AN ELEMENTARY PROOF OF THE CONTINUITY FROM L(Q) TO H(Q)"
OF BOGOVSKII'S RIGHT INVERSE OF THE DIVERGENCE

RICARDO G. DURAN

ABSTRACT. The existence of right inverses of the divergence as an operator from Hg(Q)™ to
L3(Q) is a problem that has been widely studied because of its importance in the analysis of
the classic equations of fluid dynamics. When 2 is a bounded domain which is star-shaped with
respect to a ball B, a right inverse given by an integral operator was introduced by Bogovskii,
who also proved its continuity using the Calderén-Zygmund theory of singular integrals.

In this paper we give an alternative elementary proof of the continuity using the Fourier
transform. As a consequence, we obtain estimates for the constant in the continuity in terms of
the ratio between the diameter of €2 and that of B. Moreover, using the relation between the
existence of right inverses of the divergence with the Korn and improved Poincaré inequalities, we
obtain estimates for the constants in these two inequalities. We also show that one can proceed
in the opposite way, that is, the existence of a continuous right inverse of the divergence, as well
as estimates for the constant in that continuity, can be obtained from the improved Poincaré
inequality. We give an interesting example of this situation in the case of convex domains.

1. INTRODUCTION

Let ©Q € IR™ be a bounded domain. Given a smooth vector field u defined in 2 we will denote
with Du its differential matrix, namely,
Du = <8u2>
61']'

and for a tensor field (a;;) we define its norm by

lalFz) = D llasjlliz(q)-

ij=1
The existence of solutions u € Hg ()" of
divu = f (1.1)
satisfying
1Dull 120y < Caivollf 220 (1.2)
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where f € L2(Q) := {f € L*(Q) : [, f = 0} and the constant Cy;, o depends only on €, is a
problem that has been widely analyzed because of its several applications and connections with
other important results.

Assume that @ C IR™ is a domain with diameter R which is star-shaped with respect to a
ball B C Q, which we assume centered at the origin and of radius p. For a function w € C§°(B)
such that [, w =1, a solution of (1.1) is given by

u(e) = [ Gla)fw)dy (1.3
where G = (G4, -+ ,Gy,) is defined by

o= [ (e )

Moreover, u € H} ()" and (1.2) is satisfied.

This formula was introduced in [6] by Bogovskii who proved the estimate (1.2), as well as
its generalization for LP, 1 < p < oo, using the general Calderén-Zygmund theory of singular
integrals developed in [7].

More recently, several papers have considered extensions and applications of this formula. In
[10], a weighted version of (1.2), which is of interest in finite element analysis, was proved. In [1],
an extension of Bogovskii’s formula was introduced for the rather general class of John domains
and the estimate (1.2) was proved using again the Calderén-Zygmund theory. Also, extensions
of (1.2) for fractional order positive and negative Sobolev norms have been obtained in [8, 13].

The goal of this paper is twofold:

First, we want to give a simple proof of the estimate (1.2) for the solution given by (1.3) using
elementary properties of the Fourier transform. In this way we avoid the use of the complicated
general theory of singular integral operators. We believe that this can be of interesting for
teaching purposes.

Second, we are interested in obtaining some information on the constant in terms of the ratio
R/p. As a byproduct, this result can be used to give estimates for the constants in some Korn
and improved Poincaré inequalities.

The paper is organized in such a way that the reader interested only in the first part needs
to read only up to the end of Section 2, which deals with the continuity of the singular integral
operator. In Section 3 we modify the proof of the continuity in order to obtain a sharper estimate
of the constant in (1.2). In Section 4 we obtain estimates for the constant in the so called second
case of Korn inequality. Finally, Section 5 deals with the improved Poincaré inequality. First,
we recall that the existence of solutions of (1.1) satisfying (1.2) can be proved by assuming the
improved Poincaré inequality. Moreover, tracing constants in this proof, it is possible to obtain
information for the constant in (1.2) from that in the improved Poincaré inequality. As an
interesting example of this situation we show how sharp estimates for the constant in (1.2) can
be obtained for the case of convex domains. On the other hand, we show that in some cases one
can proceed the other way around, namely, it is possible to obtain estimates for the constant
in the improved Poincaré inequality knowing estimates for the constant in (1.2). This is, for
example, the case of planar star-shaped domains. Consequently, we obtain new estimates for
the constant in the improved Poincaré inequality in this case.




2. BOUNDEDNESS OF THE SINGULAR INTEGRAL OPERATOR

In order to work with functions defined in IR"™ we extend f by zero outside of Q in (1.3).

Let us recall the basic properties of the Fourier transform that we will need (see for example
[24]). The Fourier transform is defined for f € L'(IR") by

,ﬂ8==/?‘%“?ﬂxﬂw

Here and in the rest of the paper, when we do not indicate the domain of integration it is
understood that it is IR™. The Fourier transform can be extended to f in the class of tempered
distributions &', in particular, it is defined in L?(IR™) and it is an isometry, i. e.,

1fllz2mny = [1f1lL2awn)-
We will use the well known equality

—

of . o =
5 (€)= 275, (©)

The k-component of u is given by

U = U1 — Uk,2,

ug,1(z //(yk+ k_yk))w<y+$;y> f(y)dyf—z.
up2(@ / /ykw (y+> f(y)dy%-

These double integrals exist, if for example we assume that f € L'(IR") and has compact
support. Indeed, if supp f C B(0, M) then, both integrands vanish unless |y + %‘ < p and
ly| < M, and so, assuming that p < M, we can restrict the domain of integration to |z — y| <
2Mt. Therefore, integrating first in the ¢ variable, it follows that, for i = 1,2,

wmm>sc/m@fﬁ4@,

where the constant C' depends only on w, n, and M. Since f € L'(IR") the last integral is finite
for almost every .
In order to take the derivatives of uy; it is convenient to write

up 1 (x —hm/ /(y + k_yk)>w<y+xt_y> f(y)dy%f,
1 —
up 2 () Zglg(l)/ /ykw (y+$ty> f(y) dy%

where, as we will see, the limits exist in §’. Consider the first integral and, to simplify notation,
define p(z) = zpw(z). Then, given g € S we have to show that

where

and

and



/</81/‘p<y+l:y> fly) dy dt) dx%/(// (y+> f(y)dny g(x) da

when € — 0. It is enough to see that

i [ [le (o4 55| 10l sy 5 o (2.1

But, making the change of variable z = 5 in the interior integral we have

€
L= /0 / / oy + ) 1) 19y + £2)] dz dy dt < 9]l oo e Lol s cem | F s ey

which proves (2.1). The integral defining uj o can be treated in the same way, indeed, defining
now ¢(x) = w(x), the only difference with the case of uy ; is the factor y; appearing in the
integrand, but it can be bounded assuming again that f has compact support.

Now, for € > 0 fixed, we can take the derivative inside the integral, and therefore,

Ouy
81’j

where Tj; 1 and Tj; o are of the form

_llﬁ%//a [( I;yﬂf(y)dyjf (2.3)

with p(z) = zpw(x) for Ty, 1 and ¢ w(x) for Ty 0.
We are going to prove cont1nu1ty of operators of the form given in (2.3) where ¢ € C§°(B)
with B = B(0, p). With this goal we decompose the operator as

= Tijif + Thj2(yrf) (2.2)

Tf=T1f+Tof

Ty f(x —hm/ /8%[( "Tty)]f(y)dyif (24)
L.z //8 o (v )

An estimate of ||T5 f|| 2(rny for L?-functions f vanishing outside © can be obtained easily as
we show in the following lemma.

where

and

Lemma 2.1. If f € L?>(IR") vanishes outside §) then

ITof iz < 2100 H

£l 22

Lj 1l Loo (R7)



Proof. We have

1) - [ { J 1 (gj) (v+23Y) tfil}ﬂy)dy. (25)

|f ) dy

and the result follows immediately using the Schwarz 1nequahty. a

We now proceed to bound the operator 77 in L2. This will be done using the Fourier transform.
By standard density arguments it is enough to bound the operator acting on f smooth enough.
In the following lemma we give a simple form for 7 in terms of Fourier transforms.

Then,
Tof(2)] < 2

Lemma 2.2. For f € C§°(IR") we have

N[

~

ToF () = 2nic, /0 B F((1— ey dt (2.6)

Proof. From (2.4) we have

Tif =1lim Ty .f,
e—=0 7’

Tl’ff(x):/f/aij o (v 2 1wy

and the limit is taken in S'.
Now, we have

Tie© _//Q/ai [‘p (Hx;y)] fy) e*””fdy%da;,

and, since this triple integral exists, we can interchange the order of integration. Therefore,
integrating by parts we obtain

Ti (¢ _2ng/ // (y+> e aay & .

and making the change of variable

where

(z—y)

z=y+ /

in the interior integral,

T f(¢ _2ng/ // e~ 2t (=0Y)€ £ (4 dz dy dt

= 2mig; / : / / p(t€) e > =DVE f(y) dy dt,

and therefore,



~

— 2

Too3(€) = 2rit; [ BT~ 0¢) dr,
15

and taking € — 0 we conclude the proof. a

Using the expression given in (2.6) we will give an estimate for the operator 77 in L?. First
we prove an auxiliary result.

. Then,
LI(IR”)

arle;| /0 Bt dt < C,,y

Lemma 2.3. Define Cy, = p~ |0l L1 mny + o

Proof. We have

2m|/ B(t6) |dt—27r|@|/ | tﬁ)ldt+2ﬂlfy|/ B(t6)| dt = T+ 11

QWP\EJ
Now,
I<p M@l zoomny < 0_1H<P||L1(1Rn)
and
g 1e(t)]
27Tp\§j\ J 277["& |
but
8 ®
2
—47 §J = 3
and therefore,
1 2 o0 1
1< — ai / ———dt < p 0% QO
27 || Oz 1 t2|g] 8
Lo (RP) * 2mplE;] LY(IR™)
and the lemma is proved. O

As a consequence of this lemma we obtain the following estimate for the operator T7.

Lemma 2.4. If C, , is the constant defined in the previous lemma, then

n—1
171 fllL2rny <272 C.
Proof. Applying the Schwarz inequality in (2.6) we have

Ti7 ) < ( /0 *orle; 1Bt dt) ( /0 *orle 1B F((1 = 1)) dt)

and so, from Lemma 2.3,

).

T < Csa,p/o2 2w & 1RO (1 = )€ dt



Then, integrating in £ and making the change of variable n = (1 — )&, we obtain

R o [ [ 2minl|p (22| oo ane

and, integrating first in the variable ¢ and makmg now the change s =t/(1 —t), we get

— 1 ~
/ITlf(§)|2d§§2”_1Cw,p/ </0 27T|77j||s5(877)|d8> | f(m)I* dn

therefore, applying again Lemma 2.3,

[ mrera <rcz, [1fme an
and we conclude the proof recalling that the Fourier transform is an isometry in L2(IR™). o

Summing up the lemmas we obtain the main result of this section.
Theorem 2.1. If T is the operator given in (2.3) and f vanishes outside €, then
1T fll2) < Copollfllzz@)
with

i

n=1 _4q n—1
Copr=272p ||<P”L1(1Rn)+2 2 p 83:?

+2”]Q|‘

L(R") Oz, Leo(IR™)

3. DEPENDENCE OF THE CONSTANT ON ()

An interesting question is what can be said, in terms of the geometry of the domain €2, about
the behavior of the constant Cyj,, o in the estimate (1.2). Recall that we are assuming that the
domain 2 has diameter R and that it is star-shaped with respect to a ball of radius p which, to
simplify notation, we assume centered at the origin.

It is known that the constant cannot be bounded independently of the ratio R/p. Indeed,
this can be seen by the following elementary example which also shows that, in some cases,

Caiva > c1(R/p) (3.1)
where ¢; is a constant independent of €.
Given positive numbers a and ¢, consider the rectangular domain Q,. := (—a,a) x (—¢,¢)

and suppose that, for any f € L2(Qq.), there exists u € HE(Qq) solving (1.1) and satisfying
the estimate (1.2) with a constant Cy, 0 = Cae. Take f(x1,22) = 21 and the corresponding

solution u, then
2 . 8U1
#1720, = ridiva = — up = Z
Qa,s a,e a,e 2

6u1

e} <
0xo _C’

eollzillze (.0
L2(Qa.0)

< lz2ll22(0u.)

and so,



211220 c) < Caellzallr2(a )
but,

1

£2q

3

£2q

l\)\w
t\.’)\»—‘

and

2 2
1/l 2000 = 2 122l 22(000) = 72
(e) = 3¢ (0) = /3¢

and therefore,

Cae 2 (a/e)
Consequently, if a > ¢, it follows that in this example (3.1) holds.

For the kind of domains that we are considering the following estimate for the constant Cgy;, 0
is given in [12]

Caiv,o < Co(R/p)"™ !
with a constant Cy independent of ). The reader can check that the result given in Theorem
2.1 recovers this estimate. However, as we will show, this result can be improved.

Indeed, Theorem 2.1 does not give a good estimate of the constant in terms of the function
¢ (or equivalently on p). Curiously, this is due to the estimate obtained in Lemma 2.1 for the
operator 15 which in some sense is easier to handle than 77. Then, in order to obtain a sharper
bound, we will give in the following lemmas a different argument to bound 75.

Lemma 3.1. If 1 < p < -5 then,

£l e (rmy

1T f Loy < H
)= Ox; L1(IR™)

Proof. From (2.5) we have

L]t ‘<//'<ax><

Making the change of variable

d
1wl i

z—y—i-;y

t
in the interior integral, we obtain

Tof(2)| 52/;/’5@ ) ‘f (t:__1x>

Applying now the Minkowski inequality for integrals we have

1T £l o) <2//‘8% ’</'f(ttz_—1x>

and, by the change of variable

1

dz dt.
1—om "

1

P 1

——dzdt
“’”) T

tz—x
t—1

xr =




in the interior integral, it follows that

0
1o fll o) < 2“ °

|
ey e
LY(IR") : (1-1t)r

therefore, since p’ > n, the integral on the right hand side of this inequality is finite and so we
obtain the lemma. D

Unfortunately the restriction for the value of p in the previous lemma excludes the case p = 2.
However, using well known interpolation theorems we can obtain an estimate for the L? case.

Lemma 3.2. If f € L>(IR") vanishes outside Q then, for 1 <p < o

p
=3

Oy

Q5 || 5
al‘j

23

T2 fllz2) <€ —— (RAIFZTE

(1=2) n
(2.

Leo(IR™)

IS

9¢
(9:1,‘]'

Lt (]:Rn)

Proof. From the definition of Ty (2.5) it is easy to see that

1T flloe < 27192 H

Il oo @)

LjllLoe (Rn)

Then, the result follows immediately from this estimate together with Lemma 3.1 and the well
known Riesz-Thorin interpolation theorem (see for example [14, Page 34]) which states that

)4 1-2
1Tallcerz,2) S T2l 2o poy I T2ll o foo poey- B
Summing up we obtain the following estimate in terms of the function .

Theorem 3.1. If T is the operator given in (2.3), f vanishes outside 2, and 1 < p < -5, then

n—1 22 _p
1T fllL2) < (2 2 C«ap*‘ﬁ owl Q! ) £l 22

)3

v
where
_ 0%
Cop=p 1||90HL1(IPm) +p 922
J L (Rm)
and
R
o 31‘] L) 1925 [ s ()

Proof. The result follows immediately from Lemmas 2.4 and 3.2. o

We want to bound ||g—1;§H r2(Rn) using the expression (2.2). This is the goal of the following
theorem.

In what follows C), denotes a constant depending only on n, not necessarily the same at each
occurrence, and A ~ B means that A/B is bounded by above and below by positive constants
which may depend on n and p only.
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Theorem 3.2. Let 2 C IR™ be a bounded domain of diameter R which is star-shaped with
respect to a ball B C Q of radius p and u € H}(Q) be the solution of (1.1) given by (1.3). Then,
there exists a constant C, depending only on n such that

n—2
2\ () jq)
IDullay <€t (1) (os5) " Wl

Proof. As we have mentioned, both operators on the right hand side of (2.2) are of the form
given in (2.3). We will estimate the term T} 2(yx f) which is the worst part due to the presence
of y. The reader can check that the term T}; 1 f can be bounded analogously.

For T} 2 the function ¢ is exactly w, which is supported in B(0, p) and has integral equal to
one. Therefore, ¢ can be taken as

pla) = p (™ ),
where v is a smooth function supported in the unit ball and with integral equal to one. Then,

890 ,n,18£ —n— 2821/1

_ - PN -1,
and so,
_ 0% _
Cop=p "¢l mny + p 2 ~p! (3.2)
Il
and
p
~ dp dp ||” 2 —1-n(1-2
Cpp = ‘ it _ ~p n(1-3), (3.3)
op ax] Ll (Rn) ax] oo (Rn)

Therefore, applying Theorem 3.1 for T = Tj; 9, using |yx| < R and the relations (3.2) and
(3.3), we obtain, for 1 <p < -2,

P
2

1 Q'
Dl < € o (1) Wl
p/

R
p
n—2 1 n
o R <|Q‘>2(n1) <|Q’>2(_ ») il
n = - o 2
p(1—2)5 \IB [B] F
1

Now, assuming that 18] is large enough, we can choose p such that

1( n ) 1

5 —p

2\n—-1 )
log 1B]

obtaining
-2

R 1 Q\ 70
IDullay < Cott oty (1507 el e

>
—
—
|
3|3
N—
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and so, we conclude the proof using that

n o (n—1) <n_p> 2(n — 1)

v 1) T e (B)
plog<|B|

and p < 5. 0

Remark 3.1. In the particular case n = 2 the theorem gives

R R
IDullze) <€ (2 10w (£) 11120

In view of the example given above this estimate is almost optimal (i.e., optimal up to the
logarithmic factor).

4. THE KORN INEQUALITY

As it is well known, Korn type inequalities are strongly connected with the existence of
solutions of (1.1) satisfying (1.2). For example, in the particular case of two dimensional simple
connected domains with a C'! boundary, the explicit relation between the best constant in (1.2)
and that in the so-called second case of Korn inequality was given in [17]. More generally, for
arbitrary domains in n dimensions, n > 2, the Korn inequality can be derived from the existence
of solutions of the divergence satisfying (1.2), and therefore, information on the constant in the
Korn inequality can be obtained from estimates for the constant in (1.2).

A lot of work has been done in order to obtain the behavior of the constant in the different
versions of Korn inequality in terms of the domain (see [16] and its references).

We are going to show how our results in the previous section can be used to obtain estimates
for the constant in the second case of Korn inequality. Let us mention that domains which
are star-shaped with respect to a ball were considered by Kondratiev and Oleinik in [20, 21]
where the authors obtain sharp estimates for the constant in a Korn inequality in terms of
R/p. However, their results are for a different type of Korn inequality than the one that we are
considering and it is not clear what is the relation between the constants in the two different
Korn type inequalities.

For a vector field v € H'(Q)", (v) and u(v) denote the symmetric and skew symmetric part

of Dv respectively, i. e.,
1 81}2' an
filV) =3 (axj * &m)

1 8’1)1' an
,LLZ](V) N 5 (81‘3 B 8902)

Then, the so-called second case of Korn inequality states that there exists a constant Ck o
such that

and

DV 2200) < Ckalle(V) |20
for vector fields v € H'(Q)" satisfying

/Mz‘j(V)ZO, for dj=1,...n. (4.1)
Q
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The argument used in the proof of the following theorem is known but we include it for the
sake of completeness. For an arbitrary domain {2 we will say that it admits a right inverse of
the divergence with constant Cy, q if, for any f € L3(R), there exists u € H} ()" satisfying

diva = f
and
[1Dul[ 20y < Caiv ol fllz2(

Theorem 4.1. If Q admits a right inverse of the divergence with constant Cgiy, then the
second case of Korn inequality holds in ) with a constant Ck o which satisfies

Cra < (1+4n®)2Cy 0

Proof. Let v € H'(Q)" such that (4.1) holds. By density we can assume that v is smooth. By
orthogonality we have

1DV 720y = lle(@) 720y + (V)72
and so, observing that Cg;, o > 1, it is enough to prove that

(V)17 2(0) < 47°Clip alle(V)ll72(0)- (4.2)

/Q,Uij(v) =0,

divu? = p1;;(v)

Given ¢ and j, since

there exists u” € H(Q)" such that

and

1D 0y < Catmllss )20y 13)
Then,

1235 (V) 720y = /Q pij(v) diva® = — /Q Viij(v) - u¥

but,

Opij(v) _ <8eik(v) B 8ejk(v))

Oy, Ox; 0x;

and so,

115y e Z / (5% Ot ) Z /<k k<v>%l;’“>

and using now (4.3) we obtain,

n

i (NZ2 () < Caivallng (V2 D (e 2@ + e 2 @) -
=1
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Therefore,
n 1/2
2
Hﬂz‘j(")Hm(Q) < Cainn nl/? { (”gik(V)HLQ(Q) + Hfjk(V)HB(Q)) }
k=1
and then
1255 By < 2C an (e (20 + i) 220 )
Finally, summing now in 7 and j we obtam (4.2). |

Consequently, using the results of the previous section we obtain an estimate for the Korn
inequality in star-shaped domains.

Theorem 4.2. Let 0 C IR™ be a bounded domain of diameter R which is star-shaped with
respect to a ball B C Q) of radius p. Then, there exists a constant C,, depending only on n such
that, for all v.e HY(Q)" satisfying [o, pij(v) =0, fori,j=1,...,n,

n—2
QL 2(»—1) 9
DVl < € (151) (1og|'B‘|) )2

Proof. The result follows immedlately from Theorems 3.2 and 4.1. D

5. THE IMPROVED POINCARE INEQUALITY

In this section we consider another well known result usually called improved Poincaré in-
equality. To recall this inequality we need to introduce some notation. For a bounded domain
Q C IR™ and any x €  we denote with d(z) the distance from z to the boundary of Q. Then,
the improved Poincaré inequality states that there exists a constant C;pq such that, for any
fe H(Q)NL§(Q),

[fllz20) < Ci (5.1)

It is known that this inequality is vahd for Llpschltz domams and, more generally, for John
domains (see for example [5, 9, 18]).

For the star-shaped domains that we are considering in this paper, the argument given in [9],
applied in this particular case, can be used to show that

Cirg < Cu(R/p)"™ . (5.2)

indeed, this was done in [4, Prop. 5.2] for the analogous inequality in L', but it is easy to see that
the arguments extend straightforward to the L? case. We are going to show that the dependence
on R/p can be improved using our estimates of Section 3, at least in the two dimensional case.

In [11] the relation between Poincaré type inequalities and solutions of the divergence was
analyzed in a very general context. A particular case of the results in that paper says that the
improved Poincaré inequality (5.1) implies the existence of a right inverse of the divergence as
an operator from Hg ()™ to L3(£2). The interest of this result is that it allows us to obtain infor-
mation on the constant in (1.2) from that for the constant in the improved Poincaré inequality.
We will give an example of this situation for the case of convex domains.

Let us reproduce the argument given in [11] for the sake of completeness. With this purpose
we need to use a Whitney decomposition of €2, i. e., a sequence of cubes {Q;} with pairwise
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disjoint interiors and such that, if d; and /; are the distance of @); to the boundary of 2 and the
length of its edges respectively, then d;/¢; is bounded by above and below by positive constants
depending only on n. Associated with this decomposition there is a partition of unity {¢;},
namely, Zj ¢; =1in Q, with ¢; € C’go(@j) where CNQJ- is an expansion of @); still with diameter
proportional to its distance to the boundary of 2. A Whitney decomposition exists for any
domain (see for example [24] for a proof).

Lemma 5.1. If the improved Poincaré inequality (5.1) is satisfied in ) then, given f € L3(Q)
and o Whitney decomposition of Q, there exists a sequence {f;} such that f; € L%(Qj), f=
> fj. and
2 2
#1320y < Co 3 Iilagg) (5.3)
J

and

> Hfj”iz@j) < Co(1+ Cipa)ll fl1Z2()- (5.4)
J

Proof. First we observe that, by duality, (5.1) implies that, for all f € L3(Q), there exists
v € L?(2)" such that

and

divv=f inQ,v-n=0 ondQ (5.5)
< Cipn

Hgl L2(Q) ‘fHLZ(Q)’ (5.6)

where both equations in (5.5) have to be understood in a distributional sense.
Indeed,

L(Vg) = /Q fg

defines a linear form on the subspace of L?(Q)" formed by the gradient vector fields. L is well
defined because [, f = 0. Moreover, it follows from (5.1) that

L(Vg)| = ] [ st —g>\ < Cirallfll 21Vl 2

where g is the average of g in €.
By the Hahn-Banach theorem L can be extended as a linear continuous functional to the space
LZ(Q)", where L2($2) denotes the Hilbert space with norm ||f||L5 := ||df || 12, and therefore, there

exists v € L2, (Q)" satisfying (5.6) and such that
L(w) = / VW Vw e LA(Q)",
Q
in particular,

/QV'ng/fg Vg € H'(Q)

which is equivalent to (5.5).
Given now f € L3(Q), let v € L*(Q)" satisfying (5.5) and (5.6), and define

fi = div(¢;v).
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Then, we have
f=divv =div (V E %) = E diV(¢jV): E :fJ
j j J

Since supp ¢; C @j we have supp f; C @j and [ f; = 0.
Moreover, using the finite superposition (with constant depending only on n) of the expanded

cubes @);, we obtain immediately (5.3). On the other hand, using again the finite superposition
and that ||¢;]|z~ <1 and ||V¢;||r~ < C/d;, we have

vl

2@ )’

oy <0 [V + ]
15y < Co {1 gy + [
and therefore, (5.4) follows from (5.6). m

Theorem 5.1. If the improved Poincaré inequality (5.1) is satisfied in Q2 then, Q admits a right
inverse of the divergence with constant Cg;, o which satisfies

Caiva < Cr(1+ Cipa). (5.7)

Proof. Given f € L(2) let f; be the functions given in the previous lemma. Since f; € L%(@j),

there exists u; € Hg(Q;)" such that
divu; = f; and HDujuLz(@j) < Cn”fj”p@j)a
indeed, a scaling argument shows that the constant in this inequality is independent of the size
of the cube. Then, u =3 ;u; € H}(Q)" is a solution of divu = f. Moreover, it follows from
(5.4) that
| Dul| 20y < Cn(1 + Cipo)ll fllz2 )

and the theorem is proved. o

Let us now consider the case of convex domains. For these domains it was proved in [4, Cor.

5.3] that, for f € Wh1(Q),

R
1f = fsllie) < Cn P 1dV fll L1 (@) (5.8)

where Cy, is a constant depending only on n and fz is the average of f over a particular subset
of Q. From this inequality it is easy to see that, for f € W1!(Q) with vanishing mean value,

R
£z <2C, > 14V fl L (o) (5.9)
Indeed, if [, f = 0, we have

sl = | [ 5= D] <1 = Sl

and therefore,
[ fllzry < If = falloie) + I1f5lleie) <20 = f5llov@
which together with (5.8) implies (5.9).

It is known that (5.9) implies the improved Poincaré in L2. In fact, this was proved in a
more general context in [11, Prop. 3.3] . In the following lemma we reproduce, for a particular
case, the argument given in that paper but tracing constants in the proof in order to obtain an
explicit dependence of the constant in the L? estimate in terms of the constant in (5.9).
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Lemma 5.2. Let ) be an arbitrary bounded domain. If there exists a constant C1 such that,
for any f € WH1(Q) with Jof=0,

1z < CLlldV i), (5.10)
then, for any f € HY(Q) N L3(Q),
11220y < 6vV2C1 [|dV fl2(c)- (5.11)

Proof. The first step in the proof given in [11] is to show that for any measurable E C € such
that |E| > |Q|/2 and any f € W(Q) which vanishes on E, it follows from (5.10) that

£z @) < 3C1ldV fllL1q)- (5.12)
Indeed, calling fq the average of f over {2 and using that f vanishes on F, we have
1 1
fol = i | [ Ga= 1| < 1 [ M= 11,
|fal 7| E( ) ] EI |
and therefore,
Q
[ falli) < ||E||Hfsz — fllo @)
Then,
<lf <lf [P
[fllzr) < If = felloyo) + 1 fallpio) < If = fallpie) + Iz I fa = fllLy o)

and using that |E| > |€2|/2 we obtain

1 £l < 3IIf = fallLi@)

which together with (5.10) applied to f — fq gives (5.12).
Now, for E C Q as above and f € H'(Q) vanishing on E we can apply (5.12) for f? to obtain,

/Qf2 < 301/9de2| < 601/Qdff\|vf’ <6C fll2lldV f 2 @),

and therefore,

1 fllz2() < 6 C1lldV fl|L2(q)- (5.13)
For a function f we define f as the function which agrees with f where f > 0 and is equal
to zero otherwise, and f_ := fi — f. Now, given f € H'(Q), it is easy to see by continuity
arguments, that there exists A € IR such that
J=n2= [z (5.14)
Q Q

On the other hand one of the two functions (f — A)1 or (f — A)_ vanishes in a set E such
that |E| > |Q]/2, suppose that it is (f — A)4 (if not we apply the same argument to the other
function). Then, using (5.13) applied to (f — A\); we obtain

1(f = N+llz2@) £ 6C1lldV fllz2(q),

but, in view of (5.14) we have

/Q(f_)\)zz/g(f_)\)i+/g(f—)\)2_:2/9(]0—)\)3_<72C%Hdvﬂi2(9)>
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and the proof concludes by recalling that, for f € LZ(€2),

[fllz2@) < If = Al O

Theorem 5.2. Let 2 C IR™ be a bounded convex domain of diameter R which contains a ball
B of radius p. Then, given f € L3(R), there exists a solution u € H}(Q)"™ of (1.1) such that

R
[1Dul| 2 gy < Cn p 11l z2 ()

where C,, is a constant which depends only on n.

Proof. The result follows immediately from Theorem 5.1, inequality (5.9), and Lemma 5.2.0

Now, a natural question is whether the converse of Theorem 5.1 is true, namely, if the improved
Poincaré inequality can be proved assuming the existence of continuous right inverses of the
divergence. To the author’s knowledge this is not known. However, a weaker result will allow us
to obtain an estimate for the constant in the improved Poincaré inequality for planar star-shaped
domains using the results of Section 3. In fact, we will see that the converse can be proved if
we assume that the following inequality is satisfied in (2,

|

This is one of the many results called “Hardy inequality” although, at least to the author’s
knowledge, Hardy proved only the one dimensional case. It is known that this inequality is valid
for a very large class of domains (see for example [15, 19, 22, 23]).

< CyallV Vg e Hi Q). 5.15
- 1.0Vl o) g € Hy() (5.15)

Theorem 5.3. If Q) admits a right inverse of the divergence with constant Cy;, o and the Hardy
inequality (5.15) is satisfied in Q0 then, the improved Poincaré inequality (5.1) is valid in £ with
a constant C;pq such that

Cira < CuaCaivo- (5.16)
Proof. Given f € H'(Q) N L3(Q) let u € HE(Q)™ be such that
divu = f and HDuHL2(Q) < Cdiv,QHfHLQ(Q)- (5.17)
Then,

. u
Iy = [ faiva== [ Vi< a9 s |5, < Crala? sl Dulzze

L2()
and using (5.17) we conclude the proof. m

In order to apply this theorem together with our results of Section 3 we need to know estimates
for Cp . For example, for simply connected (in particular for star-shaped) planar domains it
has been proved that

Chao <4, (5.18)
see [2, 3].
Therefore, using this estimate and the results of Section 3, we obtain an estimate for the
constant C;p which improves (5.2).



18

Theorem 5.4. Let Q C IR? be a bounded domain of diameter R which is star-shaped with

respect to a ball B C Q of radius p. Then, there exists a positive constant C such that, for all
feHY Q) NL3(Q), we have

R R
1l < C (p) log (p) 149 22 o0,

Proof. The result follows immediately from Theorems 3.2 and 5.3 and inequality (5.18). o

To finish the paper let us mention that the bound given in the previous theorem is almost
optimal. Indeed, in view of Theorem 5.1, the same example given in Section 3 shows that in
some cases C;p > c1(R/p), where c¢; is a constant.
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