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Overview
Objects of interest
e Algebra: integers, polynomials,
e Geometry: ellipsoids, lattices,.

e Convex analysis: characteristic cones, supporting
hyperplanes, .

Representation
e Computation: Turing machines, dense encoding,

e Logics: language of ordered rings,

The theory of integers is not decidable.

The theory of reals allows quantifier elimination.

Godel (1931), Church (1936), Tarski (1951), Seidenberg 4195
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The story of the optimization problem considered

e Jeroslow 1973

There is no algorithm that solves the integer quadratic
optimization problem

(1QP) min{ch|er”/\/S\F.(x)20},
=1

wherec € Z" andFy, ..., Fs € Z[X] of degree 2 at most.
By Matiyasevic’s 1970 result wrt. Hilbert's 10—th problem.

e Belousov 1977
Properties of convex polynomials.

e Khachiyan/Tarasov 1980

Bounds and algorithmic complexity of convex diophantine
Inequalities.



e Khachiyan/Tarasov 1980, Khachiyan 1982
There is an algorithm that solves

(IPP) min { Fo(X) |XEZ”/\/S\F.(X)20},
i=1

iIf all polynomialsF; as functions oR" are convex ones.
The complexity bound:

logR = gc(min{n,s}+d) cd /.

was given, where

Rradius of a sphere containing a solution if there is one,
d a degree bound,

¢ maximum binary length of the coefficients,

C a universal constant.

However, a proof was never seen!
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e Mandel 1986, B/Mandel 1988
There is an algorithm that solves

(IPP)  min{Fy(X) | xe Z" A /S\F.(X)ZO},
=1

if all polynomialsF; as functions ofR" are quasi—convex ones.

Examples of quasiconvex (but non-convex) polynomials

A A

»
>

Y

All lower level-sets are convex sets.

e \We stucked with the proof of a complexity bound.
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Joos Heintz/Pablo Solerd 1988
Visit in Berlin, ...

Pablo Solerrb 1989
Complejidad de conjuntos semialgebraicos. Tesis UBA

Teresa, Joos, Pablo, B 1989 IAM, Bs. As.

Teresa Krick 1990
Complejidad para problemas de geometria elemental, Td3is U

Joos, Teresa 1990
Visit in Berlin, ..., FOCS, Math. Nach., Crelle



e B/Heintz/Krick/Mandel/Solern 6 1990, 1991
If all polynomials in(IPP) are quasi-convex and if there is a solution
then there is a solution in a sphere of radiusatisfying

logR = (sd)°" ¢.

e JOOS........ Basu/Pollack/Roy 1996

e B/Sporn 1997  logR=d°M" ¢.



e Khachiyan/Porkolab 2000
showed the existence of an algorithm that solves the problem

min(x, | xe Z"Axe€Y),

whereY C R" is a convex semialgebraic set given by a first order
formula over the reals. The algorithm is of time-complexity

¢0(1) . O(n®) . 4o(n*).
e H.W. Lenstra 1983
Consider the integer linear optimization problem
(LIP)  min{c™x |xeZ"AAx>b},

whereb, ¢ € Z° andA € Z>" are given such thatis the maximum
binary length of all entriegLIP) can be solved within
time—complexityO(s) (01 20(1°)



Joos Heintz, 2003

Sebastian Heinz, 2004



The optimization problem

Problem (1)

N

e F,F,...,Fs € Z|X] quasi—convexpolynomials

e Problem (1) can be formulated by weak inequalities in thenfor
(IPP) as well, since

z<0 & z+1<0 areequivalentifze Z.
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Two geometric properties of a quasi—convex polynomial

e F € R[X] quasi—convexx& R", acR",a#0

— If F(X+ A -a) in A € R is strongly decreasing (or constant, resp.),
thenF (x+ A - a) shows the same property for alE R".

Constancy ofF € R[X] can easily be checked.
e F € R[X] quasi—convexx & R".
— If F(X) > 0 and gradF )(X) # 0 then for everi € R" holds
F(X) <0 = gradF)(X)-x<gradF)(X)-X.

e simply exponential time—complexity & polynomial outputraplexity

B/Mandel (1988), Krick (1990)
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Two additional polynomials

. feasible set

level sets .. - ' o '
the objective function o e
\ " " sphere of
a suitable radius
o Fo(X) := —RP+x"x radiusR € Z explicitly given
e Fs.1(X):=F(X)—z computez € Z using binary search

B/Heintz/Krick/Mandel/Solem(1991), B (1997)
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Reduction to a second problem

Problem (2)
Find x*eYNZ" orshow YNZ"=0.

e Fo,...,Fsi1 € Z[X] quasi—convex polynomials

o Ap € Z"™" positive definite matrixRy € Z integer number

o Fp(X) := —Ro+ X" Agx
s+1

o Y = {xe R"| A R(x) < O} bounded open convex set
i=0

Strategy to solve Problem (2)

e generalize Lenstra’s algorithm efficiently

B/Mandel (1988), Khachiyan/Porkolab (2000)
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Solution of Problem (2)

Following Schrijver’'s method

compute an ellipsoi& being tough on the st

e apply the basis reduction algorithm

e linear transformation of coordinates

e solve (™) problems of dimension — 1

E istoughonY = /
I * -7 7
e E,E* concentric ellipsoids \ E .\’ v
e E* is equal tcE shrunk by the \\\
factory/(n+1)3 E )

e E*CYCE

John (1948), Lenstra/Lenstra/Lasz (1982), Schrijver (1994)
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The main result

Parameters of the representation of the seY

o n number of variables

o S+ 2 number of polynomials

o d>?2 degree bound of the polynomials

o ¢ maximum binary length of the coefficients
Theorem

An ellipsoidE can be computed with time-complexity
O(s) (P o

such that
E is tough ony, if Y NZ" £ 0 holds.
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The shallow-cut ellipsoid method

shallow cut

e ellipsoidE is replaced by’ having smaller volume

e until a tough ellipsoid is computed

Grotschel/Loasz/Schrijver (1993)
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Finding shallow cuts

Lemma (Shallow cut)
e E ellipsoid such tha¥ C E andE not tough

—> d an algorithm which outputs a shallow cut

— B X
Proof. (sketch) / D allow cu

e USe every axis ot \
. . . : C .;f';/

e find points outside/ axis PR

e compute gradients# 0 Y

e c defines a shallow cut]

Stoer/Witzgall (1970), von zur Gathen/Gerhard (1999)
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Spheres around integer points

Lemma (Volume)
e YNZ" not empty
—> 3 arational numbeg > 0 such that < vol(Y)

e of binary lengthO(¢)(d - n)°d)

Proof. (sketch)
o fix X" eYNZ"
e F(x*)<-1,i=0,...,5+1
e gradients are bounded

e distance to the border df [

The proof of theTheorem s finished.
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Complexity bounds
e Problem (2)is of time-complexityO(s)¢C(L) gon 20(n*).
e A suitable radius is of binary leng®(¢)d°™.

S. Heinz's results

e Problem (1)is of time-complexity O(s)¢C()gon 20(n*) |

e This is the best one can expect, if Lenstra’s idea is applied.
e If nis fixedProblem (1) can be solved ipolynomial time.

Khachiyan/Porkolab result (applied toProblem (1))

e Problem (1)is of time-complexity /(1)) gon) |

Schrijver (1994),B/Heintz/Krick/Mandel/Solér(1991), B (1997),
von zur Gathen/Gerhard (1999), Khachiyan/Porkolab (206{®inz (2005)

19



References

M. Aigner. Diskrete MathematikVieweg StudiumFriedr. Vieweg & Sohn, 1993.

B. Bank, R. Mandel. Parametric integer optimizatiorAkademie-Verlag, Berlin,
1988.

B. Bank, J. Heintz, T. Krick, R. Mandel, P. Solerno. Computability and complexity
of polynomial optimization problem®reprint; 91-20. Fachbereich Mathematik der
Humboldt-Universiat zu Berlin, 1991.

B. Bank, J. Heintz, M. Giusti, G. Mbakop. Equations for polar varieties and
efficient real eliminationPreprint; 99-15. Institutifr Mathematik an der
Mathematisch-Naturwissenschaftlichen Fakult der Humboldt-Universit zu
Berlin, 1999.

B. Bank. Optimization and real equation solvinm Il Escuela de Mateiatica
Aplicada (25 al 29 de agosto de 1997): Notas de los Curbmsversidad de Buenos
Aires, 1997.

P. Burgisser, M. Clausen, M. A. Shokrollahi. Algebraic complexity theorywolume
315 of Grundlehren der mathematischen Wissenschafs@mninger-Verlag, 1997.
With the Collaboration of Thomas Lickteig.

20



M. R. Garey, D. S. Johnson.Computers and intractabilityv. H. Freeman and
Company, 1979.

M. Gr otschel, L. Lovasz, A. Schrijver. Geometric algorithms and combinatorial
optimization volume 2 ofAlgorithms and Combinatoric$Springer-Verlag, second,
corrected edition, 1993.

J. Heintz, M.-F. Roy, P. Solerrd. Sur la complex#é du principe de Tarski-
SeidenbergauBulletin de la So@te Matlématique de Frangel 18:101-126, 1990.

R. G. Jeroslow. There cannot be any algorithm for integer programming with
guadratic constraintsin Operations Resear¢l21:221-224, 1973.

F. John. Extremum problems with inequalities as subsidiary coodsiin Studies
and Essays, presented to R. Courant on his 60th Birthdayalgr8th pp. 187-204.
Interscience Publishers, 1948.

L. Khachiyan. Convexity and complexity in polynomial programming
Proceedings of the International Congress of MathematsiAnigust 16-24,
Warsaw, 1983.

L. Khachiyan, L. Porkolab. Integer optimization on convex semialgebraic sets
Discrete & Computational Geometrg23:207-224. Springer-Verlag, 2000.

21



D. E. Knuth. The art of computer programming. lIAddison-Wesley Publishing
Company, second edition, 1981.

L. Lehmann. Effektives reellestsen einer multivariaten polynomialen Gleichung
Diploma thesis, Humboldt-Universit zu Berlin, 1999.

A. K. Lenstra, H. W. Lenstra, L. Lov asz.Factoring polynomials with rational
coefficientsin Mathematische Annale261:515-534. Springer-Verlag, 1982.

H. W. Lenstra. Integer programming with a fixed number of variahles
Mathematics of Operations Resear&H38-548, 1983.

J. Renegar.On the computational complexity of approximating soluitor real
algebraic formulaein SIAM Journal on Computing1:1008-1025, 1992.

A. Schrijver. Theory of linear and integer programming/iley-Interscience Series in
Discrete Mathematics and Optimizatiadiohn Wiley & Sons, 1994.

J. Stoer, C. Witzgall. Convexity and optimization in finite dimensiqgivblume 163
of Grundlehren der mathematischen Wissenschafsgmninger-Verlag, 1970.

J. von zur Gathen, J. Gerhard. Modern computer algebraCambridge University
Press, 1999.

22



