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Abstract. We consider the approximation of Poisson type problems where the source is given
by a singular measure and the domain is a convex polygonal or polyhedral domain. First, we
prove the well-posedness of the Poisson problem when the source belongs to the dual of a weighted
Sobolev space where the weight belongs to the Muckenhoupt class. Second, we prove the stability in
weighted norms for standard finite element approximations under the quasi-uniformity assumption
on the family of meshes.
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1. Introduction. This paper is motivated by the analysis of numerical approxi-
mations of elliptic problems with singular sources. The standard finite element analy-
sis is based on the variational formulation in Sobolev spaces. For example, for the
classic Poisson problem in a bounded domain 2 € R", it is known that the problem
is well posed in H} () whenever the right-hand side is in the dual space H~1(Q).

However, the finite element method can be applied in many situations where the
right-hand side is not in H~!(Q), and consequently, the solution is not in H} ().
Interesting examples of this situation arise when the right-hand side is given by a
singular measure .

Given a bounded domain  C R", n = 2 or n = 3, we consider the Poisson
problem

(1.1) Au=p in €,
u=0 on 0ON.

To perform a variational analysis, suitable in particular for finite element approx-
imations, it is natural to work with weighted Sobolev spaces. This approach has been
used in several papers (see, for example, [2, 3, 8, 9]).

Associated with a locally integrable function w > 0 we define the space LE (Q) as
the usual LP () space with measure w(z)dx and L2 (2) = L (Q)™. We will also work
with the Sobolev spaces W1P(Q) = {v € L2 (Q) : Vv € LE(Q)}, which is a Banach
space with the norm given by

||UHW1”’(Q) = ||UHL{L(Q) + ||VU||L€J(Q)>

w
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and Wilug(Q) = C§°(?), where the closure is taken with respect to || - [[y1.0(q). As it
is usual, we replace W12(Q) by HL(9).
Consider, for example, the simple situation where p is the Dirac § and 0 € Q. In

this case,
[Vu(z)| ~ [z['7" ¢ L*()

but
|Vu| € L2 (Q)

if w(z) = |x|* with a > n — 2. Therefore, to analyze this problem one can work with
a Sobolev space associated with w. More generally, in [9] the authors consider an
application which leads to a problem like (1.1) with a measure p supported in a curve
I contained in a three-dimensional Q. They propose to work with w(z) = dist(z,T")?,
0 < a < 1, and prove the well-posedness of the problem in the associated weighted
Sobolev space when « is small enough. Afterwards, in [8], the author gives a more
general stability result for the continuous as well as for the discrete problem obtained
by the standard finite element method. However, his proof is not correct. Indeed,
the argument given in that paper is based on a Helmholtz decomposition in weighted
spaces. The author introduces a saddle point formulation of the problem and tries to
prove the usual inf-sup conditions that imply the existence and uniqueness of solution.
The flaw lies on the fact that (using the notation of that paper) the inf-sup conditions

needed are
a(o,T)
sup > ook, , sup

20 | Tk, o#0 |7k,

alo,T)

> |7k,

where K; = {o : b;(w,o) = 0} and not those proved in [8] where these inequalities
are proved but with K; replaced by M; (see Lemma 2.1 in that paper).

Recall that to obtain a Helmholtz decomposition for a vector field q one has to
solve

1.2
(1.2) u=20 on OS2

{—Au =divq in Q,
with a control of Vu in terms of q. For example, for q € L? (), we want to have the
weighted a priori estimate

(1.3) Vuller ) < Cllallue @)-

The first goal of our paper is to prove this estimate for convex polygonal or polyhedral
domains and for w € A,, 1 < p < oo (see section 2 for the definition of the Muck-
enhoupt classes A,). These kinds of domains are very important in finite element
applications. Analogous estimates have been proved in [5, Theorem 2.5] for the case
of C'-domains.

Although this part of the paper concerns the continuous problem, it is important
to remark that this a priori estimate plays an important role in the analysis of finite
element approximations. Indeed, (1.3) is the starting point for the analysis of a
posteriori error estimators (see [2]). On the other hand, we need this a priori estimate
for a duality argument used to prove the stability in weighted norms of the discrete
problem.

For nonsmooth domains the convexity assumption is necessary as it is shown by
the following example. Consider a polygonal domain with an interior angle w > 7 at
the origin. It is known (see [15]) that the solution u can have a singularity such that
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|Vu| ~ |z|*~1, with s = m/w < 1, even if the right-hand side is very smooth. In such a
case |[VulP|z|* ~ |z[P$7PT but |z|* € A, for —2 < o < 2(p—1) (see, for example, the
remark after Theorem 7.7 in [11]) and |Vu| ¢ Lffl‘* whenever —2 < a < —2+4p(1—35s).
On the other hand, assuming that the weight singularities are far from the boundary,
as it is the case of the model problem considered in [8], the weighted a priori estimates
can be generalized for nonconvex Lipschitz polytopes (see [25]).

As we mentioned at the beginning, our main motivation comes from the analysis
of finite element methods. Usually, singular problems require the use of appropriate
adapted meshes to obtain good numerical approximations efficiently. One way to
produce this kind of meshes is based on the use of a posteriori error estimators. As it
is known, efficient and reliable estimators can be derived by using the stability of the
continuous problem. Therefore, these kinds of results could be obtained using (1.3).
This was done for the case of p = § in [2].

Another way to produce adapted meshes in problems where the location of the
singularities is known a priori, like those considered here, is by using stability results
in order to bound the approximation error by an interpolation one and then designing
the meshes in such a way that this last error is of optimal order (see, for example, [3]
and [24]).

To prove stability results in weighted norms for general meshes seems to be a
very difficult task. Indeed, the problem is closely related with stability in WP norms
for 2 < p < oo, a problem that has received great attention by people working in
the theory of finite element methods in the last forty years (see, for example, the
books [7, 4] and references therein). More precisely, as a consequence of a celebrated
Rubio de Francia’s extrapolation theorem, stability in H}, for all w € Ay, would imply
stability in WP for 2 < p < co as well as almost stability (i.e., up to a logarithmic
factor) in W1, As far as we know, this kind of results have not been proved for
general meshes (not even assuming regularity of the family of triangulations).

The second goal of our paper is to prove stability results in weighted norms
for standard finite element approximations under the assumption that the family
of meshes is quasi-uniform. Although this is a severe restriction for the problems
considered here, our result seems to be the first one on stability for a general family of
weights, including those given by appropriate powers of the distance to a closed subset
I' C Q arising in the analysis of these problems. Further research is needed to improve
the results in order to allow more realistic meshes. Our proof of the stability results
make use of an estimate proved by Rannacher and Scott [26]. Roughly speaking,
their result says that, if u;, denotes the finite element approximation to the solution
u of a regular problem then, for any z € Q, the value |Vuy(z)| is bounded by a local
contribution given by the average of |Vu| in the element containing z plus a decay
estimate which is small away from z. It is interesting to remark that this is the only
part of our argument where the restriction on the meshes is needed. It is worth noting
that, since our arguments are based on estimates for the Green function, the same
techniques may be applied to more general equations provided those estimates hold
true.

The rest of the paper is organized as follows. In section 2 we recall the Mucken-
houpt classes and prove the well posedness of the Poisson problem in weighted Sobolev
spaces for convex polygonal or polyhedral domains. Section 3 deals with the stability
in weighted norms for finite element approximations.

2. The continuous case. In this section we prove the weighted a priori estimate
(1.3) for (1.2). We will follow the arguments given in [6] which are a generalization of
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techniques used to prove continuity of singular integral operators. The difference with
[6] is that now we are interested in bounding first derivatives when the right-hand side
is in a weaker space than those considered in that paper. Therefore, we need to use
different estimates for the Green function.

As mentioned in the introduction, our motivation comes from the analysis of
finite element approximations, and, therefore, it is important to consider polygonal or
polyhedral domains. In our proofs we will use estimates for the Green function which,
for these kinds of domains, have been proved only for the Poisson equation. On the
other hand, if the domain is smooth enough, the estimates for the Green function that
we are going to use are known to hold for general elliptic equations (see [20, Theorem
3.3]) and, therefore, our results apply in that case.

We will make also use of the Hardy-Littlewood maximal operator defined as

M) = sup |Q‘/|f )| dy,

where the supremum is taken over all cubes containing x. A useful well-known bound
involving this operator that we will use is the following: if 5,9 > 0, then

IS W)l -8
(2.1) / — = dy < C5 P Mf(x)
ly—z|>8 |l‘ - y‘7L+B
(see [17, Lemma (b)]).
A weight is a non-negative measurable function w defined in R™. Let us recall
that, for 1 < p < oo, the Muckenhoupt A, class is defined by the condition

=g (g o) G [ ) <

where the supremum is taken over all cubes Q. It is well known that M is bounded in
LP (R™), for 1 < p < oo, if and only if w € A, (see, for example, [11, Theorem 7.3]).

In the next section we will also work with the A; class. Recall that a weight is in
Ay if

(2.2) [w]a, = sup

In our proofs we will make use of the well-known property: if p > 1, then 4; C A4,
and [w]a, < [w]a, (see [12, Theorem 2.1(ii)]).
We will also need the local sharp maximal operator, namely,

#oeiN e _
Mﬂf(f”)—ﬂilg’% |Q/Qlf(y) foldy,

where now the supremum is taken over all cubes containing x and contained in €2,
and fg = ﬁfQ f. It is easy to see that ./\/l}‘é£ is a sublinear operator and that

./\/lé| fl < Mg f. Moreover, to estimate Mg f one can replace the average fo by any
constant a. Indeed,

/|f<x>—fQ\dx§/ (@) - aldz + |Qlla — fol
Q Q

S/Qlf( a|dw+|@||Q‘/|a |dm<2/|f ) — al d.
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It is known that the solution of the Poisson problem (1.1) is given by

ulz) = / Gly) 1(y) dy,

where G(x,y) is the Green function (for its existence see, for example, [28, Chapter
I1I, section 29]).

We need a Holder-type estimate for the derivatives of G. We prove it in Lemma
2.1. This result is known for smooth domains (see point b. in the Corollary of
Theorem 3.3 in [20]), and it is also stated for polyhedral domains in [16, equation
(1.4)]. Hence, we only need to prove it for polygonal domains.

We begin stating some known estimates for the derivatives of G in polygonal
domains.

Let (), k = 1,..., K be the vertices of Q. We denote py(z) = dist(x, z¥)) and
Vi = B(z® 1) N Q a neighborhood of z*) for some fixed n sufficiently small, to
guarantee that V; NV; = () whenever i # j. If wy is the interior angle on z®) | we
take 1, = J—k Observe that the convexity of € implies 7, > 1 for every k. This fact
is crucial all along the proof.

We will make use of the following results:

(2.3) D2DIG(x, )| < Cla —y| 117 for || = 8] = L.

Moreover, for 2,y € Vj, we have that (2.3) holds for every « and f5 such that |a|+|5]| >
0, provided that px(y)/2 < pr(z) < 2px(y). Also

(24)  |[DgDyG(x,y)| < Cpx(a)™ =2 py(y) ™I if py () < pil(y)/2,
and

(2.5) DS DG (x,y)| < Cprla) ™11 pp () 71P172if pr () > 20k (y).
IfxeVy,andy eV for b #k

(2.6) DS DY G(x,y)| < Cpp ()™ 1172 py(y) 1017,

and, finally, if € V}, and y is far from all vertices,
(2.7) D3 DG (x,y)| < Cpr(a)™ 117,

In [14, Proposition 1] the reader can find the proof of (2.3) for every convex
domain. If z,y € V}, and pi(z) and pi(y) are similar to each other, (2.3) is also stated
for derivatives of higher order in [22, page 286]. Estimates (2.4) and (2.5) can be
found there, too. All these estimates are also stated in [23, Theorem 3 (c)], with the
addition of (2.6). Estimate (2.7) is not explicitly stated in [22, 23], but it can be easily
derived using the same arguments. Let us remark that it can also be obtained using
the conformal transformation of the unit disk onto a convex polygon and how it acts
on the Green function associated to the Laplacian (see [27, section 3]). Observe that
in both [22, 23], general elliptic operators of order 2m are considered; in our case, set
m = 1. The parameters 7, are described in [22, 23] in a very general sense: certain
pencil operators Aj associated with the elliptic problem near the vertices z(®) are
considered, and it is proved that the line Im(A) = 0 (for A € C) is free of eigenvalues
of A. 71, is then defined as the greater positive number such that [Im()\)| < 7 is free
of eigenvalues of A;. However, in [19, section 2.1] it is shown that, for the case of an
angle wy in a two-dimensional domain, the eigenvalues of Ay, are exactly A\; = j:%

s

for 7 € N. Hence we can take 7, = o
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LeEMMA 2.1. If Q is a convez polygonal or polyhedral domain, there exist positive
constants C and v, depending on the geometry of (1 such that

(2.8)  [02,0y,G(2,y) = 02,0y, G(T,y)| < Clo =2 (|l —y[7" 7 + [z —y|7"7).

Proof. As we mentioned above, we only need to consider the case in which € is
a convex polygon, since the three-dimensional case is proved in [16, equation (1.4)].
The proof is rather technical, and it is based on Lemmas 3.1 to 3.3 in [16].

We fix € > 0 such that 7, — 1 — e > 0 for every k, and take v such that 0 < v <
7 — 1 — € for every k.

Observe that, since the singularities lie on the corners of the domain, it is enough
to prove the result for z € B(z®), 2) N Q C V. Here, B(z®), 2) denotes the ball of
radius Z centered at 2(®) . We take M > 0 a fixed constant satisfying some restrictions
that we shall state later.

In what follows, set I := [0,,0,,G(x,y) — 0,,0,,G(Z,y)|. We consider three main
cases, depending on the relationship between z, Z, and y, that will be also branched
in several subcases.

Case 1: |z —y| < M|z — Z|.
Applying the triangle inequality and (2.3) we obtain:

I <10:,0y,G(2,y)| +102,0y4,G(Z,y)|
<C(lz -yl +|z—yl?)
<Cle =z {lz—y| Pl -2 +|z —y| o —z|77}.

Then, (2.8) follows by observing that |x—y| < M|z—Z|, |Z—y| < (M+1)|z—Z|
and v > 0.

Case 2: | —y| > M|z — Z| > pr(x).
Observe that, in this case,

pi(Z) < |z — 2|+ pr(x) < Mo —y[ +n/2 < M~ diam(Q) + /2,

hence, taking M sufficiently large, we may assume that T € V.

Now, we have to distinguish two different situations, according to whether or
not y € Vg:

If y € Vy for some £ # k we may use that ps(y) < diam(f), the triangle
inequality, and (2.6) to obtain

I < Cpe(y)™ 1 (pre@)™ 175 4 pr(@)™7179)

S C‘l’ _ g—s|‘rk7175

< Clz—z|,
where we have used that 7,—1—¢ > 0, that [x—Z| < 1, and that 7, —1—¢ > ~.
The estimate follows by observing that |z — y| < diam(2), so

I<Cle =]z -y o -y
< Cla —ze -y 777

If y is far from all corners, it is immediate that the same estimate holds using
(2.7) instead of (2.6).

If y € V}, a more complex analysis is needed. We consider three subcases,
according to the relation between pg(z) and pg(y):
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o If pp(z) < pr(y)/4, we can apply (2.4) to (z,y). However, we need

to show that this can be done for (Z,y) too. Indeed, we have that
[z —y| < pr(@) + p(y) < Jox(y) and that p(2) < |z — | + pr(x) <
Mz — y| + pe(z) < (57 + $oe(y). If we take M > 5, we obtain
px(Z) < pr(y)/2 and, therefore, (2.4) holds for (zZ,y).

Finally, observe that |z — 2| < pj(x) + px(2) < 3pk(y) and recall that
pr(x), pr(Z) < Clx — Z|. Then, applying (2.4) we obtain

I < Cpily) ™™ (o)™ 7175 + (@) ™71 79)

< Cpuly) > Tonly) e —

< Cla =y 2w — 2~ (1) g — e

=Cle —y| o - a7,
where we have used that v — (7, — 1 —¢) < 0.
If pi(z) > 4pi(y), we can apply (2.5) to (z,y). As in the previous sub-
case, we need to prove that the same can be done for (Z,y). Indeed,
we have that |z — y| < pr(@) + pr(y) < 3pr(z) and that py(z) < |z —
Z| + pr(2) < M~z — y| + pr(z) < M~ 1pi(2) + pr(Z). Now we recall
that we assumed M > 5, which allows us to kick back the py(z) term,
obtaining pi(z) < 43/[]\{5%(:?), and, consequently,

M 1
I S
i =57 (@) < 5o(2),

which implies that (2.5) holds for Z.
Hence, using that pi(y) < Cpi(x), that |z — y| < Cpi(x), and that
pr(z) < Clr — Z| we have
I < Cpr(y)™ (o) ™1 + pp(z) ™ 1F9)
< Cpp(x)~?
< Cpi(x) > pr(a)?
< Clo —y|7* o —a[.

pr(y) <

If pi(y)/4 < pr(x) < 4pi(y) we only need (2.3). We have that |z —y| <
pi(z) + pr(y) < 5pi(z) < 5M|z — z|. Applying (2.3),
I<C(lz =yl + 17 —yI7?)
< Cle =y e~y
< Clz —y|7* e — 2|7,

where we have eliminated the term |Z—y| thanks to the fact that |[z—y| <
|z —Z|+|Z—y| < M~ z—y|+|Z—y|, which implies that |z—y| < C|z—y|.

Case 3: |z —y| > M|z — Z| and pg(z) > M|z — Z|.

We use a mean value argument, obtaining
(2.9) I< |z —2||Va0r,0y,G(2,y)|

for z =2z + s(z — z), 0 < s < 1. Moreover, we have that

o — 2] < M~ pi(a) < M~ (pil2) + |z — 2l) < M~ (pu(2) + |z — ),
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and, consequently, |z — Z| < 172~ pk(2).
As in Case 2, if y ¢ Vi, consider first y € Vy for some ¢ # k. In this case,
(2.6) applied to (2.9) gives (assuming v < 1)
I < Cla—lpe(2)™ > pely)™ ' 7°
< C|x _ i,|'ypk(z)7k72fs+17'y
< Clz—z|"
< Clz =@l —y| 7>z — y**”
< Clo = 3w —y[7*77,
where we have used that pg(y), pr(2), |z — y| < diam(Q).
The same estimate can be obtained when y is far from all vertices using (2.7)
instead of (2.6).
Ify € Vy, we can easily check that pi(2) < | —Z|+pr(z) < (1+ M Ypr(z) <
(1+M~1)n/2, so that z € Vi. Once again, we split the proof in three subcases:
o If pi(2) < pr(y)/4, applying (2.4) to the right-hand side (RHS) of (2.9)
and recalling that |z — Z| < Cpg(z) we obtain
I < Cle—zlpn(2)™ 2 pr(y) 1
< Cl =2l pul2) ()
< Clo —z|"pr(y) >
< Clo =3[z —y| 777,
where in the last step we have used the estimate |z — y| < |z — 2| +

pi(2) + pr(y) < Cpi(2) + pr(y) < Cpr(y).
o If pr.(z) > 4pk(y), observe that we have |z —y| < |z —z|+px(2) +pr(y) <
Cpi(z). Applying (2.5) to the RHS of (2.9) we obtain

I < Cla—z|pk(z) ™2 e ppy)™ ¢
< Cllo = a pu(e) ™ ()
< Cle—z"pk(2) 177 < Clz — z[e —y| 7177
< Clo = 3w —y| 777,
where we have used again |z — y| < diam().

o If pr(y)/4 < pr(z) < 4pr(y), as in the last step of Case 2, we only need
(2.3) (but now |a| 4+ |8] > 2). We have that |z —y| < |z — 2|+ |z —y| <
M~z — y| + |z — y|, which leads to |z — y| < 72|z — y|. Therefore,
applying (2.3) to the RHS of (2.9)

1< Cla—allz -y
< Clz — ||z —y| 77
and the result follows. 0

Given w € A, we consider (1.2) with q € L? (). Recalling that G(z,y) = 0, for
y € 0L, we have

(2.10) M@:LGmwﬁw@@:fAWﬁwqu@.

We will use the following known unweighted a priori estimate.
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LEMMA 2.2. Let Q be a convex domain and u be the solution of (1.2). Then, for
1 < p < o0, we have

(2.11)

VullLr ) < Cllallwr )

Proof. In [14], it is stated that for 1 < p < 0o, © a bounded convex domain and
feWw=br(Q) = (Wa? (Q)), there is a unique solution u € Wy*(€) of the problem
Au = f, and that ||Vullzrq) < C||fllw-1.r() (see [14, Corollary 1], taking s = 1).

Now, take f = divq. To estimate || f||y-1.(q), take g € Wol’p'(Q):

= [ ta= [ avag= [ a-Va< lalwrelaly o

Hence, || fllw-1r@) < [ldllLr(0), and the result follows. 0

The argument given in [6] makes use of the following inequality proved in [10,
Theorem 5.23].

LEMMA 2.3. For f € Li,.(Q), w € A, and fo the mean value of f over , we
have

If = fallor @) < C||M§f||L£L(Q)~

In what follows we make use of the fact that C§°(2) is dense in L2 () (see [18,
Corollary 1.7]) and, therefore, we can assume that q is smooth. Hence, pointwise
values of the derivatives of u are well defined.

LEMMA 2.4. Let Q be a convex polygonal or polyhedral domain and u be the so-
lution of (1.2). Then, for any s > 1, we have

ME(|Vul)(z) < C(Mlql*)* ()

for allz € Q.

Proof. We extend q by zero outside 2. Given Z € Q, let Q@ C € be a cube such
that £ € @ and let Q* be an expansion of () by a factor 2. We decompose q = q1 +qo,
where q; = x@~q, where xg- denotes the characteristic function of @*, and call u;
the solution of (1.2) with RHS given by div qz

By sublinearity it is enough to bound MQ (0z,u(Z)) for any 4. Also, as mentioned

after the definition of MQ, we may replace the average by any constant. We take
a = Oy, u2(Z) to obtain

@ / 9n0(a) = B ()

Given s > 1, using Holder’s inequality, the unweighted estimate (2.11) in L*, and
recalling that q; vanishes outside 2 N Q*, we have

)< (g [ Joemar dxf <0 (g [ a@lar) <o) @)
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To bound (i4), since x and T are outside the support of qa, we can take the

derivative inside the integral in the expression for ug given by (2.10), and using (2.8),
we obtain

.. 1 _
(i1) < @//Q o 02, VyG(2,y) — 02, VyG(Z,y)|la2(y)| dy dx
O

¢ = —n— = —n—
<o L] le=ate sl b e -y )t dyda.
@l /o J@re

Now, since z,z € @, and y € (Q*)¢, we have |z —y| ~ |z —y| > @, where £(Q)
denotes the length of the edges of @, and therefore,

0 OTGE [, fg e e
<c/ 1MW) g, < cpnjq(a),
£€Q)

Jo<limy] 1T —y[" T

where the last inequality follows from (2.1).
But, by Hélder’s inequality, M|q|(z) < (M]q]*)* (z) and so the lemma is proved.O

Now, we are able to prove our main result, namely, the weighted estimate for Vu.

THEOREM 2.5. Let Q be a convex polygonal or polyhedral domain. Given 1 < p <
oo and w € Ay, if q € LP(Q) and u is the solution of (1.2), there exists a constant
C depending on p, 0, and w such that

Vuller ) < Cllallue, o)
Proof. Let (Vu)q := ﬁ Jo IVu(x)| dz. We have
[VullLz ) < IVu = (Vu)alls ) + [(Vu)ellus @) = L+ I1.

Now, it is known that if w € A, then w € Ap for some s such that 1 < s < p (see,
for example, [11, Corollary 7.6]). Then, using Lemmas 2.3 and 2.4, and that M is

bounded on L ([11, Theorem 7.3]), we obtain

I< C”M#(WUDHLP @ < Cll(M]q|* ) e < CllallLe @)-

Then, to finish the proof it is enough to bound |(Vu)q|. Using Holder’s inequality,
with exponent s in the first inequality and with exponent p/s in the third one, and
the a priori estimate (2.11) for the second inequality, we obtain

(Vu)al < (|§2 / |w<af:>5dm>i SC(wlu / |q<x>|8dx)s

=¢ <(12|/Q|Q(m)|pw(x) da:); (Iflll/gw(x)p d:c>ps,

and the last integral is finite since w € Ag. ]

Now we can prove the well-posedness of (1.1). This result follows from Theo-
rem 2.5 by standard functional analysis arguments. We give it here for the sake of
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completeness. In the proof we will use the following weighted Poincaré inequality (see
[21, Chapter 2 section 15]): if w € A,, then there exists a constant C such that

(2.12) ol

) < Cl[V|

L@ Vo€ W, ().

Given w € A, we introduce its dual weight w’ := w™/ =Y Tt is known that v’ € A,/
(see, for example, [12, Theorem 2.1(i)]) and that L (Q)' = qu,, (Q).

REMARK 2.6. The proof of Theorem 2.5 also applies to any second order elliptic
operator for which one has estimate (2.8) for the corresponding Green function and
Lemma 2.2.

COROLLARY 2.7. If Q0 is a convez polygonal or polyhedral domain, 1 < p < oo

and w € A,, then, given p € (W;’,%(Q))', there exists a unique solution of problem
(1.1) satisfying,

(2.13) lellwy ey < Cllnll g -

Proof. We define L(Vv) := —(u,v) which is a linear functional over the subspace

of qul, (Q) given by gradient fields of W' (). Using the Poincaré inequality (2.12)
we have

“C(V’U” < HM”(WJ)/P;(Q))/Hv”LP/(Q) < C”MH(W;}P;(Q))/||vv||LZ/',(Q)

Therefore, £ defines a continuous linear functional on the gradient fields of functions

in Wi}’,’,’o (€2) and so, by the Hahn-Banach theorem, it can be extended to all L? ,(€2).

Therefore, there exists q € LL, (2) such that ||q||yz ) = ||,uH(W1,p/ (y and (q, Vv) =
w’,0

—{(u,v). Then divq = u, and therefore, the existence of u and the estimate (2.13) are
immediate consequences of Theorem 2.5 and (2.12). |

The results obtained above can be applied to the problem considered in [8]. In that
paper the author considers a problem like (1.1) with u supported in a curve contained
in a three-dimensional domain. He works with a weighted space where the weight is
a power of the distance to the curve. More generally one can consider I' C Q C R
where I is a compact set. We will assume that I' is a k-regular set for some 0 < k < n,
namely, there exist constants C;,Cy > 0 such that C17%* < H¥(B(z,r) NT) < Cork
for every z € T' and 0 < r < diam(T"), where H* denotes the k-dimensional Hausdorff
measure. Let us remark that k is not necessarily an integer. However, if I' is smooth,
then k is the usual dimension.

To simplify notation we introduce wy := dist(z,I)*. It is known that, if T is a
k-regular set, then, for 1 < p < oo,

(2.14) —n—k)<A<(n-kp-1) = wyc A,

(see [13, Lemma 2.3,vi] or [1, Appendix BJ).

THEOREM 2.8. If Q is a convex polygonal or polyhedral domain, I' C Q is a
k-regular set and 1 < p < oo, then, for —(n — k) < A < (n —k)(p — 1), given
pe (Whe (Q))' there exists a unique solution u € WLP(Q) of (1.1) satisfying,

W_x/(p—1);0

pgy < C .
||u||W&,)\(Q)— ||ﬂ||(W1,p, (Q)>

Wox/(p—1):0
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Proof. In view of (2.14) the result is an immediate consequence of Corollary 2.7.0

In particular, taking n = 3, k = 1, and p = 2 we obtain the result stated in [8,
Corollary 2.2].

3. The discrete case. The goal of this section is to prove weighted stability
estimates for finite element approximations of the Poisson equation.

Given a convex polygonal or polyhedral domain §2 and a family of triangulations
Tr, where as usual h > 0 denotes the maximum of the diameters of the elements, let
th be the space of continuous piecewise polynomial functions of degree k > 1. The
finite element approximation uf € V¥ of u is given by

/Vuﬁ-Vv: Vu - Vo Yo € V¥
Q Q

Observe that u} is well defined for any v € W11(Q), in particular, for any u € L' ()
such that Vu € L? () for some w € A,.

Since k will be fixed, we will drop it from now on and will write simply V}, and
Up .-

LEMMA 3.1. Let Q be a convex polygonal or polyhedral domain and assume that
the family of partitions T, is quasi-uniform. Then, for u € C§°(QY), there exist positive
constants C and o such that, if T, is an element containing z, then

Vun(2)[2 < C{(;lln /T |Vu(x)|dx>2 +/Q (|x_z|2hi hz)n;rgWu(x)Fdx}.

Proof. Following [4, section 8.2] we introduce a regularized delta function §% €
C§°(T,) satisfying

/ 0*(z)P(x)dx = P(z) VP e Py

Q

and

(3.1) |ID¥6%|| ooy < CRT" 7%, k=0,1,...

Since z is arbitrary but fixed, we drop the z and write simply J.
An immediate consequence of [4, Corollary 8.2.8] is that there exist positive con-
stants C' and o such that

auh(z)’ <C / ddr + / h —— |Vu(z)|? dx
Oz 7.  (|lz =22+ (Kh)?) ="

where K > 1 is a constant. Using the support of § and (3.1), we obtain the desired
result.

However, the proof of [4, Corollary 8.2.8] requires a more restrictive condition
on the angles in the three-dimensional case. But, by a slight modification of the
arguments in [16] it was shown by the third author in [24] that the result is still true
for general convex polyhedral domains. We include the proof here for the sake of
completeness.

We define g € H¢ () as the solution of —Ag = 2% and gj, € V}, as its Galerkin
projection. Then, it is easy to see that ’

1
2
ou

i

()
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un % ddx

aTM = axj

O(u —up)

au 06

/axjédx—l—/V(u—uh)~ngx

/a%édm—I—/Vu-V(g—gh)dx.

Therefore,

Vi) < { s [ Fu@ldet [ [9u@. 96 )@}
and, for any K > 0,
ulx) - — X X hU ul\x 2 X
| 1vuta) - V(o - gi)@)d <</ s V) d)

( [ e D |v<g—gh><x>|2dx> |
Q

Hence, it suffices to see that, for convex polyhedral Q C R? and for sufficiently large
K to be chosen below,

1
2

(3.2) /Q (2 = 2 + (K1) "5 |V (g — g4) (@) ? du < Ch”.

To see this, observe first that we may assume by rescaling that diam(§2) = 1. Following
the proof of [16, Theorem 2], we set d; := 277 and split 2 into the subdomains

O ={xeQ:|r—z2| <Kh}
and
Q={zeQ:djp1<lz—2<d;} (G=1,...,J)
where J is such that 277 < Kh < 277+1. Then, we have

J
— z|? 2) %52 — z)|? dx Loodx = .
/Q(lm "+ (Kh)7) =7 |[V(g — gn)(x)|" dz < (/QJFJZ_:O/QJ) de=1+1I

I can be bounded as follows:

I < (Kh)* |V (g — gn)ll72(0
< C(Kh)** 71| D?gll72(q)
< C(KR)* 7 h?||V6||72(q)
< C(KR)* 12| V6|7 oo ()
< CK3top7,
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where in the third step we have used a well-known a priori estimate valid for convex

domains. 5
Before we bound /1, as in [16, Theorem 2, Step 1], we define M; = d7[|V(g —
gn)ll2(q,)- By the last inequality of [16, Step 3] and [16, equation (4.6)], there holds

h\’ 1
My <C (d) + Cha V(g — a0l (e
J

where Q;/ ={r e Q:dj;3 <|r— 2| <dj_s} . Therefore, observing that in each €,
|z — 2| + Kh ~ d;, we have

J
IT<CY d|V(g — gn)ll72(0,)
=0

J
=0 djM;

h 20 J
7 <d_> +COY W2V (g = gn)l7a g
J =0 J

h 20 J h 2
—_— —_— ?-’Jro- — 2 "
(1) +eX () B9 aa,
7=0

h 20 J - )
() % w196 - ey

Since the last term on the right is a multiple of I, for sufficiently large K we
may kick-back the last term on the RHS to obtain

IN
Q
M-

<
I
o

IN
Q
-

s

<
<
o

IN

C>» d

Jj=0

<3

J B\ 2 J L
o 20 —c 200J0
Ugczczj <dj) <Ch Zdj <COR*7277 < O
=0 7=0
which finishes the proof of (3.2). |

THEOREM 3.2. Let Q) be a convex polygonal or polyhedral domain and assume that
the family of partitions Ty, is quasi-uniform. If w € Ay and u € H&},O(Q), then there
exists a constant C, depending only on [w]a,, such that

[VunllLz @) < ClVullL: (o)
Proof. Assume first that u € C§°(Q2). Using Lemma 3.1 we obtain

|Vun(2)]? < C {M(|Vu(z)|)2 + /sz oo z|2h:— hQ)% |Vu(a:)|2dx} )

Then, multiplying by w(z) an integrating we obtain

[ 19w Pute) = < c{ | MTuE() d:

// W [Vulz (i)g drdz ;.
Ix—2\2+h2)
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But

h? 1 h?
/ w(z) —dz < —/ w(z) dz—|—/ L('Z}rdz.
Q (|lx— 22+ h2)2 R Jiz—z1<n le—z|>h [ — 27

Using the definiton of M to bound the first term and (2.1) to bound the second one,
we have

n+o

2|2+ h2) "2

and, therefore, interchanging the order of integration in (3.3),

/ how(z) dz < CMuw(z),
Q (lx—

/Q|Vuh(z)\2w(z) dzgc{/QM(vu(z)D?w(z) dz+/Q\Vu(x)|2Mw(:r) da:}.

In particular, if w € Aj, using (2.2) and recalling that A; C As and so the maximal
operator is bounded in L2 (£2), we conclude that

IVunes

w

@ < ClVullrz (o)

for u € C3°(Q).
The following density argument finishes the proof: let (u;);en be a sequence of
functions in C§°(£2) such that u; — u in H (). By the above inequality

IV (ujn —urn)llLz @) < CIIV(u; —ur)lL2 ),

whence (Vu; 1) jen is a Cauchy sequence in L2 () for each h. By Poincaré’s inequality
(2.12), it follows that (uj;s)jen is a Cauchy sequence in H}, ((€2) and, therefore, it
exists @y, 1= im0 Uj p, Up € Vi It remains to see that 4, = uy, but, since for all
v E Vp,

/ Vujn(x) - Vo(z)de = / Vuj(z) - Vu(z) dz,
Q Q
we obtain

/Qth(:E) -Vo(z)de = /QVu(a:) -Vo(z) dz

for all v € V},, which implies that i; = up, as we wanted to see. 0
From a known extrapolation theorem we obtain the following result.

COROLLARY 3.3. Under the hypotheses of the previous theorem, for 2 < p < oo
there exists a constant C' depending only on p and [w]a,, such that,

IVunllLy, ) < CllVullug o)-
Proof. By the previous theorem, we know that
[Vun Lz @) < CllVullL2 @)

for every w € A, where C' depends on [w]4, only. Therefore, it follows from [12,
Corollary 3.5] (choosing so = 1 and py = 2) that

[Vun|

o) < OllVully o

for any p > 2 and every w € Ag, where C' depends on [w]a,. Since 4; C Ag and
2

[w]a, < [w]a,, the result follows. O

P
2
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Next, using a standard duality argument combined with the weighted a priori
estimates given in the previous section, we extend the stability result for weights with
inverse in A;.

COROLLARY 3.4. Under the hypotheses of the previous theorem, if w™! € Aj,
then

VunllLz () < Cl[VullLz @)

Proof. Take q = wVuy, and let v be the solution of —Av = divq vanishing on
09). From Theorems 3.2 and 2.5 we know that

IVonllez _, @) < ClIVYlLe ) < Cllalz _, @)

Then
||Vuh||igu(sz):/Vuh~q:/Vuh~Vv:/Vu~Vvh
Q Q Q

< ClIVaullez @ [IVorllLz @)
< ClIVullez @ llallez _, @
= Ol VullLz @ [VunlLz, «)- 0

As we have done in the continuous case we can apply these results to the problem
considered in [8] as well as to the generalization introduced at the end of the previous
section. With the notation used there we have the following.

THEOREM 3.5. Under the hypotheses of Theorem 3.2, if I C Q is a k-regular set,
then, for —(n —k) <A <n—k,

IVunllLz, (@) < ClVullL, (-

Proof. Tt is an immediate consequence of Theorem 3.2 and Corollary 3.4 because
either wy € Ay or w_) € A; by (2.14). 0
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