new variables; i.e., 

F(0; a) = -arcsin(I -a sin 2j@). 

Its 0-derivative is 
'IT 

Cos - 

di(0; a) =-2asgn(0) 2 

Icos2 0 + (sin2 )(1- - 

Let Do = Fl'( 0; a) and assume that 

mlq, I 1-282, , 
= 0,1,2, ... ,j - 1, 

but qjl < 1 - 282 and write Fk = p'k-j 0 (p-9 o Fi. We have 

k-1i - 

(3.2) dXFk = w'(Ok) H daf(o.; a) - T -(Ni) H ( -2a^) 

Since Ini-1i 2 3, v = 1,2,... ., j, it follows inductively that nal ? 1- a32, 
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ITERATIONS OF 1 - ax2 3 

= j,...,k and from (3.2) and 1i ?1 - 2832, V = ...,j- 1, (3.1) is easy 
to establish. 

LEMMA 2. There are constants y > 0 and K = K(8) such that when 
ao 0 (Or 2) is sufficiently close to 2, for all a E (a0, 2] and all IxI > ca+i, there 
exists 1 = l(x, a) < K such that 

(i) IF'(x; a) I 2 85 i = 1, ... ., -1 1 

(ii) log I d xF 1x; a) I > -y. 

Proof: Let ok = F'(x;a). When I1 1 2 2 Id F(o 0)I = 12aq 201 a. We 
observe that =-1+, (2-a)/a < e < 1 implies ( < F(t) <-I + 4e. 
We chose l so that 2'l' 2 'io1 ? 2 -', 1> 2 2 and note that 

'(d?o; a) I 22aq0I 12amIl ... 12am1_1I 

? (2a) 2-l (2a)(1 -2 2-21+2) 

* (2a)(1 -4 2 2-21+2) * (2a) -(I- 

= (a)' .I - 2) ... (1 -2-21+3 

The lemma is therefore proved with y = 2 log 2 and K = 2 + [2log(1/8)]. 

LEMMA 3. For any sufficiently small 8 > 0. any aO < 2 and any positive 
integer N, there is an integer ml ? N and an interval AO c (a0, 2) such that: 

(i) For any a Ec 0, A (,,a) = F"(O; a) < - for 2 < < ml- 1. 
(ii) a -* Ftm(O; a) is a one-to-one map of AO onto 1* = (- , 8). 
(iii) I dxFi(1; a) I ? (1.9)h 1; j = 12,.. ., ml -1. 

Proof. Since 

(I+-( = 1 - at _- 

=2- a + a(t, + I)ti- I - 

it follows that while (^ < - , ( 1 + (r } is exponentially increasing. Furthermore 
it follows inductively that if (^ < 0 for 2 < v < j then a - j+ l(a) is decreasing 
since 

=t~ =_ 42 - 2atj di< _ (j2 
da i ~~da j 

(i) and (ii) of the lemma are therefore easy to establish and since 
j 

|dxFj(l; a) I = I I (- 2a(^) 
v= 1 
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4 M. BENEDICKS AND L. CARLESON 

where 
4j 

= 1 and - 1 < -2, v = 2,...,j, j m - 1. (iii) is also 
evident. 

We next turn to an important general principle, which will be used 
throughout this paper: Under suitable assumptions the x- and a-derivatives of Fk 

are comparable. 
For the derivatives dx and da we have in our case the two recursion 

formulas 

d FV+l =-2aFvdaFV, a F0= 1 

and 

aa F 1 =- 2aF'd Fv_ (F")2 aaF0 = 0. 

This gives 

v-1 

(3.3) dXFP = H(-2aF'), v=1,2,..., 
i=O 

and 

aaF = a F2 U(1+ di\)' v=2,3..., 

(3.4) daF =-x 2. 

These formulas show that dXF" and daF" grow at the same rate. The 
following version of this principle will be used in the sequel. 

LEMMA 4. There exist 8 > 0 and a0 < 2 such that, if 
1. 1 - 282 < q <1 

2. ao < a < 2 
3. I aFi- L'(l; a) I ? ej / for j = 8,9, ..., k, then 

(3.5) 16 < 
1 aFkl(,i;a) 

< 16. (3.5) 
~~~16 a aF k-1(qj;a) 

Proof: First it follows by continuity and a simple numerical calculation that 
if 8 is sufficiently small, if 1-82/10 < ao < a < 2 and 1 -22 <2 ? 1, 
then 
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ITERATIONS OF 1 - ax2 5 

Furthermore we verify that 

tI8 (1 ei2,3) 2 

When these estimates are inserted in (3.4), then (3.5) readily follows. 

Remark. With computer calculations similar lemmas could be proved for a 
in small intervals AO in a more general position. Certain modifications are then 
also needed later in the proof. Such a systematic investigation would seem to be 
of interest. 

Chapter 1I 

4. The non-existence of attractive cycles 

Our first main result is 

THEOREM 1. There is a set A., c (0, 2) of positive Lebesgue measure, such 
that for all a c A.. the map F(; a): x - 1 - ax2 from [-1,1] into [-1,1] 
has no attractive cycles (stable periodic orbits). 

From Corollary II.4.2 of Collet and Eckmann [1] it follows that if for a 
certain a the point x = 0 is not attracted to a stable periodic orbit then F(; a) 
has no stable periodic orbits. 

Thus Theorem 1 follows from: 

THEOREM 2. There is a set Ax, c (0, 2) of positive Lebesgue measure and an 
integer P0, such that for all a E Art, 

dxFv(l; a) I 2 e 2/3 v> 20. 

Remark. By a minor modification of the proof we can replace e '23 by e 0 
for any a < 1. What one expects to be true is however that I axFv(1; a) I grows 
exponentially almost everywhere on OO. 

This is indicated by the following argument. In the second part we prove 
the existence of a "good" invariant measure It. It follows that for almost all a 

logi dxFF(1 a) I - vf(logl2axl) dt(x) 

and 

J(logl2axl) djL(x) ? 0, 

and one can therefore expect exponential increase in general. However, we do 
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6 M. BENEDICKS AND L. CARLESON 

not have uniform exponential increase for all a considered, and the introduction 
of a < 1 has allowed us to make very simple rules for the definition of A O. 

The rest of the first part of the paper is devoted to the proof of Theorem 2. 
The set A is constructed as f=oAk, A. . A . \ A,,,, where Ak is 
defined at the kth induction step. 

5. The partition 

We wish to define recursively the concept of a free return to l* and the 
partition associated with a free return. 

The index of a free return is denoted by k. 

By Lemma 3 there is an integer ml such that a - Fml(O; a) is a one-to-one 
map of A0 onto 1*. Also ml is the index of the first free return. The correspond- 
ing partition is 

{fi- l(Ia+l)f- 1(I_ (al))} and A, = fI7'(I(a+1)) U fi7'(Ia+1). 

The set E1 = A0 \ Al is excluded from further consideration. 
Let now co be an interval of the kth partition, k ? 1. We intend to define 

the (k + 1)St free return and the corresponding partition. 
Suppose that a -* Fmk(O; a) maps X = [a,, a2] onto I,. For convenience 

we assume that pu > 0. We wish to study the further evolution of co under 
mappings by F. The integer p = p(co) is defined by the following stopping rule: 

(5.1) |t(a) - Fj(i1;a) < Ij(a) 
l0j2 

holds forall a E o, andall 1, ? < < c , for j = 1,2,...,p but 

(5.2) P+ (a -FP+ l(q; a) > (OPR+a1(a) Pl '' 10~~~(p + 1)2 

for some a E X and some q,0 < X <cam. For certain j's, 1 ? j ? p, 
5mk~j(a) may return to 1*. Those are the bound returns { Yk i I jk 1 

Let i be the smallest integer i ? p + 1, such that Fmk+i(O; a) n I* = Ji 
0. Let Si be the set of v so that (i) I, c Ji and (ii) IPI < a + k. The sets of 
a E Ak for which {mk+i(a) 

E I, with Ijl ? a + k + 1 are now excluded and are 
denoted Eki. 

(a) If Si = 0 we do not make any construction of a partition but go on to 
consider the next integer i + 1. Then nki = mk + i is the index of the first 
inessential return. Now "bound" inessential returns defined by the relations (5.1) 
and (5.2) with p. = vo, where IPOI = min,5sIlvi may follow. At the return 
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ITERATIONS OF 1 - ax2 7 

thereafter, case (a) may occur again. In that case this "free" inessential return is 
nk2' which in its turn may be followed by "bound" inessential returns and then a 

"free" inessential return (nk3 etc. The set of all inessential returns following Xk 
up to Xk+1 is denoted {Zki }Zk . These are thus all returns between nk1 and 
mk+?1 

(b) If Si / 0, let xiv be the subinterval of X mapped to I, v e Si. Then 
lvI > a. Let K be one of the possibly 0, 1 or 2 intervals of the set 

FMk +i(0;c)\(( U Iv) u(- Ca+k+l1Ca+k+1))' 

If K c IV,, for some Ii,, which is then adjacent to one of the selected I 's we 
expand the corresponding co so that Fmk+i(O; &v) = Iv + 1 U K. Observe that if 
v = + a this means that we go slightly outside (- 8,3). 

The construction means that 

(5.3) cV C F Mk + i(0; CoiV) C Iv U IIl, 1 

for suitable v and suitable sign +. For a E wi, the next free return mk+l(a) = 

mk + i is defined. 
We have now constructed xi>, v E S, in our partition P and have obtained 

0, 1 or 2 remaining intervals of w. On each of these we repeat the construction 
by considering i + 1, i + 2,. .. until we get an intersection with 1* as above. 
We continue the construction and get a partition P(C; Mk) = { wiV }. The set o 
may be expressed as the disjoint union 

(Au) i) UR U(UEEi) 

where R consists of those a which never return to I* inside [ ca+ 1' Ca +1 
By Lemma 2 and Lemma 3, (iii), 

tdxFv(l; a)I 2 ely, a E R. y > O, v > v0, 
and hence Theorem 2 holds for a E 1R. 

The set Ak+1 is now defined as 

Ak+1 = Ak\ U UEiv 
WCAk i, v 

We make two comments. It follows from Section 12 that the measure of R is 
zero. From the present point of view this is irrelevant since it is obvious that 
attractive cycles do not exist for a E R. The second comment concerns the 
partition P. For the intervals a, the associated intervals c I* are precisely 
intervals IA except at the ends where we can have the situation (5.3). In what 
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8 M. BENEDICKS AND L. CARLESON 

follows we are going to ignore this possibility, in order to avoid cumbersome 
notation. 

6. The main induction step 

We assume that for all free returns of order k and for all a E A?k the 
following are true: 

(i) If mk = mk(a) is an index of a free return of order k > 1, 

dxFmk(1(; a) ? e2m k 

(ii) If 4 < i ? mk(a), then 

| d~i-(l;a) > ei3 

(iii) If.(a)I > 1 < j < mk. 
Note first that Lemma 3 implies that (i), (ii) and (iii) hold for k = 1. 
We shall now turn to the proof of the main induction step and intend to 

prove (i), (ii) and (iii) for index k + 1. 
Let co be an interval of Ak and let p = p(w), mk and yI be as defined in 

Section 5. We also assume that the induction step is proved in the case where co 
is mapped onto an interval I. with IvI < It if such v exist. We first use the 
induction assumption (i) and (5.1) to give an upper bound for p in terms of I. 

By the mean value theorem 

(6.1) -(a)-FP(; a) = FP-1(1; a) - FP-'(1 - a2; a) 

= aq2dxFP- 1(1 - ar'2; a), 

where 0 < 71' < q < C, 1. 
From (3.3) (the product formula for dXF) and (5.1), it follows that 

(6.2) 2-1 < C-l < dXFv(1 
- 

an2; ) < C < 2 

v = 1, 2, ... p - 1, since C may be chosen as 

exp(7ji 
0 

i} ?2 
(1 Xn 

and the same estimate holds for all q', 0 < a' < q. 
Hence it follows from (5.1) and (6.1) that 

|dxFj- (; a) I < 1 e22 ?e2V-. 
10j 2a 
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ITERATIONS OF 1 - ax2 9 

As long as j - 1 < Mk, the induction hypothesis (ii) implies that 

e2/3 < e2. 

By (5.1) and Lemma 3, 

(6.3) j ? 23/2y2/4 ? 23/2(a + k)3/4 ? 23/2(a3/4 + k3/4) 

? 15-3( m1 + 2mk) < 15-3Mk <Mk 

provided that 8 is small enough and a0 is close enough to 2. 
Hence the inequality j < 23/273/4 will be violated before the inequality 

j mk as j increases and it follows that 

(6.4) p < 23/213/4 

Let co = (a, b). Next we give a lower bound for the length of 52 = 
F111k + P +1(0; w) which may be expressed as 

(6.5) 121 =I |Fmk+P+l(0; a) - F MkP (0; b) I 

- FP+?( m(a); a) - FP+ ((m (b); b) 

Since 

(mka) mk(b) = la - bl aaFmk(0; a') 

2 la -bl *16-em a < a' < b) 

the explicit dependence on the parameters a and b in (6.5) is inessential. 
From the mean value theorem it follows that for some 0, 1 -a2 < 0 < 1, 

(6.6) 1521 2 2a|(m (a) I |m(a)- m(b) I I dxFP(O; a)| 

> 3acjIj I axFP(0; a) 

From (5.2) and (6.1) with p replaced by p + 1, it follows that for some 71 and 
71/f, ? < 71/ < 71 < C1, -1, 

(6.7) a q2 a FP(1 - a(q ")2; a) | 10 __v_)_ X 10 ~~~~(p + 1)2 

From (6.4), (6.5) and the uniformity estimate (6.2) we conclude that 

(6.8) 1~21I 
? ? 

Cl YIj I 1 
____(a)_I 

(6.8) 3_2 L_2 10 (p + 1)2 

By the induction assumption (iii), I , +? 2 e -P ? 1. It follows from (6.4), (6.8) 
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10 M. BENEDICKS AND L. CARLESON 

and [ ? a = (log 1/8)2 that 

(6.9) u1 2 1 - e (2?+3/4)1/2 2?e 2i3/8 

provided that 8 is small enough. 

Proof of (i) at the next free retum. We first prove: 

(6.10) ax Fmk+P- 1(1; a) ? e2(mk+P)2/3+(1/1o)P2/3 a E Ak. 

By the chain rule 

x Fn'k+P-P(1; a) = aXFmkkl(1; a)2am k(a) dxFP- (Mmk l(a); a) 
By (6.7), the uniformity estimate (6.2) and (5.2), 

(6.11) 2atmk(a)axFP-1( m k (a); a) 

2_2e- 
- 2!L- 1 1 

2 40 (p + 1)2IPI 

1 1 expt 2/23 p + 1 p2/3 
40 (p +12 xf p+1 e 

if 8 is made sufficiently small. (Note that (6.4) implies 2 ? 1p22/3 and that (5.2) 
implies that there is a lower bound for p of the type ((log 1/8) so that p is large 
for small 8.) 

Hence, since by (6.3) mk ? 153p, 

|ad Fmk+P-1(1; a) ? e2(mk+P)2/3+(1/1o)P2/3 

for a E a, and (6.10) is verified. 

According to the rules of the definition of the partition we now follow the 
image of X until Fmk+P+i(O; co) hits I* for i = il. From Lemma 1 and (6.10) it 
follows that 

|a Fmk p?ii-1(1; a) ? e2(mk?P~iI)2/3 

If the return ?mk+P+ l (a) is free, the proof of (i) is complete. If the return is 
inessential it follows from (8.9) that Fmk+P+il(O; w) hits I, I with v < p. The 
preceding argument for I. may be used to conclude that at the next return 

n8Fk2 (la) 2 en2. dxFnk2(1; a) ? 

We keep on until the return nk is free. This happens eventually since the 
lengths of the images of co at the returns are rapidly increasing. 
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ITERATIONS OF 1 - ax2 11 

Note that we have also proved that 

(6.12) axFnkj F(l; a) ? e2nk3 

holds for the inessential returns 
(nkj. 

Proof that (ii) holds for mk < i < mk~l. We give the proof in the case 
mk < i < nk1l The case nk' < i < nk j?1 is similar. Assume first that i - mk < 

Pk < mk, where p = Pk is defined by (5.1) and (5.2). From the induction 
assumption (i) combined with (ii) and the chain rule it follows that 

axF'- 1(1; a) > 2 e~'e - 'l-te~i1Mk)3 

2 e m2k/3 + i1-Mk 123e mk/3- 
i 
i2/3 ? e. 

In the last inequality we have used the fact that mk ? ,. For i > Pk + mk we 
use (6.10) and Lemma 2 and note that 

2(mk + Pk)2"3 + Y(i - 1 - Pk - Mk) - Klog4 ? i 2/3. 

This completes the proof of (ii). 

Proof of (iii). We have to prove Ijl ? e-i for M k < j < Mk+1. Note that 
by Lemma 3, ml may be chosen ? 2 a. It follows that 

mk ? 2ink + 2ml ? k + 1 + a 

for 2 - a0 sufficiently small, since mik ? m1 and m 1 xo, as a 0 - 2. Hence 

j 2 e- a >k - e-V 2 eVJ, 

for mk < ? < Mk+? 

Estimate of the excluded set. To complete the proof of Theorem 2 we have 
to show that the set Ak+l defined in Section 5 satisfies IAk+lI ? 1AkI(1 - ak), 
where 0 < ak < 1 and Ht' 1(1 - ak) > 0. We assume temporarily that 

C-1 ? aaF Mk+1(o;a a,) 

aaFmk+I(0; a2)1 

for a1, a2 e w, where the constant C is independent of k. This will be proved in 
the next section. 

It follows from (6.9) that the portion of cw excluded when Ak+l is formed is 
less than 

e - a ~+ k+ 1 
Const e ay3/8 

e- 2,13/ 
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12 M. BENEDICKS AND L. CARLESON 

From this we see that 

ak < Conste (2(k + a)3/8 - a +k + 1) 

and Hl1(1 -ak) > 0. Hence UI = I Uk=lAkI > 0. 

7. A uniform estimate for the a-derivative 

To finish the proof of Theorem 2 we must prove: 

LEMMA 5. Suppose that xk(a) E I,] is a free return after mk iterations 
and that FMk(O; a) C I . Then there are constants C and C' such that for 
a, b e w c Ak and j < Mk+1 

(7.1) axFj(l; b) C and 
axFj(1;a) 

| aFi(l ; ab)| 

(7.2) < aFC(1;b) < 

aaFi(l; a) I 

Proof. It is enough to prove the estimate (7.1), since (7.2) follows from (7.1) 
and Lemma 2. Note that (7.1) is equivalent to 

(b )iIi ((b ) <C. 

First, by the induction assumption (i) and Lemma 4 

Ij| < Cemk/3 

Thus the first factor is inessential. It is sufficient to estimate 

Mk 

= E ltva) - (Vjb)|I 
vS = 1 ( 

Let { tj} N be the indices of the free and the free inessential returns to I* 
arranged in increasing order. We shall subdivide the sum 

Nk-1 tj+1 1 Nk-1 

S= L E Sj 
j=1 v=tj j=1 

At time tjItj c I~j, and we denote aj = (tj(a), t(b)) C Ilj. We shall first 
estimate the sum S . The contribution from the bound part tj < i < t1 + pj can 
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ITERATIONS OF 1 - ax2 13 

be estimated by an absolute constant times 

(7.3) ~~~~Iaj IjaTj Pi C,, Ilt Ida Fs -'(l; a) 
(7.3) lajl + laj E M 

(We have used (6.2) and the mean value theorem; compare (6.6).) 
The sum is split into two parts 

pi Pi pi 

=E+ E, 
s=1 s=1 s=p?+l 

where P= j . In the first we invoke the elementary estimates 

I dxFsl < 4s 

( lj(a) ?e- 

and in the second we use the stopping rule (5.1) and (6.1). The result is that the 
term (7.3) may be estimated by 

Const II 1 

After time tj + pj the interval moves up to time tj+ outside 1*. Note that 
by Lemma 1 and (3.2), 

la ) - .^(b) ? < [I tj+ - l - 2 - 
/ 19 \2 t+,- 

X+ (l)I tl(a) - t~(b) | 

where at 1-1 is very close to 1/ r4. Therefore 
t.?1 

jbII t+(a)-\ jib 
-S ~ (b) < Const 

v=tj+pj+l lt(a)I fil)l 

so this contribution may be absorbed in Et +2 -1. Therefore 
ij+I 

Nk 1 Ia1I 

j=1X IIL1 

This sum is estimated as follows. By an argument equivalent to that in Section 6 
(cf. (6.9)) it follows that 

(7.4) FPi(IM;aa') e-2e , a' E [a,b]. 
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14 M. BENEDICKS AND L. CARLESON 

During the bound period 1 < i < pj, consider 

I2xF(X~a) l j 1F (xl; a) = 1 i=1 
dXF'(x2; a2) a2 i 

1 F(x; a 1) 

Jp F"(x2; a2) 
v=l 

{a, i jF"(xj;aj)-F (X2;a2)1 

for x1, X2 E , a, a2 E2ec . Since 

jF"(1 - ax2;a) - FP(1;a) I < 1 ? ^ +Aa) 
10(v + 1)2 

x e I, a e , this quotient is uniformly bounded by an absolute constant C2. 

From this uniformity and Lemma 1 it follows that 

(7.4) la1+?1 ? |? 1(a) - (? p(b) 2 C27 IIjI 
A 

1a 

> C- leVe I2j8ila. 

Hence, Iaj + 1 ? 51ajI for sufficiently small S. (Note that L ? a = (log 1/8)2.) 
Because of this exponential increase 

Nk 1 Ia I 1 1a 

Const E IJ()I 

where J(s) is the last j for which [j = s. 
This amounts to the fact that the [ j's can be assumed to be distinct. The 

sum 

A 1 II 

is then split into two parts. Let J, be the set of indices such that 

(1/ !Lj)(lajl/I IM I) < [L-2 and J2 is the set of remaining indices. The sum 

1 IaI< 1 
jeIh II~jL ' =1 V2 
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ITERATIONS OF 1 - ax2 15 

and is therefore uniformly bounded. If j E J2 

1 lajl 1 

/ y - H2 M1~ I I 41L1P~ 

and by (7.4) it follows for k > j that 

~i7 8-2iL/~/1 IakI ? C~12 e e-2'ij e-uF _> e-33/ 

if 8 is sufficiently small. Since I 2D Uk, Ik < 9?3/4. The set { 1i}ie2 is 

therefore very lacunary and hence 

1 ki I 1T 
ja12 1 I IEI 1 a2 M1 

is uniformly bounded. The proof of Lemma 5 is complete. 

Chapter III 

8. The distribution problem 

Let again ~(ja) be the images of 0 under the nth iteration. Let 

(8.1) M 
1 

= 
n 
Shiv Pn = 

1 n __1 

We shall study the asymptotic behaviour of Mn and more precisely prove the 
following theorem. 

THEOREM 3. For almost all a E A., defined in Section 6, the weak-* limit 
IL of {( ILn }n= is absolutely continuous, d I = gdx, and g E LP for all p < 2. 

The strategy of the proof is as follows. We first study the distribution of free 
returns xn on 1*. 

It turns out that xn behaves in a pseudo-random way as a "pseudo-Markov- 
process" and from this we deduce in Section 11 that the xn have a distribution in 
I* with a bounded density. 

We next prove in Section 10 that the inessential returns to I* are so few 
that-although we have no control of the location of these returns-they still give 
rise to a bounded density. 

The bound returns, finally, reflect the tendency of the process to repeat its 
early history and can therefore be described in terms of the preceding free 
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16 M. BENEDICKS AND L. CARLESON 

returns. These returns produce singularities s in g, which have the form 

fxi-x41 -1/2 X > u (resp. x < u) 
=1 x< u (resp. x> u), 

where the u are the free returns to 1*. From this it follows that g 4 L2. These 
results are proved in Section 11. When the distribution is known in I* it can be 
transferred to (-1, 1) (Section 12). 

9. Distribution of the free returns 

In the previous section we defined a set A = A0 c AO, where the mapping 
is aperiodic. Let us renormalize the Lebesgue measure so that mA = 1 and 
consider it as a probability measure. We can then speak of expectations E and 
conditional probability in the usual way. We are going to study returns to some 
fixed interval X 0 0. In doing that we can disregard the restrictions on returns, 
which were the basis of the definition of A. 

Let / be a subset of A0 which is defined by conditions on the free returns 
x, ..., xX. More precisely, let 1 < v1 < v2 < < v1 < n and 1M,2, ' . NIIl 
be given. Then _= {a E AnIxj E Iej) = 1,...,1}, or W = A. Sets of this 
type can be subdivided into subsets dV(i) corresponding to the different itiner- 
aries i going through these different intervals Ij at the vlh free return. 

We define the sets 

AV= {ae -lXn(a) E I>,) 

AVP(i) = {a ae dVxn(a) E IV, xn+1(a) y 
Il 

itin. i} 

As= UA v(i). 
', I 

The only information available (see (6.9)) is that for each i, I, is increased to 
an interval U2( i), where 

(9.1) |i2(i) = L(v, i) (p(v) = e 

which is then subdivided into intervals II. This is the significance of the 
definition of the partition P (Section 5). With regard to the uniformity estimates 
in Section 7 this means that 

(9.2) mAVM,(i) < Const EmA5vk(i) L (v,) k 

We have the following lemma. 

LEMMA 6. Let _V1= U VA . be given C A or d C A n as above. There is a 
constant CO, independent of si, so that if for some Q > CO 

mA. < 2QII5Ims forall v, 
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ITERATIONS OF 1 - ax2 17 

then 
mA' < QItIm-W 

for all [t. 

Remark. The statement clearly means that we have an estimate of "condi- 
tional probability" of transition from v to [t. 

Proof From (9.2) we get 

mAf= EmA,(i) < E mA ,(i) 
v, i 1?vqi 

+ CI1IMI E 1 E~k' 
V>q L(vi) 2mAk kU), 

and by (11.1) the second sum may be estimated by 

E 1 
EmAvk(i) < 2Q2 II Im 

v>q q( i,k v>q qV 

< 22 Mae, 2C 
if q is suitably chosen since EZII,/cp(v) < ox. For v < q we have L(v, i) ? Lo, 
so that 

E mA v(i) < 
C 
L 1t1 >E mAvk(j) < ? ?L I m 

v<q 0 vk 
i f 

if CO ? (2C/Lo). This implies 

mA? < 2IlI + Ci1,1i m-{< QjI, Am'l, 

which completes the proof. 

We formulate a special case of this in 

LEMMA 7. If A,,,,= {a e A, I xn(a) e I,}, n = 1, 2,, then for all n 
mAn < COV1I. 

Proof. For n = 1 this holds by Lemma 3. We then use Lemma 6 induc- 
tively. 

With these lemmas it is now easy to estimate the distribution function of the 
x1's. Let co be an interval of length not containing 0, and assume that I c 

for some v. Let X, be the characteristic function of o. Then with the notation 
above with _/= A 

E(X(Xn)) -|XA(Xn(a)) da 
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18 M. BENEDICKS AND L. CARLESON 

A. can be decomposed, AV = UjAj(i) for different itineraries i. For each i the 
distribution of xj(a) in I,, has a uniform density by Lemma 5. Hence 

E(Xjx( x)) < ConstmA. ? ConstE 

where the last inequality follows from Lemma 7. Hence if 
l N 

FN(a) = X(XJ) 
1=1 

then 

(9.3) E(FN) < ConstE. 

We now choose h as a large integer (fixed as N -- oo). 

(9.4) E(F h) = E -h ,(X j)...X( h a (9.4) ~ NNf jxi) ... XII(jh)d 
ji -, jh <N A 

The number of h-tuples (UjP*. M j,) for which mink lIk - ill < vN is bounded 
by C( h)Nh- (1/2), The contribution from these terms to (9.4) is therefore 
O(N /2 ). Take jl < j2 < jh< N so that jk+l - jk 2 / , k = 1,..., 
h-i, and consider an interval X C I>. Suppose that x; L X for s < 1. We 
choose, in Lemma 6, n = j, and s&'=s-, = {a c AIx1 C I,, s < 1). 

The assumptions of Lemma 6 are satisfied with 2Q = 11,1 -' and 
A= {a E- -/Ix 1(a) e I}. Let A(k) - {a EC -Ix ?+k(a) E II}. It follows that 

mA(1) <Qm-Vl I It, 

and after k = j j, ? A FN iterations we have 

mA( k) < 2-k+ 1 QMVl. |1,II Clnl fl 

provided that VN 221og(1/lI Ip I CO); i.e. I Ij > CO- 12 - FN. Hence, 

M-VI + 1 < Co I IV Imffll; 

i.e. 

mJ&'h ? (CoIIjI)h 

for N large enough. Now, if for each js we require that xe c X c I,, it follows 
from Lemma 5 in Section 7 that the measure is decreased by 

Ch( 

(We have used the fact that x 1k has a probability density bounded above.) Hence 

E(FN) ? (Coc)h, N ? NO(h, co), 

This content downloaded from 157.92.4.12 on Fri, 3 Oct 2014 12:05:26 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


ITERATIONS OF 1 - ax2 19 

so that 

lim 11 FNII 00 < COE 
N --+ o 

with probability 1. It follows that the limit distribution has a density bounded by 
CO outside the point x = 0. The remaining possibility of a pointmass at x = 0 is 
excluded by Lemma 6, which holds uniformly in n and v, and the fact that 
xn # 0, for all n. 

10. The inessential returns 

As described above, a free return Xk to 
IA 

is followed by a sequence Yk;, 

j = 1,2,... Y,, of bound returns and, possibly, a sequence of inessential returns 
Zki i = 1, .. ., Zk' For the sequence { Yk; } we know by Theorem 2 that when Xk 
describes IW, Ykj describes an interval J so that 

e Nki2"|I| | < 1I J|< 4 NkjI | 1 
where Yk(a) = mk+Nk (a). Remember that Xk(a) = 

Jmk(a). By (8.4) it follows 
that p < 23/2t3/4 and furthermore we know from (6.8) that 

I101 > 20 -VP 1s120 2 e- 
p 

Let us generically denote this interval 52 by I'. When the first inessential 
return Zk1 occurs, PI is mapped into an interval a, such that a, C 1 U I +1. It 
must then hold that pu < 4p 3/4 (cf. (6.9)). Ity (together with I +l ) may now 
have a bound evolution and al mapped into 'a v = 1, 2, ..., ZV). After this 
time our interval al may be mapped onto a2, which intersects IjA2' The results 
about the uniformity of the derivatives in Section 7 give 

1a21 ? C0afl Clalle2>/-?i2 Alall 

for some fixed A ? 2 (say). This process is continued until the intervals a or av 
are so long that a free return takes place. Observe that inessential returns occur 
for all a1 and aj . 

Let again o be a fixed interval and consider 

1 L N 

(10.1) G(a) = -N X.(Zkj(a)) = E Gk(a), 
N1?k?N N k=1 

where Gk are the sums corresponding to free returns Xk, k = 1, 2,..., N. We 
shall estimate E(G(a)). Let us fix ,. and consider an itinerary i so that Xk E 1p. 
E is the sum of expectations Ei for different it's, and Xk is distributed on I1 with 
a bounded density (Section 11). For those Zkj which return to o, the correspond- 
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20 M. BENEDICKS AND L. CARLESON 

ing density is bounded from above and below by fixed positive constants. We 
shall make the worst possible assumption and assume that all Zkj return to W. As 
long as I ajV I < I w I we get 1 as a contribution to G. When I aj, I > I c I we get a 
relative contribution < Cl X l/ ll I. The conditional expectation Ei( Gk(a)) can 
therefore be estimated by a constant times 

(10.2) ( ) + Co l 1 < IcI ElyjvI 
l'apvI < 1I co Iap I > I co I illjV 

and we claim that 

(10.3) E 1 < Const jel/2)+ 

Observe first that by the mean value theorem (cf. (6.9), (6.2) and (ii) of the 
induction step) 

| yjvl > 2l2e- 4 tL3/8e ^2/3>21e - 4tL3/8 

the length of each bound evolution of some a, is less or equal to Ct,3/4. Since I ai 
increases exponentially, the number of a 's < Const ,.t and (10.3) follows. 

To complete the proof we must again consider high powers h of G(a): 

G(a)h = hL Gjh(a) ... Gjh (a). N 
By (10.2) and (10.3), the argument of Section 9 can be repeated when 

ik il ? N. 
The number of remaining terms is < C(h)Nh-(l/2). For such a choice of 

{ hk } observe that 

ji ih h A li 

Note that the number of terms in Gk for Xk E= 
A 

is less than Ct5/44. Therefore 

LG h(a) da < C I C EI,(5/4)he V< <0 

We note that the normalization of G(a) is made by dividing by N. i.e. the 
number of free returns. The normalization of Sun in (8.1) is therefore smaller. 

We conclude that the limit distributions of the inessential returns also have a 
bounded density. 

11. Distribution of bound returns 

We are now going to study the distributions of the bound returns { y,}, 
n = 1,N...,N j = 1, 2 ...... We first study the distribution for fixed j < J and 
then show that the total mass corresponding to j > J is small. 
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ITERATIONS OF 1 - ax2 21 

Take j ? J and let the jth return of 0 to 1* occur at time q, and set 

uj(a) = We call the return odd (even) if the corresponding kneading 
sequence is odd (even). Let p and 1 > 0 be given and let o(a) be the interval { (uj - p - 1, u -p), odd returns 

.~a) = (uj + p, + p + 1), even returns. 

We consider 
N 

HNI) = HN(a) = L xco(a)(Ynj(a)) 
n=l 

Let U be an interval in { a E A0Ixn(a) E 1G I,},. Suppose that uj(a) is the qjth 
iteration of 0. For a E U. consider the images of a = (0, ? c ,L I - i) D 1,, under 
F. i.e. a/(a) = Fqj(a; a). It follows by (6.2), Theorem 2 and the mean value 
theorem that 

(11.1) |l (a)l 2 Contia(a)12eq2/ Contla(a)12ej/ 

Note that the right (left) endpoint of a1 is u; if { qj}i 1 has an odd (even) 
kneading sequence. 

0 w(a) uj 

It follows that the "conditional probability" p, that a point x, from 1,2 at 
the jth bound return belongs to c(a), satisfies 

Const ~~if jail ? p 
p < ( lujl j 

t0 if IjaI <p. 

By conditioning with respect to xn E 1 and by (11.1), we conclude that 

E(X.(a)( Ynj( a ))) < Const le 
_2/3 11,2 

E2G M CU 

where 

M = {(.lcp ? Const peU273} 

(The set M contains {fp 1aj1 ? p}.) This gives 

E(H()(a)) < Const le( -- 1/2)j2/3p -1/2 

We consider again high powers. The sum 

N-h ? EX(a)hYnlj(a))... Xw(a)(Ynhj(a))) 
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22 M. BENEDICKS AND L. CARLESON 

is estimated by splitting into the cases min shs+ 1 - I ?< VN and Ins+ 1 - nsI 
A as in Sections 11 and 12. The result is 

BE NEx X ( a)(ynj ( a) )] < Const le ( - 1/2) j/p 1/2 + (Cl( h )N- 1/2 ) / 

As before it now follows that the contribution of the ynj's to the limit 
distribution has for almost all a E A, a density g1 so that 

f g1(x) dx < Const le(- 1/2)j2/3p-1/2 
@(a) 

for every choice of p, l > 0, and j = 1, 2, ..,J. 
We next turn to the total mass corresponding to returns with j > J. Let 

Onj(a) = 1 if the return yj exists and set Onj= 0 otherwise. We define On = 
EJ+ l+ n, and have to estimate 

N 

TN = L Of 
n= 1 

If x EI p, /3 ? a, it follows from (6.4) that nj < 23/2j3/4 ? Itti. There- 
fore On < I I and On :$ 0 only when I 2I J + 1. We therefore conclude that 

00 

E(On) < Const L ae-r < e(- 1/2)yl 

jL=1+ 1 

and the same estimate holds for E(TN). As before we estimate E(TN) and since 

E(Onh) < C. Lthe-rt' 

the argument is the same as in Section 10. We conclude that 

lim TN(a) < e?(- 1/2)V 
N-.o 

for almost all a E A. 
We can summarize the results so far in the following theorem. 

THEOREM 4. For almost all a E A, any limit distribution of free and of 
inessential returns to I* has a uniformly bounded density. A limit distribution of 
bound returns has a density g(x) and 

g(x) < Const E e( 1/2)j2/3T(u -Ux) + E e(-1/2)i2S/3(x -u )] 
U, odd us even 

where 
0 > 0 

1 < ~0. 
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ITERATIONS OF 1 - ax2 23 

12. Iterated points outside I* 

In the previous discussion we have only described the returns to 1*. We now 
keep a e A fixed and study the orbit more in detail. Let 

ln 

tin = E 8tv,(a)' 
V=1 

For { ji }n 1 the following result holds. 

THEOREM 5. For almost all a E A every weak-* convergent subsequence of 
{ n}?= 1 has an absolutely continuous limit gdx and g E L P(-1, 1) for every 
p < 2. 

Proof. As before, let { u(a)}M'L be the returns to I* up to time n. Then 
M n 

/A n E SUV+ E k E 6Fk(uv) v=1 k=i v 

M 
= E jU~nk k) 

k=O 

The prime in the summation sign indicates that 8Fk(u ) is included in the sum if 
and only if F j(ut,) i 1*, j = 1, 2,. . ., k. 

Let p* denote the weak-* limit of { 0 }=L . We have already proved that 

lim (??* ELP 

for p < 2 (Theorem 4), and we turn to the { 0 } ?=1, which are supported on 
[1 - a82, 1]. Let X be a subinterval of [1 - a82, 1]. Now F'1 consists of two 
symmetric intervals 5; and - 52 in 1*. We have 

Pn(C) = -f(n)(W) = t(n)(Q U - 2). 

By Theorem 4, 

M1*(@) < | h(x) Ax, 
QU 

where 
00 

h(x) = Const , e(-1/2)v2/3 1 

By a change of variables 
2 

L| __h(x) dxA= h(F7 1(x))(Fj l)'dx, 
wU-h F) }Fa 

where tFi- )j.,= are the two branches of F-'. We claim that the density 

This content downloaded from 157.92.4.12 on Fri, 3 Oct 2014 12:05:26 PM
All use subject to JSTOR Terms and Conditions

http://www.jstor.org/page/info/about/policies/terms.jsp


24 M. BENEDICKS AND L. CARLESON 

2 lh( Ft- (x))( Ft- )'(x) E LP for p < 2. We have 

i=1 ~ ~ ~ ~ p 
(12.1) 1 h(F (X)) I|I C(Fo t(x))jh| dx 

<?ConstLfIh(x)l p dx 
< Const I , h(x)l p 1 dx 

00It 

<Const L e(P-'), Ifh(x)1P dx. 
,u= aI 

But 
l/p 

(ph(x)1P dx 

[L 7/8] (-p/2)v 2/3 i/P 00 

< Const z Xf_ dx)Up/ d + Si + S2. 
V = V=V~~~~~~~~~~~~/8] + 

To estimate S1 we use the relation ? u. I2 e- v, which implies Ix - u. 
? Ie-,7/16 V < [I7/8] X x C . Hence 

([,L7/8] 

S < Const e(/2)23jI11/P 2 

i'=1 
< Const exp(,t 7/16 -(1/p) /). 

The second sum is estimated as follows: 
00 d/3/l d 

S2 < Const e( /2) /] 
23 

< Const e (- 
1/2),I7/12 and the convergence of (12.1) follows. Hence 

(12.2) y*(1-a321 ) E L P forp < 2. 

Let now co be an interval contained in (- 1, 1 - a82) \ 1*. From Lemma 2 and 
Lemma 3, (iii), we conclude that for x E (1- a82, 1) such that F'(x) O 1*, 
v= 1.2 ...,k)- 1 

(12.3) |dxF k(x) I 2 A,5 
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ITERATIONS OF 1 - ax2 25 

where X > 1 is a uniform constant. From (12.3) it now follows that 

lM An. (CO) < Igk(X)dx, k = 2,3,- 
j-o 00 I 

where IlgktIp < ConstX-k, p < 2. 
Let Ek = {x e I*IFV(x) 4 1*, v = 1,2,...,k}. By (12.3), cf. [1], Theo- 

rem 11.5.2, part 3, there is some q < 1 such that IEkI = C(9Crk). By this fact and 
the absolute continuity of 1(I - a32, 1) it is clear that for every e > 0 there is a 
q = q(e) such that 

n 

- Zy it|) I I < ?e. 
k=q+1 

We finally conclude that 

M*(co) 

< gk(X) dx, ak=2 

where Z:k.2gk E LP and Theorem 5 is proved. 
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