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Abstract. We consider the approximation of eigenvalue problem for the laplacian
by the Crouzeix-Raviart non conforming finite elements in two and three dimen-
sions.

Extending known techniques for source problems, we introduce a posteriori
error estimators for eigenvectors and eigenvalues. We prove that the error estimator
is equivalent to the energy norm of the eigenvector error up to higher order terms.
Moreover, we prove that our estimator provides an upper bound for the error in
the approximation of the first eigenvalue, also up to higher order terms.

We present numerical examples of an adaptive procedure based on our error
estimator in two and three dimensions. These examples show that the error in the
adaptive procedure is optimal in terms of the number of degrees of freedom.

1 Introduction

A posteriori error estimates for non conforming Crouzeix-Raviart approximations
of second order elliptic problems [8], as well as for the closely related (see [5, 13])
Raviart-Thomas mixed method of lowest order [14], have been developed and ana-
lyzed in several papers. The first results proving the equivalence between the error
and a residual type estimator were based on the use of a Helmholtz type decompo-
sition of the error [9]. See also [3, 7, 11] where similar techniques were applied for
mixed finite element approximations.

A slightly different argument avoiding the use of the Helmholtz decomposition
was introduced in [12] and further developed in [2] to obtain upper estimators
without involving unknown constants. The goal of this paper is to extend this
approach to the case of eigenvalue problems. For simplicity we consider the Laplace



operator although similar arguments can be applied to more general second order
elliptic problems.
For Q ¢ IR%, d = 2,3, a polygonal or polyhedral domain, our model problem is

u=0 on 0f). (1.1)

{ —Au = du in Q,
As it is well known, this problem has a sequence of eigenpairs (A, u;), with positive
eigenvalues \; diverging to +oo.

Given a family {75}, 0 < h < hg of triangulations of Q made of triangles or
tetrahedra, we define h = maxrez;, hr, where hr is the diameter of T. We assume
that we have a family of triangulations which is regular in the classic sense, i. e.,
hr/pr < o, where pr is the diameter of the largest ball contained in T and o is
a positive constant. For a face (resp. edge in the 2d case) F of an element T we
denote with hp its diameter. Given 77 and T5 in 7, such that Ty N7y, = F and a
function v € L?(Ty U T3) such that v|y, € H'(T;) we define [v]p as the jump of v
across F' (with an arbitrary election of the sign). Moreover, for a face (resp. edge)
F contained in 9 we set [v]p = 0. Finally, F} denotes the set of all the faces
(resp. edges) of elements in 7p,.

Now, associated with a triangulation 7;, the Crouzeix-Raviart non conforming
finite element space V,;N¢ is defined as

VhNC:{UELQ(Q): U|T€7)1(T) VTE'T}L and /

[v]p = 0 VF € }'h}
P

where we have used the standard notation P;(T") for affine functions on T'.

In our analysis we will also make use of the standard conforming P;-elements
associated with the triangulation 7;,. We denote this space by V,C.

The Crouzeix-Raviart finite element approximation of problem (1.1) is given by

/ Vyup - Vyvp = )\h/ up vy Yop € V}iVC (1.2)
Q Q

where
thh|T = V(uh|T)

The rest of the paper is as follows. In Section 2 we explain the ideas leading
to the definition of the estimator and state one of the main results concerning
the error estimation for the eigenvectors approximation. The proof of this result
is given in Section 3. Also in that section we introduced a locally computable
error estimator based on a postprocessing of the numerical solution and prove the
reliability of this estimator. In Section 4 we prove an a posteriori error estimate for
the approximation of the first eigenvalue. Section 5 deals with the efficiency of the
estimator. We conclude the paper giving some numerical examples in Section 6.

2 Motivation and definition of the error estimator

Let us give a heuristic idea for the definition of our error estimator in the case
of the first eigenvalue A = A\;. We will use standard notations for Sobolev norms
and we will denote with ||u|| the L?norm of u and analogously for vector fields.
The letter C will denote a generic constant which can change from line to line and



may depend on the regularity of the meshes (i.e., on the constant o defined in the
previous section).
The first eigenvalue is given by

[Volf?
veH (@) |[|v]?

A= (2.3)

In many cases the Crouzeix-Raviart approximation provides lower bounds of the
eigenvalues. Indeed, it was proved in [4] that, for singular eigenfunctions, A\, < A
for h small enough. Let us give here an argument which is simpler than that given
in [4]. With this goal we will make use of the edge average interpolant of u [8],

uy € VhNC given by
/U]:/U VF € Fp.
F F

It is well known, and easy to check, that Vjus is the L2-projection of Vu onto the
piecewise constant vector fields, and therefore,

IVaur| < [[Vul| (2.4)

Take u as the positive eigenfunction associated with A normalized such that ||u|| = 1.
Then, using (2.3) and (2.4) (which actually is a strict inequality because u is not
in the finite element space), we have

\V4 2 \V4 2 \V4 2 2 _ 2
W\ 7 7 A<1_||uz|| l“”) 25
vev¥e o]l s | [ | [zl

Now, it is known (see [10]) that, for any polygonal or polyhedral domain 2, there
exists some p > 1 and a constant C' depending only on € and p such that

[ullw2r < CAllul[Le

in particular,
[ullwzr < C

for a constant C which depends on A, p and €. Therefore, standard arguments give
||U — uIHLl < Ch?

Now, recall that v € L*(Q). Indeed, for d = 2, this follows from a Sobolev
imbedding theorem since u € W?2P(Q), for some p > 1. On the other hand for
d = 3 the boundedness of u follows easily using that u € L?(Q2) and the known
estimate for the Green function in Lipschitz domains G(z,y) < Clz — y[>=% (see
for example [6]). Then,

lurl? = llull?*] = ‘/Q(uz —u)(ur +u)| < Cllull|lur — ullz: < CR?

where we have used that ||Jur||pe~ < Cllu||p~. Therefore, it follows from (2.5), using
also that [Jur]| — 1 when A — 0, that

M <A (1= 0(h?))



But, for the singular eigenfunctions u arising when the polygonal or polyhedral
domain is not convex, we have

A= =00h*") r<l1

and then
An < A

for h small enough.
On the other hand, upper bounds for the first eigenvalue are easy to find.
Indeed, taking any v € Hg(£2) such that ||v|| = 1, we obtain from (2.3) that

A< A= ||V ? (2.6)
So, if Ap, < A, we would have the following explicit bound for the eigenvalue error,

0< A=A < A— A = ||V11||2 — ||thhH2

= HVU*VhUhH2+2/ thhvh(vfuh)
Q

In particular we can choose v € V,¢. In this case, using (1.2) and that [jv|| =
[lup|| = 1, it is easy to see that

2/ thhvh(v — Uh) = —)xh”l) — uh||2
Q

Then, using that A\;, > 0, we obtain
0< A=\, < ||V = Vyu?
and therefore, since v € V¢ with ||v|| = 1 is arbitrary, we conclude that
0 S A — )\h S d(VhU,f“ VVhC:H’UHZI)2 (27)

where
VVE ={GeL*()?: G=Vv, forsome veVC}

and VVhC”v”:l is the subset of VV,¢ such that v can be taken with [jv|| = 1.

On the other hand, using analogous notations with VhC replaced by H}, we
have
d(Vnun, VHg y=1)” < [Vu = Viup|* ~ (A = Al

where the last equivalence is known from a priori error estimates.
In conclusion, if d(Vyun, VHg |, =1)* and d(Vyun, VVhC:HvH:lV are of the same
order (we will show that this is the case!), any of them seem to be reasonable
estimators.

Afterwards, in order to obtain a computable estimator one can bound this
distances by the distance to an appropriate function constructed by post-processing
the discrete solution uy, (a procedure already used in [2, 12]).

Unfortunately, as far as we know, it is not known whether \;, < A is always true
(this was only proved for singular eigenvectors and h small enough). Therefore, our

heuristic argument cannot be formalized.



However, we are able to prove a slightly weaker result which shows that the
proposed estimator is correct if we add appropriate element interior residual terms.
We will use the following well known results. For w € H(T),

|w —wrl[r2(r) < Crhr||Vw| L2 (2.8)

and, for w € H}(Q),
w]L2() < CollVwl L2 (2.9)

If A is any eigenvalue of the continuous problem (1.1) with eigenfunction u and
Ap and wy, are the corresponding discrete approximations defined by (1.2) then, we
have

Theorem 2.1 If Cy and Cs are the constants in (2.8) and (2.9), then

2
IVrellzz(o) < d(Viun, VHg) + Ch {Z h%H)‘huh%?(T)} + h.o.t.
T

where

lh.o.t.] < Co {()\ =)+ (M) HeHmm)}

The proof of this theorem will be given in the following section.

Remark 2.1 Observe that we have replaced d(Vyup,, VH} Joll=1) by A(Vhun, VH}),
which is better from a practical point of view.

Remark 2.2 According to known a priori estimates, the term h.o.t. given in The-
orem 2.1 is a higher order term.

Remark 2.3 It is known that Cy is independent of the element shape (see for
example [1]). Therefore, the constants in the a posteriori error estimate given in
the theorem depend only on Q. In particular they are independent of the elements
shape.

Remark 2.4 The argument used in (2.6) cannot be applied for other eigenvalues
and this is why part of our analysis is restricted to the approzimation of the first
one. It would be possible to obtain upper bounds for other eigenvalues using the
min-maz characterization. However, this generalization is not straightforward and
it will be the subject of further research.

3 Error estimates for the eigenfunctions

Let u, ||u|| = 1, be an eigenfunction of the continuous problem (1.1) and wy, ||ug|| =
1, a corresponding solution of (1.2) (i. e., uy is an approximation of u). The goal
of this section is to estimate the error e := u — uy,.

For an element T € 73, Fr denotes the set of faces (resp. edge in the 2d case)
of T' € 7}, which are not on 02 . For F' € Fp we introduce the jump of the normal
derivative of up, across F, Jj = [%LTH (where we have eliminated the dependence
on h to simplify notation).



Let
P: LX) — VH}(Q)

be the L?-orthogonal projection. Then, if P(Ve) = Vé with é € H} (Q2), we have
IVnellZz(q) = IVhun = P(Vhun)lli2(q) + I Vell72 () (3.10)

where we have used that P(Vu) = Vu.
The main part of the error analysis is the estimate for ||Vé ||%2(Q) which is given
in the next lemma. We define the local and global error estimators as follows,

nr =l ey 0 =D 07 (3.11)
T

Lemma 3.1 If Cy and Cs are the constants in (2.8) and (2.9), then
IVéll 2@y < Cin+ Co{(A = An) + (AAn) 2 [lell 2y }

Proof. Using (1.1), (1.2) and integrating by parts element by element we obtain,
for any w € H{ (),

/P(Vhe)~Vw=/Vhe-Vw:Z{/ )\uw—|—f Z / JFw}
Q Q T Fe]—'
Then, taking w = é and recalling that Vé = P(Vje), we have
IVel220 = {/ e+ = Z / } .
Fe}‘

On the other hand, integrating by parts on each element in (1.2) we obtain, for any

Vh € VhNC,
{/ )\huhvh—&—f Z /JFUh}
Fe}‘
and then,
HVé||2Lz(Q) Z{/()\ue—)\huhvh + - Z / Jp(é —op }
Fe]—'

Choosing vp, = €y, the last term on the right hand side vanishes and therefore,

Vel 72 = Z/ (Aué — MNyupér).
T T
Consequently,
192220 :/Q(Au—)\huh)é—i-/ﬂ)\huh(é—él)

and using (2.8) we obtain

Vel 72y < IIAu = AnunllL2@lléll L2 ) + Cinll Vel 2 (qy-



Then, using now (2.9) we conclude that
||Vé||L2(Q) < Cin+ Co|| u — /\huh||L2(Q)~

But,

IAu = Apunll7z ) = A2+ Af — 2/\/\h/ uy,
Q

and using 2 [uu, =2 — ||e||%2(9) we obtain

[Au = Apunll72io) = (0 = An)® + Anllel|72q)

concluding the proof. O
We can now give the proof of the theorem providing the upper bound of the
€erTor.

Proof of Theorem 2.1. The result follows immediately from the previous lemma
and the decomposition (3.10), observing that

||thh — P(thh)”L?(Q) = d(thh, VH&) o

Now, we want to introduce a computable error estimator for the eigenvector
approximation. In view of the previous theorem it is enough to find a good esti-
mate for the term d(Vyup, VHE). Extending the ideas of [12, 2] we construct an
approximation up € th of u by postprocessing uy,.

It is enough to define u; at the vertices of the triangulation. A natural way to
define @y, is by averaging the values of uj. Namely, for each interior vertex P we
consider all the elements T;, ¢ = 1,..., N containing P (where N depends on P)
and define

N
up(P) = Zwiuh 7,(P)

where the weights w; are such that Zf\;l w; = 1. For example, we can take

w; = 1 or w; = T3]
) N % |QP|

with Qp = UN | T;. If P is a boundary vertex we set @ (P) = 0. Define now
pr = IVin = Vuliery, » n> =Y up (3.12)
T

Then, the following theorem is an immediate consequence of Theorem 2.1.

Theorem 3.2 If Cy and Cs are the constants in (2.8) and (2.9), then
Vel L2 < p+Cin+ h.o.t.

with )
h.o.t.] < C {(A — )+ (An)? ||e||L2<Q)} :



4 FError estimates for the first eigenvalue

In this section we prove an a posteriori error estimate for the error |\, — A| in the
case of the first eigenvalue.

Lemma 4.1 For the case A = A1 we have

[An — Al < 2||Vhe||2L2(Q) +2d(Vyun, vvhﬂ|v|\:1)2

Proof. If \;, < X\ we have already proved the stronger estimate (2.7).
So, it only remains to consider the case A < Ap. Take v € VhCHvH:l' Since

Vi€ C VNC we have \;, < || Vo2
Then, using that |u|z2q) = 1, we have

A A < [Vl + V02 < 1V (1 = 0) 220 +2/wa
and so, using (1.1), we obtain
A+ = [V (u = v)l[720) + QA/QW = [V(u = 0)22() = Mu = vlZaiq) +2X
and subtracting 2\ from both sides it follows that
A = A< V(u = )72
Therefore,

M= A < (IVa(u =)l L2 + IV (un — )| 220)”

and, since v € VhC”vH:1 is arbitrary we conclude the proof. O

The above lemma together with Theorem 2.1 gives the following estimate for
the error in the approximation of the first eigenvalue.

Theorem 4.2 For A\ = Ay there exists a constant C, which depends only on Cy
defined in (2.8), such that

A=A <C {d(thh, YV =)+ h%||AhuhiQ(T)} + h.o.t.
T

with
1 2
lh.o.t.| < C {(/\ =) + (AAp)? ||€||L2<Q>} :

Proof. The result follows immediately from Theorem 2.1, Lemma 4.1 and the
obvious inequality

d(Vhun, VHY) < d(Viun, VVio i 21). D



5 Efficiency of the error estimator

For positive quantities A and B, A ~ B will mean that the ratio between A and
B is bounded by above and below by positive constants. Let us recall that, since
we are assuming regularity of the family of meshes, we have hp ~ hp for F' a face
of T and also hr, ~ hr,, whenever T; and 15 are neighbor elements. We will use
these equivalences several times in what follows. Given a vertex P of a face F' € F},
and a function v we denote with [v(P)]p the jump of v across F evaluated in P.
For an element 7', vy and v, 7 mean the restriction to T of v and vy, respectively.
Analogous notation will be used for the restriction to a face F.

Lemma 5.1 Let v € H}(Q) and v, € V;NC. If P is a vertex of a face F' € Fy,
where F' =Ty N1y, we have

C
[fon(P)] | < Wﬂvh(vh —v)||L2(mumy)- (5.13)
F
Analogously, if P € 092 and T is an element containing P,

C
[vn,7(P)] < anh(vh = v)|lL2(7) (5.14)
T

Where the constant C' depends on the regularity of the elements.

Proof. We consider the case in which P is an interior point. The proof for the
other case is analogous. Since [vp]F is an affine function, we can see by standard
scaling arguments and using the equivalence of norms in finite dimensional spaces,
we have

C
[on(P)]F < PRCETE orlFll L2y - (5.15)
F
Since [v]p = 0, we have
[vn]F = [vh — v]P. (5.16)

Define now

—L/(v —v)—i/(v —v)

TR Y TR e

and write

[vh = vlF = (vn,ry —v)F — mp — (U1, — V)P — mp). (5.17)
Applying a standard trace theorem we have

lonz, — v —mrll g2y < CLp*lon — v = mp|r2ery + Byl [V (0n = o)l 22¢m) b

and by a Poincaré inequality for functions with vanishing mean value on F, we
obtain
1/2
lon7y = = meliam) < Chyl? [V (on = 0) 2.

Analogously,

oz, — v —mplz2(r) < CRYL |V (0 = 0) | L2 (2,



and therefore, the statement follows from (5.15), (5.16), and (5.17). O

In the next two theorems we prove the so called efficiency of the error estimator.
Namely, we prove that both parts of the estimator, defined in (3.11) and (3.12),
are bounded by a constant times the error (plus a higher order term in the case of
n). Given an element T € T, we denote with 7™ the union of all the elements in
75, sharing a vertex with T

Theorem 5.2 For all v € H}(Q) we have
pr < Cl|Vv — Vyup| L2+
where the constant C depends only on the reqularity of the elements. In particular,
pr < C||Viel|lp2

Proof. Given T € Ty, let N; be the standard conforming Lagrange basis of Py (7).
calling P; the vertices of T' we have, in T,

d+1
V(in —un) =Y _ (in(Pi) = unr(P;)) VN

i=1
. d/2—1 .
and, since ||[VN;||z2(ry < Chy ™ 7, we obtain

d+1

IV (@n — wn)llz2ery < ChY* ™S Jan(Br) — unr(P). (5.18)
=1

Therefore, it is enough to estimate |y, (P;) — up,7(P;)].
If P, € 9Q we have, by definition, that a,(P;) = 0, and therefore, using (5.14)
we obtain

_ C
|tn (P) = upn,7(P)| = [up,r(P)] < m”vh(uh = V)|lL2 (1) (5.19)
hT

Consider now a vertex P of T such that P ¢ 9. Recall that Qp denotes
the union of all the elements containing P. We can numerate these elements, 77,
1=0,1,2,---, M, in such a way that Ty =T, T; and T;;1 have a common face for
all 7, and Th; shares a face with T. Observe that, in the three dimensional case,
the T; are not necessarily all different. However, we can choose the numeration in
such a way that M is bounded by a constant which depends only on the regularity
of the meshes. We also define Ty = Thy41 = T.

Then, we have

Up(P) — up,r(P) = Zwi(uh,Ti(P) —up,7(P)),

and therefore,



Defining Fy = T N Ty and using (5.13), we have, for all v € H(Q),

C
[un, 1, (P) — up,r(P)] = |[un(P)] | < Wﬂvh(uh = V)2 (rum)-
Fy

Analogously, calling now F; = T;_1 N T}, we obtain

|un, 1, (P) = un1(P)| < un,1,(P) = wn,z, (P)| + [un,1,(P) — un,r(P)]

C
= [[un(P)] 5| + [[un(P)lr | < W”vh(uh = )||L2(ruTUTy)S
Fy
and in general,
: C
|un,1,(P) = unr(P)| < |[un(P)]g,| < Wﬂvh(uh —O)lL2i_y1y)-
j=1 F;

0
Consequently,

0 (P) = a1 (P)] £~ 19 = )z

T
and therefore, using this estimate for all the vertices of T together with (5.18) and
(5.19) we conclude the proof. O
Remark 5.1 Since @, € H}(Q), we have
d(Vyun, VHg(Q)) < ||V, — Vaup| r29) = p
and so, the result of the previous theorem says that
w~ d(Vpun, VH(Q)).

Therefore, iy, is a reasonable election to define a computable estimator for d(V pup, VHE (2))

Theorem 5.3 There exists a constant C, depending only on the reqularity of the
elements, such that
nr < CHVh@”L?(T) + h.o.t.,

where
‘h.O.t.‘ < C’hT||)\u - )\huh||L2(T)

Proof. Let by € HY(T) N Pys1 be a bubble function which is equal to one at the

barycenter of T'. By standard arguments we can prove that

1/2
el <l < ([ 1unPr) (5.20)
T

and

C
IV (unbr)llL2(r) < E”uh”LQ(T)- (5.21)
Take v = upbp. Using (1.1) and that fT VupVv =0, we obtain

)\h/ UpV = / Ve - Vv —/(/\u— ARup)v.
T T T

Therefore, applying the Schwarz inequality and using (5.20) and (5.21) we conclude
the proof. O
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6 Numerical examples

Now we present the results obtained with adaptive methods based on the H' error
estimator defined by
&= &,

TeTy

where €2 = n2 + p2. We have used the following standard adaptive procedure:
start with an initial quasi uniform mesh 7y and compute the approximate solution
ug. Then, given a solution wu corresponding to a mesh 7, the following mesh is
obtained by refining those elements 7" such that the error indicator &1 satisfies

& > Y &max with &maz = Max &7
TeT

for some fixed constant v (we have taken y=0.7).

In the two dimensional case we use the refinement propagation method given
by Rivara [15] which guarantee that, at every step, the minimum angle is always
greater than or equal 0.5 times the minimum angle of the starting mesh. In 3-
d, the mesh 7y, 1 is obtained from the 7; using a recursive largest edge partition
procedure that limits the propagation of the refinement [16].

6.1 Two dimensional example

We start solving the problem (1.1) in the classical L-shaped domain, namely,
Q= [71v 1] X [713 1] \ [07 1] X [7170]

The first eigenvalue is A\; ~ 9.64 as computed numerically using a very refined
mesh. In figure 1 the domain with the initial mesh and the mesh obtained after 8
steps are presented.

XXX
PP
XXX

Figure 1: Domain, inital mesh, mesh after 8 adaption steps, and zoom (10x)

Figure 2 shows the eigenvalues obtained in each mesh of the adaptive procedure,
together with the Rayleigh quotient for the function @ defined in Section 3, plotted
against the number of unknowns V. We can see that these approximations provide
suitable upper and lower bounds for the extrapolated eigenvalue.
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In figure 3 we show the convergence of the adaptive procedure by showing the
squared global estimator £€2 and the error A — A\, against the number of unknowns.
It is also shown that the two parts n% and u? achieve the same optimal order of
convergence N ! as the total estimator £2.

10.8 X

10.6 - Computed  + 7

104 F X Rayleigh quotient X i

Eigenvalue ----

10.2 - x .
10 - X =
98 o x .

. X
96 |- LT T g
+
9.4 N ]
+
92 b
¥
9 L L L L M| L L L
100 1000 N

Figure 2: Sucessive approximations of the eigenvalue

10¢ ‘ —————— : —
[ Estimator (squared) +
A Error X |
i o n O(NT")---- |
S~ + 2
1p X % Lt pe o ox
E BN 2
F X Tl * o * . nsoe
X BRI % o .
X RN *
e i o ¥
x Tl o
0.1F X x \\\\x x E
r x \‘x\
X T ~
X
0.01 : s : —
100 1000 N

Figure 3: Convergence of the computed eigenvalue

6.2 Three dimensional example
We also considered the eigenvalue problem (1.1) in the three dimensional domain:
Q= {ll‘]‘ < 17j = 17273} - {0 < Z 5 < 17j = 17233}

Starting with a uniform mesh we performed 8 adaptive steps and obtained the
mesh shown in Figure 4.

The numerical approximation of the eigenvalue, and the Rayleigh quotient are
shown in figure 5, where the monotonic convergence of these values can be observed.
Finally, figure 6 shows the total estimated error and the eigenvalue error (in this
case, the exact value is obtained by extrapolation of the numerical approximations).
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Figure 5: Eigenvalue and Rayleigh quotient
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Figure 6: Global error estimator (squared) and error of the eigenvalue
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