A posteriori error estimators for mixed approximations of eigenvalue problems

R. G. Durán^∗ L. Gastaldi^† C. Padra^‡

September 14, 1999

Abstract

In this paper we introduce and analyze an a posteriori error estimator for the approximation of the eigenvalues and eigenvectors of a second order elliptic problem obtained by the mixed finite element method of Raviart-Thomas of the lowest order.

We define an error estimator of the residual type which can be computed locally from the approximate eigenvector and prove that the estimator is equivalent to the norm of the error in the approximation of the eigenvector up to higher order terms. The constants involved in this equivalence depend on the corresponding eigenvalue but are independent of the mesh size, provided the meshes satisfy the usual minimum angle condition.

Moreover, the square root of the error in the approximation of the eigenvalue is also bounded by a constant times the estimator.

1 Introduction

The object of this paper is to introduce and analyze a-posteriori error estimators for Raviart- Thomas mixed finite element approximation of second order elliptic eigenvalue problems. The interest of the mixed formulation for eigenvalue problems comes from its applications in the computation of vibration modes of a fluid in a displacement formulation. In particular, in problems involving fluid-structure interaction, the use of the displacement formulation for the fluid is convenient because it leads to standard symmetric eigenvalue problems while the use of the pressure or potential as variable leads to non symmetric eigenvalue problems due to the interface condition (see for example [19]).

Several approaches have been used to compute the vibration modes of a fluid in the displacement formulation (see [11, 17, 3, 4, 15]). Among them, the use of the Raviart-Thomas method seems one of the most natural choices since it can be proved that it does not produce spurious eigenvalues and it has optimal order convergence. This has been proved also for fluid-structure interaction problems and very good numerical results have been obtained [3, 4, 8, 21].

The bibliography on a posteriori error estimators for finite element approximations is now very extensive (we refer to the book [26] and references therein). For standard finite element approximations of eigenvalue problems, error estimators were first introduced by Babuska and Rheinboldt [7] for one dimensional equations and more recently by Verfürth [25] as an application of his general results for non linear problems.

∗Departamento de Matemática, Facultad de Ciencias Exactas, Universidad de Buenos Aires, 1428, Buenos Aires, Argentina.

†Dipartimento di Matematica, Università di Roma “La Sapienza”, P.le A. Moro 2, 00185 Roma, Italy ‡Centro Atómico Bariloche, 8400, Bariloche, Rio Negro, Argentina.

As it is well known, the mixed finite element method of Raviart and Thomas is strongly related with the non conforming piecewise linear approximation of Crouzeix and Raviart (see [2, 18]). We will use this relation in our arguments which are based in some of the ideas introduced in [14, 13] for a posteriori error estimators in non-conforming methods which were also used in [1, 9] for a family of mixed finite element approximations.

We define an error estimator of the residual type for both eigenvectors and eigenvalues and prove that it is equivalent to the error up to higher order terms. The results are valid for a general simply connected polygonal domain and general meshes satisfying the usual regularity assumption and the estimator is easy to compute locally.

An outline of the rest of the paper is as follows. In Section 2 we prove some auxiliary results by using the equivalence between the mixed approximation and a non conforming method and in Section 3 we introduce the error estimator and prove the main results.

2 Statement of the problem and relation with the non conforming method

Let Ω ⊂ IR^2 be a simply connected polygonal domain. We consider the eigenvalue problem { −Δp = λp in Ω

p = 0 on ∂Ω.

(2.1)

Introducing u = −∇p we obtain the usual mixed formulation of problem (2.1) which in weak form is given by: find u ∈ H(div , Ω) and p ∈ L^2(Ω) such that { ∫ Ω u · v − ∫ Ω p div v = 0 ∀ v ∈ H(div , Ω) ∫ Ω div u q = λ ∫ Ω p q ∀ q ∈ L^2(Ω).

(2.2)

Let {T_h} be a regular family of triangulations (i.e., satisfying the minimum angle condition), where h denotes the mesh size. The lowest order space of Raviart-Thomas is defined as [22, 5]

RT_0(K) = P_0(K)^2 + (x_1, x_2) P_0(K)

where P_k(K) denotes the space of restrictions to K of polynomials of total degree not greater than k. Define V_h and Q_h as

V_h = {v ∈ H(div , Ω) : v|_K ∈ RT_0(K) , ∀K ∈ T_h}

and, Q_h = {q ∈ L^2(Ω) : q|_K ∈ P_0(K) , ∀K ∈ T_h}

then, the mixed finite element approximation of problem (2.2) reads: find u_h ∈ V_h and p_h ∈ Q_h such that { ∫ Ω u_h · v − ∫ Ω p_h div v = 0 ∀ v ∈ V_h ∫ Ω div u_h q = λ_h ∫ Ω p_h q ∀ q ∈ Q_h. (2.3)

Assume, for simplicity, that λ is a simple eigenvalue. Then, taking ‖p‖_0 = ‖p_h‖_0 = 1, it follows from the abstract theory [20] and known a priori estimates that, for h small enough (depending on λ), ‖u − u_h‖_0 + ‖p − p_h‖_0 = O(h^α) and |λ − λ_h| = O(h^{2α}) where α = 1 if Ω is convex and α = π/ω − ε for a non convex Ω, ω < 2π being the maximum interior angle of Ω.

Following the arguments given in [2, 18] it can be seen that problem (2.3) is equivalent to a non conforming approximation of the standard formulation of (2.1). Indeed, let us introduce the non conforming space of Crouzeix and Raviart enriched by local bubbles. Denoting by B(K) the space of cubic polynomials vanishing on ∂K we define

X_h = {ϕ ∈ L^2(Ω) : ϕ|_K ∈ P_1(K), ∀K ∈ T_h, ϕ is continuous at interior midside points and vanishes at boundary midside points}, B_h = {b ∈ H^1_0 (Ω) : b|_K ∈ B(K) ∀K ∈ T_h}, W_h = X_h ⊕ B_h.

(2.4)

Let V^d_h = {v ∈ L^2(Ω)^2 : v|_K ∈ RT_0(K) ∀ K ∈ T_h} (2.5)

then we introduce the following L^2-projection operators:

P : L^2(Ω) → Q_h P p ∈ Q_h such that ∫ Ω(p − P p) q = 0 ∀q ∈ Q_h Π : L^2(Ω)^2 → V^d_h Πu ∈ V^d_h such that ∫ Ω(u − Π u) v = 0 ∀v ∈ V^d_h .

(2.6)

Then, it can be seen that problem (2.3) is equivalent to: find ϕ_h ∈ W_h such that ∑ K∈T_h ∫ K Π(∇ϕ_h) · ∇ψ = λ_h ∫ Ω P ϕ_h ψ ∀ψ ∈ W_h, (2.7) in the sense that they have the same eigenvalues λ_h and the eigenvectors are related by u_h = −Π(∇ϕ_h) and p_h = P ϕ_h. We omit the details which are as in [2, 18].

Applying to problem (2.7) the general theory developed for example in [6] we can prove the following a priori error estimate for the eigenvectors

‖p − ϕ_h‖_0 = O(h^{2α}) (2.8)

where ϕ_h = ϕ_h/‖ϕ_h‖_0.

In fact, let T and T_h be defined as the inverse operators of the continuous and discrete problems, i.e., for f ∈ L^2(Ω), T f = p̃ ∈ H^1_0 (Ω) and T_hf = ϕ̃_h ∈ W_h where p̃ and ϕ̃_h satisfy respectively ∫ Ω ∇p̃ · ∇q = ∫ Ω f q ∀q ∈ H^1_0 (Ω) (2.9)

and, ∑ K∈T_h ∫ K Π(∇ϕ̃_h) · ∇ψ = ∫ Ω P f ψ ∀ψ ∈ W_h. (2.10) Well-known results in the theory of spectral approximation yield the following error estimate for eigenvectors provided the sequence of operators {T_h}_h converges uniformly to T in L(L^2, L^2), see e.g. [6], ‖p − ϕ_h‖_0 ≤ C‖(T − T_h)|_E‖_{L(L}2_{,L}2_) (2.11)

where E denotes the eigenspace corresponding to λ. Then (2.8) is a consequence of (2.11) and of the lemmas below.

Before proving the lemmas let us introduce some notation and recall some approximation results that we will use. Let S = S^i ∪ S^b be the set of all edges of the triangulation, with S^i being the interior ones and S^b those on the boundary. For ψ ∈ H^1(Ω), K ∈ T_h and ℓ ∈ S, ℓ ⊂ ∂K there exists a piecewise linear continuous approximation ψ_I [12, 23] which satisfies

‖ψ − ψ_I ‖_{0,ℓ} ≤ Ch^{1/2}_ℓ ‖ψ‖_{1,} ~_K (2.12)

and, ‖ψ − ψ_I ‖_{0,K} + h_K‖ψ − ψ_I‖_{1,K} ≤ Ch^{1+γ}_K ‖ψ‖_{1+γ,} ~_K , 0 ≤ γ ≤ 1 (2.13) where ~K is the union of all neighbors of K, h_ℓ is the length of ℓ and, h_K is the diameter of K. Moreover, for ψ ∈ H^1_0 (Ω) we can take ψ_I ∈ H^1_0 (Ω).

Recall also that the L^2-projection satisfies ‖q − P q‖_{0,K} ≤ Ch^γ_K|q|_{γ,K} , 0 ≤ γ ≤ 1. (2.14) We will also make use of the non conforming piecewise linear edge average interpolant. For p ∈ H^1(Ω) let p_A linear on each K and defined by ∫ ℓ p_A = ∫ ℓ p ∀ℓ ∈ S. Note that integrating by parts we have ∫ K ∇(p − p_A) · ∇q = 0 ∀q ∈ P_1(K). (2.15)

Standard arguments show that, ‖∇(p − p_A)‖_{0,K} ≤ h^γ |p|_{1+γ} , 0 ≤ γ ≤ 1. (2.16) Lemma 2.1 ‖(T − T_h)|_E‖_{L(L}2_{,L}2_) = O(h^{2α})

Proof. We have to show that ‖T f − T_hf ‖_0 ≤ Ch^{2α}‖f ‖_0 ∀f ∈ E. Let p̃ = T f and ϕ̃_h = T_hf. Since ϕ̃_h ∈ W_h it can be written as ϕ̃_h = p̃_h + β̃_h with p̃_h ∈ X_h and β̃_h ∈ B_h.

To simplify notation let us call ∇_hq the L^2 vector function such that ∇_hq|_K = ∇q. Notice that ∇hX_h ⊂ V^d_h . Taking a piecewise linear test function ψ = q ∈ X_h in (2.10) and observing that Π(∇p̃_h) = ∇p̃_h and, ∫ Ω Π(∇β̃_h) · ∇q = 0 we obtain, ∫ Ω ∇hp̃_h · ∇_hq = ∫ Ω P f q. (2.17)

Denoting by e = p̃ − p̃_h and subtracting (2.17) from (2.9) we have ∫ Ω ∇he · ∇_hq = ∫ Ω (f − P f) q + ∑ ℓ∈S^i ∫ ℓ ∂p̃ ∂n [[q]]_ℓ + ∑ ℓ∈S^b ∫ ℓ ∂p̃ ∂n q (2.18)

where [[q]]_ℓ denotes the jump of q along the edge ℓ. Let us now take q̃ = p̃_A − p̃_h in the error equation (2.18) and using (2.15), then we have,

‖∇hq̃‖^2_0 = ∫ Ω ∇he · ∇hq̃ = ∫ Ω(f − P f) q̃ + ∑ ℓ∈S ∫ ℓ ∂p̃ ∂n [[q̃]]_ℓ + ∑ ℓ∈S^b ∫ ℓ ∂p̃ ∂n q̃ = ∫ Ω(f − P f) (q̃ − P q̃) + ∑ ℓ∈S ∫ ℓ ∂p̃ ∂n [[q̃]]_ℓ + ∑ ℓ∈S^b ∫ ℓ ∂p̃ ∂n q̃ ≤ C{h‖f − P f ‖_0‖∇_hq̃‖_0 + h^α‖p̃‖_{1+α}‖∇_hq̃‖_0} where the last terms can be bounded in the usual way: namely, for each ℓ ∈ S^i (resp. ℓ ∈ S^b), [[q̃]]_ℓ (resp. q̃|_ℓ) is a linear function vanishing at the midpoint of ℓ, hence a trace theorem (which can be applied because α > 1/2) and a scaling argument (see for example [10]) yield the estimate.

Therefore, by using the a priori estimate ‖p̃‖_{1+α} ≤ ‖f ‖_0 (see [16]) and (2.16) we obtain, ‖∇he‖_0 ≤ Ch^α‖f ‖_0. (2.19) In order to conclude the proof we have to obtain a double order error estimate in L^2. Let r ∈ H^1_0 (Ω) be the solution of −Δr = e. Then, a standard duality argument gives,

‖e‖^2_0 = ∫ Ω ∇he · ∇r − ∑ ℓ∈S^i ∫ ℓ ∂r ∂n [[e]]_ℓ − ∑ ℓ∈S^b ∫ ℓ ∂r ∂n e. (2.20)

Using (2.20) and (2.18) with q = r_I and observing that the last terms in (2.18) vanishes since r_I is continuous we have,

‖e‖^2_0 = ∫ Ω ∇he · ∇(r − r_I ) − ∑ ℓ∈S ∫ ℓ ∂r ∂n [[e]]_ℓ + ∫ Ω (f − P f) (r_I − P r_I ). (2.21)

Then, due to (2.13), (2.14) and again to the a priori estimate ‖r‖_{1+α} ≤ C‖e‖_0 we obtain, ‖e‖_0 ≤ C{h^α‖∇_he‖_0 + h^2‖f ‖_1} where the terms involving the integrals on ℓ have been bounded as before. This estimate combined with (2.19) yields, ‖e‖_0 ≤ Ch^{2α}‖f ‖_1 but, since f ∈ E there exists a constant C depending on λ such that ‖f ‖_1 ≤ C‖f ‖_0 and so, ‖e‖_0 ≤ Ch^{2α}‖f ‖_0. Now, ‖T f − T_hf ‖_0 = ‖p̃ − ϕ̃_h‖_0 ≤ ‖p̃ − p̃_h‖_0 + ‖β̃_h‖_0 so, it remains to estimate ‖β̃_h‖_0. Observe that β̃_{h,K} = β̃_h|_K satisfies, ∫ K Π(∇β̃_{h,K}) · ∇β̃_{h,K} = ∫ K P f β̃_{h,K} hence, writing β̃_{h,K} = c_Kb_K with b_K being a bubble function such that b_K = 1 at the barycenter x_K of K it follows that, c_K = ∫ K P f b_K ‖Π(∇b_K)‖^2_{0,K} . Now, since ∫ K Π(∇b_K) = ∫ K ∇b_K = 0 we have Π(∇b_K) = μ(x − x_K) and using ∫ K Π(∇b_K) · (x − x_K) = ∫ K ∇b_K · (x − x_K) = −2 ∫ K b_K we obtain μ = − 2 ∫ K b_K ∫ K |x − x_K|^2 . Therefore, the regularity assumption on the meshes yields, ‖b_K‖_{0,K} ‖Π(∇b_K)‖^2_{0,K} ≤ Ch_K and so, |c_K| ≤ Ch_K‖f ‖_{0,K}; hence it follows that, ‖∇β_h‖_0 ≤ Ch‖f ‖_0. and the Poincaré inequality on each element implies ‖β_h‖_0 ≤ Ch^2‖f ‖_0 which concludes the proof.

Let us now prove the uniform convergence of T_h to T , which is required to have (2.11). Lemma 2.2 The sequence {T_h}_h converges uniformly to T in L(L^2, L^2) as h goes to 0.

Proof. We show that for all f ∈ L^2(Ω) we have ||T f − T_hf ||_0 ≤ Ch||f ||_0. The proof follows the same lines as the previous one. The fact that f belonged to the eigenspace E was used only once to estimate (2.21) with the desired order. When f is taken in L^2(Ω) we can only obtain from (2.21) the following bound, using similar arguments as before ‖e‖^2_0 = ∫ Ω ∇he · ∇(r − rI) − ∑ ℓ∈S ∫ ℓ ∂r ∂n [[e]]_ℓ + ∫ Ω(f − P f) (r_I − P r_I ) = ∫ Ω ∇he · ∇(r − rI) − ∑ ℓ∈S ∫ ℓ ∂r ∂n [[e]]_ℓ + ∫ Ω f (r_I − P r_I ) ≤ C{h^α||∇_he||_0 + h||f ||_0}||e||_0 ≤ Ch||f ||_0||e||_0. And this implies the desired bound.

3 A posteriori error estimator

Let us go back to the Raviart-Thomas approximation (2.3) of the mixed problem (2.2). We start by giving an estimate for the error in the approximation of the eigenvector in terms of the discrete solution. We will denote with h.o.t a “higher order term” and for a vector field v ∈ L^2(Ω)^2, d(v, ∇H^1_0) = inf_{s∈H1}

0 (Ω) ‖v − ∇s‖_0 The generic constant C appearing in our estimates depends on λ. Although it is not difficult to trace this dependence, we will not state it explicitely to simplify notation.

Lemma 3.1 The following estimate holds:

‖u − u_h‖_{H(div,Ω)} + ‖p − p_h‖_0 ≤ d(u_h, ∇H^1_0 ) + C‖ϕ_h − P ϕ_h‖_0 + h.o.t (3.22) where, h.o.t = C{|λ − λ_h| + ‖p − ϕ_h‖_0} with ϕ_h = ϕ_h/‖ϕ_h‖_0 and ϕ_h solution of (2.7).

Proof. First we estimate the error in the scalar variable. Since p_h = P ϕ_h we have, p − p_h = p − ϕ_h + ϕ_h − P ϕ_h (3.23) but, since ‖P ϕ_h‖_0 = 1, we have also ‖ϕ_h − ϕ_h‖_0 = ‖ϕ_h‖_0 − ‖P ϕ_h‖_0 ≤ ‖ϕ_h − P ϕ_h‖_0 and so, ‖ϕ_h − P ϕ_h‖_0 ≤ 2‖ϕ_h − P ϕ_h‖_0 which combined with (3.23) yields the estimate for the scalar variable.

Now observe that from the equations (2.2) and (2.3) we have, div (u − u_h) = λp − λ_hp_h = λ(p − p_h) + (λ − λ_h)p_h and so, since ‖p_h‖_0 = 1, we obtain, ‖div (u − u_h)‖_0 ≤ λ‖(p − p_h)‖_0 + |(λ − λ_h)| (3.24) Therefore, it only remains to estimate the L^2-norm of the error in the vector variable. Decompose the error as, u − u_h = ∇s + rot ψ with s ∈ H^1_0 (Ω) and ψ ∈ H^1(Ω) with zero mean value. Since this is an orthogonal decomposition and u = ∇p we have, ‖rot ψ‖_0 = d(u_h, ∇H^1_0 ). (3.25) Therefore, to conclude the proof we have to estimate ‖∇s‖_0. Now,

‖∇s‖^2_0 = ∫ Ω (u − u_h) · ∇s = − ∫ Ω div (u − u_h) s ≤ C‖div (u − u_h)‖_0‖∇s‖_0 which, in view of (3.24) concludes the proof.

Next we give a relation between the error for the eigenvalue and the error for the eigenvector. Lemma 3.2 The following equation holds, λ − λ_h = ‖u − u_h‖^2_0 − λ_h‖p − p_h‖^2_0 (3.26) and consequently, |λ − λ_h|^{1/2} ≤ C{‖u − u_h‖_0 + ‖p − p_h‖_0} (3.27)

Proof. Taking v = u_h in the first equation of (2.2) and using that div u_h = λ_hp_h we obtain that ∫ Ω u · u_h = λ_h ∫ Ω p p_h. In a similar way, using (2.2) and (2.3), we can see that ‖u‖^2_0 = λ‖p‖^2_0 and that ‖u_h‖^2_0 = λ_h‖p_h‖^2_0. Therefore, since ‖p‖_0 = ‖p_h‖_0 = 1 we have ‖u‖^2_0 = λ and ‖u_h‖^2_0 = λ_h and therefore,

‖u − u_h‖^2_0 = λ − 2 ∫ Ω u · u_h + λ_h = λ − 2λ_h ∫ Ω p p_h + λ_h = λ − λ_h + λ_h(2 − 2 ∫ Ω p p_h) and the proof of (3.26) concludes by observing that, since ‖p‖_0 = ‖p_h‖_0 = 1, we have

2 − 2 ∫ Ω p p_h = ‖p − p_h‖^2_0.

Now, the estimate (3.27) follows immediately from (3.26) since λ_h → λ and so we can bound λ_h by a constant depending on λ.

In order to define a practical estimator we have to bound the terms appearing on the right hand side of (3.22) in terms of computable quantities. With this goal we give in the next lemma an explicit expression of ϕ − P ϕ_h in terms of u_h. We will denote with ϕ_{h,K} and p_{h,K} the restrictions to K of ϕ_h and p_h.

Lemma 3.3 On each element K we have ϕ_{h,K} − P ϕ_{h,K} = − 1 |K| ( ∫ K u_h) · (x − x_K) + 1 2 ( b_K ∫ K b_K − 1 |K| ) ∫ K (u_h · (x − x_K)) (3.28)

where b_K is the bubble function such that b_K = 1 at the barycenter x_K of K.

Proof. Since u_h = −Π(∇ϕ_h) we have ∫ K ∇ϕ_h = − ∫ K u_h (3.29)

and, ∫ K ∇ϕ_h · (x − x_K) = − ∫ K u_h · (x − x_K). (3.30)

Writing ϕ_h = p_h + β_h with p_h ∈ X_h and β_h ∈ B_h we have ϕ_{h,K} − P ϕ_{h,K} = ∇p_{h,K} · (x − x_K) + α_K(b_K − 1 |K| ∫ K b_K). (3.31)

Now, observing that ∫ K ∇β_h = 0, it follows from (3.29) that ∇p_{h,K} = − 1 |K| ∫ K u_h

which combined with (3.31) yields ϕ_{h,K} − P ϕ_{h,K} = − 1 |K| ( ∫ K u_h) · (x − x_K) + α_K(b_K − 1 |K| ∫ K b_K). (3.32)

On the other hand, since ∫ K ∇p_h · (x − x_K) = 0 we obtain from (3.30) that ∫ K ∇β_h · (x − x_K) = − ∫ K u_h · (x − x_K) (3.33)

and so, if we write β_h = ∑ K α_Kb_K we have α_K ∫ K ∇b_K · (x − x_K) = − ∫ K u_h · (x − x_K) (3.34) but ∫ K ∇b_K · (x − x_K) = −2 ∫ K b_K and therefore,

α_K = ∫ K u_h · (x − x_K) 2 ∫ K b_K (3.35)

which together with (3.32) concludes the proof.

Now we can define the error estimator and, in the next theorem, we prove that it is a bound for the error up to higher order terms.

For an element K let S_K be the set of edges of K and t be the unit tangent on ℓ oriented clockwise. Define J_ℓ = [[u_h · t]]_ℓ if ℓ is an interior edge and J_ℓ = 2u_h · t if ℓ is on the boundary of Ω.

Then, the local error estimator is defined by,

η^2_K = ∑ ℓ∈S_K ‖J_ℓ‖^2_{0,ℓ}h_ℓ + ‖u_h‖^2_{0,K}h^2_K

and the global one by,

η^2 = ∑ K∈T_h η^2_K.

Theorem 3.1 The following estimate holds:

‖u − u_h‖_{H(div,Ω)} + ‖p − p_h‖_0 ≤ Cη + h.o.t

and, |λ − λ_h|^{1/2} ≤ Cη + h.o.t

where h.o.t is as in Lemma 3.1.

Proof. We use the notation of Lemma 3.1. In view of Lemmas 3.1 and 3.2 it is enough to prove that,

d(u_h, ∇H^1_0 ) = ‖rot ψ‖_0 ≤ C{ ∑ ℓ∈S ‖J_ℓ‖^2_{0,ℓ}h_ℓ}^{1/2} (3.36)

and, ‖ϕ_h − P ϕ_h‖_0 ≤ C{ ∑ K∈T_h ‖u_h‖^2_{0,K}h^2_K}^{1/2}. (3.37)

Let ψ_I as in Section 2. Then, rot ψ_I ∈ V_h and is divergence free. So, from (2.3) we see that, ∫ Ω u_h · rot ψ_I = 0

and therefore, since u = ∇p and u_h ∈ V_h, we have,

‖rot ψ‖^2_0 = ∫ Ω(u − u_h) · rot ψ = − ∫ Ω u_h · rot ψ = − ∫ Ω u_h · rot (ψ − ψ_I ) = − ∑ K∈T_h ∫ K rot u_h(ψ − ψ_I ) − ∑ K∈T_h ∫ ∂K u_h · t (ψ − ψ_I) = −^1_2 ∑ ℓ∈S ∫ ℓ J_ℓ (ψ − ψ_I) (3.38)

and so, (3.36) follows from the Schwartz inequality and (2.12).

Finally, in order to obtain (3.37) we compute ‖ϕ_h − P ϕ_h‖_{0,K}for each element K using Lemma 3.3. Since the meshes satisfy the regularity assumption, we can use an inverse inequality to estimate the last term in (3.28) as follows ‖ ‖ ‖ b_K∫ K b_K − 1 |K| ‖ ‖ ‖^2_0 ,K ≤ C |K| , and therefore, (3.37) follows easily.

In order to have an estimator useful for practical adaptive refinement, a property usually required is that the estimator bounds the error also by below. Our next theorem gives a proof of this fact for our case. The argument is based on the technique introduced in [24].

Theorem 3.2 For any element K ∈ T_h, ‖u_h‖_{0,K}h_K ≤ C{‖u − u_h‖_{0,K} + ‖p − p_h‖_{0,K}}, for any interior edge ℓ ∈ S_{K1} ∩ S_{K2} , ‖J_ℓ‖_{0,ℓ}h^{1/2}_ℓ ≤ C‖u − u_h‖_{0,K1∪K2} and for any boundary edge ℓ ∈ S_K, ‖J_ℓ‖_{0,ℓ}h^{1/2}_ℓ ≤ C‖u − u_h‖_{0,K}. In particular, η_K ≤ C{‖u − u_h‖_{0,K}∗ + ‖p − p_h‖_{0,K}} where K^∗ denotes the union of all elements sharing an edge with K.

Proof. First observe that in view of (2.2) and (2.3), for any v ∈ H(div, Ω) vanishing on ∂K we have, ∫ K (u − u_h) · v − ∫ K (p − p_h) div v = − ∫ K u_h · v (3.39)

and so, choosing v = −νu_hb_K with ν = ∫ K |u_h|^2h^2_K ∫ K |u_h|^2b_K we get, − ∫ K u_h · v = ‖u_h‖^2_{0,K}h^2_K

therefore, it follows from (3.39) that, ‖u_h‖^2_{0,K}h^2_K ≤ {‖u − u_h‖_{0,K} + ‖p − p_h‖_{0,K}}‖v‖_{H(div,K)}. (3.40) Now, standard arguments based on the equivalence of norms in P^2_1 on a reference element show that ν ≤ Ch^2_K and so, by inverse estimates we obtain ‖v‖_{1,K} ≤ C‖v‖_L∞_{(K)} ≤ Cν‖u_h‖_L∞_{(K)} ≤ C‖u_h‖_{0,K}h_K. which together with (3.40) gives ‖u_h‖_{0,K}h_K ≤ C{‖u − u_h‖_{0,K} + ‖p − p_h‖_{0,K}}. (3.41) On the other hand, for ψ ∈ H^1(Ω) we have,

∫ Ω(u − u_h) · rot ψ = − ∫ Ω u_h · rot ψ = − ∑ K∈T_h ∫ ∂K u_h · t ψ = −^1_2 ∑ K∈T_h ∑ ℓ∈S_K ∫ ℓ J_ℓ ψ. Now, let ℓ ∈ S_{K1} ∩ S_{K2} (with obvious modifications for ℓ on the boundary) and take ψ such that supp ψ ⊂ K_1 ∪ K_2. Then, ∫ K1∪K2 (u − u_h) · rot ψ = ∫ ℓ J_ℓ ψ. (3.42)

Let b_ℓ be the piecewise quadratic basis function on K_1 ∪K_2 which is equal to one at the midpoint of ℓ and vanishes on ∂(K_1 ∪ K_2). Extend J_ℓ to K_1 ∪ K_2 as a linear function in such a way that it is constant along directions orthogonal to ℓ and define, ψ = δJ_ℓb_ℓ with δ = ∫ ℓ J2_ℓ h_ℓ ∫ ℓ J2_ℓ b_ℓ . Then, ∫ ℓ J_ℓ ψ = ‖J_ℓ‖^2_{0,ℓ}h_ℓ. (3.43)

Again, standard arguments show that δ ≤ Ch_ℓ and by inverse estimates we obtain, ‖ψ‖_{1,K1∪K2} ≤ C‖J_ℓ‖_{0,ℓ}h^{1/2}_ℓ . This together with (3.42) and (3.43) yields, ‖J_ℓ‖_{0,ℓ}h^{1/2}_ℓ ≤ C‖u − u_h‖_{0,K1∪K2} which completes the proof.

Acknowledgements: The authors thank A. Alonso, A. Dello Russo, R. Nochetto, R. Rodríguez and V. Vampa for helpful discussions.

The first author is a member of CONICET and his work has been supported by Universidad de Buenos Aires by grant EX-071.

References

[1] A. Alonso, Error estimator for a mixed method, Numer. Math. 74, 385-395, 1996.

[2] D.N. Arnold, F. Brezzi, Mixed and nonconforming finite element methods implementation, postprocessing and error estimates, R.A.I.R.O., Modél. Math. Anal. Numer. 19, 7-32, 1985.

[3] A. Bermúdez, R. Durán, R. Rodríguez, Finite element analysis of compressible and incompressible fluid-solid systems, to appear in Math. Comp., 1997.

[4] A. Bermúdez, R. Durán, R. Rodríguez, Finite element solution of incompressible fluid-structure vibration problems, Int. J. Numer. Meth. Eng. 40, 1435-1448, 1997.

[5] F. Brezzi, M. Fortin, Mixed and Hybrid Finite Element Methods, Springer–Verlag, New York, 1991.

[6] I. Babŭska, J. Osborn, Eigenvalue Problems, in Handbook of Numerical Analysis, Vol. II, P.

G. Ciarlet and J. L. Lions, eds., North Holland, 1991.

[7] I. Babŭska, W.C. Rheinboldt, A posteriori error estimators in the finite element method Inter.

J. Numer. Meth. Eng. 12, 1597-1615, 1978.

[8] A. Bermúdez, R. Rodríguez, Finite element computation of the vibration modes of a fluid-solid system, Comput. Methods Appl. Mech. Eng. 119, 355-370, 1994.

[9] C. Carstensen, A posteriori error estimate for the mixed finite element method, Math. Comp.

66, 465-476, 1997.

[10] P.G. Ciarlet, The finite element method for elliptic problems, North Holland, 1978. [11] H.C. Chen, R.L Taylor, Vibration analysis of fluid–solid systems using a finite element displacement formulation, Int. J. Numer. Methods Eng. 29, 683–698, 1990.

[12] P. Clement, Approximation by finite element functions using local regularization, R.A.I.R.O., Anal. Num. 9, 77-84, 1975.

[13] E. Dari, R. Durán, C. Padra, Error estimators for nonconforming finite element approximations of the Stokes problem, Math. Comp. 64, 1017-1033, 1995.

[14] E. Dari, R. Durán, C. Padra, V. Vampa, A posteriori error estimators for nonconforming finite element methods, Math. Model. Numer. Anal. 30, 385-400, 1996.

[15] L. Gastaldi, Mixed finite element methods in fluid structure systems, Numer. Math., 74 153– 176, 1996.

[16] P. Grisvard, Elliptic Problems in Non-Smooth Domains, Pitman, 1985. [17] M. Hamdi, Y. Ousset, G. Verchery, A displacement method for the analysis of vibrations of coupled fluid-structure systems, Int. J. Numer. Meth. Eng. 13, 139-150, 1978.

[18] L.D. Marini, An inexpensive method for the evaluation of the solution of the lowest order Raviart-Thomas mixed method, SIAM J. Numer. Anal. 22, 493-496, 1985.

[19] H. J.-P. Morand, R. Ohayon, Interactions Fluides- Structures, Recherches en Mathématiques Appliquées, 23, Masson, 1992.

[20] B. Mercier, J. Osborn, J. Rappaz, P.A. Raviart, Eigenvalue approximation by mixed and hybrid methods, Math. Comp. 36, 427-453, 1981.

[21] R. Rodríguez, J. Solomin, The order of convergence of eigenfrequencies in finite element approximations of fluid structure interaction problems, Math. Comp. 65, 1463-1475, 1996.

[22] P.A. Raviart, J.M. Thomas, A mixed finite element method for second order elliptic problems, Mathematical Aspects of the Finite Element Method, I. Galligani, E. Magenes, eds., Lecture Notes in Math. 606, Springer–Verlag, New York, 1977.

[23] L.R. Scott, S. Zhang, Finite element interpolation of non-smooth functions satisfying boundary conditions, Math. Comp. 54, 483-493, 1990.

[24] R. Verfürth, A posteriori error estimators for the Stokes equations, Numer. Math. 55, 309-325, 1989.

[25] R. Verfürth, A posteriori error estimates for nonlinear problems, Math. Comp. 62, 445-475, 1989.

[26] R. Verfürth, A review of a posteriori error estimation and adaptive mesh refinement techniques, Wiley & Teubner, 1996.