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Ttulo.  Aralisis de Metodos de Elementos Finitos para Problemas Sngularmente Pertur-
bados.

Resumen. Proponemos y analizamos netodos de elementos nitos para @blemas esta-
cionarios singularmente perturbados, tales como problensade reaccon-difuson o de con-
veccon-difuson. Es conocido que la tcnicas de discreizacon estndares no producen
buenas aproximaciones a la solucon de esta clase de probh@s si el paametro de pertur-
bacon es pequeno debido a la presencia de capas Imitesiaternas. Estamos interesados
en netodos robustos que funcionen adecuadamente para toddos valores del paametro de

perturbacon singular.

Consideramos dos ecnicas diferentes. Una de ellas se basa re namientos locales de
la malla cerca de las capas Imites. Usamos que la solucoresk en espacios de Sobolev
con peso para probar estimaciones del error de interpolamh sobre mallas rectangulares
adecuadamente graduadas. Introducimos un operador de intpolacon de promedios para
el cual probamos estimaciones de error bajo la condicon dgue elementos vecinos tengan
longitudes comparables en cada direccon. Esta condico es vericada por mallas que
aparecen naturalmente en la aproximacon de capas Imites. Tamben consideramos la
aproximacon de funciones que se anulan en el borde por fui@nes con la misma propiedad.
Finalmente, nuestras estimaciones permiten sobre el ladoedecho normas de Sobolev con

pesos, donde el peso esh relacionado con la distancia al fute.

Proponemos tamben un netodo de Galerkin Discontinuo (DG) con estabilizacon de
tipo Exponential Fitting para resolver un problema de interes en semiconductores. El
nmetodo DG considerado es una variante del netodo de Interor Penalty. Analizamos el
metodo propuesto en las formulaciones mixta y primal, y presentamos ejemplos nunericos
gue muestran resultados adecuados. Finalmente probamost@saciones de erroroptimas

para el metodo DG introducido en el caso de un problema regur.

Palabras claves. Elementos nitos, Elementos anisotopicos, Problemas shgularmente
perturbados, Normas con pesos, Galerkin discontinuo.






Title. Analysis of Finite Element Methods for Singularly Perturbed Problems.

Abstract. We develop and analyze nite element methods for stationarysingularly per-
turbed problems such as reaction-di usion or convection-di usion problems. It is known
that standard discretization techniques do not give good aproximations to the solution of
this kind of problems when the perturbation parameter is smdl because of the presence of
boundary or internal layers. We are interested in obtaining robust methods that work for
all the values of the singular perturbation parameter.

We consider two di erent nite element techniques. One of them is based on mesh
re nements near the boundary layers. We use the fact that the solution is in weighted
Sobolev spaces in order to prove interpolacion error estintas on suitably graded rectangular
meshes. We prove our error estimates for a mean interpolatio operator under the mild
condition that neighboring elements have comparable sizeis each direction. This condition
is veri ed for the meshes that appear naturally in the approximation of boundary layers.
Also we consider the approximation of function vanishing onthe boundary by functions
with the same property. Finally, our estimates allow on the right hand side some weighted
Sobolev norms where the weight is related with the distanced the boundary.

We also propose a Discontinuous Galerkin (DG) method with shbilization of Exponen-
tial Fitting type to approximate the solution of a problem of interest in semiconductors.
The DG method considered here is a modi cation of the Interia Penalty method. We ana-
lyze the proposed method in mixed and primal formulation paying attention to the presence
of \over ow", and we present some numerical examples showig adequate results. Finally

we prove optimal error estimates for the DG method introducel here for a regular problem.

Key words. Finite elements, Anisotropic elements, Singularly pertutbed problems, Weighted
norms, Discontinuous Galerkin.
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Introduccon

En esta Tesis proponemos y analizamos netodos de elementasitos para problemas esta-
cionarios singularmente perturbados, tales como problensade reaccon-difuson o de con-
veccon-difuson. Es conocido que las ecnicas chsicas de discretizacon no producen aproxi-
maciones adecuadas de la solucon de esta clase de problesnauando el paametro de
perturbacon es pequeno debido a la presencia de capagriites o internas (boundary or
internal layers). Los resultados de esta Tesis tienen comon obtener nmetodos robustos
gue funcionen correctamente para todos los valores del pametro de perturbacon singular.
Basicamente estudiamos dos tcnicas de elementos nitos Una de ellas se basa en conve-
nientes re namientos de la malla de acuerdo con estimaciorsea priori para la solucon. Por
lo tanto, para esta aproximacon, resulta necesario teneralgin conocimiento de la solucon
y en particular, la ubicacon exacta de sus singularidades Por otro lado se estudia una
ecnica de estabilizacon conocida como \Exponential Fitting". En este caso no se necesita
ningun conocimiento preciso de propiedades de la solucb.

La primera ecnica trata con mallas altamente no uniformes, donde la medida de los
elementos es mucho menor cerca de las singularidades. En @lso de presencia de capas
Imites, dichas mallas resultan anisotopicas, es decit contienen elementos cuyos lados tienen
longitudes de distintosordenes.

Siguiendo las ideas de [20], introducimos un nuevo operadate interpolacon sobre
funciones de clas&; (seccionalmente bilineales en 2d o trilineales en 3d) y obtemos esti-
maciones del error de interpolacon \alidas para mallas rectangulares (en 2d o 3d) bastante
generales conteniendo elementos arbitrariamente anisoficos. El aralisis de error chsico
se basa en la hiptesis de regularidad, excluyendo esta da de elementos (ver por ejemplo
[12, 17]). Sin embargo se sabe que esta hiptesis no es neis. En efecto, existen muchos
artculos en donde se obtienen estimaciones de error bajoondiciones mas generales. En
particular, para elementos rectangulares cabe mencionad[ 20, 38] y sus referencias.



La interpolacon considerada aqu, es una interpolacon de promedios. Hay dos razones
para trabajar con esta clase de aproximacon en lugar de la &sica interpolacon de La-
grange. La primera es la posibilidad de aproximar funcionegue no son tan suaves, para las
cuales la interpolacon de Lagrange no esh de nida, de he&ho, esta es la raon que motio
la introduc®n de interpolaciones de promedios (ver [18]) Por otro lado, en el caso tridi-
mensional, las interpolaciones de promedios tienen mejosepropiedades de aproximacon
qgue la interpolacon de Lagrange, ain para funciones suaes, cuando se usan elementos
anisotopicos (ver [1, 20]).

Para motivar los principales resultados de esta Tesis, exp@mos aqu el siguiente ejem-
plo. Referimos al nal de esta seccon para notaciones gemales y de niciones. En lo
gue sigue la letraC denotarm una constante, que puede variar en las distintas pariciones,
pero que seml siempre independiente de la funcbru y de las mallas. Sea R? un do-
minio poligonal y u 2 H?() la solucon de una ecuacon general de segundo orden, ciya
formulacon cebil es: Hallar u 2 V tal que

a(u;v) =(F;v) 8v2V

donde V es un subespacio d&dl(), F 2 L%()y a:V V! R es una forma bilineal
continua y coerciva. Dada una familia de mallas triangulars (o rectangulares) Ty, con
h = maxfdiam K; K 2 T,g, seauy, la aproximacon conforme por elementos nitos lineales
(o bilinelaes) deu asociada conTy,. Por el Lema de Cea sabemos que

ju upjr;;  Cju s

donde C depende solamente de la forma bilineah, y u; 2 V es una aproximacon deu
seccionalmente lineal (o bilineal), por ejemplo una interplacon. Luego, para probar la
convergencia del netodo cuandoh ! 0 debemos acotaju u;j;. . Sila familia de mallas

T, es regular, es decir, si
h
X c 8K 2Tph>0 (1)
K
dondehk y g son los dametros exterior e interior del elementoK , y siu; es la interpolacon

de Lagrange deu seccionalmente lineal (o bilineal), entonces vale (ver poejemplo [17])

ju uji;  Chjujy



gue implica la convergencia. En el caso de mallas rectangutss, la condicon (1) es equiva-
lente a la existencia de constante€; y C, tales que

Ci, — C, 8K2Tph>0: 2)

(hix eslalongitud deK en laiesima direccon). Pero, es sabido que la condicon de rgu-
laridad (1) no es necesaria para obtener estimaciones de err(que implican la convergencia).
Esto ha sido estudiado, por ejemplo, por Apel y Dobrowolski4], Babuska y Aziz [9], Jamet
[25], Krzek [28], para el caso de mallas triangulares, y ppJamet [25] y Al Shenk [38] en
el caso de mallas rectangulares. En el primer caso, la condit de regularidad puede ser
reemplazada por una condicbn de angulo maximo" @ngu los acotados por una constante
estrictamente menor que ). Para elementos rectangulares podemos proceder como seu
SeaK un elemento rectangular de referencia, y consideremos unarfcon f 2 H2(K). Sea
p2P; tal que

Cip ¥

@x oR @x op
(por ejemplo, p puede ser el polinomio de Taylor promediado de grado 1, ver I]). Sea
f, 2 Q1 la interpolacon de Lagrange seccionalmente bilineal def sobre K. Entonces

tenemos

@ @
ot @f P) o;|€+ @(p f1)

Basta estimar k@—%(p f )ko;|€- Siv=p f, 2Q, es &cil ver que (ver Figura 1)

@
@(f f1) e

@v . . . .
@x . VB VA VD) V(O
X oxr
Tenemos
C D
¢
A s B

Figure 1: Un elemento de referencia.



v(B) v(A) = ipB) T(B)) (A T(A)]
@
— f
@)ﬁ(p )ds |
@ @f
c — f —
@X(p ) o:R ' @x o;R
donde hemos usado la desigualdad de trazas
kwkos —Chkwk,.,  8w2 HY(K): (3)

Siendo quejv(D) v(C)j puede ser acotado aralogamente, tenemos

Q@f

Cr— 4)
oR Q@x oR

@
@(f f1)

Notamos que la derivada% no aparece en el lado derecho de esta desigualdad. Este hecho
es importante, pues, siK es un recangulo con lados de longitudesh; y h, (ver Figura 2),

la desigualdad (4) nos permite obtener, para la soluconu de nuestro problema, a trawes de
un cambio de variables

( )

@ @u @u

—(u wu C hy — +hy —— 5
ax" - L @% o 0 @x@% o ®)

(u; es ahora la interpolacon bilinel de u sobreK). Claramente, tamben tenemos
)

@ @u @u

—(u wu C hy —— +hy — 6
ax" oK L @x@x o @% o ©)

h,

Figure 2: Un elemento gererico.

Las dos desigualdades anteriores implican la convergenaitel netodo de elementos ni-
tos, aun si las mallas T, contienen elementos anisotopicos, 0 sea, si la condiab (2) no se
veri ca.



La situacon es diferente si es un dominio en R3. En este caso las mallagl;, estn
formadas por 3d-recangulos (paraleleppedos). No es pable repetir el argumento que
acabamos de describir debido a que la desigualdad de traza8)(no es \alida si K es
un paraleleppedo en R® y S es una de sus aristas. En efecto, seld = [0;1PF y S =
[0;1] f Og f Og una de sus aristas, y para cadd > 0 consideremos la funcon

w-(X) =min 1;"log Iog:—e 2 HY(K);

conr = P X5+ x5. Se sigue quev-js 1,y luegokw-kos = 1, pero, por otro lado, siendo
quew- & 0 para casi todo punto cuando" ! 0, tenemoskw- ko;% I 0,y

z z, -
jr wej2dx C"2 r llog- dr! O©;
0 e

esto eskw-k;.» ! 0, lo que muestra que la desigualdad de trazas (3) no valei RS. Este
ejemplo es una modi cacon trivial de uno dado por Apel y Dobrowolski [4] para mostrar
que, efectivamente, no es posible obtener una desigualdadedoga a (4) si se reemplaza
K por el 3-simplex unitario ;. Como ahora mostramos, el mismo ejemplo funciona si
K =1[0; 1. Consideremos para cadd > 0 la funcbn

w(x)= 1 min 1"log Iog:—e x12 H2(R):

Entonces, para" su cientemente pequenou- es la funcon trilineal de nida por u-, (0;0;0) =
u+ (0;1;0) = u+ (0;0;1) = u+ (0;1;1) = u~ (1,0,0) =0, u~ (1;,1,0) = u (1;01) =1y
u- (1;;1)=1 "log |ng_e§ . Notemos queu-; (1;1;1)! 21if"! 0. Tamben, % % 1
para casi todo punto cuando” ! 0. Por lo tanto, se sigue acilmente que

Z 2

. @—@X(u-- u- ) dx9 0

mientras 7 7

) r %22 dx = K\jr w-j2dx! 0
CoOMo queramos.

En vista de estos resultados, una pregunta natural es si es pible obtener estimaciones
optimas como (5) y (6) \alidas uniformemente para elementos anisotopicos para otras
interpolaciones y para funciones nmas singulares. En estaiceccon, R. Duan [20] introdujo
un operador de interpolacon de promedios para el cual obtuo estimaciones de error \alidas



para mallas anisotopicas. Dicha interpolacon est de nida ain para funciones no conti-
nuas, como por ejemplo, funciones eil 1() para un dominio en dos o tres dimensiones.
En el Captulo 2 de esta tesis probamos estimaciones de errgara una interpolacon de
promedios araloga a la de nida por Duan. Nuestras estimaciones extienden resultados
previamente conocidos en los siguientes aspectos:

Primero, nuestras hiptesis incluyen mallas nas generags que aquellas permitidas en
artculos previos. En [20] se requiere que las mallas searasi-uniformes en cada direccon.
Esta hiptesis fle relajada en [1] pero no lo su ciente para incluir las mallas que aparecen
naturalmente en la aproximacon de capas Imites, las cudes veri can nuestros requerimien-
tos. Para probar nuestras estimaciones de error requerima®lamente que elementos vecinos
tengan medidas comparables en cada direccon, y por lo tam, nuestros resultados son
\alidos para una familia bastante general de mallas anisabpicas.

Segundo, consideramos la aproximacon de funciones que s@ulan en la frontera del
dominio por funciones con la misma propiedad. Este aspectoonfie considerado en los
artculos [1, 20].

Por ultimo, generalizamos las estimaciones de error perntiendo normas nas cbiles
sobre el lado derecho. Esas normas corresponden a espacies3bbolev con un peso que
esh relacionado con la distancia a la frontera.

El uso de normas con peso para disenar mallas apropiadas pala aproximacon de
problemas singulares es un procedimiento bien conocido. Bparticular, en varios artculos
(ver por ejemplo [3, 6, 10, 23]) se obtienen estimaciones defror de interpolacon para
funciones en espacios de Sobolev con peso. Los pesos conafiess en esos trabajos esan
relacionados con la distancia a un punto o a una arista (en elaso tridimensional), en cambio
agu consideraremos pesos relacionados con la distancid laorde.

Nuestro intees en trabajar es esos espacios aparece en lpraximacon de capas Imites.
Para muchos problemas singularmente perturbados es posilprobar que la solucon tiene
primeras y segundas derivadas acotadas, uniformemente mscto del paametro de pertur-
bacon, en apropiadas normas de Sobolev con pesos. Por ejpio, seau 2 H([0;1]) la
solucbn de la ecuacbn

"u%% p(x)u’+ c(x)u=f en (0;1) (7)

donde b, ¢, y f son funciones regulares de nidas en [A], y " 2 (0;1] es un paametro
positivo pequeno. Si existe una constantéy tal que b(x) < bg < 0 entoncesu presenta, en



general, una capa Imite de tipo exponencial cerca de< = 0. Es f&cil probar (ver Seccon
1.1) que

1
k %o r0- i+ =
X UKgo1 ©C Si >

3
kx u%%g0yy C  if + -
X U 0;[0:1] | >

con la constante C independiente de". En el Captulo 1 usamos esas estimaciones para

probar el siguiente resultado. Searh; < 1 paametros positivos, y consideremos la grilla
fxjg de nida por xg =0, X3 = h%, Xi+1 = Xj+ hx; fori =1;:::N 1dondeN 1les
el primer entero tal quexy 1+ hxy ; 1,y nalmente rede nimos xy =1. Sea ula
intrpolacon de Lagrange seccionalmente lineal deu asociada con la grilla recen de nida.

Entonces, si =1 ﬁ_f tenemos las siguientes estimaciones del error de interpaen (ver

Teorema 1.3.1)

ki Ukopy Chlogs y  "iku  Wkopy Ch

donde C es una constante dependiente de los datds cy f, pero que es independiente déa
y ". Siendo, por otro lado, que puede probarse que

1 1
h C—logN log+
N 95
obtenemos la estimacon casioptima (con respecto al rumero de nodos) de error
1 1
ku  uke Cy logN log® = (8)

en la norma de la energak k- de nida por kvk? = kvk o, + "kv&Go.q;.

estimacon de arriba es casioptima porque para un problema regular, por ejemplo cuando

Decimos que la

" =1,y para una grilla casi-uniforme con N nodos puede probarse que
1. . )
ku  ukyoq CWJUJZ;[O;l]-

.. n 3
Debemos remarcar que, en general, en nuestro caso tenemjog,.(o.1 2, y entonces,
usando esta estimacon, se obtiene la siguiente acotaan del error de interpolacon en la
norma de la energa (ver Seccon 1.1)

1
K ke C— =
u u N N



gue no es adecuada en la pactica, pues Si es pequefo se necesita tomad demasiado
grande para alcanzar una cierta tolerancia de error.

Para problemas en mas dimensiones necesitamos usar otra ggximacon, una interpo-
lacon de promedios, para obtener estimaciones de error easpacios de Sobolev con pesos.
Adensas, tal operador de interpolacon est de nido tamb &n para funciones para las cuales
no est de nida la interpolacbn de Lagrange.

Para el problema mencionado aqu no hemos obtenido una estiacon como (8) con

u reemplazado por la solucon discretau, por elementos nitos continuos seccionalmente
lineales. Sin embargo, algunos experimentos nunericos schacen pensar que tal estimacon
puede ser \alida. Por otro lado, para un problema de reacan-difuson podemos efectiva-
mente obtener tal estimacon.

Como observamos al comienzo de esta Introduccbn, necesiinos conocer estimaciones
a priori para la solucon, y la ubicacon de sus singularidades paa disenar las mallas como
hicimos mas arriba. Sin embargo, es bien sabido, que existemuchos netodos para proble-
mas singularmente perturbados que permanecen establesrasi se usan mallas que no son
localmente re nadas. Esas cnicas son conociadas como etodos estabilizados. En esta
Tesis proponemos una de estas ecnicas para resolver un grtema de intees en semiconduc-
tores. Mas precisamente, dada una funcon continua de nida sobre un dominio poligonal

R? consideramos la aproximacon del siguiente problema

dv("rur u) = f en
u = g sobre p
("rur u) n = 0 sobre y:
Para" 1 la solucon puede exibir capas Imite o internas. Introduciendo la variable
=ue * 9)
reescribimos el problema como
div("e"r ) = f en
= sobre p (10)
L@
"e"— = 0 sobre
@n N



con = ge ™. Esta formulacbon del problema es conveniente para la apreimacon por
elementos nitos. En tal caso, llegaramos a un sistema lireal para la aproximacon  de
como

M h=b:

El coe ciente "e™ en el lado izquierdo de la primera Inea de (10), puede ser umfuente de

problemas nurrericos al construir la matriz 1. Por esta raon, y siendo que estamos intere-
sados en obtener una aproximacon deu, efectuamos, a nivel matricial, una transformacon

discretaup, = R( p), obteniendo entonces la forma deseable

Mup = b:

Este procedimiento es conocido como estabilizacon de tip Exponential Fitting y referimos
a [13] para un extenso estudio del tema. En dicho artculo, s autores analizan diferentes
aproximaciones por elementos nitos de (10) como elementosiitos o volumenes nitos
mixtos. En esta Tesis analizamos un netodo de Galerkin disontinuo, mas precisamente,
una modi cacon del netodo de Interior Penalty introduci do en [7]. Se sigue de nuestra
discuson en la Seccon 4.2 que el netodo de Interior Pendty no es conveniente para ser
combinado con la estabilizacon de tipo exponential ttin g en la formulacon mixta, por
lo cual necesitamos introducir algunas modi caciones. Preentamos algunos experimentos
nurnericos (ver la Seccon 4.4) donde se puede observar lafectividad del esquema estabi-
lizado propuesto para capturar capas Imites e internas s producir oscilaciones espurias.

El Captulo 1 trata sobre estimaciones de interpolacon para la solucon de problemas
de conveccon-difuson singularmente perturbados en unadimenson. Trabajamos all con
la interpolacon de Lagrange, y obtenemos estimaciones derror casioptimas sobre grillas
convenientemente graduadas, como las mencionadas arriba.

En el Captulo 2 introducimos un operador de interpolaco n de promedios de nido sobre
funciones no demasiado suaves y probamos estimaciones deoeen normas de Sobolev con
peso. Tambéen consideramos la aproximacon de funcionesjue se anulan en el borde por
funciones con la misma propiedad.

En el Captulo 3, como una aplicacon de los resultados obenidos en el Captulo previo,
presentamos algunos ejemplos y experimentos nunericos d#iferentes ecuaciones singular-
mente perturbadas. Para un problema de reaccon difusonen dos dimensiones probamos
estimaciones casioptimas del error de aproximacon de lasolucon por elementos nitos si
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se usa una malla graduada adecuada. Consideramos també&muproblema de conveccon-
difuson en dos dimensiones, para el cual presentamos algos ejemplos nunericos que nos
permiten conjeturar que es posible obtener aproximacionepor elementos nitos chsicos
(sin necesidad de estabilizacon) si las mallas se disenadecuadamente. Finalmente, estu-
diamos un problema de cuarto orden tambéen singularmente grturbado, que es considerado
tamben en [33], donde los autores proponen un netodo no coforme de elementos nitos ro-
busto. Aqu proponemos un esquema de elementos nitos difieente basado en el recangulo
de Adini y probamos que si se usan mallas casi-uniformes, emtoes se alcanza el mismo
orden de convergencia que el obtenido en [33]. Desples dasevidencia nurrerica de que
se pueden obtener mejores aproximaciones si tal metodo ddeanentos nitos es usado sobre
mallas graduadas.

En el Captulo 4, consideramos de nuevo la aproximacon deproblemas singularmente
perturbados, pero seguimos una Inea diferente. Buscamasetodos de elementos nitos que
permanezcan estables ain usando mallas que no son localnterre nadas. Introducimos
un netodo de Galerkin Discontinuo con estabilizacon de tipo Exponential Fitting. Pre-
sentamos algunos ejemplos nurrericos, y nalmente, siguiedo las ecnicas introducidas en
[8] analizamos las propiedades de convergencia del netodite elementos discontinuos (sin
estabilizacon) considerado aqu.

Usaremos las siguientes notaciones y de niciones generaleDado un dominio R"
y un entero positivo k, H¥() denota el espacio de Sobolev de funciones er.2() cuyas
derivadas de ordenes menores o iguales giepertenecen al espacid.?(). Denotamos por
k ko lanormaL?,y lanorma de una funcon v 2 H¥() est dada por

X Dy
kvkg = @é—x ;
ik 0;
donde, para un multi-ndice = ( 1;:::; np)ponemosj j= 1+:iii+ pYX = XtIiiXp".
En HK() tamben consideramos la seminorma
L2
X i
g = 2
ji=k 0;

A veces usaremos tamben la notaconD para la derivada %('. Si no da lugar a confuson,
omitiremos el subndice en las notaciones de arriba. La clausura enH () del subespacio
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C4 () de todas las funciones in nitamente diferenciables con soporte compacto contenido
en es denotada por H'g(). Si  es un dominio Lipschitz, se tiene

N 0
HS()= v2HKX(): Dv Osobre@;si0Oj j k 1

El conjunto CX() es el espacio de funciones continuas en cuyas derivadasieordenes
menores o iguales qué existen y son tamben continuas, y ponemosC() = C°().

Una triangulacon T de un dominio R" es una coleccon de un rumero nito de sub-
conjuntos K, llamados elementos nitos, de tal manera que las siguienes propiedades
se veriquen: (i) = [ kot K, (ii) Para cada K 2 T, el conjunto K es cerrado y el interior

K es no vaco, (iii) Para cada par de elementos distintoskK ;K2 2 T, se tieneK ;|\ K, = ;,
(iv) Para cada K 2 T, el borde @Kes Lipschitz continuo.

El espacio de polinomios de grado menor o igual quk es denotado porPyx. Adensas,
denotamos porQ; el espacio de funciones bilineales (en el caso bidimensidna trilineales
(en el caso tridimensional).

En toda la Tesis la letra C indicaa una constante, pero no necesariamente la misma
en las distintas apariciones. La constanteC sema siempre independiente del paametro de
perturbacon y de las mallas (es decir, independiente dée' y h).



Introduction

In this Thesis we develop and analyze nite element methods dr stationary singularly
perturbed problems such as reaction-di usion or convectiondi usion problems. It is known
that standard discretization techniques do not give good ajproximations to the solution of
this kind of problems when the perturbation parameter is smdl because of the presence
of boundary or internal layers. The results of this Thesis ae related with robust methods
that work for all the values of the singular perturbation par ameter. Basically we study two
nite elements techniques in order to obtain this kind of methods. One of them is based on
suitable mesh re nement in accordance witha priori estimates for the solution. Therefore,
for this approach we need some knowledge of the solution anché exact location of their
singularities. The other one deals with a stabilization tedinique known as Exponential
Fitting. In this case we do not need any precise knowledge oftie solution properties.

The rst technique leads us to treat with highly non uniform m eshes such that the mesh
size is much smaller near the singularities or layers than fafrom them. In the case of
boundary layers these meshes contain very narrow or anisatipic elements.

We obtain new error estimates forQ; (piecewise bilinear in 2d or trilinear in 3d) approx-
imations on meshes containing anisotropic rectangular elaents, i. e., rectangles with sides
of di erent orders. The classic error analysis is based on th so called regularity assumption
which excludes this kind of elements (see for example [12, )7 However, it is now well
known that this assumption is not needed. Indeed, many papes have been written to prove
error estimates under more general conditions. In particudr, for rectangular elements we
refer to [1, 20, 38] and their references.

We will prove the error estimates for a mean average interp@tion. There are two
reasons to work with this kind of approximation instead of the Lagrange interpolation.
The rst one is to approximate non smooth functions for which the Lagrange interpolation
is not even de ned, in fact this is the reason that motivated the introduction of average

12
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interpolations (see [18]). On the other hand, it has alreadybeen observed that, in the
three dimensional case, average interpolations have betteapproximation properties than
the Lagrange interpolation even for smooth functions when @arrow elements are used (see
[1, 20)).

In order to motivate the principal results of this Thesis, here we consider the following
example. We refer to the end of this Introduction for generalnotations and de nitions. In
what follows, the letter C will denote a constant which may be not the same in diferent
occurrences, but it will be always independent of the functon u and of the meshes. Let

R? be a polygonal domain andu 2 H?() be the solution of a general second order
elliptic equation, whose weak formulation is given by: Findu 2 V such that

a(u;v) =(F;v) 8v2V

whereV is a subspace oH1(), F 2 L?()and ais a continuous and coercive bilinear form.
Given a family of triangular (or rectangular) meshes Ty, with h = maxfdiam K; K 2 Tyqg,
let u, be the conforming piecewise linear (or bilinear) nite element approximation of u
associated withT,. By Cea's lemma we know that

ju upjr;  Cju s

where C depends only on the bilinear forma, and u; 2 V is some continuous piecewise
linear (or bilinear) approximation of u, for example an interpolation. Then, in order to
prove the convergence of the method wheh ! 0 we should boundju u;j;. . If the family
of meshesTy, is regular, that is

h—K C 8K 2Th;h> 0 Q)
K

where hx and k are the outer and inner diameters of the elementk, and if u; is the
piecewise linear (or bilinear) Lagrange interpolation ofu, then it holds (see for example
[17])

ju uj;  Chjujy
which implies the convergence. In the case of rectangular ns@es, the condition (1) implies
that there exist constants C; and C, such that

hy.
Ci hl—K C, 8K 2Tuh>O0: )
2:K
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(hik is the length of K on thei direction). But, it is known that the regularity assumption
(1) is not needed in order to have the error estimates. That hae been studied, for example,
by Apel and Dobrowolski [4], Babuska and Aziz [9], Jamet [25] Krzek [28], in the case of
triangular meshes, and by Jamet [25] and Al Shenk [38] in the @se of rectangular meshes.
In the rst case, the regularity assumption can be replaced ly a \maximum angle condition”
(angles bounded away from ). For rectangular elements we can proceed as follows. Lé
be a reference rectangular element and consider a functioh 2 H2(K). Let p 2 P; be such
that

Q f p Cr @

@x 0 @% o
(p can be taken as the averaged Taylor polynomial of degree 1, sdor example [11]). And
now, let f; 2 Q1 be the piecewise bilinear Lagrange interpolation of on K. Then we have

o ) N o P L o=@ ) "

So, it is enough to estimatek@—%(p fi)kop. Setv=p f; 2Qy, itis easy to see that
(see Figure 3)

@%V L IVE VAP O V(O
K

Figure 3: A reference element.

We have

VB v(A) = i0pB) T(B)  (p(A) T (A)]
@
%@—)ﬁ(p f)ds
@ @f

C —(p f o=
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where we have used the trace inequality
kwkos —Ckwk,.,  8w2 HY(K): (3)

Analogously we boundjv(D) v(C)j, and so we obtain

@ of
—(f f — 4
ax M o Crax o (4)

Note that the derivative % does not appear in the right hand side. This fact is important,

because in this case, iK is a rectangle with lengthsh; and h, (see Figure 4), by a change of
variables we easily obtain from (4) for the solutionu of the problem that we are considering

( )
@ @u @u
— C hy — h, —— 5
ax ", L @F ok P @x@x o ©)
(uy is now the bilinear interpolant of u on K. Clearly, we can also obtain
( )
@ @u @u
— C h h, — : 6
ax ", L @x@x o 7 @F ox ©)

h,

Figure 4: A generic element.

The previous two inequalities imply the convergence of the nite element method, even
if the meshesT,, contain strongly narrow elements, that is, when the condition (2) is not
veri ed.

The situation is dierent if is a domain in R3. Now the mesh T, is made of 3d-
rectangles. We can not repeat the argument because the tracmequality (3) is not true
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if K is a parallelepiped in R® and S is one of its edges. Indeed, leK = [0;1]® and
S=[0;1] f Og f Ogbe an edge oK, and for each" > 0 consider the function

w-(x) =min  1:" log |og:—e 2 HL(R):

with r = P x3 + x3. It follows that w.js 1, and thenkw-kgs = 1, but, on the other hand,
sincew- & 0 a.e. for" ! 0 we havekw- ko;K I 0, and
z z, -
jr wej2dx C"2 . rt log drt O

that is, kw- km I 0, showing that the trace inequality (3) does not hold forK  R3. This
example is a trivial modi cation of the one given by Apel and Dobrowolski [4] to show that,
in fact, the corresponding inequality analogous to (4) doesiot hold true if K is replaced by
the unit 3-simplex ;. As we now show, the same example works fof = [0;1]3. Consider
for each" > 0 the function

u-(x)= 1 min 1;"log Iogr6 x1 2 H3(K):

Then u-, is the bilinear function de ned by u- (0;0;0) = u~ (0;1;0) = u+ (0;0;1) =
u+ (0;41) = u+ (1;06,0) = 0, u(1;0) = u~(1;0;1) =1 and u+ (1;51) =1
p

"log Iog?E for " small enough . Note thatu- (1;1;1) ! 1if" ! 0. Also, % % 1
a.e. for"! 0. Then, it follows easily that
Z 2
@
—(u~ u- dx9 0
¢ @x ")
while Z Z

@u ? : 5
r — dx= rwjcdx! O
g @x K‘J :

as we wanted.

In view of these results, a natural question is whether or notoptimal order estimates
like (5) and (6) are valid uniformly for narrow elements for other interpolations and more
singular functions. In this direction, R. Duan [20] has introduced an average interpolation
operator for which he has obtained error estimates for narrev elements. This average
interpolation is de ned even for non-continuous functions, for example, for functions in
H () with a two or three dimensional domain . In Chapter 2 we wi |l prove error estimates
for an average interpolation analogous to the one de ned by Mian. Our estimates extend
previously known results in several aspects:
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First, our assumptions include more general meshes than thse allowed in the previous
papers. Indeed, in [20] it was required that the meshes wereugsiuniform in each direction.
This requirement was relaxed in [1] but not enough to includethe meshes that arise naturally
in the approximation of boundary layers, which will be included under our assumptions. To
prove our error estimates we require only that neighboring éements are of comparable size
and so, our results are valid for a rather general family of aisotropic meshes.

Second, we consider the approximation of functions vanisinig on the boundary by nite
element functions with the same property. This is a non trivial point that was not considered
in the above mentioned references.

Finally, we generalize the error estimates allowing weakenorms on the right hand side.
These norms are weighted Sobolev norms where the weights arelated with the distance
to the boundary.

The use of weighted norms to design appropriate meshes in mé element approximations
of singular problems is a well known procedure. In particula, error estimates for functions in
weighted Sobolev spaces have been obtained in several wolfsge for example [3, 6, 10, 23]).
In those works, the weights considered are related with the tance to a point or an edge
(in the 3d case), instead here we consider weights related thi the distance to the boundary.

Our interest of working with these norms arises in the approxmation of boundary layers.
Indeed, for many singularly perturbed problems it is possilte to prove that the solution has
rst and second derivatives which are bounded, uniformly in the perturbation parameter,
in appropriate weighted Sobolev norms. For example, letu 2 H3([0; 1]) be the solution of
the equation

"u%% p(x)u+ c(x)u=f in (0;1) (7)

where b, ¢, and f are regular functions de ned on [Q 1], and " 2 (0;1] is a small positive
parameter. If there exist a constant by such that b(x) < bg < 0 then u present in general
an exponential boundary layer nearx = 0. It can be proved (see Section 1.1) that

1
" kx u%q 0. C if  + = 0
X UKo [0;1] | >
and
3
" kx uU%gi0n C if  + = 0
X U 0;[0:1] | > ;

with the constant C independent of". In Chapter 1 we use these estimates to prove the
following result. Let h; < 1 be positive parameters, and consider the grid x;g de ned by
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Xo =0, X1 = h%, Xi+1 = Xj+ hx; fori =1;:::N 1 whereN 1 is the rst number
such that xy 1+ hxy ; 1, and nally redene xy =1. Let u be the piecewise linear
Lagrange interpolation of u associated with the grid just de ned. Thenif =1 ﬁg we
have the following interpolation error estimates (see Thecem 1.3.1)

ku UKo ChlogE and  "¥k(u ko1 Ch

where C is a constant depending on the datab;cand f , but independent of h and ". Since
it can be proved that
1 1
h CW logN log

we obtain the almost optimal (with respect to the number of nodes) interpolation estimate
1 1
ku  ukspy  CrylogN log? ; (8)

in the norm k k- de ned by kvk? = kvk3+ "kv%3 (this norm is related with the energy). We
say that the above estimate is almost optimal because for a gular problem, for example
when" =1, and for a quasi-uniform grid with N nodes it can be proved that

1. .
ku  ukyo CWJUJZ;[O;l]:

It must be remarked that in our case, in general, we havguj, 0.1 " g, and then, using
this fact, the following interpolation error estimate for t he energy norm follows (see Section
1.1)

1

1 " § n l
"
ku uk C N N 2 +

which, in practice, implies that a large N will be needed to obtain an acceptable approxi-
mation when " is small.

For problems in more space dimensions we need to use anothgp@oximation, a mean
average interpolation, in order to obtain error estimates n weighted Sobolev spaces. Fur-
thermore, that interpolation operator will be de ned even for functions for which the La-
grange interpolation is not de ned.

For the equation considered here we are not able obtain an esnate like (8) with u
replaced by the continuous piecewise linear nite element slution u,. However, some
numerical experiments move us to think that such an estimatecould hold true. By the
other hand, for a reaction-di usion problem we obtain the desred approximation error
estimate.
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As we remark at the beginning of this Introduction, we need krow a priori estimates
for the solution, and the location of its singularities in order to design the family of meshes
just described. However, as it is now well known, there existmany methods for singularly
perturbed problems that remain stable even if meshes that a& not locally re ned are used.
These techniques are known as stabilized methods. We propesne of them in this Thesis
to solve a problem of interest in the modelling of semicondutors. More precisely, given a
continuous function de ned on a polygonal domain R? we consider the approximation
of the solution of the following problem

div("rur u) = f in
u = g on p
"rur u)n = 0 on y:
For " 1 the solution can exhibit internal and boundary layers. Introducing the variable
=ue " (9
we can rewrite the problem as
div("e™r ) = f in
= on p (10)
L@
"em— = 0 on
@n N
with = ge =. This is a convenient formulation of the problem in order to approximate it

by a nite element method. Doing that, we arrive at a linear system for the approximation
h of like

M thZ

Notice that the coe cient "e™ in the left hand side of the rst line of (10), may be a source
of numerical problems when the matrix 1 is constructed. For this reason, and since we
are interested in obtaining an approximation of u, we will perform, at the matrix level, a
discrete inverse transformationu, = R( ), obtaining the desirable form

Mup = b:

This procedure is known as Exponential Fitting Stabilization and we refer to [13] for an
extensive study on the subject. In that article, the authors analyze di erent nite element



20

approximations of (10) like mixed nite elements and nite v olume methods. In this Thesis
we will consider a Discontinuous Galerkin method, more preisely, a modi cation of the
Interior Penalty method introduced in [7]. As follows by our discussion in Section 4.2
the Interior Penalty method is not suited for exponential t ting stabilization in the mixed
formulation, and then we need to introduce some modi catiors. We present some numerical
experiments (see Section 4.4) where it can be observed the ectiveness of the stabilized

scheme in capturing internal and boundary layers without ary spurious oscillations.

In Chapter 1 we deal with the interpolation error estimates for the solution of singularly
perturbed one dimensional convection di usion problems. We work there with the Lagrange
interpolation, and we obtain quasi-optimal error estimates on suitably graded grids, like
those mentioned above.

In Chapter 2 we introduce a mean average interpolation opertor de ned on functions
that are not too smooth and we prove error estimates in weightd Sobolev norms. We also
consider the approximation of functions vanishing on the baindary by functions with the
same property.

In Chapter 3, as an application of the results obtained in the previous Chapter, we
present some examples and numerical tests of di erent sindarly perturbed equations. For a
two dimensional reaction-di usion equation we prove guasi-g@timal approximation error for
the nite element solution if the mesh is suitably graded. We also study a two dimensional
convection-di usion problem, and we present some numericabxamples which allows us to
conjecture that adequate approximations by the standard nite element method (without
any stabilization) can be obtained if graded meshes are used-inally we consider a fourth
order singularly perturbed problem, for which a robust nit e element method is proposed in
[33]. We propose here a di erent nite element based on the Adhi's rectangle and we prove
that if quasi-uniform meshes are used, the convergence ordebtained in [33] is recovered.
We show, only by numerical experiments, that better approximations are obtained using
that nite element method on graded meshes.

In Chapter 4, we consider again the approximation of singulay perturbed problems,
but we follow a di erent approach. We seek nite element methods that remain stable even
using meshes that are not locally re ned. We introduce a Disontinuous Galerkin method
with stabilization of Exponential Fitting type. We present some numerical examples, and
nally, following the techniques introduced in [8] we analyze the convergence properties of
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the DG method (without stabilization) considered.

We use the following general notations and de nitions. Given a domain R" and a
positive integer k, HK() denotes the Sobolev space of functions inL?() whose derivatives
of order less than or equak belong also toL?(). We denote by k ko, the L2-norm, and
the norm of a function v 2 H¥() is given by

2

X Dy
kvkg = @é—x ;
ik 0
where for a multi-index =( 1;:::; p)wehavej j= 1+ i+ pandx = Xgtiiixgn.
In HK() we also consider the seminorm
L2
X j
g = oY
i =k 0;

Sometimes we also use the notatiold for the derivative % If there is no confusion, we
omit the subindex in the above notations. Also H&() is the closure in HX() of the
subspaceC} () of all in nitely di erentiable functions with compact s  upport contained in
. It follows that if is a Lipschitz domain then

HX() = nvz HX): Dv Oon@;if0 j j k 10

The set C¥() is the space of continuous functions on whose derivativ es of order less
than or equal k exist and they are also continuous, and we se€() = C9().

A triangulation T of a domain R" is a collection of a nite number of subsets
K, called nite elements, in such a way that the following pro perties are satis ed: (i)
= [kear K, (i) for each K 2 T, the setK is closed and the interiorK is non empty,
(iii) for each distinct K1;K22 T one hasK;\ K, = ;, (iv) for each K 2 T, the boundary
@Kis Lipschitz continuous.

The space of polynomials of degree less than or equél is denoted by Py. Also we
denote by Q1 either the space of the bilinear functions (in the two dimengonal case) or the
space of the trilinear functions (in the three dimensional @se).

In all the Thesis letter C will denote a constant, but not necessarily the same in di erent
occurrences. The constantC will be always independent of the perturbation parameter ard
of the meshes (i.e., independent of and h).



Chapter 1

Weighted Error Estimates for the
Lagrange Interpolation

1.1 Introduction

In this Chapter we discuss the numerical approximation of the boundary value problem of
convection-di usion type

"u%% p(x)ul+ c(x)u=f in(0;1
b(x) (X) (0;1) (1.1.1)
ul@@=u(1)=0
whereb, ¢, and f are smooth functions de ned on [Q 1], and " is a small positive parameter.

We also assume that there exist constantdy and g such that

kP
b(x) kp<O; and C > 0> 0:
Problem (1.1.1) has a unique solution. When" 1 that equation becomes singularly

perturbed, indeed, the solutionu shows a boundary layer near the endpointx = O.
The following a priori estimates are known (see Lemma 1.6 in Chapter 1 of [36]).

Lemma 1.1.1. The solution u of Problem (1.1.1) veri es

i . 1

jud(x)j c 1+ - exp boé (1.1.2)
fori=1;2:::.

Let '=[0;1] and V = H}(). We de ne the bilinear form acq:V V! R by
Z,
aca(v;iw) = ("vW+ b + cvw) dx:
0

22
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Then the variational formulation of Problem (1.1.1) is: Find u 2 V such that
Z,
acg(u;v) = fv dx 8v 2 V:
0

In V we will consider the normk k- de ned by
2 _ Q.2 2 .
kvk? = kv n+ kvk?

The bilinear form agq is V-coercive uniformly in " (with the energy norm), i. e.
acg(V;v)  Ckvk? for all v 2 V, with C independent of". Unfortunately, it is not con-

tinuous uniformly in ", because we only havgacq(v;w)j C" > kvk- kwke .
Givenagrid 0 = Xg<X1 < <xnN =1, let be its associated Lagrange interpolation
operator on the piecewise linear functions (see Section 1.3 If the grid is quasi-uniform,

that is, there exist positive constantsc; ¢, such that

1 1
Clﬁ Xi  Xj 1 CZHJ

it follows from standard error estimates [17] that
1. . 9 1. .
kv Lo ijij;r\, k(v V) K CWMZ:F

for the interpolation error. If u is the solution of Problem (1.1.1), it results from estimates
(1.1.2) that jujz:p c" %, and then we have

1 1 3
ki k» = v a4 1o 1.1.
u u CN N 2 (2.12.3)

As we can see, this estimate is not good whefi & 0. We are interested in obtaining
inequalities like (1.1.3), but with a better dependence on" in the right hand side. Indeed,
we will design a family of grids on which we have the estimate

1

1
ku Uk" CW |0g e

We will do that using the following weighted a priori estimates for the solutionu which are
immediate consequences of the Lemma 1.1.1.

Proposition 1.1.2. Let > 0. If (H1) holds and if and are non negative numbers
with o and

.1
+ i =
2
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for the positive integeri, then the solution u of Problem (1.1.1) satis es

" kx uky C (1.1.4)

with the constant C independent of ; and".

Proof. Using the inequalities (1.1.2), we have

- 21 1 x 2
"2 kx uVk3 C"2  x* 1+ -exp by  dx
0
Z 1 Z 1 X
C"2  x®dx+C"?  x* exp 2p; dx
0 0
— "2 l|2( + I)Zl X 2 2 X d
= c_2 +1+C . exp 2y, dx
2 Z1
— + n2( + i)+1 2
Co—7+C , Y exp () dy
"2 2( i)+1 Z 1 2
+ n + 1)+
C2 1 . y“ exp (2y) dy
"2
= C + CIIZ( + i)+1A
2 +1 )
1+A()

whenever 0, Oy2( + i)+1 0. Therefore, we obtain the inequality (1.1.4)
with C=1+maxg JA( )< 1. O

The following particular cases of the last Proposition will be used later on:

"kx uk% C  ifoO 1; o, + % (1.1.5)
"kx u’kg C  ifO 1; 0; + g: (1.1.6)
1.2 Weighted inequalities for the local interpolation error
Let | = [a;b be an interval of the real line. For eachu 2 H(l1) we de ne the linear
interpolant u; 2 P 1(1) which veries u, (a) = u(a) and u, (b) = u(b).
Proposition 1.2.1.  For < 3 we have
ku U ko jlit k(x a) ukoy: (1.2.1)

1 2
where C is independent of the functionu and of the interval | .
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Proof. First we consider the particular casel = ' := [0;1]. We have (u up)(©) = (u

up)(1) = 0 and then it follows
Z X

(U up(x)= O(u up) Ay)dy:

Having in mind that < % and using the Cauchy-Schwarz inequality we have

Zl
ju up)(x)j j(u  updy)jdy
v
= Y y i(u  up)%y)idy

Y 2 dy i y2 i(u  up)qy)j’dy

[

1 2
= 13 ky (u up)kep

Therefore, we have

1
ku upkyp = Tk (U upkyp
1
ST S Uk + kx Ufkop (1.2.2)
Taking into account that
up(x) = u(0) + x (u(1) u(0))

we obtain
udx) = u() u()
Z
1
= uly)dy:
0
Then
01,2 1 z ! ?
kx Uk = T udy)dy (1.2.3)
Now, using again the Cauchy-Schwarz inequality, we have
z 1 1
) uly)dy JX X juy)idy
Z, 1z, 1
x 2 x2 juYx)j2dx
0 0
1 2
= —  kx ukgp
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whenever < % Then, from equation (1.2.3) we arrive at

1

CH Y u%kq. (1.2.4)

0
kx upko;p

Inserting (1.2.4) in (1.2.2) it follows that

|

) !
1 2

kx u(ko;p+ 5 kx u(ko;p

N[

1
1 2

ku Ur\ko;r\
1 2)2+1
1 2)

Tk ukg (1.25)

kx u%kq.p

as we wanted to prove. Inthe general case, ldt =[a; b, u 2 H1(1) and u; be the interpolant
of u. Considerthemap : I'! 1, givenby (“x) = a+%(b a), and, for a function v de ne
¢=v . Then ( u =l and then the following identities hold

Zy Zy
(@ (HA)?dr = = ((u u)(x)?dx (1.2.6)
0 JIJ a
Z, Zy
22 joqR)jcdr = jIjit 2 (x  a)? julx)jldx: (1.2.7)
0 a
Inserting (1.2.6) and (1.2.7) in (1.2.5) we obtain the inequality (1.2.1) O

Remark 1.2.1 The following example shows that an estimate as (1.2.1) is ridrue for > %:
Consider the sequence of functions

nx ifo x 1
Un(X) = _ n
1 ifi<x 1
Then
z, 5y
kup U pKop! (1 x)2dx = Py
T 0
hile
whi 7. )
0 — " 2y2 — 12
kx unko.p . n“x< dx > 1" 0
for > 3.
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In the proof of the next Lemma we will make use of the followinginequality which is

known as \Hardy inequality” (see, for example, [31]): Thereexists a constantC such that

v(X)
Ckvko:o:
x(x 1) o0;1] Voo
for all v 2 H3([0; 1]).
R
Lemma 1.2.2. LetO 1. If u2 HY(l) and ,u=0 then it holds

kukyr  Ckx u%kyp:
The constant C is independent of and u.

Proof. Let v:['! R dened by
Z X

v(x) = . u(y)dy:
Then v solves the problem
V0= u; in(0;1);  v(0)= v(1)=0;

besides
kvkyiy  Ckukgp:
Therefore
Z,
_ u(x)?dx
, Zol
= u(x)v9(x)dx
oZl
= udx)v(x)dx
7 0
Tov(x)

= X 1)x(x 1)uYx)dx

=
c
=
SN
=
|

D) o;FkX(X Dukgp

Ckukg, pkxu (ko;p

(1.2.8)

(1.2.9)

where we have used the Hardy inequality, which holds since(0) = v(1) = 0, to obtain

v(X)
X(X 1) gp

Ckv(ko;p = Ckukq,p:
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Thus we have proved
kukor  Ckxu%kop k x u%kgp
forany O 1. O

R
If v2 H2(I), then (v vp)°2 H(I") and we have (v v;)°=0. Then we obtain the
following

Corollary 1.2.3. Let 0 1. If v2 HZ(") then
k(v v %  Ckx v (1.2.10)
The constant C is independent of and v.

Remark 1.2.2 The classical proofs of estimates like (1.2.10) use compawss arguments.
For example, we can prove the inequality
k(v vp%op  CkvoRop
as follows [17, 35]: The linear operator™: H2() ! HY(); v = Vp, Is continuous (since
HYY) co), anditveries T p)= pforall p2 Py(l). Then we have
k(v "W%,p Ckv+ pkyn  8p2Py():

Now, using that H 1((") is compactly embedded inL2(") (and soH2(I") H(") compactly)
it follows that

2ipnf(p) kv+ pkyoy  CkvORgp 8V 2 H¥(I)
PP 1

and then we obtain the desired inequality. This argument cannot be used to prove (1.2.10),
at least for =1, because the inclusion

HY(0) LA

is not compact. HereH 54(1") is de ned by

n 0]
HE() = v2 L3N :kavkgpe< 1 5 kvk? vy = kvke. o+ kxv G o
Indeed, forn 2 N consider the functions
8
: 1
3 nx ifo x 5
Un(x) = 5 2 nx if: x 2
0 if % x 1
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and let wo = P Au,. Then kwy kalzd(m = D 4f HEA(N) L2 is compact, then there
exists a subsequencev,, , and w 2 L2(1") such that Wn, ! win L2() if k11 . Since
Wn(x) ! O forall x 2 I'we havew 0. But kWnkS;r\ = % and then we arrive at a
contradiction. In the following Section, we will use the esimates (1.2.10) for < 1, but it

will be important to have a constant in the right hand side independent of .

Now, we obtain an estimate of thej j; seminorm of the interpolation error as a simple
consequence of the previous Corollary.

Proposition 1.2.4. LetO land!| =[a;b. If u2 H?(l) then
k(u u)%o Cjljt k(x a) u%g,:

Proof. As in the proof of Proposition 1.2.1 let : ['! | be the map de ned by (") =
a+%(b a), and, for a function v, considerv*= v . Then ( u; }*= % and the following
identities hold
Z, Zy
@ (W)HIR) *dr i (u u)¥x))2dx (1.2.11)
Z, Tz,
22 j0%%)j%dg ilie 2 (x a)? jux)j%dx: (1.2.12)
0

a

Now, the Proposition follows from Corollary 1.2.3 and equatons (1.2.11) and (1.2.12). O

1.3 Estimates for the global interpolation error

Let Xo =0 <x1<::<Xpyn =1beameshonl', and dene I; = [Xi 1;%i];i =1;:5N.
Then for each function u 2 H2(I") we can de ne the piecewise linear function u such that
u(xj) = u(x;);i=0;:;N.
Now, we want to obtain an uniform (or almost uniform) estimat e, in the parameter",
of the interpolation error ku uk-, being u the solution of Problem (1.1.1).
We will do it for a particular class of meshes, which will be dsigned taking into account
the local interpolation error estimates established in theprevious Section. We begin with

the L2 part of the error. Let < 3 and be nonnegative real numbers. Then by the
2
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Proposition 1.2.1 we have
ku ukj, = ku  ukg, (1.3.1)

" 2 C 22w kx %2 X 1 i2ku%e2, -
m]lﬂ X uKg, + C  Jlijokukg,;:
i=2

Given a positive parameterh we impose the following restrictions on the selection of the
points x; which de ne the mesh:

1

X1 hT (1.3.2)
Xi+1 Xi+ hx;; i=1;:::N 1 (1.3.3)

with > 0 xed. Under these conditions we obtain from inequality (1.3.1)

X
ku  ukl, "2 (1C—2)2x§ 22 kx ukg,, + ch?  kx u%kj,,
i=2
nw 2 C 2n2 2 n 2 2)(\| n2 2
mh kx ukg,, + C" 2 h kx u%g,.
=2
C" 2 max 1;m h2"2 kx u(kg;p: (1.3.4)
Now, we take
F— 1 — 1 -
2 log &’
S0
. 1 1 1
= e and 1 2 - 2Iog,,.

From (1.3.4) it follows that

21

1
ku uk(z);r C max 1;§Iog = h?"2 kx u‘kg;p:

Sinceu is the solution of Problem (1.1.1), the inequality (1.1.5) holds if " is small enough
because, in this case,> O0and + = %;so we have proved that

ku uko;p Chlog } (2.3.5)
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Now, we deal with the remain part of the error, "%k(u

U)o The procedure is
similar. By Proposition 1.2.4 we have for positive numbers and 1

X
"k(u u)fkg;p = " ku w3,

i=1

n 2 leljz 2 nl+2 kX UOQ(ZJ;II +

+C" 2L ku®k,

" (1.3.6)
i=2
Let
1
=1 = —
log =
and so,
" 1 1
= e and =

Now, we add other restrictions to the mesh. We suppose that tke points f x;g satisfy (1.3.2),
(1.3.3) and

X1 hro (1.3.7)
Xi+1 Xi+ hx;; i=1::::N 1 (1.3.8)
Then, it follow from inequality (1.3.6) that
X
"ku wIe,  Ch22 kx u%3, + Ch?T M2 o uORE,
i=2
Ch> 2 kx u%R2 (1.3.9)
Again, for " small enough > 0 and % + + = % and then equation (1.1.6) holds. Then
we arrive at
"zku  wk,p Ch: (1.3.10)
Note that for small "
L1 L HE S
"~ 2 logt 2 1 ’
1 1 1
=1 —5 L —— =log =;
log =

and so, the restrictions (1.3.7) and (1.3.8) imply (1.3.2) ad (1.3.3).
Then we have proved the following Theorem.
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Theorem 1.3.1. Leth > Obe xed. If =1 @ and the nite sequency fxigl,
satis es the conditions (1.3.7) and (1.3.8), then for " small enough we have the following

estimates for the interpolation error

ki Uuky Chlogr and "iku uk,e Ch:

1.4 Concluding remarks

Given a parameterh > 0O, if fxigi’\‘=0 is the graded grid considered in Theorem 1.3.1, we
have the estimate
ku uk- Chlog%: (1.4.1)

Such a grid can be constructed with a numbem of nodes, in such a way that
h CNi logN Iog%

with the constant C independent of h and " (see the proof of Corollary 3.2.5 and the
comments after the Theorem 3.3.4), and then we see that the émate (1.4.1) is almost
optimal with respect to the number of nodes.

We introduce the nite element space

Vh= V2V 1V ,x] 2Pa([Xi uxi])si=1;:0N

and let u, be the nite element approximation of problem (1.1.1), that is, uy 2 V; such
that Z,
acd(un;Vv) = fv dx 8v 2 Vj:
0

This problem has a unique solutionuy, in view of the coerciveness and continuity of the
bilinear form acg. Unfortunately we are not able to obtain an error estimate as(1.4.1) with
up instead of u. Indeed, using the Cea's Lemma, we have

ku unk C" 2ku uk- C" %hlog%

if we use the graded grid. The factor” > that appear in the right hand side is a consequence
of the non-uniform continuity (with respect to the parameter ") of the bilinear form agq. By

some numerical experiments (see Chapter 3) we can conjectarthat the factor " > could
be removed from the estimate.
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In Chapter 3 we will consider the 2-dimensional form of the folowing reaction-di usion

problem
"2000% o(x)u=f in(0;1
(x) (0:1) (1.4.2)
ul@@=u(1)=0
The solution of this problem veri es the a priori estimates
e . 1 1 1
ju(x)j C 1+ —exp s + —exp bp—; X (1.4.3)
fori=1;2;:::. The bilinear form associated with this problem is
Z,
ag(v;w) = ("2v&WO+ cvw) dx;
0
and the energy norm is now de ned by kvk? = "zkv‘kér + kvkg,p. So, for the energy

norm, the form a4 is V-coercive and continuous uniformly in the parameter”. By the
same methods used in the previous sections, we can obtain theterpolation error estimate
(1.4.1), if a graded grid, like those introduced in the prevous Section, is used, and then, by
Cea's Lemma it follows the following almost optimal inequalty

ku upks Ch Iog%

for the nite element solution uy. But, in Chapter 3, we will consider another interpolation
operator, which will allow us to obtain the above estimate ona graded grid performed
independently of ".



Chapter 2

Error Estimates for an Average
Interpolation

2.1 Introduction

In the nite element approximation of functions which have singularities or boundary layers
it is necessary to use highly non uniform meshes such that thenesh size is much smaller
near the singularities than far from them. In the case of boumary layers these meshes
contain very narrow or anisotropic elements.

The goal of this Chapter is to obtain new error estimates forQ; (piecewise bilinear in 2d
or trilinear in 3d) approximations on meshes containing ansotropic rectangular elements, i.
e., rectangles with sides of di erent orders. The classic epr analysis excludes this kind of
elements because it is based on the so called regularity agaption (see for example [12, 17]).
However, it is now well known that this assumption is not needed. Indeed, many papers
have been written to prove error estimates under more genetaconditions. In particular,
for rectangular elements we refer to [1, 20, 38] and their refrences.

We will prove the error estimates for a mean average interp@tion. There are two
reasons to work with this kind of approximation instead of the Lagrange interpolation.
The rst one is to approximate non smooth functions for which the Lagrange interpolation
is not even de ned. On the other hand, it has already been obswed that, in the three
dimensional case, average interpolations have better appximation properties than the
Lagrange interpolation even for smooth functions when narow elements are used (see [1,
20]).

Our estimates extend previous known results in several aspts:

34
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First, our assumptions include more general meshes than thse allowed in the previous
papers. Indeed, in [20] it was required that the meshes wereugsiuniform in each direction.
This requirement was relaxed in [1] but not enough to includethe meshes that arise naturally
in the approximation of boundary layers, which will be included under our assumptions. To
prove our error estimates we require only that neighboring éements are of comparable size
and so, our results are valid for a rather general family of aisotropic meshes.

Second, we generalize the error estimates allowing weakeormms on the right hand side.
These norms are weighted Sobolev norms where the weights arelated with the distance
to the boundary. The interest of working with these norms arise in the approximation
of boundary layers. Indeed, for many singular perturbed prdlems it is possible to prove
that the solution has rst and second derivatives which are bounded, uniformly in the
perturbation parameter, in appropriate weighted Sobolev rorms.

Finally, we consider the approximation of functions vanishting on the boundary by nite
element functions with the same property. This is a non trivial point that was not considered
in the above mentioned references.

Our mean average interpolation is similar to that introduced in [20] but the di erence
is that we de ne it directly on the given mesh instead of usingreference elements. This is
important in order to relax the regularity assumptions on th e elements.

We will prove our estimates for the domain =0 ; 1]d, d=2;3. It will be clear that the
interior estimates derived in Section 2.4 are valid for any @main which can be decomposed
in d-rectangles. However, the extension of our results of Secitin2.5 for interpolations
satisfying Dirichlet boundary conditions to other domains is not straightforward and would
require a further analysis.

To prove the weighted estimates we will use a result of Boas ahStraube [11] which, as
we show, can be derived from the classic Hardy inequality in lyher dimensions.

In Sections 2.2 and 2.3 we construct the mean average interpettion and prove lemmas
that will be useful later on. In Section 2.4, error estimatesfor interior elements are proved.
Section 2.5 deals with the approximation on boundary elemets. Since the proofs of this
section are rather technical we give them in the two dimensioal case. However, it is not
di cult (although very tedious!) to see that our arguments a pply also in three dimensions.
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2.2 An average interpolation. De nitions

In this section we de ne a piecewiseQ; mean average interpolation. The approximation
introduced here is a variant of that considered in [20]. The derence is that we de ne it
directly in the given mesh instead of using a reference one. @Wking in this way we are able
to remove the restrictions used in [1, 20]. In particular, ou results apply for the anisotropic
meshes arising in the approximation of boundary layers.

Let T be a partition into rectangular elements of = (0 ;1)4, d=2;3. We callN the
set of nodes ofT and Nj, the set of interior nodes.

Given an elementR 2 T, let hg; be the length of the side ofR in the direction X;.

We assume that there exists a constant such that, for R;S 2 T neighboring elements,

i 1 i d (2.2.1)

For eachv 2 N we de ne

hyi = minfhg; : v is a vertex of Rg; 1 i d:

p : g the vector (pith; p2p) if d =2 or (p1au; p2tp; pa3) if d = 3. Take R2> c! (RY) with

support in a ball centered at the origin and radiusr 1= and such that =1, and for
v2Ni, let .
Vi X1 V2 X2
V(X) - hv;lhv;2 hv;l ’ hv;2
ifd=2or
X) = 1 Vi xl;vz X2;V3 X3
hv;lhv;Zhv;3 hv;l hv;2 hv;3

if d=3. Given a function u we call P(x;y) its Taylor polynomial of degree 1 at the point
X, namely,

P(y)=ux)+rulx) (y x):
Then, for v 2 N, we introduce the regularized average

Z
uy(y) = P(x;y) v(x)dx: (2.2.2)



37

Figure 2.1: Notation.

Now, givenu 2 H}() we dene  u as the unique piecewise (with respect tol') Q;
function such that, for v2 Nj,, u(v) = uy(v) while u(v) =0 for boundary nodes v.

Introducing the standard basis functions , associated with the nodesv we can write

X
u(x) = uy(V) v(X):
V2N in

For R2T andv 2N we de ne (see Figure 2.1 for the 2d case)

[
R= 1fS2T :S is aneighboring element ofRg

and

[
Ry= fS2T :v is a vertex of Sg:

In our analysis we will also make use of the regularized avegge ofu, namely,

Z
Qu(u) = u(x) v(x)dx
forv2 Nip.

We remark that, sincer 1=, it follows from our assumption (2.2.1) that the support
of (x) is contained in Ry.
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2.3 Preliminary lemmas

Now we prove some weighted estimates which will be useful foour error analysis. For
any set D we call dp (x) the distance of x to the boundary of D. For a d-rectangle R =

f’zl (aj;b) we havedr(x) = minfx; a;b X 11 i dg. For such R we will also
consider the following function

Xi & b X

: 1 i d
hR;i hR;i

r(X) :=min

In what follows we will make use of the Hardy Inequality (1.2.8). We will also need the
following generalization to higher dimensions: IfD is a convex domain andu 2 H3(D) then

u
% L2(D) 2kr UkLZ(D) (231)
(see for example [31]).

The following lemma gives an \anisotropic" version of (2.31). It can be proved by

standard scaling arguments.

Lemma 2.3.1. LetR = id:1 (ai;b) be ad-rectangle andh; = b a&;1 i d. Forall
u2 H(R)
xd
u 2" o 8. 2.3.2)
R L2(R) i=1 @x L2(R)

Another consequence of (2.3.1) is the inequality that we pree in the following lemma.
This inequality was proved for Lipschitz domains by Boas andStraube in [11]. We give
a di erent proof here because we are interested in the deperahce of the constant on the
domain, which is not stated in [11] because the proof given tare is based on compactness

arguments.
Lemma 2.3.2. Let R be ad-rectangle with sides of lengthsh;, 1 i d, such that
1 , and let 2 Co(R) be a function such that ;= 1. Then, there exists a

constant C depending only on and , such that, for all u 2 H(R) with rU =0,

kukLZ(R) deRr ukLZ(R): (233)
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R
Proof. Sincev:=u ( gu) has vanishing mean value, there exist§ 2 H3(R)Y such that

divF = v (2.3.4)

and such that

kF kH(])-(R)Z CkaLZ(R): (235)

Moreover, from the explicit bound for the constant given in [21] it follows that C can be
taken dependinF? only on .

Now, since rU =0, we have from (2.3.4)
Z Z

Kukfzgy = UV = udivF
R R

and therefore, integrating by parts and using (2.3.1) for e@h component of F, we obtain

z
F
kuk? = ru F kdgruk — 2kdgr uk kr Fk
L2(R) . R L2(R) dR L2(R) R L2(R) L2(R)

but,

kvkfomy (1 + JRK KEo(g) kUKD 2

and so, the proof concludes by using (2.3.5) and the fact thathe constant in that estimate
depends only on . O

As a consequence of the previous lemma we obtain the follongnweighted estimates.

Lemma 2.3.3. For v 2 Nj, there exists a constant C depending only on and such that,
for all u2 Hi(Ry),

X u
ku Qu(ukizr,) C  hy; RV@Q (2.3.6)
i=1 X L2(Ry)
and, for all u2 H2(R,),
xd
Qu_u) C @u 2.3.7)

@}( LZ(RV) i=1 v @](@X LZ(RV)
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Proof. Let K, be the image ofR, by the map x ! x with

Vi Xj
hv;i

and, for x 2 Ky, de ne u by u(x) = u(x). Then, Qy(u) = Q(u) where

Xj = 1 i d

y4
QU= u(x) (x)dx:

Now, in view of our assumption (2.2.1), the d-rectangle K satis es the hypothesis of
Lemma 2.3.2 with =2 . Moreover, sincer 1, the support of is contained in K.
Therefore, sinceR(u Q(u)) =0, it follows from Lemma 2.3.2 that there exists a constant
C depending only on and such that

ku Q(U))kLZ(KV) deer UKLZ(KV)
and (2.3.6) follows by going back to the variablex.
To prove (2.3.7), observe thatuy(y) = ug(y) where
z
uo(y) = (u(x)+ r (u)(x) (y x)) (x)dx

and so, since

we obtain from Lemma 2.3.2 that there exists a constantC depending only on and
such that

v @
@i L2(Ky) @i L2(K )

and the proof concludes going back to the variablex. O

2.4 Error estimates for interior elements

In the rest of this Chapter we prove error estimates for the aerage interpolation intro-
duced in the previous sections for functions in some weighte Sobolev spaces. The weights
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considered are powers of the distance to the boundary. As wehew in Chapter 1 for one-
dimensional problems, this kind of weights arise naturallyin problems with boundary layers.
In this Section we estimate the approximation error for interior elements.

We start with the L2 norm. From now on C will be a generic constant which depends
only on and . In view of our hypothesis (2.2.1), hy; and hgr;; are equivalent up to a
constant depending on wheneverv is a vertex of R. We will use this fact repeatedly
without making it explicitly.

Theorem 2.4.1. There exists a constant C depending only on and such that
(i) Forall R2T andu2 H!(R) we have

kK uk_ o)y CKkuk zp,: (2.4.1)

(i) for all R 2T such thatR is not a boundary element andu 2 H1(R) we have

ku UkLz R C hR;' — : (242)
) o ROX
Proof. To prove (i) we write
KR
( Wig = Uy, (Vi) v,
j=1
where f v; gTR are the interior nodes ofR. Then,
| 1
Yoo Zxe
k uk_ery C hR; T (2.4.3)
i=1 j=1

and we have to estimatekuy, k 1 (g for eachj. To simplify notation we write v = v; (and
so the subindexes denote now the components o). We have

z W '
u() v()dx  C  hri KUK o(gy: (2.4.4)
i=1

On the other hand, since , =0 on @R, integration by parts gives
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Z au Z Z @
@((X)(Yi Xj) v(x)dx = u(x) y(x)dx u(x)(yi xi)@x(x)dx

w (2.4.5)
C  hri  kuk

L2(R)

where we have used thafjy; Xijj Chy;i. Thus, (2.4.1) follows from (2.4.3), (2.4.4), (2.4.5)
and the de nition of uy given in (2.2.2).

To prove (ii), choose a node ofR, say vi. SinceQy,(u) is a constant function and R is
not a boundary element, we have Q,,(u) = Qy,(u) on R and so

ku  uk gy ku  Qu(ukizr)+ k( Qu(u) Uk 2R

Cku Qvl(u)kLZ(R)
where we have used (2.4.1). Now, estimate (2.4.2) followsdm (2.4.6) and (2.3.6) (observe
that inequality (2.3.6) remain valid if R, is replaced byR) . O

(2.4.6)

In what follows, we estimate the approximation error for the rst derivatives for interior
elements. We will use tt

Figure 2.2: Notation for Theorem 2.4.2.

Theorem 2.4.2. There exists a constant C depending only on and suchthat, ifR2T
is not a boundary element then, for allu 2 H?(R) we have

@ xd @u

u C hRr:i —_—
) R R@X@}( LZ(R')

—(u jd (2.4.7)
@x L2R) =
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Proof. We will consider the cased = 3;j = 1. Clearly, the other cases are analogous. We
have

u U=(U uV1)+(uV1 U)

and from (2.3.7) we know that k242, ;) is bounded by the right hand side of (2.4.7).

Therefore, we have to estimatek%kg(m. Sincew = uy, u 2 Q1 we have (see
for example [38])

@w_X v
—— = w(vi)  w(v
then,
@w Xt @,
— jw(vi)  W(Vi+a)j : : (2.4.8)
@)_( LZ(R) i=1 ! " @)1 LZ(R)
But, it is easy to see that
1
@ c Mwehvs =, (2.4.9)
@X L2(R) hvi;l
So, we have to estimatgw(v;) w(vi+4)j for1 i 4. We have
W(V1)  W(Vs) = Uys(Vs) Uy, (Vs)
z (2.4.10)
= P(Xvs) vs(x)dx P(X; vs) v, (X)dx:
So, changing variables we obtain
Z
w(vi) w(vs)= [P(vs hy:y;vs) P(vi hy ty;vs)] (y)dy: (2.4.11)

We introduce the notation v; = (vi;vZ;v3). De ne now
=( 1:0,0):= v vi+(hy1 hy1)yi;0,0

and
Fy(t):= P(v1 hy, :y+t; vs):

Then, sincehy, 2 = hyg:2; hy,:3 = hyg:3 and v2 = v2; v3 = v2, we have

P(vs hy :y;vs) P(vi hy, ty;vs) = Fy(1)  Fy(0)
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and replacing in (2.4.11) we obtain
Z Z, Z, Z
w(vi) w(vs) = . FJt) (y)dtdy = , FXt) (y)dy dt
and therefore it is enough to estimate
Z
I(t)y= FJt) (y)dy

forO t 1. But, from the de nition of Fy and P, we have

Z @u
il ()] @—%(vl hy, ty+t) jvi vi+hyayr ta
u i .
@(‘f@é(vl he, ty+1t) jVE Vi+ hyoyo]

@u . o
Gx@yt Mwiyrt) j V& Vi+ hyaysj i (y)dy:

Now, forjyj l1andO t 1, we have
ji=1741 Chy1; JVIE, Vi1 + hyiiyi 1itj  Chygii;

and therefore, since supp() B(0; 1), we have

. z @u ) @u
jrwy C @—%(Vl hy, iy + t) (hy; )+ @)_{@)é(vj' hy, :y+ t) hy;ahy2
@u
+ @X@éwl hy, 1y + t) hyahys (y)dy:

Now, making the change of variablesz = v1 h,, :y+ t and calling

22 [ tvi+tvy] z Vi zz v§

Z = 1 )
(2) (1 t)hy;1+ thyg hy;:2 hy.:3
we obtain 7
TG R Sy W TR S
hy,2hvyis o @x@x
where we have used thathy,.1 C((1 t)hy,:1 + thy,:1). But, since supp B 01,it
follows that supp R. Then, using the Schwarz inequality we obtain
1 X3 @u
jht) C—m—— hy, i —_— —
(o] hvl;zhvl;B i1 Vi R@X@x R
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and from Lemma 2.3.1 we know that

1
— C(hy,;1hy, 2Ny, ;3) 2!
R L2(R)

Finally, using (2.4.9) we obtain

@Vl >@ . @u
@X LZ(R)

jw(vi)  w(vs)j (2.4.12)

Now, to estimate jw(vz) w(Vvg)j we write

W(v2)  W(Ve) = (Uy(V2) Uy, (V2)) (Uy;(Ve) Uys(Ve))
(U (V2) Uy (Ve))  (Uv,(V2) Uy (Ve))  (Uv,(Ve) Uv(Ve)) (2:4.13)
=1 1l I1:

Now we estimatel 1l . We have
@u 11 @u 1 1
| = —(X)(v \Y x)dx and I = —(X)(v \Y x)dx
@)ﬁ( )(Vz  Vg) vi(X) @)ﬁ( J(Vz  Vg) v, (X)

where we have used thatv; v = (v3 V};0;0). After a change of variables in both

integrals we obtain

Z
T %’(vl by, © y) %‘(Vz he, 1Y) (VB vd) (y)dy

and so, dening =(0; 2;0):=(0;v3 vZ (hy,2 hy,2)y2;0)and

Fy(t) = %‘(Vl hvy [y + 1)

and taking into account that hy,.1 = hy,:1 and hy,.3 = hy,.3 we have

zz,
L= Ft)(vz  vg) (y)dtdy
z,°z
= Ft)(vz vg) (y)dy dt
0
z 1
= | (t)dt:
0
Since
@u

FJ(t) = (vi hy,iy+ t) o2

@x@x%
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and fory 2 supp ,jyj 1, we have

o @u . . .
Q) @K@é(zvl hy, Y+ t) j2iv Ve (v)idy
@u . .
Chy,-1hy.,- V hy, :y+ t dy:
v2:1hvy:2 @x@x( 1 hyiy+ t) ] (y)dy

Change now to the variablez=v; hy, :y+ t and de ne

21 vi. 2 [(1 O)vi+tvi] zz V3

Z) = : ;
(2) hy, .1 (1 thy2+thy,2 hy,:3

Then, since supp R (because supp B 0;1 ), we can use Lemma 2.3.1 to obtain
Z

o 1 @u
I (t C z z)dz
o) Co— 5 5@ @
1 @u (2)
hv1;3 R@).E@)é L2(R) R L2(R)
1
C hyi;ahyg;e 2 @u :
hy,:3 R@x@x LZ(R).
Therefore,
1
JI II J C th;lhvl;z 2 @u .
hv1;3 R@)f@)é LZ(R).
The term |11 in equation (2.4.13) can be bounded by the same arguments uddo obtain
(2.4.12). Therefore we obtain
. . @y, x @u
w(v w(v C hy,:i e : 2.4.14
J ( 2) ( 6)] @)_E LZ(R) - Vil R’@)-E@x LZ(R-) ( )

The estimate of w(vs) w(v7) follows by the same arguments used to estimatev(v,)

w(vg). Then, it remains to estimate w(vs4) w(vg). We have

w(va)  W(vs) = (Uy;(Va) Uy (Va)) (Uy;(V8) Uyg(Ve))
=[(uyy(va) Uy (v8))  (Uyg(Va)  Uys(Vs))]

+[(uvs(va)  Uvs(ve))  (uvs(va) Uy, (Ve))l+ [ Uvg(Ve) Uy, (Ve)]

=L+ 00+ 1
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Now we deal with the term | . One can check that

Z
1= o ey oetvs heiy) (VD) )y

De ning now
@u
Fy(t):= —(vs hy,:y+t

where =(0;0; 3):=(0;0;vi Vi (hvw;;3  hyg3)ys) we have

z2z,
| = FR(t)(vi vg) (y)dydt
z.,2 Z,
= FJO(va vg) (y)dtdy = I(t)dt:
0
Since &
u
Fot) = vz hy.iy+t
andj 3j Chy,3ifjyj 1 it follows that
1B hyah e (vs hyiy+t) (y)dy
vy;1llvy;3 @)-g@)\g 3 V3 -

and so, changing variables and setting

z V32 v3ozz (@ v+ ol
" hy T (@ thystthyz ]

(2) =

hV3;1
we obtain 7
@u

o 1 .
jH)] Chw;2 @X@é(z) (2)dz:

Now, taking into accountthat =0 on @R, it follows by the Schwarz inequality and Lemma
2.3.1 that

@u B
hv1;2 R@).(@)g L2(R) R L2(R)
1
hvl;lhvl;S 2 @U .
hv1;2 R@)i@é L2(R) ’

jrwi ¢

and therefore,

@V4 h 3 @u .
@)f LZ(R) v R@X@)g LZ(F\").

il (2.4.15)
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Finally, estimates for the terms Il and Ill can be obtained with the arguments used
for (uy,(v2) uy,(Ve)) (uy,(v2) Uy,(Vve)) In (2.4.13) and uy,(vs) Uy, (vs) in (2.4.10)
respectively. These estimates together with the inequalies (2.4.12),(2.4.14) and (2.4.15)
conclude the proof. O

2.5 Error estimates for boundary elements

In this section we deal with the interpolation error on boundary elements for functions
satisfying a homogeneous Dirichlet condition. For the sakeof simplicity and because the
proof is rather technical, we state and prove the main Theoren in the two dimensional case.
However, analogous results can be obtained in three dimermis by using similar arguments.
We will use the notation of the previous section. Further, if R = (a;b) (az;bp) is a
rectangle in T, we setR3; = & and Ig; = (&;;3). Also we de ne the function .r by

X1 a1 X2 az

R(x) = min

hR;l hR;Z
We have r(x) r(X) for all x 2 R.
To estimate the error on a boundary elementR we need to consider di erent cases

according to the position of R. So, we decompose into four regions (see Figure 2.3):
[
1= fR2T :R\ @= 9
[
2= fR2T :R\f x:x1=0g=; and R\f x:x2=0g8 ;g

fR2T :R\f x:x; =098 ; andR\f x:x2=09= ;9
R 2 T such that (0;0) 2 R:

IN
I

Theorem 2.5.1. There exists a constant C depending only on and suchthatifR2T
for all u 2 H2(R) the following estimates hold,

IR 2andu Oonfx:x,=0g

8 9

@ < @u x1 Ry @u -
—(u u C hgr - — + hr.
@)_(( ) L2(R) : Rit 'R@% L2(R) Riz hR;l @).ﬁ@)ﬁ

L2(R)’
(2.5.1)
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(a) (b)

(©) (d)

RI1 W, RI W,

Figure 2.3: Relative positions of the rectangleR. The bold face line is the boundary of .

and
8 9
@ y < . X1 Rz @u N hR.Z @ =
@)X L2(R) : ' hR;l @X@)é ’ ;R@% LZ(R);

L2(R)
(2.5.2)

@iy If R gandu Oonfx:x;=0g

8 9
@ < @u X2 R @u -
—(u u C.hr1  gr=3 + hR;2 .
@x L2(R) . R@% L2(R) hR;Z @x@x L2(R)’
(2.5.3)
and 8 9
@ < X2 Rlz @u @u =
—(u U) C. hR;l + hR;Z >3 .
@)3 L2(R) . hR;Z @)_‘@)2 L2(R) ’R@% L2(R)’
(2.5.4)

@iy If R gandu Oonfx:x;=0 or x,=0g

( )
@ @U X1 X2 @u

—(u u C hg r— +
ax" Y L RLOR@E L hrt  Pro @X@% Lom
(2.5.5)
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and

( )

s u u) C hgr2 .R@ ; X1, Xe @u
@x L2(R) Y @% L2(R) hR;l hR;Z @x@x L2(R)

(2.5.6)

Proof of Part (i). We now use the notation of Figure 2.3(b). We have

ujR = uV3(V3) V3 + uV4(V4) Vg

From (2.3.7) we know that kﬁ(u Uyvs)K_2(r) Is bounded by the right hand side of (2.5.1).
So, to prove (2.5.1), it is enough to estlmatek (u\,3 U)K 2(R)-
Since Uy, u)jr 2 Q1 we have (see for example [38])

s WU W) @ w()
@x
P W) (U u)(v) @“ (25.7)
@ @
= (Uys(v2)  Uuys(v1)) @\;: +(Uys(va) Uy, (va)) @\Q:
Taking into account that %‘ 0 on (x1;0) it is easy to see that
LT Ty g,
Uyg(V2)  Uyg(va) =(vz Vi) . OxOx (X1;1) vs(x)dtdx1dxz
and then,
Z Z Z &
juys(V2)  Uys(vi)j  Chygn ———(X1;t) vy (x)dtdxidxz
IR;Z IR;l @)_{@)2
z
X1 Rll @u hysi1
Chy,: (X)) ——— dxs:
vait Ir:2 hV3;l Q@x@x L2(R) ve X1 Rn1 L2(R)
Using the one dimensional Hardy inequality (1.2.8) we have
Z Z
W) fy_C @ vi xaviox fu
ot X1 Rn hés 1h\2/32 Ir: 1 @x hV3§1 , hV3;2 (2.5.8)
1 5.
Ch3 h2

vi3;1l''v3;2
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and then it follows that

i ; 1 X R u
jUis(V2) Uy (V1)]  C(hygthy,p)? 21 @

hv3;1 @)_{@)2 LZ(R)
and so
. . @Vz Xl Rll @u
o o Che.. 2.5.9
juv(v2) U (Va)] @X 2R o s @@ L2(R) ( )

On the other hand, with the same argument that we have used to btain (2.4.12) in the
proof of Theorem 2.4.2 we can show that

@V4 C><Z h ) @U
T~ V3l N
@% |2 . R@x@x

which together with (2.5.7) and (2.5.9) concludes the proofof (2.5.1).
Now, to prove (2.5.2), using again Lemma 2.3.3, we have to eishate k@—@)’g(u\,3 U)K 2(Ry-
Using again the expression for the derivative of &4 function we have

J(Uys(va) Uy, (Va))]

@ — @V3 @V4 @V4
@—é(uvs U) - Uy, (Vl) @)2 + ( uVs(V4) UV4(V4)) @)2 Uvs(VZ) @)2
= U () D () (v B
@x @x (2.5.10)
@V4 @V4 e
(Uv,(va) Uy, (v2)) Qx Uy, (V2) @x%
—_ @ V3 % @ Vg .
=1 Uys(va) @x + (1 ”)@)é Uy, (V2) @x
De ning now
=( 1;0) 3=(V411 V% (hvsn hyg1)ya; 0)
and
FD= Sl iy 1)

we have
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@Qu @u

I =(v3 v%)Z ape My g e huiy) ()dy
=(vi Vv3) (Fy(0) Fy(1) (y)dy
zZZ7Z,

= (Vi V3) i FJ(t)dt (y)dy

but,
@u
FIt) = vz hyty+t

and so,

Z,z

@u
1= (v v3) ———(v3 hy,ty+ t) 1 (y)dydt
21 @x@x%

(V2 v3)  I(t)dt:
0

We will estimate | (t). Since supp B(0;1) we have

z

. . u
JI (t)J ChV3;l @

@x@x%

(V3 hyty+ t) (y)dy:

Now, settingz = v3 hy, : y+ t, taking into account that Chy,.1 (1 t)hy,.1+ thy,:1(0
t 1), and de ning

1 tvi+tvi z vi 2

Z) = :
(2) (1 thygr+thy hygo
we obtain
Z
o 1 @u
I (t C y4 z)dz
ol Ct gax® @

and, since 0 on @R we can use Lemma 2.3.1 to obtain
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. @u
i C — —
hv3 2 R L2(R) R @)f@é L2(R) |
1 @ @ ' @u
C h — +h —
hV32 Rt @ L2(R) Riz @Z L2(R) @X@)é L2(R)
c hri1 2 @u
hRZ R@)f@)é L2(R)
Therefore,
1 @U
jl 11'j C(hr.1hgr:2)2 —_— ;
] ] (hr;1hRr;2) R@X@% 2m
SO @
@V3 u
[l Chg: —_— : 2511
8y L ™ REx@x o (2.5.11)

Now, to estimate the rst term of formula (2.5.10), uy;(v1) @@j;, we observe that, since

u(x1;0) 0 then one can check that

z
£ x @u @u
Uy (V1) = (xut)(t VD) v 0Qdtdx + (Vi X1)=—(X) vs(x)dx
=0 @% @x (2.5.12)
= A+ B:
We will estimate A and B. SincevZ =0 we have
ZZ,,
. Xy Riu t @u hy,:
jAj Chy S (X358) g (X) " —dltex
t:f hV3;l hV3 2 @% X1 F311
z Z @
IR;Z IR;l R; 2 R—l
Therefore, using the Schwarz inequality and (2.5.8) we obtan
. (h\,3 2)2 @u
JA] RT3
(hV3 )i T@% o
and then,
jA] @y, Chys:2 Gu ; (2.5.13)

@x L2(R) ’ ;R@% LZ(R).
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In order to estimate B we note that, since %‘(xl; 0) O then,

Z @u
B = (VI X1) ——(X) vs(X)dxzdxy
IR;l IR;2 @)'(
I A
= Vi X X1t X)dtdxdxy:
'R;l( 1 X1) - @é@x( 1) vy (x)dtdxzdxy
Then,
Z Z Z @u
iBj Chy,: X1t x)dtdx 1dx
iB] vail s s e @x@é( 11) v (X)dtdxidxz
1 X1 Ry @u
C(hy..1hy.:2)?
(Mehwe2)® =5 ox@n

L2(R)

where we have used the Schwarz inequality and the same argumteused to obtain (2.5.9).
Consequently we obtain

. @y x1 Ru @u
JBJ Ch\/ 1
@% |2 ? o @X@% o)
which together with (2.5.12) and (2.5.13) implies

8 9
@ v, < @U X1 Rna @u =
u (Vl) C_ h 2 — + h 1 .
v @x% L2(R) D 'R@g L2(R) v hV3;1 @x@x L2(R)’

Clearly an analogous estimate follows fokuy, (v2) %;‘ ki 2(r), and then, in view of (2.5.10)

and (2.5.11) we conclude the proof of inequality (2.5.2).
The proof of Part (ii) is, of course, analogous to that of Part (i).

Proof of Part (iii): We will use the notation of the Figure 2.3 (d). Then
UjR = Uv,y(Va) v,
In this case the error can be split as

(U  Wr=(u u)+(uy, U
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and it is enough to bounduy, u, which is piecewiseQ;. Then we have

@@x(uw W=, WV (U u)(V3))@V4
@V2

+((uy,  u)(vz) (uy, U)(Vl)) (2.5.14)
Uy, (V3) @((;\Q +(Uy,(v2) Uy, (V1)) %\; :

First we estimate juy,(v2) Uy,(v1)j. Using that (xl, 0) 0 we have

Z
Uy, (V2) Uy (V)= (P(Xv2) P(X;v1)) v, (Xx)dx

= (V3 Oty v(x)dx
e
=(vi v X1:t x)dtdx:
(Vi Vi) to@)ﬁ@é(l ) va(X)
It follows that

Z Z Z @

juy,(v2)  uy(vi)i  Chyg (X1;t) v, (x)dtdx1dx2
s My g, @XQ@X
Z "7 Z « @u h

Chv4;1 ! (X1;1) V4(X) vail

dx,dtdx,;
ey lro lpq Mal @X@X X1

and an argument similar to that used to obtain (2.5.9) gives

_ ] 1 X1 @u
Uy, (V Uy, (V Clhvgahv,2)? ————r :
juy,(v2) va(V1)] (hvg:1hv,:2) hve.1 @X@x% L2(R)
Therefore,

. . @ X @u
juv,(V2) Uy, (V1)] @‘;; Chy,:2 hvl'l @x@% : (2.5.15)
45 L2(R)

Now we consider the other term in (2.5.14). We have to estimag juy,(v3)j. Using that
u(0;x2) 0 andvs = (0;v3) we obtain

zZz,, z
Uv, (V3) gg(tm) ve(x)dtdx + (v Xz)%(X) va (X)dx

A+ B



56

and we have to estimateA and B. We have

zZZ,,
o t X u h
JAJ hV4;1 h h 2 g (t XZ) V4(X) V42dth
=0 V4k V4,2 %
@u h
Chw;l wltx2) (X2 w9 V“dtdedxl
IR;l IR;Z IR;l

But again, by an argument similar to that used in the proof of (2.5.9), we obtain

C(hV4;l)% @ .
(hV4;2)% 'R@% L2(R)

JA]
Therefore,

@V4 Ch 1 @u .
Va4, ‘=9 .
@x L2(R) ¢ ’R@% L2(R)

On the other hand, using now that %(O;Xz) 0, we have

JA]

(2.5.16)

z

o8}
|

(3 xa)gatx) w(x)dx
z z LI
X1 @

x2) t=0 @xX@x

(t;x2) v, (x)dtdxdx1

1
—~
<
wnN

and then

X, @u hy,;2
— (X X) —4
s @@ P 05,

dtdxdxy:

Hence

X, @u

@V4 .
hv, 2 @X@x% L2(R) .

iB]
@)_ﬂ LZ(R)

Chv4;2

(2.5.17)

Now, inequality (2.5.5) follows from (2.5.14), (2.5.15), £.5.16) and (2.5.17).
Since (2.5.6) is analogous to (2.5.5) the proof is concluded O
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Figure 2.4: Uniform mesh on [02]2.

2.6 Applications

Let D = (0;2)?, and consider onD an uniform mesh Ty, made of squares of sides of length
h, as is shown in Figure 2.4. Consider & 1. We continue with the notation previously
introduced.

If R 2Ty is not a boundary element ofD, we have for all (x1;x2) 2 R

dg (X1;X2)
h

Ch  dp(x1;X2)

r(X1;x2) C

Then, summing up the estimates given by part (ii) of Theorem 24.1 for all the interior

elementsR in Ty, we obtain
!
@u @u
ku  uko. Cht dp — + dy —
op P@x% op " @% op

where D is the union of all the interior elements of T,. If D g denotes the union of the
boundary elements ofT}, using part (i) of Theorem 2.4.1, we obtain

X
ku Uko:p Ckuko;R

R Dg

CKUKO;If)@



58

where b g denotes the union of the elements intersectind @ So, we hav'e the estimate

@u @u
dp — + dp —

Now we consider the derivatives of the interpolation error.Let = (0 ;1)?, and R 2 Tj,

ku  ukop Ckukyp + Ch? (2.6.1)

with R . Then we have the estimates
R Ry1
u C u Ch dD;l(Xl;XZ) X
hRr:1 hRr:1
[
R R
u C M Ch dD;Z(Xl;XZ) :
hR;Z hR;2
and ( I )
. R R
& Cmin X1 1 ; X2 12 Ch dp(x1;X2) ;
’ hr:1 hRr:2

for all (x1;X2) 2 R, wheredp;; (X1;X2) = minfx;;2 X;g. If we consider the estimates for
k@—@x(u u)ko.r given by Theorems 2.4.2 and 2.5.1, for eacR , and sum up them,
we can easily obtain (for the particular mesh considered hax)

@u @u
dip + Opp ————
ED T TED @x@x e

@ 1
= h =
@X(u u) N C dp @% e +

where €is the union of the elements intersecting . Clearly, the co rresponding estimates

for the rest of the domain D can be obtained similarly. We can proceed analogously with
k@—%(u u)kor. Then we have the following weighted estimates

@ 1 @u @u
—(u u Ch dp = + dyp + do 2.6.2
@)-‘ ) 00 D @% - 1:.D 2:.D @)-E@X oD ( )
@ 1 @Gu @u
—(u u Ch dip + dop ——— + dp— 2.6.3
Notice, that if we know a priori estimates for the function u involving
6, @4 4@  Gu  @u G G
P@x Pex @t Cef “'ex@s “Cex@x

and the L2 norm of u on some \small" subset of D, then we are able to bound the in-
terpolation error. We will use this idea in the next chapter, combining it with a suitable
design of the mesh, which will allow us to recover the optimalrder h in the estimate of the
interpolation and the approximation errors for a particular singularly perturbed reaction
di usion problem.



Chapter 3

Applications and Numerical
Examples

3.1 Introduction

As an application of the results obtained in Chapter 2, we cosider the nite element
approximation of three singularly perturbed model problems: a reaction-di usion equation
in Section 3.2, a convection-di usion equation in Section 33, and a fourth order problem
in Section 3.4.

In Theorem 3.2.4 we obtain average interpolation estimatesanalogous to those of in-
equalities (2.6.1), (2.6.2) and (2.6.3) on suitable gradedmeshes in order to recover the
optimal order. As a consequence of that theorem we prove thatfor the reaction di u-
sion case, the nite element method using continuous pieceise bilinears on such classes of
meshes achieve quasi-optimal approximation order, unifornin the perturbation parameter.
In this case the meshes can be performed independently of thgerturbation parameter. For
the convection di usion case, the same theorem, permit us tgorove uniform quasi-optimal
interpolation error estimates on graded meshes, that in ths case must be constructed tak-
ing into account the perturbation parameter. However, we ae not able to prove uniform
error estimates for the nite element approximation error, we can only conjecture them by
numerical experiments.

For the fourth order problem, we consider a honconforming nite element method based
on Adini's rectangle. We prove that on quasi-uniform meshesa sub-optimal convergence
order can be obtained. The proof presented here is exactly #tnsame to the one given in [33]
for a modi cation of Morley's nite elements, but since that our nite element has as nodal

59
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variables some evaluations of derivatives, we need to reestlish some technical ingredients
of that proof. In particular, we need to use an interpolation operator introduced in [22].
We also present numerical examples that show that if our metlod is used on graded meshes
the optimal order seem to be recovered.

3.2 A reaction-di usion model equation

As an example of application of our results we consider in thg section the singular pertur-
bation model problem

"2 u+u=f in (0;2) (0;2)
u=0 on @(0;2) (0;2)a:

(3.2.1)

We assume thatf 2 C2([0;2] [0;2]) and the following compatibility conditions
f(0;0)=f(2;0)=f(2;2)=f(0;2)=0

which ensure that the solution u of (3.2.1) belong to C#((0;2) (0;2))\ C2([0;2] [0;2])
(see, for example, [24, 29, 30, 36]). Such compatibility catitions are necessary for the
pointwise derivative estimates of the solution.

As we will show, appropriate graded anisotropic meshes canebde ned in order to obtain
almost optimal order error estimates in the energy norm vald uniformly in the parameter
". These estimates follow from the results of Sections 2.4 an@.5 of Chapter 2.

The meshes that we construct are very di erent from the Shistkin type meshes that
have been used in other papers for this problem (see for exart®[5, 30]). In particular, our
almost optimal error estimate in the energy norm is obtainedwith meshes independent of

Given a partition Ty of (0;2) (0;2) into rectangles, we callu, the Q; nite element
approximation of the solution of problem (3.2.1). Sinceuy, is the orthogonal projection in
the scalar product associated with the energy norm

n (0]

1
kvk: = "2kr VkEZ((O;Z)Z) + kaEZ((O;Z)z) i

we know that, for any vy, in the nite element space,
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ku unks ku wvpke:

In particular, if is the average interpolation operator as sociated with the partition Ty
introduced in Section 2.2, we have

ku upk: ku uk-: (3.2.2)

Therefore, we will construct the meshes in order to have a gabestimate for the right hand
side of (3.2.2).

We will obtain our estimatesin =(0 ;1) (0;1). Clearly, analogous arguments can be
applied for the rest of the domain. The constantC will be always independent of".

We will make use of the fact that the solution of (3.2.1) satises some weighted a priori
estimates which are valid uniformly in the parameter". We state these a priori estimates
in the next three lemmas but postpone the proofs until the endof the section.

Lemma 3.2.1. There exists a constantC such that if 1 then
u u
xl9 C and ng C: (3.2.3)
@X 120:) ©:2) @% 120:) @)
Lemma 3.2.2. There exists a constantC such that if 3 then
u u
" xl@i C; " xz@i C; (3.2.4)
@F 209 o) @% L0 )
u u
" @ C and " @ C. (3.2.5)

Xl— X2—
@X@% 2(0:3) (0:2)) @x@% L20:3) (0:3)

To estimate the error in the L2 norm we will use a priori estimates in the following

norms. Forv:R! R, whereR is the rectangleR = 1; I, de ne

kvky 1r = kv(xy; )k

1; L2 L1 gy and kvkii r = kv(;x2)k

L1(ly) L1 (Iz): (326)

Then we have the following lemma, which also will be proved athe end of the section.
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0 1 2

Figure 3.1: An example of graded mesh

Lemma 3.2.3. There exists a constantC such that

@u @u
C d —_— C:
an @

@% 11 0 © 1 109 @)

Let us now de ne the graded meshes. Given a parameteh > 0 and

2 (0;1) we

introduce the partition f ;gl\, of the interval [0;1] given by ¢ =0, 1 = h%, i+1 =
i+h, fori=1; N 2, whereN issuchthat y 1<land vy 1+h ; 1, and
n = 1. We assume that the last interval ( y 1;1) is not too small in comparison with the
previous one (N 2; n 1) (if this is not the case we just eliminate the node y 7).

We de ne the partitions Ty such that they are symmetric with respect to the lines
x1 =1 and x, =1 (see Figure 3.1) and in the subdomain =(0;1) (0;1) are given by

fR * R=(Ci i) (joj)forl §j Ng

Observe that the family of meshesT,. satis es our local regularity condition (2.2.1)

with =2 ,thatis, if S;T 2Ty are neighboring elements then

A
LI
hS;i

For these meshes we have the following error estimates. Wetsé= [f R: R g

where we are using the notations of the previous Chapter.
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Theorem 3.2.4. If u2 H%() andu Oonfx:x;=0 orx, =0g then there exists a

( )
@u N @u

Xy ——

constant C such that

ku Uk|_2() Ch

X1 == 2
@)_( |_2(7 @)ﬁ |_2(-)-
( ) (3.2.7)
+ Ch= 12 @J + @J :
- - !
@u  u) @u @u
_ Ch x;— + (X1 + Xo)—r ; 3.2.8
@X L2() ! @% |_2()— ( ! 2)@X@)2 |_2(7 ( )
and I
Qu  u) @u @u
_ Ch X1+ Xo)——— + X, — 3.2.9
@)ﬁ L2() ( ! 2)@X@é L2(7 2@% |_2(-)- ( )
Proof. We will estimate the error on each element according to its pseition. So, we decom-
pose the domain into four parts, ,i=1;:::;4 dened as
1=[ 1 NP 2=[ 1 n] [0 4]
3=[0; 1] [1 n] 4=1[0; 1%

andweset™; = [f R:R igi=1;:::;4.
In order to prove (3.2.7) we split the error as follows
X4
ku ukf, = ku  ukfy = Si+ Sp+ Sz Sy (3.2.10)
i=1
First we estimate S;. If R\f x : x; =0or x, = 0g = ; we have that, for eachS R,
hsi: hx; andhsy hx, for all (x1;x2) 2 S and then, Theorem 2.4.1 gives

( Z 5 Z )

@u @u?
ku uk? C hi — " dx + h&. — dx
L2(R) R;1 R @_yb R;2 R @)2
X ( 7 ou? 7 )
C hd, —=- dx+h3,

s @x

2
h?  x3 OU” 4+ h2 X5 —— dx

s @x s @x

)
@u? z , @u?

=C h? x} =—— dx+h® x3 =— dx

R @x R @x
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Now, suppose thatR
hx; for (x1;x2) 2 S and hs;,

Ri2=0and, if S R, we havehs

using Theorem 2.4.1 we obtain

ku  ukfsg Chﬁ;ljR é;x) %de+ Ch%;zzg 2 (x) %d;(
C:R(hé;l S @Q:de+0h§;22 5 gzd:
C;(R hzzsxf @Q;de+Chzzsx§ ggzdx

=C h22 x2 @szx+ hZZRx§ @Q;zdx

R

1, R\f Xx:x,=0g86 ; and R\f x:x3 =0g=;
Ch%. Therefore,

;. Then

Now, if 0 2 R, thatis R\f x: x1 =0g8 ; andR\f x:x2,=0g#$ ;,then,Ryj1= R12=0

Ch%. Then, from Theorem 2.4.1 we have

and hR;]_ Ch%;hR;z
z ) z
2 2 2 @u 2 2 @u
ku ukf2ry Chg:g r (X) @x dx + Chg., r (X) @x dx
2 2
Ch%.2 x3 Qu dx+ Ch3.2 x5 Ou dx
Ri X1 gy RZ X2 gy
( z ou? ou? )
C h? x? == dx+h?® x3 = dx
R L@ R 2 @x%
x3 =0g 6 ; and

A similar estimate can be obtained for ku uk 2y when R\ f x :

R\f x :xo,=0g= ;. Therefore, we have
( 7 b )
X 2 2
S, C h?  x2 QU+ 12 X3 Qu”
R R @x R @x
7! 7 (3.2.11)
@u? 2 , @u?
Ch? x? —=— dx+Ch? x3 — dx
Y -7 @y
Now, we estimate S;. From Theorem 2.4.1 we know thatk uk_zr)  Ckuk o, for all
R 2 Tn. and therefore
X 2 X 2 2
S = ku uki2ry ©C kukLz(R) CkukLz(Nz): (3.2.12)
R 2

R 2
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So, we have to estimatekuk ,-,. We have 7> = |-, |-, with jl- ,j  C and
i, .0 Ch%. Using that u(x1;0) 0 we have

z Z
kukfz(.,z) = u?(x)dx
|~2;1 |~2;2
z"z Z,, au 5
= ——(Xq;t)dt  dxodxy
o, 1., o @%
) 25
Z au ) (3.2.13)
C —(X1; ) dx,
I, @ Lo,
AL (-,0)
chi @u”
@% ; 1-,

and so, it follows from (3.2.12) and (3.2.13) that

2
s, chr— @ : (3.2.14)
@% 1 1,
Analogously we can prove that
1 @U2
S3 Cht— — ; (3.2.15)
@x 11 ;73
2 2
s, chi— @u and s, chi— @Y (3.2.16)

@% ; 1-, @% 1, -~

= = y 4

and inserting inequalities (4.2.4), (4.2.5), (4.3.13) and(3.2.16) in (3.2.10) we obtain (3.2.7)
(notethat ™y Toand T4 Ta).

Let us now prove (3.2.8). Inequality (3.2.9) follows in a sinilar way. Again we use the

decomposition of into the four subsets ;i =1;:::;4 de ned above. Then we have
2 4 2
Q(u u) = Q(u u) = S+ S+ S3+ Sy (3.2.17)
@x L2 . @x L2(
(@] i=1 ()
and we have to estimateS;, i =1;:::;4

For S;, Theorem 2.4.2 gives
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X 2
S = _@(u u)
R (@’f L2(R) )
Z Z
X @U 2 @U 2
h2. 2 (X) =—5(x) dx+ h3. 2 (x x) dx
- R,1RR()@%() R,ZRR()@X@)X()
X
= |RZ
R 1
Now, if R\f x:x3=0o0r x,=0g=; we have
( b 7 )
. @u ° @u °
| C h2. =_ dx+ h2 —— dx
IRl TR Ti1 T @% T2 T @x@x%
but, for T 1, we have that
ht1  Chxy; hto Chx, 8(X1;X2) 2 T; (3.2.18)
and therefore,
( 7z 7 )
o @u * @u °
I C h? x7 = dx+h® x3 —— :
IRl R ! @% R 2 @x@x
On the other hand, if R\f x : x, =0g$6 ; andR\f x :x; =0g = ;, there are some elements

T R that not verify condition (3.2.18). For a such elementsT we haveht.» hT— while
the condition on ht.1 in (3.2.18) remains valid. So we obtain

( 7 7 )
X @U 2 @U 2
ilrRi C h? x? =2 dx+h%2? x%2 —
IRl s Y @% T2 172 @x@x%
( 7 7 )
X 2 2
¢’ o 2 @ g @ :
R T @x T Q@x@x

Now, if (0;0) 2 R we haveht.1 Chr  and hto Chr foral T R and therefore,

( b 7 )
X @U 2 @U 2
ilrRi C h22 x? = dx+h22?2 x2 dx
JIR] o T @3 T2 %2 Grax
( 7 b )
X @U 2 @U 2
C h? x? = dx+ h? x3 dx
T ! @% T 2 @x@x%
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If R\f x:x;=0g86 ; and R\f x:x,=0g=; we can estimatel g analogously and so we

obtain
( z b )
@u ° Gu °
S C h? x2 = dx+h?® x3 dx 3.2.19
1 N 1 @% _ 2 @)_E@é ( )
Let us now estimate S,. From Theorem 2.5.1(i) we have
8 I 9
X < Z 2 Z 2 2 =
S, . hg{l Z.R(X) @ dx + h%z X1 Ru @U dX_
R2 ,° TR @% TR hr:1 @x@x% ; (3.2.20)
X 2.
= IR:
R2 »
Now, if R 2 is such that R\f x : x;1 =0g=; then, we have
8 9
< X z @u 2 X z @u 2 “
ilrRj C h2. = dx+ h2. —— dx
I'R] . Rl T @% Ri2 T @x@x% ;
TR TR

but, in this case, forT R,

hT;2 ChT;l Cth 8x = (Xl;Xz) 2T

and therefore,

» )

( z 2 Z
, @u 2 @u " (3.2.21)

jlrRi C h? X2 dx+ h?  x3

R+ @% Rl @x@x

On the other hand, if R 2 is such that R\f x:x1 =098 ;, Ry1 =0 and so, it follows
from (3.2.20) that (note that hr.2 hg:1)

8 Z Z 9

=X @u * X @u * =
ilrj C hZ.2 X2 dx + hZ.2 X2 dx
I'R) . Ril T ! @% Ril T ! @x@x% ;

T R T R

but in this case, for T R, ht.1 Ch% and then

Z 2 Z 2
o @u @u

I h? x2 = dx+h? x? dx
IRl R ! @% R ! @x@x

(3.2.22)
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Therefore, inserting inequalities (3.2.21) and (3.2.22) 1 (3.2.20) we obtain

( 7 7 )
@u ° Gu °
S, C h? x2 =2 dx+h? x? dx 3.2.23
2 - 1 @% -, 1 @)_ﬂ@é ( )

Let us now estimate S3. Using Theorem 2.5.1(ii) we have

8 I
X < Z 2 Z R, 2 2
S C L hay 2.0 @u” s hg, X212 Qu "
. R ?

@% R hr;2 @x@x ,

Il ©

If R gis such that R\f x :xo=0g=; then,forT R,
hta ChT~  hrs Chx,  8(xyx2) 2 T;

and so

z

X 2 2
ilri C n2 X2 Gu Gu_ "

T(—'\’ T @—%
X ZZ

dx + hZ. =
T2 . @x@x
) 7 ) (3.2.24)

, @u

2
h?  x2 dx+ h?  x3 @u dx

T @—% T @x@x%

T R

If R\f x:x2=0g#8 ; then R1» =0 and so (3.2.24) can be obtained also for this case using

similar arguments. Therefore, we have

)
dx (3.2.25)

z

( z
@u ° @u *°
S3 C h? x? == dx+h? x2
s - @f -2 @x@x

Finally, to estimate S4, note that 4 contains only one elementR. Now, using Theorem

2.5.1(iii) and the fact that for this element hgr.1 = hr.2 = h% we obtain

( )
S, ch? xl@2 Gu_° Gu *

+ Xy ———— + Xy ———— (3.2.26)
% LZ(R') @)_g@)é LZ(R’) @)_{@)é LZ(R’)

Collecting the inequalities (3.2.19), (3.2.23), (3.2.25)and (3.2.26) we obtain (3.2.8) con-
cluding the proof. O
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As a consequence of Theorem 3.2.4 and the a priori estimatesrfthe solution of problem
(3.2.1) we obtain the following error estimates for the nit e element approximations obtained
using the family of meshesT,. . To simplify notation we omit the subscript in the
approximate solution.

Corollary 3.2.5.  Let u be the solution of (3.2.1) anduy, its Q1 nite element approximation
obtained using the meshly,. with % < 1. If N is the number of nodes ofT,,. then,
there exists a constantC independent of" and N such that

ku upk- CliplﬁlogN: (3.2.27)

Proof. From (3.2.2), Lemmas 3.2.1, 3.2.2 and 3.2.3, and Theorem 34 (and its extension
to the rest of (0;2) (0;2)) it follows that if h is small enough f < % is su cient) and

1
5 then

ku unks Ch:

So we have to estimateh in terms of N. If we denote with M the number of nodes in each
direction in the subdomain , we have N M 2 and we will estimateM . Letf( )= +h
Then, =0, 1= h1L and j+1 =f();i=1;:::;M¢ 1 whereMs(= M) is the rst
numberi such that ; 1. Since < 1 we have that

f()> +h = g(); 8 2 (0;1):

Now, consider the sequencé igi“’:'g givenby 1= g,and i+ = 9(i);i =2;:::Mg where
Mg is de ned analogously toM¢. Then, it is easy to see thatM; <M 4 and therefore, it is
enough to estimateM 4. But, My = [ m] wherem solves (1+h)™ 1 ,=1. Since ;= h%,
forO h 1, we obtain

11 1 11 1
———log — 1 ———log—: 2.2
1 N og H m Cl H og H (3.2.28)
Now, from inequalities (3.2.28) we easily arrive at
1 1
h ———logM 2.2
C1 M og (3.2.29)

for all h small enough. O
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Remark 3.2.1 If we use a uniform mesh with elements of sidé, we can use inequalities
(2.6.1), (2.6.2) and (2.6.3) to estimate the interpolation error. It is easy to see that for

£ we obtain

ku uk-p Ch?
whereD =[0; 2]%, and C is a constant independent of' and . We observe that in our case
we havejBg 8h and that kuk;  C, and so kukg.I§ Ch. In this way we obtain

Ce

ku upk-p Ch!

It results that the method converges with order % with respect to the mesh sizeh.

The Lemmas 3.2.1, 3.2.2 and 3.2.3 are straightforward congeences of the following

estimates
n K X1 Kk 2 Xlo
@g(xl’XZ) C 1+" %e ™ +" %e 7 (3.2.30)
n . .0
gg(xl’XZ) C 1+" Kg # 4 v kg =2 (3.2.31)

providedthat0 k 4and (x1;x2) 2 [0;2] [0;2], which are proved in [30]. As an example
we prove the rst inequality in (3.3.4). Observe that, for r = 0;1,; 2, %I;(xl;xz) 0 when
Xo=0o0r xo=2for i =1 and when x; =0 or x; =2 for i =2. Then we have

Z,7Z3 2 Z3Z
2 @u 27?2 , @u @u
2 — 2 Yt
. X1 Ox@% dx1dxy = . o X1 @Xi@x@gdxzdxl
Z 3 Z 3
? X2 @J@Z 5_@ X2 @U @U dx dx
0 ! @K@% X1=0 0 @)_{ @ @g ! 2
Z VAPYAE
3, 2@u3 @u3 2732, | @u@u
- (E)Z 0 @X 21 2)@% 2 XZ)dX2+ o o 2X1 @@—%XmdXZ
,» @u@u
+ . X @%@%dxldxz
= L+ 0+ 1

(3.2.32)

Now, since
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@us

@x27 ©

g;g Sx) cr )

%‘(xl;xz) cl+" e ™) (0 x1 322

%(xl;xz) Ca+" % ™) (0 xi 3=2)

%(xl;Xz) c@+"?

we easily obtain
jlj c@a+"? (3.2.33)

jnj  c(r2+v2 3 (3.2.34)
il j C(" 2+"2 3y (3.2.35)

Now, using inequalities (3.2.33), (3.2.34) and (3.2.35) in(3.2.32) we conclude the proof.

3.3 An equation of convection-di usion type

Let =(0 ;1) In this Section we consider the problem

u+bru+cu=f in
u= up on p (3.3.2)
. @Qu
— = on
@n g N
with " 2 (0; 1] a small parameter. Only in some numerical examples we witonsider y 6 ;.
Then, in what follows, we suppose p = @and N = ;, and we make the simplifying

assumptionup 0. Also we suppose that the functionsb= (Iy; by);cand f are smooth on
,andthat k < with > Ofori =1;2. Then the solution will in general vary rapidly in

a layer region of width O(" log #) at the out ow boundary f(x1;X2) 2 @: x1=0or x, =0g
[36]. We assume the following compatibility conditions

f(0:0)= f(1;0)= f(L;1) = f(0;1) =0

@*if . — . . .
@%@%(1,1) 0 for0O i+j 2
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(a) (b)
Figure 3.2: Examples of (a) Shishkin's and (b) graded meshes

in order to have precise estimates on certain derivatives othe solution u. Besides, in this
case,u2 C4) \ C?().

This problem is considered, for example, by Stynes and O'Rialan [39]. They obtain
uniform (in ") convergence for a nite element method that uses piecewisbilinears on a
rectangular Shishkin mesh. Given an even naturaM, set = 2"logM where is the
constant introduced on page 71 (suppos€ small enough to have %). Then set t;,
i =0;:::;M such that ftjg is a partition of [0; 1] verifying that ftigiMZO is an equidistant

then, the piecewise uniform rectangular mesh on , with nodes (t;;tj), i;j =0;:::;M (see
Figure 3.2 (a)). If uM is the piecewise bilinear nite element solution obtained m such a
mesh, then Theorem 4.3 of [39] establishes that

1
k M k. C— logM:;
u u” ke M ogM;
where, for a domainD we de ne
kvk?p = kvk3p + "kr vK3p:

We will show, that if we take a graded mesh like that used in theprevious Section, but
with a more restrictive condition on the selection of the pammeter , we can obtain a
guasi-optimal estimate of the interpolation error ku uk- , with u the solution of (3.3.1)
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and the average interpolation operator considered in Chapter 2. The parameter , in this

case, will be taken depending ori'. As will be clear from what follows, this is because the
boundary layers presented in general for the solution of theconvection di usion problem

considered here, is considerably stronger than those that@pear in solutions of reaction
di usion problems. Indeed, it is su cient to compare the fol lowing a priori estimates with

those of equations (3.2.30) and (3.2.31) (note that the coecient of u in equation (3.2.1)

is "2, whereas the one in equation (3.3.1) i$). We have (see [39])

%;(xl;xz) C 1+%e¥

@u

@%

for all (x1;x2) 2 , 0 k 2. As a consequence of these pointwise estimates we obtain

1. %2
(X15x2)  C 1+ e

the following Lemmas.

Lemma 3.3.1. There exists a constantC such that if % then
@u @u
Xq —— C and Xo —— C: 3.3.2
1 @)-E o 2 @é o ( )

Lemma 3.3.2. There exists a constantC such that

i) if 0,and + 3 then
@u @u
"Xy —== C and " X — C; (3.3.3)
@% 0; @% 0
i) if % then
1 @u 1 @u
"2 Xy ——— and "2 Xy ——— 3.34
'@x@x @x@x% | (3:34)
Lemma 3.3.3. There exists a constantC such that
@J C and @J
We now set
_q L
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and, for 0< h < 1, consider the graded mesHT,. de ned in Section 3.2, but restricted to
the domain (see Figure 3.2 (b)). From Theorem 3.2.4 we have

( )
@u N @u

ku UkLZ() Ch Xl@ (s Xo ——
(

2@% L2y

+ Chzlog s @u + Qu

)

Assume" % 0:1353. Then 3 and 3log# 1, and so, we can apply Lemmas 3.3.1

and 3.3.3 to obtain
ku Uk|_2() Ch:

Also from Theorem 3.2.4 we have

@ W gy G
@x L2() @% L2(y |
Wl @u
T (X1+X2)@x@é 2
L2(Y
Since .
}; 1'+—1 + :§; "m:e,
2 2 logt 2

we can use Lemma 3.3.2 to obtain

"3 7@u u) Ch:
@X L2()

Clearly, a similar estimate holds for @“@)2 Y. We resume these results in the following

theorem.
Theorem 3.3.4. Let u be the solution of 3.3.1, with p = @ and up 0. Let wu be

the average interpolation ofu on the restriction to  of the meshT,. with 0<h < 1 and

_ 1 n 1
=1 og T° If Z then

ku uk-. Ch (3.3.5)
where C depends onb;cand f, but it is independent ofh and ".

Note that since
=lo )
1 g n?
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as in equation (3.2.29) in the proof of Corollary 3.2.5, we hae
1 1
h C{é}ﬁ log - logN;

where N is the number of nodes in the meshry,. restricted to the domain (in this case,
N = M?2if M is as in Corollary 3.2.5). Then we can restate the inequality(3.3.5) as

1 1
ku uk-. Cpﬁ log - logN:

This estimate is quasi-optimal, having in mind that log £ and logN are depreciable in
practice.

It would be desirable to have an estimate like (3.3.5) with u replaced by uy, the
piecewise bilinear nite element solution on the particular mesh considered here. For the
moment, we do not know how to deduce it. It must be noted that the Cea's Lemma can
not be applied (in order to obtain an estimate quasi-uniformly in ") because the bilinear

form associated with (3.3.1)
z

(rvr wdx+ b r vw+ cvw) dx

is (under suitable conditions onb and ¢) coercive but not continuous uniformly in ", for
the norm k k- . However, in some numerical examples we observe a good adetjon
of the discrete solution u,, that would indicate that such an estimate could hold true. In
Figure 3.3 we present some pictures of numerical solutions gingularly perturbed convection
di usion problems obtained using continuous piecewise bihears on graded meshes like those
previously described. For the examples presenting boundarlayers only on 0 [0; 1], we have
used meshes graded only along the; axis. For all the examples we have considereti= 10 ©
and the following data: (&) b=( 1;0), p =f0;1g [0;1], N =[0;1] f 0;1g, up =0,
g=0andf =1;(b) b; pand N asin(a),up =0onf0g [0;1]andup =1onflg [0;1],
g=0andf =0;(c) b=( 35 1), p=@ g=0,andf =1;(d) b=( L 1), p=@
g=0andf(xy)= x+(1 exp( x))(1 exp( ) ' y+(1 exp( y)(@ exp( 1) ™
The exact solution of example (d) is give by

! I

X y

1 e’ yle"
1e% 1e%

u(x;y)= X

Using this exact solution, for" = 10 4 in Tables 3.1 and 3.2 we study the numerical conver-
gence order of the nite element method, using graded and Skhkin's meshes respectively.
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(b)

(d)

Figure 3.3: Examples of singularly perturbed equations seled using graded meshes

Remark 3.3.1 As in Remark 3.2.1 we can note that on a uniform mesh with elemets of
side h, inequalities (2.6.1), (2.6.2) and (2.6.3) can be used to ésnate the interpolation

error. For the L2 norm we have for% 1
ku uky Ch?

where D =[0;2J%, and C is a constant independent of and". Notice that in this case we
have againjBg 4h andkuk; C, and sokukg_[§ Ch. By the other hand, for the H?!
Pe
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N Error | Order of Conv.
1156 | 0.0667 -
5476 | 0.0347 0.42
22801| 0.0183 0.45
90601 | 0.0095 0.48

Table 3.1: Convergence on graded meshes in the energy norm

N Error | Order of Conv.
1369 | 0.0660 -
5929 | 0.0379 0.38
23409| 0.0220 0.40
91809| 0.0126 0.41

Table 3.2: Convergence on Shishkin's meshes in the energy mo

seminorm we have also for 1
" !
0 0
#
w1 @u
+2 (X1+X2)@4@)g
0

Now, in order to eliminate the factor * * ) of the right hand side, we can take =1 ﬁf'

1
making thelerror of the order h’s * . So, if we want to achieve a tolerance o8, for example,
we needh™ * = s, thatis, h = ""°95. If " is small, the mesh may result too ne to work in

practice.

3.4 A fourth order equation

Let =(0 ;1)?andf 2 L?(). In this Section we consider the problem

n2 2

u u= f in
u= 0 on @ (3.4.1)
@u= 0 on @ :
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We introduce the following bilinear forms de ned for functionsv;w 2 H?()

Z Z
a(v;w)=  D?v:D?wdx; b(viw)= rv r wdx:
where D?v is the 2 2 matrix @?éX ,and if A and B are 2 2 matrices we set
P ”
A:B = 7. AjBj. Note thatif v;w2 HZ() then
Z
a(v,w) = v wdx:

Therefore, a functionu 2 H3() is a weak solution of (3.4.1) if
Z
"Za(u;v) + blu;v) = fvdx  8v2 HZ() (3.4.2)

It follows from the regularity theory for elliptic problems in nonsmooth domains (see [23]
Corollary 7.3.2.5) thatif f 2 H () then u2 HZ() \ H3(), and

However, the constantc will in general depend on" and will blow up as " goes to zero. We
will need to consider the solution of the reduced problem, tht is, u® 2 H() \ H?() such
that

uw= f in
(3.4.3)
W= 0 on@
Since is convex we know that
ku®k,  Ckf Kko: (3.4.4)

The following Lemma is proved in [33].

Lemma 3.4.1 ([33], Lemma 5.1). There is a constantC, independent of" and f, such
that
jujp, +"jujz  C" zkfkg ;  ju u%y  C"zkfkg, :
To approximate the solution u, we will consider a nonconforming nite element, the

Adini rectangle [17], that corresponds to the following data K; Pk and g: the setK is a
rectangle whose vertices;, 1 i 4, are counted as in Figure 3.4Px is de ned by

Pk = P3(K) hf x1x3;x3x.gi
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and the degrees of freedom g are given by
k = fp(ai); @p(ai); @p(ai); 1 i 4g:

Notice that the inclusion P3(K) Pk holds, dim(Px)= 12, and the set  is Pk-

unisolvent.

2hl

Figure 3.4: Adini's rectangle K.

Let Ty be a triangulation of made of rectangles. We assume that Ty is quasi-uniform,
that is, there exist positive constantsc; ¢, such that

C1h hT;j Czh 8T 2 Th;

where ht; is the length of the side ofT in the x; -direction. So, the length of the sides of all
the rectanglesT 2 Ty, are of orderh. We will use this fact repeatedly without make explicit
mention.

With such a triangulation Ty, we associate a nite element spac&y,, such that, v, 2 Xy,
if vijk 2 Px for all K 2 Ty, and v, is de ned by its values and the values of its rst
derivatives at all the vertices of the triangulation. Final ly, let V}, be the space of all functions
in Xy such that vh(b) = @vnh(b) = @vih(b) = 0 at all the boundary nodes b. Functions in
V;, are continuous and they vanish on@, but in general, they are not in H?() and their
normal derivatives do not vanish along @, although @vn(b) = 0 for all boundary node b
and vy 2 V.

Now, we consider the following discrete version of problem3.4.2): Find u, 2 V; such
that Z

"2an(up; V) + Bup;v) = fvdx 8v 2 Vj (3.4.5)
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where the bilinear form ay, is de ned by
z

X
an(v;w) = D?v : D?w dx:
T2T, 1

If we consider the normk k-, given by
kvk?, = "Zan(v;v)+ B(v;v)  v2 HZ() \ Hg()

it follows that the bilinear form "2an(; )+ b( ;) is Vh-coercive, uniformly in h and ". As
we are considering a nonconforming method, the error estinta follows from the Second
Strang Lemma [17], which establishes that

JDxh (UsW)j

ku upkep Vlzn\i;h ku vken + igeh W (3.4.6)
where the consistency erroD -, (v; w) is given by
z
Dep(v;w) = "2an(V; W) + b(v;w) fw dx: (3.4.7)

In order to bound the rstterm in the r.h.s. of (3.4.6), the ap proximation error, we could

estimate ku huk-n, where |, is the associatedX ,-interpolation operator. It veri es
V2H3() \ H3() ) hv2 VW
and, as a consequence of the Bramble-Hilbert Lemma, we have
kv.  pvken  C(h+ "h?)jvjs  8v2 H3() : (3.4.8)

However, in view of the a priori estimates given by Lemma (3.4.1), we would not obtain
results independent of". Then we need to obtain interpolation error estimates like 3.4.8),
but with a weaker dependence on the functionv. In order to do that, we consider the
interpolation operator introduced in [22].

Each function in X}, is determined univocally by evaluations of the function andits rst
derivatives at all the vertices of the triangulation T,. We denote these degrees of freedom
(nodes) asz; = (z;;Di);i =1 :::N, where for eachi, z; is a vertex, andD; is the di erential
operator associated with the corresponding nodal variablei. e., for a function v, D;(v) is
either the same functionv or %’ or %’, and so the nodal variable become®;v(z). Let
f i;i =1:::Ng be the corresponding nodal basis. Therefore, we have

XN
V= Div(z) i 8v 2 Xp:
i=1
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For each nodez; we choose an element; and an edgeg, such that, z, 2 ¢ T, with the
additional condition that € @if z 2 @. By the Riesz Representation Theorem, for

eachi, there exists a polynomial 7 2 P3(g) such that
z

f 37 ds=f(z) 8f 2P3(e):

&
Taking into account that ff;, :f 2 Pr,g= P3(&), we can write
W Z
V= Di(viT,) Zeii ds 8v 2 Xp:
i=1 ©
Now, for a function v2 H?()+ X we de ne the interpolation
w2 |
Ipv = Di(vjr,) 57 ds i:
i=1 &
It follows that
Ihv2Xn 8V2H2(); Ipv=v 8v2Xj

and that
w2 Vh  8v2H3) :

The following lemmas can be obtained by standard scaling angments, and therefore we
omit their proofs. For the operator D;, we put jD;j = 0 if Djv(z) = v(z) or jDjj = 1 if
(7)) = @V TR
Div(z) = @—g’(z.), with j =1;2.
Lemma 3.4.2. There exists a constantC, such that if ; is a nodal basis function corre-

sponding to the node(z;; Di), then

k iko;K Cthij+l; % Cthij; % ChiDil 1;
0K 0;K

forall K 2Th andj;k =1;2
Lemma 3.4.3. If hg is the length of the edges, then there exists a constantC such that
1
k ZI ko;ei Chelz

If 2 is an edge of the reference elemer€ we have the following two trace inequalities
1
2

1
kvkoe  Ckvkpp;  kvkoe —CkvkZ . kvk?

for all v2 HY(K), see for example [23]. Then we obtain the following Lemma.
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Lemma 3.4.4. If eis an edge of an elemenK 2 Ty then we have the following trace
inequalities

kvKoe C h zkvkok + hZjvjik ; (3.4.9)
1 1
kvko:e CkvkZ, h Tkvkox + jVitk ?; (3.4.10)
for all v2 HY(K).

Now we deal with the stability of the interpolation operator I,. Given T 2 Ty, let
lt+=[f K2Th:K\ T 6 ;g. Suppose that the rsts ni nodes belong to the elementT.
We have, using the Lemmas (3.4.2) and (3.4.3),

x: £
Kl hvko.T Dv Z‘ ds k Ko
i=1 &
X1
kDjvkoe k 2' Koe K iKo;T
i=1

X
C hiPi* 2kDvkge,
i=1
Applying the trace inequality (3.4.9) we obtain

Kihnvkor C kvko: + 1 hjvj1: .t hzjij;! T (3.4.11)

while, using the inequality (3.4.10) we obtain

Nl
N[

1
klnvkgr C h%kka;!T h 'kvkoy ; + jvisi, 2+ h%J'VJ'l;!T h Yjvisi o + Vi +

(3.4.12)
Similarly, we have
X1 £
ithViyT Div 7 ds | iji1
=1 ©
X
C  hPi 2kDjvkoe;
i=1
and using the trace inequalities (3.4.9) and (3.4.10) we ol#in, respectively,
jIthl;T C h 1kaQ;! S jle;! . thjz;! - (3413)
1 1
iThvizT C h %kvkg;! . h Ykvkoy ; + jVizi . 2 (3.4.14)

(0]

1
+h%jVJ'1;! r h Yvin g+ iz, 2
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Finally, from the Lemmas (3.4.2) and (3.4.3) we have

x: £
iThVi2T Div 3 dsj ijo1
A
C  hiPil 2kDjvkge,;
i=1

and after applying the inequality (3.4.9) it results
jlnvizt  C h 2kvkoy; + h Yjvje; + jviai; (3.4.15)

(in this case we do not need to use the other trace inequality)

Now we are ready to deal with the interpolation error for the operator Iy,. In the proofs
of the following two Lemmas we will use properties of the avemged Taylor polynomials,
that can be found in [12]. IfB = fx 2 R?:jx Xoj rg, we consider the function

8 , Lo

< 71 X o .
-e r if jx Xgj<r

B(X)= . ¢ : o
-0 if jx Xof 1
“y 1
with c= . e (1 %) " dx. The function g satis es
Z
supp g B; g dx=1; maxj gj constr 2

R2

Following [12], the Taylor polynomial of order m evaluated aty of a function v is given by

X 1
Ty v(x) = —!D v(y)(x y)

j j<m
where = ( 1; ») is a multi-index. Supposev 2 H™ (D) for a region D, and that
B D, then the Taylor polynomial of order m of v averaged overB is de ned as
z

QMv(x) = ; Ty 'v(X) g (y)dy:

It results that QMv is a polynomial of degree less tharm in x. Let d be the diameter
of D, and suppose thatD is star-shaped with respect to the ballB. Let rmax = supfr :
D is star-shaped with respect to a ball of radiusrg. Then the chunkiness parameter ofD

is de ned by
d

I'max
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If further the radius r of B veries r > %rmax, then the version of the Bramble-Hilbert
Lemma given in [12] states that for allv 2 H™(D)
ivi Q™jko  Cmn: d™ Kjvimp; k=0;1:::;m:
It follows that for each element T of the quasi-uniform meshT,, it is possible to choose a
ball Bt ! 1 such that
Vi Q™Vjki,  Ch™ Kjvjm k=0:1::::m:
if QMv is the averaged polynomial ofv of degreem with respect to the ball Bt, where the

constant C is independent of T (see [12], Sections 3.3 and 3.4 for details).

Lemma 3.4.5. There exists a constantC independent ofh such that
0 1.
2

X .
@ kv IpvkiZ A Chfjvje  8v2 HX() (3.4.16)
T2Th

wherej =1;2and k =2;3.

Proof. Let T 2 Ty xed, and let Qv be the averaged Taylor polynomial of order 2 with
respect to a ball, like was introduced above. Sinc&?v a polynomial of degree less than 2,
then

(v 1w = (v QAT+ In(v QA)r: (3.4.17)
It follows from inequalities (3.4.11) and (3.4.13), that
Kin(v. Q®V)ker  C h kv Q%vkoi; + v Q%Vjui, + hiv Q%Vja
Then it results
Kin(v. Q*)kyr  Chjviz
In a similar way, from inequalities (3.4.11), (3.4.13) and @.4.15) it follows that
Kin(v. Q®)kar C h %kv  Q%koi; +h Yjv Q¥jui, +jv Q¥ja .
and then
Kin(v. Q*)kar  CjVjau,:
Then using the triangle inequality and the splitting (3.4.17), we easily obtain the inequality

(3.4.16) forj = 1;2 and k = 2. Case k = 3 can be proved analogously, using now the
averaged polynomialQ3v. O
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Lemma 3.4.6. There exists a constantC such that
11
kv Ipvky Ch%jvjfjvjz2 8v2 HY() : (3.4.18)

Proof. For each elementT 2 Ty, let Qv and Q?v be the averaged Taylor polynomials with
respect to a ballBt introduced before the Lemma 3.4.5. We consider the splittig (3.4.17).
From inequalities (3.4.12) and (3.4.14) we have

n 1 1 . . 1
Kin(v  Q%V)kyt C h zkv Q%kZ  h kv Q4%kos, +jv Qi 2
0
1
+hijy  Q¥jwy, h Yv Q¥ju, +iv Q¥ja, 2
(3.4.19)
It is easy to prove that
kQl'v  Q%vkoi, Chjvji,
and then it follows
kv Q%koi, kv Qkoi, + kQV Q%koi, Chjvjp,:
Also one can check that
jQszl;! T ijjl;! T .
Inserting these inequalities and
kv Q2Vk0;! T ChzjVjZ;! T v Q2Vj1;! +  Chjvjar;
in (3.4.19) we obtain
11
Kin(v  Q¥)kir  Chijvif,  jvi3,
By the other hand we have
1 1
kv Q%kyr = kv Q%kZrkv Q%vkZ;
1 1
Chajviz kv QAvkZy: (3.4.20)

It is not di cult to prove that
kQZV Q1Vk1;'|' Cjle;T
and then it follows

kv Q2Vk1;'|' k v Q1Vk1;‘|' + leV QZVkl;T CjVj]_;TI
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So, inserting this inequality in (3.4.20) we obtain
S .
kv Q%kyr ChzjvjZ, jvjZ,

It follows from the triangle inequality that

1 1
kv Ihvkir  ChZjviz, jvj3,
Now by adding this inequality on all the elements T, we easily arrive to (3.4.18). O

Now we prove the following Lemma concerning with the consistncy error de ned in
(3.4.7).

Lemma 3.4.7. There exists a constantC such that
11
Dwp(u;wp)  C"h %jujzzjujgkwhk--;h 8wh 2 Vj, (3.4.21)
whereu 2 HZ() \ H3() is the solution of Problem (3.4.2).

Proof. First we prove that

z
@Gu @w

@2 @n

Dy (U; wh) = "2
T21, @T

ds:

SinceV,,  HJ(), given wy 2 V; there exists a sequencéwﬁgk cd () such that
wk ! wpin HY() when k!1 . We have
Z Z Z
D2u:D?wf dx= D?u:D?wfdx= u wfdx:
T2, T

Then, after integrate by parts, we have
x Z z
D2u: D?wf dx = r( u) rwdx
ToT, T

So, from the weak formulation (3.4.2) with v = wr'j we obtain

z Z z
"Zor(u) rwidx+ rurwidx= fwfdx
Letting k!1 , and taking into account that kwpy wr'jkl; I 0 we arrive at
z z z

"2 r( u rw,dx+ rur w,dx= fwp dx:
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~ 1
r( u) rwdxA:

Then, we have
0 « 7
Dep (U;wp) = "2 @ Dou : Dowy, dx +
T2T, |
Let C2u= curlcurl u, that is
2y = @ - x@% A
C2u= curl o @ du o
@x @x10@x% @%
therefore D%u = ul + C2u. For eachT 2 T}, we have
Z Z Z @
ul :D?wpdx=  r ( u) rw,dx+ u=¥ gs
T T et @n
and
Z Z Z
C?u: D%wy, dx = curl Qu r aw dx curl Qu r Qw dx
T 7T @x @x l @x @x
= curl @ n@ ds curl @ n@ ds
7 @T @x% @x et @x @
n'C2ur wy, ds:

@T
wheren = ny is the unit normal to @ Tpointing outward. Then
Z
X

Doy (U; W) = "2 u —@@W + n'C%ur w,, ds:

T21, @T n
a unit tangent vector to @ T (which is piecewise continuous on@7. Since wy, is
@% s continuous along the

Let
@
interelements and besides% =0on @. Then
Z
X
n'C%u % ds =0:
ToT, @7
Taking into account that r wy =(r wy n)n+(r wy, ) we obtain
Z
X @w a@w
=T 4+ niCc?u n="2 ds:
u @n u @n

Dep (U;Wp) = "2
Tor, @T

a continuous function on vanishing on @, we have that

Noting that
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we can write
x Z

D (U wh) = 2 u @2 Gw 45
Tor, @T @ @n
as we wanted.
We decomposeD - (u; wy) as follows:
@w @w
Doy (U;Wh) = "°DE u;— + "°D2 u;—
n (U Wh) T @x " @x
where (see the notation of Figure 3.4)
(7 7 )
Dj V-g?ﬁy = X \Y g?! g?j! ds Vv g?! g?!y(js
h " @x 10 @2 @x T00 @2 @x

T2Th

Let Z,, be the nite element space associated with the triangulation T, of continuous piece-
wise bilinear functions vanishing on@. Then z, C9) \ H3() and consequently

(7 7 )
. X
D} (v;z) = v % z, ds v % zyds =0

0 00
T2Th T

for all z, 2 Zn;v 2 H3(). Now we de ne

@p @p 3
Dy(v;p) = T Vi— + o7 V,— v2H P2 Vh;
T(vV;p) LT @x 2T @x () ;P2 Wy
with
Z
Q@p _ @ @p @p
T e o @? @y '@
@ @p @p
Vv — = — ds
100 @ @x '@
where 7 is the Qi-interpolant operator over T. So
X
Dep (V;Wy) = "2 Dr(viwy) V2 H3() ;wh 2 Vi
T2Th

Clearly we have a rst polynomial invariance
pr(vig=0;  892Q(T):
But, we also have asecond polynomial invariance

jT (v;d)=0; 8v2P(T);q2 @Pr
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(@P1 = f@v :v 2 Prg). Indeed, it follows by noting that if v2 P,(T) then v %’z = cte

onT, and that if g2 @R then
Z Z

(@ tQds= (g TQ)ds; j=1;2
TO TOO

i i
as can easily be checked (see also [17]).

Let jr be de ned analogously to jt by
Z Z
iT(;q)= (a TQds (g 109 ds; 2HY) ;92 @Pr
TO TOO

i i

By standards scaling arguments we can see

G2 @P+, Q92 @Pr; (3.4.22)
ir(Ga)=hr o+ (0@ J=1:2 (3.4.23)

and also one can check that
(G =0 8"2HY(T);a2P(f);
;t(T =0 8"2P(T);q2 @Py:
Now we estimate j;f(? @) . If my” is the mean value of” on the element T, we have
Ck™ mypkogr k(@ © (0 Okggr (3.4.24)
ck” N K Nk k
My K4 mp kip k(@ ©  #(0 Okpp

forall "2 HY(T) and 2 @P+. By the Poincare inequality it holds
K" me ke g
besides, using the equivalence of norms i@P+ it results
ko pPkyp  Ckpkyp  Ckpkypi 802 @P¢
and taking into account that jms"j j T\j%k'\ko;f we also have

..l .
K™ mpop K Ckop + iTizime o Ck kg



90

Now, inserting these inequalities in (3.4.24) we obtain
LA
it(0 0 CkAké;fjAjiqull;f; 8" 2 H(T);62 @P;;
where we have use that there exists a constan€ such that k§ cok;.p  Cj6j;.¢ for all
constant ¢g. From the property (3.4.23) and scaling arguments we then otain

N
i jT(;9)i Chk kirj iZridaT; 8 2HY(T);q2 @Pr:

Since @ & @
. _ vV, @p
i (V3 @—}5 =T v @2’ @

it results that

@ FRE S S
i (v @—}5 ChzjviZjViZripiar  8v2H3() ;p2 Wi
and then for all elementT 2 Ty,

1 1

iDT(v;p)i ChZjviZ;ivizipizr  8v2H3() ;p2 Vi

Then it follows that
X 1 1

Dep(U;wp)  C"2h2  ChZjviZ;iviZ ipiat
T2Th
I [
2 1 X .. .. z X . .2 2
C"*hz juizTiujzT jWhjz.T
T T
2 [ ! 13% [
. X 2 X 27X 2
Cuzhz 4 juj%;T juj%;T > jWhj%;T
T T T
1 1 1
C"2hzjuj3juj3jwhj:
Finally, using that jwhj,  ikwyk-, we have
11
Dep (U;wh)  C"hZjuj3jujZ kwhke,
as we wanted to prove. 0

The following theorem is proved in [33] for a di erent non-conforming nite element
space. The basic ingredients in that proof are the existencef an interpolation operator Iy
verifying the inequalities (3.4.16) and (3.4.18), the inegality (3.4.21) for the consistency
error and Lemma 3.4.1, and then it can be reproduced in our cas For sake of completeness

we include that proof here.
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Theorem 3.4.8. Assume thatf 2 L?() andu 2 H2() \ H3() is the corresponding
weak solution of (3.4.2). Letuy 2 V, the nite element solution of (3.4.5). Then there is a
constant C independent of" and h such that

ku upken Chzkfko, :
Proof. We rst show that

inf ku Vken Kk U IhUken,  ChzKf ko:
v2Vh

From (3.4.16) with j = k =2 in one case, andj = 2;k = 3 in the second case, and Lemma
3.4.1 we obtain

1 1
"ku Ihuka C"kukiku Thuk3
1 1
C"h zkukjuj2
Chzkf ko:
By the other hand, we have (recall that u® was de ned before Lemma 3.4.1)

0

ku Ipuky ku W Ihu u9kq+ ku®  1HuCkg:

From (3.4.18), (3.4.4) and Lemma 3.4.1 it follows that
ki W Inu Wks Chiku wkiku uokj
Chzkf kg
while from (3.4.16) with j =1;k =2 and (3.4.4) gives
ku u°k; Chku®k; Chkf ko

Hence we have the estimate
ku Inuken Ch2kf Ko: (3.4.25)

Furthermore, applying Lemma 3.4.1 in the inequality (3.4.21) for the consistency error,
we obtain
Doy (U;Wh)  Chzkf kokwiKep - (3.4.26)

Taking into account (3.4.25) and (3.4.26), the proof conclules by using the inequality 3.4.6
given by the Second Strang Lemma. O
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In what follows we show a numerical example. We consider the neblem (3.4.1) with
f 1, and" = 10 3. In Figure 3.5 we have plotted a numerical approximation of the
solution, and in Figure 3.6 we present the rst derivatives of that approximation. As we
can see, the derivatives of the solution present boundary lgers.

Figure 3.5: Numerical Solution using Adini's Rectangular Finite Elements. " =10 3

Figure 3.6: Derivatives of the solution

In Table 3.3 we study the convergence order when the Adini'sectangular nite element
method is used on uniform meshes. We observe that the convezgce order (with respect
to the number of elements) obtained is%l, as is predicted by the previous Theorem.
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The one dimensional analogous equation

"2y(v) g0 in (0;1)

u(0) = u@@) = uq0) = uq1) =0

admits solutions of the form
u(x)="e ©  p(x)

where p is a cubic polynomial which is bounded independently of', chosen such that the
boundary conditions hold, andf = p° Then we see that the derivativeu®of such a solution

is of the forme * pYx) and then, it presents boundary layers like those that appeain the
solutions of the one dimensional reaction di usion equatian analogous to the one considered
in Section 3.1. This fact, motive us to investigate what happens if the Adini nite element
method is used on graded meshes like those described for theaction di usion problem
(we use = % and di erent values of h). In fact, for the example considered above, we see

in Table 3.4 that the optimal order % seems to be recovered.

Number of elem. | Est. Error | Est. Order of Conv.
16 0.0646 -
64 0.0455 0.25
256 0.0320 0.25
1024 0.0221 0.27

Table 3.3: Estimated Convergence order in the energy norm usg uniform meshes

Number of elem. | Est. Error | Est. Order of Conv.
64 0.0442 -
256 0.0237 0.45
576 0.0144 0.62
961 0.0091 0.90

Table 3.4: Estimated Convergence order in the energy norm usg graded meshes



Chapter 4

Discontinuous Galerkin Method
with Exponential Fitting
Stabilization

4.1 Introduction

In this Chapter we consider again the approximation of singuarly perturbed problems,
but now we follow an approach that is di erent to that one of th e previous Chapter. We
seek numerical methods that are stable even for meshes thate not locally re ned. More
precisely, we consider a Discontinuous Galerkin method wit stabilization of exponential
tting type.

We consider the approximation of a singularly perturbed corvection di usion problem
that can be written in a symmetric variational form (see eq. (4.2.1)). This kind of partial
di erential equation can appear, for example, when the Gumnel iterative algorithm [13] is
applied to solve the Drift-Di usion model for Semiconductors. In fact, in the stationary
case, the scaled Drift-Di usion model reads [13]

div( 2E)= p n+ C(x)

divlJh= R
divJp= R
(4.1.2)
E=r

Ji= n(rn nr )

Jo= p(rp pr )

94
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whereE is the scaled electric eld, 2 is the dielectric constant of the materials, J,, and Jp
are the electron and hole current densities respectively, is the electrostatic potential, n
and p are the electron and hole concentrations inside the semicatuctor, C(x) is the doping
pro le. Suitable boundary conditions must be imposed.

The Gummel map is a nonlinear block iterative algorithm that splits the semiconductor
device equations (4.1.1) into the successive solution of aomlinear Poisson equation for
the electric potential and two linearized continuity equations for the electron ard hole
densitiesn and p. There is a considerable amount of mathematical work carrid out to
analyze the convergence of Gummel's iteration (see, e.g.hé papers [26, 27], the book [32],
and for an overview [13]). In this Chapter we consider only a pssible discretization of
the continuity equations mentioned above, that we write in the general form (4.2.1). Our
approach is very close to those analyzed in [13, 14, 15, 16]evalso consider a nite element
method with stabilization of exponential tting type, the d i erence is that here we consider
a Discontinuous Galerkin nite element method. This may be useful in considering adaptive
schemes. Indeed, a big advantage in using discontinuous etents is the possibility of dealing
with decompositions highly unstructured, with possible hanging nodes, with elements of
di erent shapes or with local approximation spaces of di erent types. We do not treat this
subject here.

In Sections 2 and 3 we introduce the method in mixed and primalform, making an
asymptotic analysis of the stiness matrix coe cients in te rms of the (large) potential
gradient. In Section 4 we present some numerical examples alwing adequate solutions
even on meshes that are not locally re ned when internal and lbundary layers are present.
Finally, in Section 5, we make a theoretical analysis of the rodi ed Interior Penalty method
introduced in Sections 2 and 3, obtaining optimal error estimates for symmetric regular
problems.

We will use the following notation (taken in general from [8]). Let T, be a partition
of a polygonal domain made of triangles. We denote by the union of all the edges
of Th, and by © the union of all the internal edges of Tj,, and also we denote byE the
set of all the edges ofT,, and by E° the set of the internal edges ofT,. Let H'(T,) be
the space of functions whose restriction to each elemenK belong to the Sobolev space
H'(K). The space of traces of functions inH1(T}) is contained in T(), which is de ned
asT()= kL%(@K. Thus, functions in T() and double valued on © and single valued
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on @. For a function g2 T() we de ne the average fqg and the jump [q] ofgon © as
follows. Let e be an interior edge shared by element& ; and K,, and let n; and n;, be the
outward normals to K; and K respectively. If g = ggk then we set

1
fag= S(a+ &); [al = awni+ enz;  one
For 2T() ?wedene ;and » analogously and we set
1
Fog=501+ 20 [ 1= 1 m+ 2nz one

Notice that these de nitions do not depend on assigning an odering to the elementsK
and K ,. Also note that the jump of a scalar function is a vector paralel to the normal, and
the jump of a vector function is a scalar quantity. On boundary edges we set

[l =an; f g=; one @

wheren is the exterior normal of . We will not require either of the g uantities fqgor [ ]
on boundary edges. Also we de ne the projection p : HY(T,) ! T() as

. — Y e;K
hViek = oV
e K

where the product in the right hand side is taken on the edge< of K, and S‘Kv is the

L 2-projection of the trace on e of Vik on the spacePy(€) of constant functions on e (we will
not make explicit the dependence onK, if it is clear from the context, or in those cases
where there is no dependence oK , for example, whenv 2 H()).

Let C(Th) = ko1, C(K), where C(K) denotes the set of continuous functions orK . If
v 2 C(Th) we havev = ( vk )k 21, ,» and we will write vjx = vk . We setvmk = min fvg (X) :
x 2 Kgand if eis an edge ofK we put vm.e.x = minfvk (S) : s2 eg.

For a function v 2 H*(Ty), r nv mean the functionin = ,, (L3(K 82 givenby (r hV)x =
r vk, and for a function 2 [H*(Ty)]?, div, denotes the functionin ™ ,r L*(K) de ned

by (divh )k =div k. Alsowe denejvjf, = o1, Kr Vicky and kvki, = kvk§+ jvjiy.
We also use the standard notation
Z 1 Z Z 1 Z
fds = — fds; fdx = — f dx
e 19 e K IKJ «

for edgese and elementsK .
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4.2 A stabilized discontinuous Galerkin method. The mixed
formulation

Given a continuous piecewise smooth function de ned on a polygonal domain R? we
consider the problem

div("rur u) = f in
u = g on p (4.2.2)
"rur u)n = 0 on y
with p[ N =@ p\ N =; and" is a positive parameter. This is a singularly
perturbed problem, in fact, if " 1 the solution u can exhibit internal and boundary

layers. We are interested in obtaining a stable nite elemen method even on meshes which
are not locally re ned. Here, we consider a kind of stabilizaion known as \Exponential
Fitting". For an extensive study of this kind of stabilizati on we refer to [13].

Now, we brie y describe this approach. Introducing the variable (known as Slotboom
variable in the context of semiconductor problems)

=ue * (4.2.2)
we can rewrite (4.2.1) as
div("e™r ) = f in
= on p (4.2.3)
"eT%n = 0 on
with = ge ™. In order to numerically approximate the solution u of Problem (4.2.1) we

will discretize Problem (4.2.3) for the variable , obtaining a linear system
My n =8 (4.2.4)

Notice that the coe cient "e™ in the left hand side of the rst line of (4.2.3), may be a
source of numerical problems when the matrix{1 p Is constructed. For this reason, and since
we are interested in obtaining an approximation ofu, we will perform, at the matrix level

(4.2.4), a discrete inverse transformationu, = R( ), obtaining the desirable form

Mpup = b: (4.2.5)
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Here we will study a Discontinuous Galerkin Finite Element Method in order to dis-
cretize Problem (4.2.3).

In what follows, we state in detail our method. Firstly, we consider a mixed formulation.
The primal formulation is considered in the next Section.

Leta="e". Ifwe put = ar we can write Problem (4.2.3) as
al = r in
dv = f in (4.2.6)
= on p
n = 0 on y:

Let T,, be a triangulation of . For any element K 2 T, we multiply the rst equation of
4.2.6 by a function 2 C! (K)? and the second equation by a functionv 2 C! (K), and
then, integrating by parts on K we obtain

z z z
al  dx+ div dx nk ds=0
K VAN ASL yA (4.2.7)
r v dx Nnkgvds= fv dx
K @K K
where n = ng is the exterior normal to K. For eachK 2 Ty let V(K) = Py(K) and

( K)= V(K)? and then consider
Vh = fv2 H3(Th) : vik 2 V(K)g; h= V2

Following [8], a general formulation of a Discontinuous Gaérkin nite element method
consists of: Find 2 p and n 2 V, such that for all K 2 Ty,

z z z

a,th dx + ndiv dx A ng ds=0 8 2 (K)
K zK z@K z (4.2.8)

h rvdx N ngvds= fvdx 8v2V(K)

K @K K
where a, 2 H1(Ty) is an approximation of a, and ~ and » are the numerical uxes, which
must be de ned. The de nition of such numerical uxes identi fy the Discontinuous Galerkin
method under consideration. Here, we take *H(T,)! T()and » :[H%T)]?! T()
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as

( f if e2E% or e

Ne = 9 N (4.2.9)

h if e D

8 -
3 farnng [ nnl if 2E°

Aje = 3 anl h h ( hon nn if e D (4.2.10)
Y if e N

where |, is a convenient approximation of on p. This choice of the uxes corresponds to
a modi cation of the Interior Penalty Method, where we have changed |, by its projection
h h (see [7, 8]). The reason for that modi cation will be clear in the next paragraphs.
The penalty function  which appears in the de nition of ~ is taken on each edges as
o= _®
e he
with ¢ a constant and wherehg is the length of e.

We have introduced a scheme to approximate the unknowns and . Now we must
recover the variableu, for which we should de ne the discrete inverse transformaion R. In
order to do that we need to introduce the basis of the discontiuous nite element spaces
Vh, and .

For any K 2 Ty, we consider three piecewise linear basis functions &f,, vk, such that
(Vi )jko=01if K 6 KO2Tp and (v{)jk (mK) = j wherem! is the midpoint of the edge
e,K of K, i =1;2;3 (see Figure 4.1). Clearly, ifNel is the number of elements inT;,, we
have dimV,, = 3Nel. A set of basis functions for the space , can be de ned analogously,
and we will have dim , = 6Nel. Then,v2 V, and 2  are de ned by the following
degrees of freedom:

vk (Mf); KM, K2Tpi=1;23

Finally, we denote by fvigiN® and f ;giNe the basis of\, and | described above.

We want to remark that if v; is one of the basis functions foiv,,, with K = supp v;, and
if it assumes the value 1 at the midpoint of the edgee of K and 0 at the midpoints of the
other two edges ofK, then sincev; is linear on K it follows that it is identically 1 on all
the edgee.

Now, it is natural to consider the discrete inverse transfomation of (4.2.2) given by
Z by
Unjk (M) = hjx (M) e " ds (4.2.11)

K
€
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Figure 4.1: Notation on a generic element

We need to de ne a, on each element in order to perform the computations. We corider
an approximation an 2 Po(Ty) of a, such that in each elementK is de ned by

Z
ahj}( = a ldx:
K
That is, we are taking
1
ath = —7 = HK(a) (4212)
Ak
(Hk (a) is the harmonic average ofa on K). Also, if e2 p we de ne
Z
hje = ghje e "~ ds (4.2.13)

e
with gn a piecewise constant approximation ofg, gnje = 0.
The mixed formulation (4.2.8), together with the de nition s of the uxes, conduces to
a linear system of the form | |

Using the inverse transformation (4.2.11), and after some ratrix manipulations, we will
arrive to an equivalent system | |

Mm =

Up b?n

In the di usion coe cient an, as well as in transformation (4.2.11), appear exponential
functions, and it is important to check that over ow does not occur. In what follows, we
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will analyze the entries of the matrix M, in order to make sure that they are computable
guantities. As we will see, the choices of the numerical uxs, the approximation a, and
the inverse transformation R, joint with some rows operations are important ingredientsin
order to avoid numerical over ow.

First, write §1,, and M, in the form
! !

£ B A B
£, = and My =
B € D C
where
/Q‘A 2 RGNeI 6Nel @'B 2 R6Nel 3Nel
B:D 2 RSNeI 6Nel €& Cc 2 R3Nel 3NeI:
The coe cients in the matrix A& are of the form
Z
ﬁij = ahl i dx:
It is clear that Aj; 6 0 only if there exists K 2 Ty, such that supp ; =supp j = K. Then
we have
1Z Z
&ij = - e " dx i dx
K K
1 _mK z m;K z
= —-e " e " dx i dx:
K K

We recall that .k denotes the minimum of on K and we refer to the end of the

Introduction for its proper de nition. Since the quantity e may be not computable
in practice, we multiply the row i of 1 by e (recall that K =supp ;). We take
Z Z

l m;K

Aij = 0 e " dx i dx:
K K
The entries of & are given by
Z x Z
B = vjdiv ; dx f nvjgi nds:
K2T, @K

In view of our construction of the matrix A and the inverse transformation (4.2.11), we
must take

m;K jK 0

Bj = Bje e 7 ds
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where K =supp ; and K°=suppv; and e is the edge ofK ®where; is identically 1. In
order to compute j in practice, we need to express it as

m;K mK Oe KO mKk Ce
ij = € " e "
e

ds:

If K = K%only exponentials of nonpositive functions appear. IfK 6 KCit is easy to see
that B; 6 0 only if e= K\ KO and then the exponentials are also computable (recall that
we have assumed that is continuous). Note that this is a consequence of our choicef the
uxes, and this is not the case if the standard interior penaky method is used.

The respective componentﬁ,ﬁm of the right hand side does not vanish only whenK

intersects p. If K\ p = ep then we have
Z

B = hi nds:

€p

Recalling the de nition of |, and having in mind our de nition of A and B, we must put
m;K Z
lfn;i =€

e ds Oh i nhds:
Also we see that those quantities are computable.

mKe p mKie p

€p €p

For D we simply take 7
Dj = j rvidx

Finally, we deal with the matrix C. We write € = €%+ €2 with
Z X Z
€ = fanr nvjg nkvi ds; €2 = [ nv]1 ngvds:
K2, @K KT, @K

and we consider the corresponding decompositio€ = C! + C2. Taking into account the

inverse transformation (4.2.11) we have
Z _
JK
Ci = 6 e " ds
e

where e is the edge wherey; is identically 1. Let now K = suppv;, and then e is an edge
of K. Then it is easy to see that

R iK mK:e d 7z
m;K m;K;e e " S
Cl=e g e : dx  fr pvig ngv; ds
] 1 R iK m;K

with all the exponents of the exponentials being nonpositie.
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Taking into account that vi;v; 2 P1(T) we have

z

€ = [ w1 nkvds:
e

Then, if e is an interior edge,e= K \ K9 we can take = %(ath + ayjk 0), that is

0 1
1 e e °
- A .
e= 5 @l R — + R —r : (4.2.14)
o € " dx & K 0€ " dx
Then C{ becomes
Z Z
2 e _iK
Ci = e e " ds [ nvi] nkvids
e e
1 e R jK m;K;e d
m; miK;e e " S
"% T R
e e o dx
R K mKe d 1 V4
mKk 0 mKe e v S
+e- - eR — A [ w1 nkvids
T o€ T dx e

and we see again that all the exponentials are computable. Gee p and the right hand
side &, can be treated analogously, taking

ife K\ @

Remark 4.2.1 In practical computations we will take a di erent matrix C2. The factor

1 O R jK m;K;e d R jK m;K;e d 1
m; m;K:e e " S mK 0 mKe e " S
ﬁ@eiK S - re T ——A (4.215)
e Fe o dx oo T dx
that appear in the de nition of C,J2 may be very small if -5 mke  and —mK° mxe

In order to assure that the penalization coe cient is large enough (see Section 5), we take
then the maximum between the factor (4.2.15) and a xed consant c. A similar change is
made in the entries corresponding to boundary edges.
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4.3 The primal formulation

In [8], from the mixed formulation (4.2.8), the authors obtain a primal formulation. For
sake of completeness, we present in some detail that deduoti, which is valid for a general
Discontinuous Galerkin method.

If we add the equations in (4.2.8) over allK 2 T}, we obtain

z 4 X
a,'n dx + hdivy, dx A ng ds=0 8 2 |
z K21 7@ z
h I hvdx N ngvds= fvdx 8v2V
K2T, @K

A straightforward co&nputation shows thaéfor all g2 T() aznd forall 2 [T()] %

X
Ok Kk Nk ds= [g] f gds+ fgg [ ] ds: (4.3.1)
KT, @K 0

Afterza simple applicatzion of this identit%/, we get

a,'n dx + hdivp dx [*] f gds 0f"g [ Jds=0

Z Z Z Z
h I pvdx [v] f~gds fvg [*"] ds= fvdx
’ (4.3.2)
forall 2 p andv 2 V,. Now, we express , solely in terms of . From the identity
(4.3.1) we gbtain for all ZZ[H L(Th)]? and \éz H1(T,), the intzegration by parts formula

divp, vdx = r hv dx f g [v] ds [ 1fvgds: (4.3.3)
0
Taking v = 1 in the above identity, and inserting the resulting right hand side into the

rst equation of (4.3.2), we get that, forall 2 4,
z z z

Z
alnh dx= rpn dx+ [~ a1 fgds+ fA pg[ 1ds: (43.4)
0
Consider the following lifting operators r : [L2()] 2! pnandl: L3 9! 4 which are
de ned by
Z Z Z Z
r() dx= f gds; I(q) dx = af 1ds; 8 2
0

Then, taking into account that r ,V; h and that ay,jx is a non-zero constant for all
K 2 Th, we may rewrite (4.3.4) as

h= nln)=arnn ar([® nl) al(f™ o) (4.3.5)
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Now, if we take = anr pv in (4.3.4) then we can rewrite the second equation in (4.3.2ps

follows
Z
An( h;v) = fv dx 8v 2 Vy; (4.3.6)
where
Z Z
An( nh;v) = anr hnh ravdx+ (7 h] fanr nvg f ~g [v]) ds
Z

+ O(f" ndlanr nv] [~] fvo)ds: (4.3.7)

For any functions ;v 2 H?(Ty), (4.3.7) de nes An( nh:Vv), with the understanding that

A=A p)and =2 ( h; n( n)),wherethemap ! nw( n)isgiven by (4.3.5). If we have
homogeneous Dirichlet datum (and then ,  0), the form By : H3(T,) H2%(T,) ! R,
Bh(w;Vv) = Ap(w;V) is bilinear and, if ( n; n) 2 Vi h solves (4.2.8), then , solves
(4.3.6) and 4, is given by (4.3.5). If we have a non-homogeneous Dirichlet dam, then we
can write Ap( n;Vv) asBp( n;Vv)+ Lnh(v), with By : H2(T,) H2?(Th) ! R a bilinear form,

andLp : H%(Th) ! R alinear operator. Following [8], we call (4.3.6) theprimal formulation

of the method and call the bilinear form By ( ; ) the primal form, and in either case, the
method becomes: Find , 2 V; such that

z
Bn( nh;v) = fvdx Ln(v) 8v 2 VW: (4.3.8)

Now we explicit By, and Ly, for our particular choices of the numerical uxes (4.2.9) ard
(4.2.10). We have

0 if e2 EC
hn ife p ["]e=0 if e2E° (4.3.9)

h hh ife N

I[A]Ijez

W N\ 00

8
E fanr n hd I[ h h]l if e2 EC

fAge="f n ngif e2 E° =y anrnn (nhn wn ife o (4310
T 0 ife n
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Then the form A, becomes

Z Z
An( h;V)=  anlf p pt pvox 0(|[ hl fanr nvg+[v] (fanrn g [ nh nl)ds
Z
+ (Ch nn fagrpvg [v] (@rnn ( hup p)N)) ds
b Z Z

+ ( hh n)n fanryvgds+  f nn holanr nv] ds (4.3.11)
0

N

Taking into account that if v 2 P 1(Ty) then
z

f nh n9lanrpv]lds = 0
Z 0
( hon h)n fanr pvgds = 0
N Z Z
[vl [ nnlds = [ nnl [ nvlds
we have for allv 2 Vy, An( h;V) = Bh( n;Vv)+ Ln(v) with
Z
Bh( hsV) = @nlh h I hvdx
Z Z
o ([ n] fanr nwvg+ [v] fanr nh no) ds+ . [ hnl [ nvlds (43.12)
D
and 7
Lh(v) = ( nn fanr nhvg hn [v]) ds:

D
Note that in this case, the formulation (4.3.8) is equivalert to use the mid-point-quadrature
formula in the edge integrals in the following primal formulation of the standard interior
penalty method: Find 1 2 V;, such that for all v 2 V, it holds
Z

anlf hh I pvdx
Z Z
([ n] fanr nvg+ [v] fanr nh no) ds+ [ n] [vlds=
D 7 7 °f b
fv dx ( hn fanr hvg hnh [v]) ds:
D

of

The scheme (4.3.8) leads to a linear system

i(/lloh:bp
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with M 2 R3Nel 3Nel - ysing the inverse transformation (4.2.11) we obtain the fdlowing
linear system for uy,
Mpun = by (4.3.13)

where the entries ofM, are given by
Z

_iK
Mpiij = € ds f pii
e

if K =supp(vj) and e is the edge ofK whereyv; is identically 1 (recall that fv; gi3:'\'f' is the
basis ofV}, de ned in the previous Section).

Now, we perform an analysis of the entries of the matrixM, similar to that made in
the previous Section for the matrix Mp,.

In order to obtain computable coe cients, we take a, de ned by (4.2.12).

The bilinear form By, of equation (4.3.12) leads us to decompos#l,, as f1, = f1} +
f g + I(/Ig’ where ﬁ/ll'j corresponds to thek-term of that bilinear form. Analogously we write

- m1 2 3
Mp= Mg+ MgS+ M.

It is easy to see that, using the notation introduced above,

R K m;K;e Z
1 MK m;K;e e e " ds .
e " R rwVi oy dx

m;K

_— K
K € ds

M =

Also if K %= supp vi and €’is the edge ofK ®wherev; is identically 1, we see thatM ; 6 0
only if either K = K%or K \ K%= eor K \ K%= €%(sinceV,, = PY(T,) and a, 2 P O(Tp)).
Then it results

R e K m;K;e dS
m;K mK;e "
Mai ="e % — [vi] fr nhvigds
e - ds e
K
0 R K m;K;e d Z
m;K m;K;e e " S
+eT T R — 0|[vi]| fr nvjgds:
e — ds €
KO

Finally, we note that If/lg;ij 6 0 only if e = €% Then, as in the mixed formulation, if we
dene . by (4.2.14) we obtainM 3; = C?.

By our previous observations we see that all the exponentia appearing inM ")‘; k=1;2;3
are computable.

In view of the de nition (4.2.13) of },, the edge integrals inLy can be treated in similar

way.
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Remark 4.3.1 Given a triangle K 2 T, we setMg be the 3 3 matrix such that M;; =
Bn(v{; V). According with the above notation we have Mi;; = Mg + MZ; + M2, .
Now we will to analyze the matrix Nk = M} + M2. Let e;e and e;3 be the edges of
K. Suppose thatr jx  (c1;¢2), and that  take dierent values on the vertexes ofK.

Also we suppose that the lengths of the sides dk are of the order of h. If g is such that

mke; = mk then we have
Z K mice 1 Z, N "
e - —ds = e "ds —;
€ h 0 h
while if mke; 6 mk we have
Z
jK m;K;e i
e " ds O
g
Also, we have 7 Z, o
e L re Far
K h? o h
It follows that
R K mKe j (
Lm K mKe j g e ’ ds if m;K;e | m;K
€ R m;K 0 f 6
(e ds T mke; m;K

So we see that

N O(h) '.f miKie; = miK
0 if mke; & mk

That is, the coe cients corresponding to the node on the edgewhere does not reach its

minimum are zero (with respect to the machine precision). Soh a node can be regarded

as a downwind node (wind=r ), and the scheme as an upwind scheme. This behavior is

called \automatic upwinding" in [13].

4.4 Numerical examples

We present some examples of solutions obtained using the ntetd introduced in the previous
Section.

We recall that the penalization term is treated as in Remark 42.1. In this way, we
assure that it is large enough on each edge, that, as we will sen the next Section, it is a
su cient condition in order to have convergence (and it seens to be also necessary).
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We want also to remark that the pictures that we present in Figure 4.2, show a con-
tinuous interpolation of each solution. As we are using the lasis functions previously in-
troduced, on each interior edgee we have two corresponding valuesyg and u, . Then if
v is an interior vertex we de ne the interpolation u, as an average of the value$u; ;u, :
v is a vertex ofeg. If v is a boundary vertex, we de ne u, as an average of the values
fue : v is a vertex of the boundary edgeeg.

For all the examples in Figure 4.2 we have considered = [ 1;1P. We have taken
" =10 © and the following data: (&) p = @ g=0, (xy)= 2x+y, andf =1; (b)

o =f L1g [01], 9 Ly) = z(y+ijyi), 9(L;y) =0, (xiy)=xandf =0;(c) p
and asin(b),g=0andf =1;(d) p=f 1g [ 1 O06][ [ 1, 06] f 1g[f 1g
[0:6;1][ [0:6;1] f 19, g(x;y) =10%if x < O and g(x;y) = 10¥ if x> 0, = (r) where
r’=(x+1)?+(y+1)?and

8
30 ifr< 15
(r)= 5 2(r 1:5) if15 r< 19
0:8 if1.9 r 2
andf = f (r) with 8
30 ifr< 1.6
f(r)= 5 1106 if1:6 r< 18

0 if1.8 r 2

The last example is taken from [13].

We have used unstructured meshes like that of Figure 4.3 (thanesh corresponding to
the example (d) was re ned once more). Notice the e ectivenas of the scheme in capturing
the internal and boundary layers without any spurious oscilations. We point out that the
undershooting about the arcr = 1:5, in example (d), is an actual feature of the solution
and it is not due to the numerical pollution.

4.5 Analysis of the modi ed interior penalty method

In this Section we study the convergence properties of the dicontinuous Galerkin method
proposed in the Sections 2 and 3, when it is used to solve a gawn¢ elliptic equation. We
call this method Modi ed Interior Penalty Method. To simpli fy the notation we consider
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Wy,
L

W,

4

Figure 4.2: Numerical examples with exponential tting

the model problem
=f in

=0 on @

(4.5.1)

on a convex polygonal domain . Then the solution veries 2 H?(). Since O,
using the notation of Section 3, it follows that L,(v) = 0 for all v 2 H?(Ty), and then
Ap = By is a bilinear form. So, the primal formulation of our method is given by: Find

h 2 Vh such that 7

Bh( n;Vv)= fv dx 8v 2 V,
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Figure 4.3: An unstructured mesh

where By, is given by the r.h.s. of (4.3.7), that is,
z
Bh( nhsV) = I'hoh I avdx+
z z

(I~ w1 fr nvgds f ~g [v]) ds+ o(f" hglr nvl [*1fvg) ds

independently of the choice of the numerical uxes ~and ~. As in [8], Section 3.3, by
using the integration by parts formula (4.3.3), if is the solution of (4.5.1), we have for any

v 2 H2(T}) that
Z Z Z Z

ra rpvdx= vdx + fr , g [v] ds+ [rn Jfvgds:
0

Taking into account the regularity of itfollowsthat f g= ; [ 1 =0;fr h g=71 ; [rnh ] =

0, then we have (see also eq. (3.12) of [8])
Z
Bn(;v)= fvdx +
z z
("1 fronvg+(r 1 79 [vl)ds+ ((f"g  )I[rnvl ["]fvg) ds:

It is understood *="( )and *="(; n()) with

h()=rn (> D IE* 9
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We have
N)= § 8eedge

It follows that [*]=[ 1=0,f~g= § andf g= . Therefore
h()=rn 1CG )

Also we have
Mo (D=2 ()=frng I nl=rn:

Then [*] =0and fAg=r . We arrive at
z z
Bn(;v)= fvdx+ ( § Y[r nhv] ds:
0

It follows that 7
Bh(;v)= fv dx 8v2 W (4.5.2)

and then, following [8], the primal formulation is consistent. Note that the equation (4.5.2)
is not valid 8v 2 H?(Ty). Being X Jie= 6 & and”(;r )="()=r itresults that
the ux " is not consistent and the ux ” is consistent. Finally, taking into account that
[~] =0and [*] = 0 the primal formulation is also adjoint consistent [8].

Now we deal with the convergence analysis of our method. We troduce a functional
setting. Let V(h) = V, + H2() \ H}()  H?(Th). On V(h) we consider the norm

jijjjjz = jvjih + h%jVjS;K + jVj2
K2Th

where X
viZ=" he'k[ nvIkge [ nvlje= §v'n*+ §v n :
e2E
It follows from the discrete Poincare inequality (4.5.5) (proved in Lemma 4.5.3) that
1
kvko C jviZ, +jvj? 2 Cjjvii 8v2 V(h):
Also, by an inverse inequality

(Vi C jviZ,+viZE 82 Vi

The proof of the next Proposition is postponed to the end of the section.
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Proposition 4.5.1.  The bilinear form By, veries
iBa(w;V)j  Cujii Wiii fii Viii 8w2V(h);v2V; (4.5.3)
and if ¢ o for all e2 E with ¢ large enough then
Bn(v;v) Csjiviji?  8v2 Vi (4.5.4)

The a priori error estimates can now be proven in the standard way [8]. Inded, let
| 2 V, be the usual continuous interpolant of which satis es

=i ida+ hZj 13« Cah% i3 :
K 2Th

Note that the jumps of | are zero at the interelement. Then, using the stability (4.54),
consistency (4.5.2), boundedness (4.5.3) and the above amximation property, we have

Csili 1 hiii 2 Bn( | hy ol h)
= Bn(1 h)
Coll + Il + i
CoCahj jo, i 1 nli
that is
i v sl C. hj j2; :

Thus, the following Theorem is a consequence of the trianglenequality.

Theorem 4.5.2. If o o forall e2 E with ¢ large enough, then there exists a constant
C such that

i il Chj jz;

Now we prove the following discrete Poincare inequality, sbwing that the norm jjj jj is
stronger than the L2 norm k ko. We introduce the following notation. For an edgee 2 E
we choose an unit normal vectom = ne, such that n is pointing outward if e @. For a
function 2 H?2(), on the edge e we put %nz r n,and for a function 2 H(T,) we
dene[ Joneas [ ] n.
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Lemma 4.5.3. Forall 2 H(T,) we have

I 1
2

X
kko C jidn+ he'kl nllk§e (4.5.5)
e2E

where E denotes the set of edges df,, and he is the length of the edge.

Proof. Let 2 H?(Ty). Consider de ned by = in and =0on @ Then
k ko Ck kg. We have

kk§ = (5 )= (;dv(r )
X X
= (rn;rn) (fr gl De ([r 1:f 9e
eZEZ e2EO
X
= (rhirte) 119 ds
e2E &
( y Z[ 1@ 4o Z[ 12 4
= (rp;r — ds — ds
' " e2E © ' @n e2E © " @n

X X
kr I((%;h + he lkl[ h ]I k(2);e + he 1k|[ h ]I kg;e
e2E e2E
|
X @ '
kr Kk3p+2  hek—Kk3, (4.5.6)
, e2E @n ’

1
2

1
2

For all T 2 T, and e edge ofT the following trace inequality holds (see [7] ineq. (2.4))
kvkie C helkvkir + hejviis 8v 2 HY(T); (4.5.7)

then we obtain
k  §kie C he'k  § Kgr+he jfr (4.5.8)

Applying Theorem 1 of [11], the following Poincare inequalfy holds if T is a reference
triangle and & is one of its edges

ke Gokop  Civipe 802 HYT)
and then by standard scaling arguments we obtain

kv Svkor  Chrjviut 8v2 H(T)
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where ht is the diameter of the triangle T. So it follows from (4.5.8) that
k ¢ ke C hg'h? +he j jir:

Because the mesh is regular we have

X
k[ h 1KGe Che j Qg (4.5.9)
T=e T
From (4.5.6) we have
I [
X 2 X @ 2
k k% C J j%;h + he 1k|[ h ]]k(%;e J J% +2 hek@k%;e
e2E e2E n
As in [7] we have
X @
j J% +2 hek—k%;e K k%
e2E @n
from which we obtain (4.5.5). O

Proof of the Proposition 4.5.1. We begin with the boundedness (4.5.3). Notice that in our
case, from equation (4.3.12) we have for al 2
z
Bh( hsv)= I hnh rpvdx
z z
([ n] fr nvg+ [v] fr nh nho) ds+ . [ nnl [ nvlds

Therefore it is su cient to bound only terms like

Z Z
X
fr hwg [v] ds= aw  @w Al

- v ds
e2E © @n @n

for w;v 2 V(h), where if e is an internal edge,e= K \ K% andv 2 V(h), we put v* = Vik
andv = vjco. We have

4 Z
@W + — @We V+

— V' v ds= v ds+ — Vv v o V' Vv ds:
e @n

e@n 0 e @n
Since §(v* v )=[ nv] n"andv® v =[v] n* itfollows that

z
aw,,

v ds  hik@%oe he?k[ nvlkee+ he’k[v  nv]ke
e@n e @n e e e e e
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From (4.5.9) we have

X
he k[ v hV]Ikg);e C jVj%;T

N[

T=e T
and, using the trace inequality (4.5.7), we have
7 0 1
@w X o o 1 X
@nV v s C Wity + hFjwizs 2 @no k[ nvIkge+ jvitrA
€ T=e T T=e T
Adding on all the e 2 E it results
7 0 « 1% « | !
fr hwg [v] ds C Qwjiy, + hiiwizs A jvif+  he k[ nvIkge
T2T) e2E

Cliwii (jvjzn + jvj ):
Then we have

fr hwg [v] ds  Cjiwiiii Vii 8v;w2 V(h)

and (4.5.3) easily follows.
In order to prove the stability (4.5.4) of By, note that if v 2 V,, we have

Z Z Z

1 v, 1
fr wvg [v]ds= fr yvg [ nv] ds= he % % he2( Sv* S )ds
and then
0 1.
Z X X . .2 2. .2 ’ l
fr nvg [v] ds @ (vitr + hTJV12;T)A he K[ nhVv]koe

€ T=e T

L2 X 5 : X 1 2
C jvjtn+ h%jvis.r) he K[ nVIKge
T e

N

Ciiviijvj :

Now, we impose that ¢ is taken on each edgee greater than a xed positive constant g,
chosen later on. Thus, using that {vjZ, + jvj?) jji vii? M (jvjZ, + jvj?) forall v 2 Vi, we
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have
Bh(v;V) i Vidn,+ aivi?  2Cjj viijvj
j viZn+ ovi®  Ciijvii?  =Cjvj?
= (jvifn + ivi® vamz)ﬂ o 1jvi*® =Cjvj?
1. .. .
E(JVJih + Vi)
1. .,

WJJJVJIJ

ifwetake C = 5i-and o 1 & 0. Thus, we obtain (4.5.4). O

46 A nal remark

As we have seen in Section 2, the exponential tting is not a sitable stabilization procedure
to be applied to the well known Interior Penalty method in the mixed formulation. For which
we have introduced a modi cation in the de nition of the nume rical uxes, and we have
obtained a new method, whose primal formulation seem to haveéhe same good properties
as the original method.

However, it is possible to stabilize the Interior Penalty method in the primal formulation
with the exponential tting. In fact, in some numerical expe riments, this approach seem
also to work well, with respect to the stability, the only di erence is that it seems to be

more di usive.
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