MIXED METHODS FOR DEGENERATE ELLIPTIC PROBLEMS AND
APPLICATION TO FRACTIONAL LAPLACIAN
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ABSTRACT. We analyze the approximation by mixed finite element methods of solutions of equa-
tions of the form —div(aVu) = g, where the coefficient a = a(x) can degenerate going to zero
or infinity. First, we extend the classic error analysis to this case provided that the coefficient a
belongs to the Muckenhoupt class A2. The analysis developed applies to general mixed finite ele-
ment spaces satisfying the standard commutative diagram property, whenever some stability and
interpolation error estimates are valid in weighted norms. Next, we consider in detail the case of
Raviart-Thomas spaces of arbitrary order, obtaining optimal order error estimates for simplicial
elements in any dimension and for convex quadrilateral elements in the two dimensional case, in
both cases under a regularity assumption on the family of meshes.

For the lowest order case we show that the regularity assumprtion can be removed and prove
anisotropic error estimates which are of interest in problems with boundary layers. Finally we apply
the results to a problem arising in the solution of the fractional Laplace equation.

1. INTRODUCTION

In this paper we analyze the approximation by mixed finite element methods of degenerate second
order elliptic problems. There is a vast bibliography concerning this kind of methods (see for
example the books [8, 7] and references therein). However, as far as we know, only very few papers
have considered the degenerate case (we can mention [5, 26]).

Let D C R™, n > 2, be a bounded Lipschitz polytope and a € L}OC(R”) be a non-negative function.
We assume that the boundary is decomposed into two disjoint parts I'p and I'y. Given g and f

defined in D and on I'y respectively and belonging to appropriate spaces, we consider the problem

—div(aVu) =g inD
u=0 onTp (1.1)
—aVu-n=f only

where n denotes the unit exterior normal vector. If I'y = 0D we assume the usual compatibility
condition [g= [yp -
We have written the problem in this form in order to simplify notation. However, it is easy to see
that all our arguments apply to general problems where the coefficient a is replaced by a matrix
A = A(z) satisfying Aa(z)[£]? < €T A(2)¢ < Aa(x)|€)?, for all z € D, where A and A are positive
constants.
We are interested in degenerate problems in the sense that the coefficient a can become infinite or
zero in subsets of D with vanishing n—dimensional measure. We will assume that a belongs to the
Muckenhoupt class Asg, in particular a=! € L!(D) and, therefore, the usual mixed method is well
defined.
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Recall that a non-negative measurable function a € L} (R™) belongs to As if

= (i L) (i o) <=

where the supremum is taken over all cube ) with faces parallel to the coordinate axes.
The class Ay was introduced to characterize the weights for which the Hardy-Littlewood maximal
operator defined for f € L} (R™) by

M f(z) = sup

- dy,
i YT ‘x_mgr\f(y)\ y

is bounded in the associated weighted L?-norm (See for instance [11, 27]). After that, it was used
in the theory of elliptic equations (see for example the pioneering work [17]) and, more recently, in
the analysis of finite element approximations [4, 28, 29].

When dealing with anisotropic estimates we will work with the more restrictive strong As class,
which will be denoted by Aj and is defined by

ey ) () <

where the supremum is taken now over all n-dimensional rectangles with faces parallel to the
coordinate axes. It is known that a € A5 if and only if a belongs to Ay of one variable for each
variable, uniformly in the other variables (see [20, 24]).

Given a weight a, we will denote with L2(D) the usual Hilbert space with measure a dz. We will
also work with the weighted Sobolev space

H(D) = {v € LA(D) : V| € L3(D)}

with its natural norm. We recall that C°°(D) is dense in H(D) (see for example [23]).
Introducing the variable vector field ¢ = —aVu, problem (1.1) can be transformed into the equiv-
alent first order system
c+aVu=0 inD
dive =g inD
u=0 onlp
c-n=f only

(1.2)

Then, mixed finite element methods are based on a weak formulation of this system and they
approximate simultaneously ¢ and u. One motivation for using this type of methods is that, in
many applications, the variable of physical interest is o and, therefore, it might be more efficient
to approximate it directly instead of obtaining it from a computed approximation of u. A typical
example of this situation is the Darcy equation arising in the simulation of flows in porous media.
Indeed, it is many times argued that o is smoother than Vu. Although this is probably true in
practice, it is not possible to give a mathematical foundation to this statement in general (see [18]
for an interesting discussion on this subject).

As an application of our results we will consider a problem arising in the solution of the fractional
Laplace equation (—A)%v = f.

The rest of the paper is organized as follows. In Section 2 we recall the mixed finite element method
for (1.1) and extend the classic error analysis to the case of degenerate problems. A fundamental
tool is the existence of right inverses of the divergence in weighted norms when the weight belongs
to the class As. The analysis given in this section can be applied to general mixed finite element
spaces which satisfy the so called commutative diagram property whenever a stability property
in a weighted norm for the interpolation operator is valid. Next, in Section 3, we consider the
case of Raviart-Thomas elements of arbitrary order on simplicial elements in R™ and prove the
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stability property mentioned above and optimal order error estimates in weighted norms under the
usual regularity assumption on the family of meshes, namely, bounded ratio between outer and
inner diameters. To obtain these estimates we prove a generalization to weighted norms of the
so-called Bramble-Hilbert lemma on polynomial approximations. Then, in Section 4 we prove error
estimates for the Raviart-Thomas approximation using general convex quadrilateral elements in two
dimensions, assuming an appropriate regularity assumption. Section 5 deals with error estimates of
the Raviart-Thomas spaces of lowest order and prove some weighted interpolation error estimates,
where the weights involve the distance to some part of the boundary, for anisotropic rectangular
and prismatic elements which are of interest in problems with boundary layers. An important
tool in this part of the analysis is the so called improved Poincaré inequality. Finally, in Section
6, we consider the approximation of the fractional Laplace equation which leads to a particular
degenerate problem of the type considered in the previous sections. We show in this example how
the weighted error estimates proved for anisotropic elements can be used to design a priori adapted
meshes giving almost optimal order with respect to the number of degrees of freedom. We include
in this section some numerical results.

2. MIXED FINITE ELEMENT APPROXIMATIONS

To introduce the correct mixed finite element formulation we first analyze the problem in order to
know the natural spaces for the original variable v and its associated vector variable ¢ = —aVu.
The basic tools for the analysis are the weighted Poincaré inequalities given in the next lemma.
The first one is well known while the other is a simple consequence of it.

We will make use of the classic Gagliardo trace theorem, namely, for any Lipschitz domain D there
exists a constant C', depending only on D, such that

vl op) < Cllvllwiapy Yo € WHY(D) (2.1)
Observe that if ¢ € Ay we have that
H,(D) c Wh(D),
indeed, a=! € L'(D) and therefore by the Schwarz inequality we have

1/2
el < ( / ) ol o). (2.2)

Consequently, traces on 0D or on any measurable subset of it are well defined for functions in
H}(D). In particular we can introduce the space

Hyp, (D) ={veHD) : vr, =0}

We denote with up and ur,, the averages of u over D and I'p respectively. In general, along the
paper we will write ug for the average of u over a set S.

Lemma 2.1. Let D be a Lipschitz domain, I'p C 0D with positive (n — 1)-measure, and a € As.
Then,

lu— uplzaoy < CVullizpy  Yu € HA(D) (2.3
lu—ury, 2oy < ClIVullpzpy VY € Hy(D) (2.4)
Where the constant depends only on D, |I'p| and [a]a,.

Proof. The first one is the well known weighted Poincaré inequality. It was first proved in [17]
for the case of a ball and extended for very general domains in several papers (see, for example,
(10, 13, 22]).
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To prove (2.4), taking into account (2.3), it is enough to estimate ||up — ur, || But, we have

LZ(D)"

1/ 12
J— = - < ThHl B
lup = urpl, o, </D a) lup — up,| < (/D a> ol Jr, lup — ul

and then, using (2.1) and (2.3), we have

1/2
[ L=l ) R 2 s

where the constant depends on D and |I'p|. Consequently, by the Schwarz inequality we obtain

1/2 1/2
-1
fop ~ gy <€ (La) (L) 19uliz0m)

and we conclude the proof observing that

(fo)" () <t

with a constant depending on D. O
Consequently, using standard arguments we can prove the well-posedness of problem (1.1).
Theorem 2.2. Given a € Az, g € L2_,(D) and f € L>°(C'y), the problem

—div(aVu) =g inD
u=0 onI'p
—aVu-n=f only

has a unique solution u € HL(D), provided ng = faD f in the case I'y = 0D. Moreover,

lullmyoy < C{lgllzz oy + 1 len) } (2.5)

Proof. The result follows from standard arguments using the Lax-Milgram theorem. Indeed, con-
sidering first the case I'p # (), the weak form of the problem is given by: Find u € H ;,FD (D) such
that

/aVu-Vv = / gu — fu WORS HiFD(D).
D D I'n

The left hand side is a continuous bilinear form in H ;ID

Since g € Li,l (D), using again (2.4), it follows that the first term on the right defines a continuous

(D) and, in view of (2.4), it is coercive.

linear form in H ;ID (D). Finally, to see that the second term on the right also defines a continuous
linear form we use that f € L>°(I'y) and (2.1) combined with the Schwarz inequality.
The case I'y = 9D can be treated analogously using now (2.3). g

Remark 2.1. For simplicity we have assumed that f € L°°(I'y). It is clear from the proof that this
hypothesis can be relazed: it is enough that f belong to the dual of the space formed by restrictions
to T'x of functions in H}(D). In the particular case of the application considered in the last section
this space is characterized as a fractional Sobolev space.

Let us now introduce the appropriate spaces for the formulation and analysis of mixed approxima-
tions. Taking into account Theorem 2.2, the appropriate space for the vector variable 0 = —aVu
is

H,1(div,D) = {r € L>_,(D)" : divt € L?_,(D)}
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which is a Hilbert space with norm given by

2 _ 2 : 2
1712, ivmy = 1732 oy + iVl .

Moreover, since in the mixed formulation Neumann type boundary conditions are imposed in an
essential way, we will work with the subspace

H,-1p,(div,D) = {1 € H,-1(div,D): 7-n=0 on I'y}.
Dividing by a, the first equation in (1.2) can be rewritten as
alo+Vu=0 inD,

and multiplying by test functions and integrating by parts, we obtain the weak mixed formulation
of problem (1.2), namely, find ¢ € H,-1(div,D) and u € L2(D) such that

o-n=f on Iy (2.6)

and
/ala'T—/udiVT:O V1 € H,-1 1, (div,D)
D D ’

/Udivaz/gv Vv € L2(D)
D D

Observe that the Dirichlet boundary condition is implicit in the weak formulation. When I'y = 9D,
L2(D) has to be replaced by LZ,O (D), the subspace of functions with vanishing mean value.

As usual, the error analysis is divided in two steps. The first one consists in proving estimates for
the finite element approximation error in terms of the error for some appropriate interpolation or
projection operator. This part of the analysis can be done for general mixed finite element spaces
provided they satisfy the so called commutative diagram property as well as some weighted stability
estimates for the appropriate projections. Therefore, we will develop this part of the error analysis
for general spaces stating the necessary assumptions that afterwards have to be proved for each
particular choice of approximation spaces. The second part consists in estimating the interpolation
error. We will do this first for the family of Raviart-Thomas spaces of arbitrary order £ > 0
in simplex and general dimension n, and second, for Raviart-Thomas on convex quadrilaterals in
dimension 2 (and we will comment on the generalization to the three dimensional case).

We assume that we have a family of partitions {75} of the domain D such that each 7}, is consistent
with the boundary conditions, i. e., the exterior boundary of an element is completely contained
in I'p or in I'y. Associated with these partitions we assume that we have finite element spaces
Sp C Hy-1(div, D), Vi, C LZ(D) (or Vi, C L2 4(D) when 'y = 9D), such that, if

SpN =8, N Hy1 p (div, D),

(2.7)

then
divSyn =V, (2.8)

and there exists an operator I, : § — S}, defined in an appropriate subspace S C H,-1(div, D)
containing the solution &, such that, if 7 € SN H,-1 p, (div, D) then II;;7 € §), v and, for all 7 € S,

/ div(tr —II7)v=0  Yv eV, (2.9)
D
Introducing the L2-orthogonal projection Py, : L?(D) — V},, (2.8) and (2.9) yield the commutative

diagram property
divIl, = Pydiv. (2.10)
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The mixed finite element approximation of problem (1.2) is given by
(On,up) € Sp x Vi,
such that,
op-n=1Iloc-n on Ty (2.11)

and

/a_lah-T—/ updivr =0 VTEShyN,
D D

/ vdivey, = / qu Yv € V.
D D

Existence and uniqueness of the discrete solution and the following error estimate follow by well
known arguments (see for example [7, 8]). For completeness we include the proof of the error
estimate to show that the usual arguments can be adapted for degenerate problems and for the
mixed boundary conditions considered here. We neglect numerical integration errors assuming that
all the integrals can be computed exactly.

(2.12)

Lemma 2.3. Assume that o' € L'(D) and o € L>_,(D)". If o is the solution of (2.6) and (2.7),
and oy, that of (2.11) and (2.12), then

lo —‘ThHL{1 <llo— Hh0'||L271‘
a a

Proof. Subtracting the second equation in (2.12) to the second one in (2.7) and using (2.9) we
obtain

/ div(Ilpe —op)v =0 Yv € V.
D

From (2.11) it follows that 11,0 —0}, € Sj v, and then, by (2.8) we conclude that div (IIyo—o,) = 0.
Moreover, taking 7 = II,0 — 0}, in (2.7) and (2.12), we obtain

/ a~t (o —0op)- (e —a,) =0
D
and so,
lo=anl: = [ ot —on) (0~ ho)
a~ D
<o —oullyz o~ aoll: .
and the lemma is proved. O

To estimate the error in the approximation of the scalar variable we need the following result which
generalizes to the weighted case the existence of continuous right inverses of the divergence.

Lemma 2.4. If a € Ay then, given ¢ € Li,l(D) (satisfying [ ¢ =0 in the case Ty = dD), there
exists T € H}_,(D)" N Hy-1 1 (div, D) such that

divt = ¢
and
il ) < Clléllzz_ o)

where the constant C depends on D and a.
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Proof. In the case 'y = 9D we have fD¢ = 0 and the result is known. Indeed, for domains
which are star-shaped with respect to a ball it was proved in [16, Th. 3.1] and [30, Th.1.1] using
Bogovskii’s solution of the divergence and the theory of singular integrals. The arguments used
there can be extended for the class of John domains using the generalization of Bogovskii’s operator
introduced in [3] (For more details see also [2]). A different proof was given in [12, Th. 5.2] also
for the class of John domains.

Suppose now that I'y # dD. Enlarging the domain in an appropriate way we can obtain a Lipschitz
domain D such that D G D and 'y C OD. For example, we can make a smooth deformation of
part of I'p. N

Now, we extend ¢ to D as

¢(x) , x€D
¢= —!Di reD\D
D\ D

and then, since fﬁ % dx = 0, there exists 7 € H;_l(ﬁ)”, vanishing on dD and satisfying
HTHHlil(ﬁ) < CH¢HL§71(§)

It is easy to see that ||¢|| 12 ) < Cloll L2, (D) and, therefore, the restriction of 7 to D satisfies
a— 1
the required properties. ]
For the next lemma we need to use the following stability result in a weighted norm:
Iz, < Clirlla,. (2.13)

Assuming that a € As, we will prove this estimate for the Raviart-Thomas interpolation in a
forthcoming section.

Lemma 2.5. Let (0,u) and (o}, up) be the solutions of (2.6) and (2.7), and (2.11) and (2.12)
respectively. If a € Ay and 11y, satisfies (2.13) then

lu—unllrz < llu— Pyullrz + Clle —onll2_, (2.14)
where C' depends on the constant in Lemma 2.4.

Proof. Assume first that I'p # (). According to Lemma 2.4 there exists 7 € H!_,(D)"NH,-1 1, (div, D)
such that
divr = (Pyu — up)a
and
I, < Cl(Pyu — wi)alz,
Then,

1Pt — unll?; = / (Pou — up)divr — / (Pou — up)div Tyt
D D

= / (u — up)div T :/ a_l(a—ah) -1pr
D D
<Jlo—onlle ITrlye
a a
<Clo—oulelrly
< Clle —onllz2_ [1Pau — unllzz

where we have used (2.9) and (2.13). Then, (2.14) follows by the triangular inequality.
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Now, if I'y = 0D, there exists 7 € H,-1 ,, (div, D) such that
divr = (Pyu — up)a — (Pyu — up)a,
where (Pyu — up,)a denotes the average of (Pyu — uy)a, and
7l < OB - wallzz..
Indeed, this follows from Lemma 2.4 and the estimate
1

1/2
= wal < o ([a) 1P wal

Since [, (Pyu — up) = 0 we have
|| Pru — Uh”%g(p) = /D(Phu —up) ((Phu —up)a — (Ppu — uh)a>

= / (Pru — up)divT.
D

The rest of the argument follows as in the previous case. Il
Combining Lemmas 2.3 and 2.5 we obtain the following

Corollary 2.6. Under the same hypotheses of Lemma 2.5 we have

lu—unllrz < [lu— Ppullpz + Clle —Tho| 2

3. ERROR ESTIMATES FOR RAVIART-THOMAS ELEMENTS ON SIMPLICES

To apply the results obtained in the previous section we have to prove error estimates for the
corresponding operators II; and Pj,. In this section we consider the case of regular partitions
made by simplices, namely, if hx and pg are the diameters of K and the biggest ball contained in
K respectively, we assume that the family of meshes {7} satisfy hx/px < n with a constant n
independent of h.

Recall that the local Raviart-Thomas space of order k > 0 on a simplex K C R is given by

RTr(K) =Pp(K)" + 2Pr(K)

where we are using the usual notation Py (K) to denote the polynomials of degree less than or equal
to k restricted to K.

Calling F; the faces (edges in 2d) of K and m; the corresponding exterior normal vectors, the
Raviart-Thomas interpolation on each element K is defined by (see for example [7]),

/HKU'nipk:/U'nipk Vpr € Pe(Fi), i=1,---,n+1
F P,

7 7

and, if k > 1,
/ xo - pr_1de = / 0 Pi-1 Vpr-1 € Pr_1(K)
K K

Since the restriction of functions in W!(K) belong to L'(0K) these degrees of freedom are well
defined for & € WH1(K)™. As we already mentioned in Section 2, for a € A, H}(K) ¢ WHY(K)
and so I is well defined in H}(K)".

Then, the global space for the approximation of the vector variable for a partition T is

Sy ={r € H, (div,D): T|xx € RT1(K) VK € Ty}. (3.1)
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The associated space for the scalar variable is given by
Vi ={veV:v|lg € P(K) VK € Tp}, (3.2)

where V = LiO(D) when I'y = 0D or V = L2(D) otherwise. Then, the projection P, is given
locally by (Pyv)|x = Prv where Py : L2(K) — Pr(K) is given by

/ (v— Pgv)pr, =0 Vpi € Pr(K),
K

that is, Py is the orthogonal projection in L?(K) (without the weight). We remark that Py is well
defined in L'(K) and so, in particular, in L2(K).

It is not difficult to check that (2.8), (2.9), and consequently (2.10), are satisfied.

To prove error estimates for the Raviart-Thomas interpolation in weighted norms we work first in
a fixed reference element K and then change variables using the Piola transform. Given a simplex
K let ® an affine map given by ®(z) = Az + b that transform K into K. The following estimates
are well known,

h hz
jAl <=5 and AT <K (33)
Pi PK
The Piola transform is given by

1 PR

where x = ®(z). It is known that (see [7, Lemma 3.4] for details),
Hf(& = HKO'. (34)

To work in a fixed reference element K is a usual procedure. When working with weighted norms
we have to be careful because, although the reference element is fixed, the weighted norms that
we have to estimate on K depend on the element K, and therefore, we have to be sure that the
constants are uniformly bounded. In this sense the following lemma is crucial.

~

Lemma 3.1. Let K = ®(K) be a simplex and, for a € Ag define ax = ao®. Then, ax € Az and,
if hic/pr < m, we have
[ax]a, < Ci*"aa,. (3.5)

Proof. Given a cube @, it follows from the first estimate in (3.3) that
diam(®(Q)) < Chk diam(Q)

with a constant depending only on the reference element. Therefore, there exists a cube @1 such
that ®(Q) C Q1 and |Q1| ~ h%|Q|. Then, recalling that |det A| = |K|/| K|, we have

(@ /Q aK(@)d:e> (@ /Q a;g(fc)d:e>
_ (@ [D Y a(x)ydetAy—ldx> (@ A Y a_l(x)\detA\_ldx)

h7 h7
C K d ) (K “Lx)d )
(p’}(\Qll o, O g Jo, @ @

therefore, we conclude that ax € Ay and (3.5) holds. O

IN




MIXED METHODS FOR DEGENERATE ELLIPTIC PROBLEMS 10

The next lemma is a generalization to the case of weighted norms of a classic result on polynomial
approximation which is a basic tool in finite element analysis. The result is usually called Bramble-
Hilbert lemma because they were the first to use it in this context. We will follow the constructive
approach based on Taylor expansions.

Suppose that Q C R” is star-shaped with respect to a ball B C Q. We will call d and p the
diameters of 2 and B respectively. It is very important for our subsequent arguments that the
constant appearing in the estimate depends only on the dimension n, the degree of approximation,
and the ratio d/p. Indeed, we will apply this result on each element and it is essential that the
constants be uniformly bounded on regular partitions.

Let us recall the definition of the averaged Taylor polynomial of degree less than or equal to m
associated with u € W™(Q). Let ¢ = ﬁ XB, Where xp denotes the characteristic function of B.

Given an integer number m > 0 and a function u € W™1(Q) we define,

pu)@ = 3 = [ Dt = ey

laj<m

In what follows we will use the notation D’y := 2 lal=j DY ul.
Although we will only work with L? based Sobolev norms, we will write the lemma, for the general
LP case because the proof is exactly the same and the result may have interest in other applications.
We refer the reader to [14] for the definition of the A, class of weights as well as for the boundedness
of the Hardy-Littlewood maximal operator in weighted norms.

Lemma 3.2. Let Q C R" be a domain with diameter d which is star-shaped with respect to a ball
of radius p. Then, for 1 < p < oo, m > 0 an integer number and u € Wg’”l’p(Q), where a € A,
the polynomial py,(u) € Py, satisfies, for 0 < j <m+1,

. d\" P
1970~ oz <€ (5) @D e
with a constant C depending only on n, m, and [a]a,.

Proof. First of all observe that py,(u) is well defined because Wg'tHP(Q) ¢ Wm+L1(Q). On the
other hand, since Dpp,(u) = py—jo)(D%u) for all |a] < m (see [9, Prop. 4.1.17]), it is enough to
consider the case j = 0.

According to [9, Prop. 4.2.8], for any = € 2 we have

1 [t 1 z—x ds
u(z) — u)(z) = (m+1 — T—2)%—p |z D%u(z)dz—
@ =) =t 1) 3 5 [ [ (24 250 ) Dou)is
|a|=m+1
Now, since the integrand vanishes unless x + ** € B and x € (), we can restrict the set of
integration to |z 4 *7% — x| < d, or equivalently, to |z — x| < sd. Therefore, a simple estimate yields

Ly
(@) — P () (@)] < Cllcd” / _ / & — 2 Dy (2)d: Y
0 (Sd) |z—x|<sd

dA\" ' 1 ds
<C () / / sd)™ DMLy (2)dz—
p 0 (Sd)n |z—m|§sd( ) ( ) s

<c (‘;) " (D) ()
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where for the second inequality we have used that |[p|lcc < C/p™ while for the third one the
definition of the Hardy-Littlewood maximal function. Then, the proof concludes by using the
boundedness of the maximal operator in the space L. O

In what follows we will use the following observation: under the regularity assumption it is easy to

see that
(1) G ) <o

with C' depending only on n and 7.

To simplify notation we will prove all the estimates for the weight a although some of them will be
used later for a~'. Note that, from the definition of A, it follows immediately that a € A if and
only if a=! € A,.

Lemma 3.3. Given a simplex K = ®(K) C R" and k > 0, let Il be the Raviart-Thomas
interpolation over RT(K). Then, if a € Ay, there exists a constant C' depending only on n, k,
[a] a,, and the regularity constant n such that, for 0 < m < k,

lo — kol L2 k) < ChEH Dol 2 k). (3.7)
Proof. Proceeding exactly as in [7, Theorem 3.1], but using here the trace theorem
||&HL1(ai() < C||&||W1,1(K)v

and using (2.2) for ax in K, we obtain

1/2
Mz6(6)] < Clollyne <€ ([ axt) ol
K ‘K

where the constant depends only on the reference element, and so on n. Then, taking square in
this inequality, multiplying by ax(Z), and integrating we get

1/2 1/2
Mgoly =0 ([ax) (o) 1ol s,
GK K K AK

and therefore, using (3.6) and (3.5), we have
R 1/2
HHI?"”L% R) S Cn"lal 4, / ”UHH1 (R)

Making now the change of variables © = ®(z) and using (3.3) we obtain (see details in [7, Theorem
3.1]),
ko2 < C{llollrzx) + hillDoll 2 k) }
where the constant depends only on the reference element, [a]4,, and the regularity constant 7.
To conclude the proof we recall that Py (K)" C RT(K) and so, given p € P,(K)", lIxkp =p .
Then,
lo — kol 2(x) = llo —p — Uk (0 — P)llr2(x)

< C{llo = pllzz ) + hicID(0 = P)ll 2k}
and choosing now, for each 0 < m < k, p = pn(0) € Pm( )™ as in Lemma 3.2, we obtain (3.7). O
Lemma 3.4. Given a simplex K C R™ and k > 0, let Px be the L*-orthogonal projection over
Pr(K). Then, if a € Ag, there exists a constant C' depending only on n, k, [a]a,, and the regularity
constant n such that,

|1 Preullrz(ry < Cllullrzx (3.8)
and, for 0 <m <k,

lu = Pgull g2y < CREFHID™ 12 (3.9)
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Proof. Let {pa}|a|<k an orthonormal basis of Py (K). Then we have

Pgu(z) = < /K upa> Pa()

«

and then,

1/2
|Preu(@)] <D IpallZlleliiw <D Ipallz </K a_1> lull Lz (rc)-

But, since ||pa||2, = 1, by a standard inverse estimate we know that ||ps |2, < C/|K]|, and therefore,

C _
Pruo) < o ( [ ) ull2s

where the constant depends on n and k. Multiplying by a(z), integrating, and using (3.6) we obtain
1PrullZs ) < Clalaglull?a e

an so (3.8) holds.
Now, for any p € P, with 0 < m < k, we have Pxp = p, and so

lu = Prullzz(ry < llu —p — Pr(u—p)llr2 ) < Cllu = pllrzx

where in the last inequality we have used (3.8). Therefore, choosing p = p,,(u) as the averaged
Taylor polynomial in K given by Lemma 3.2 we obtain (3.9). O

Combining the error estimates obtained above with the results of the previous section we can now
state the main theorem for approximation by Raviart-Thomas elements on a regular families of
meshes.

Theorem 3.5. Let Ty, be a family of meshes with regularity constant n and h = maxgeT;, hxi. For
k> 0 let Sy, and V}, the spaces defined in (3.1) and (3.2). If (o,u) and (op,up) € Sp X V3, are
the solutions of (2.6) and (2.7), and (2.11) and (2.12) respectively then, for a € Ag, there exists a
constant C depending only on D, a, n, k and n such that, for 0 < m <k,

lo —oullz | < Chm D™ o .
a a

and
lu = unllzz < CAmH{ID™ a2+ D™ a1z }

Proof. The error estimate for o follows from Lemma 2.3 combined with the estimate (3.7) applied
to the weight a=! (recall that a € A if and only if a=! € Ay).

On the other hand, observe that (3.7) implies the hypothesis (2.13) assumed in Lemma 2.5. Then,
to bound the error for u we apply that lemma, (3.7) again, and (3.9). O

4. ERROR ESTIMATES FOR RAVIART-THOMAS ELEMENTS ON QUADRILATERALS

In this section we restrict our analysis to the two dimensional case. We consider quadrilateral
elements obtained by bilinear transformations of a reference square element. We will follow [6]
extending to the weighted case the results of that paper.

Consider an arbitrary convex quadrilateral K. If K= [0,1]?, it is known that there exists a bilinear
invertible map Fk : K=K sending the vertices of K into those of K. To reduce notation we will
drop the dependence on K and write simply F. Moreover, F' can be chosen such that its jacobian
Jr is positive.
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Associated with the change of variables x = F(&) we have the Piola transform taking a function
6: K —>R?>too =Ppé: K — R?, where
o(x) = (Jp(2)) " DF(2)6(2).

~

We use the standard notation Q; ;j(K') to denote the polynomials of degree i in the first variable
and j in the second one, and simply Q; when j = ¢. For k > 0 the Raviart-Thomas space in the
square reference element is given by

RTi(K) = Qi1 n(K) x Qps1(K)

Calling l@, 1 = 1,---,4, the edges of K and n; the corresponding exterior normal vectors, the
Raviart-Thomas interpolation on K is defined by (see for example [7]),

/HI?&'”ip:/é&'nip Vp e Pp(ly), i=1,---,4

fi T

and, if k£ > 1,
/AH[?&-qda::/A6~qd:c Vq € Qkﬂ,k(f?) X Qkyk,l(l?)
K K

~

For a general convex quadrilateral K = F(K), the Raviart-Thomas space is given by
RTw(K) = Pp(RT1(K))
and the associated interpolation is defined via the Piola transform in such a way that
11 ]’*(OA' =1I KO.
The global space associated with a partition 7, made of convex quadrilaterals is
Sp={r € H,-1(div,D): 7| € RT((K) VK € Tp}. (4.1)

The associated local space for the scalar variable is given now in a general element K = F(I? ) by

Vi(K) = {v e L2(K): vo F € Qy(K)}
while the global one by

VhZ{UGVZU‘KGVk(K) VKEE}, (4.2)
where V = LZ,O(D) when 'y = 0D or V = L2(D) otherwise.
To measure the regularity of an element we follow [19] and consider the four triangles S; obtained
by all the possible choices of three vertices of K. Then, calling pg, the diameter of a circle inscribed
in S;, we define hg as the diameter of K and px = min;<;<4 pg,. One can check by an elementary
computation that Jp € 731A, and so, its maximum and minimum in K are attained at the vertices.
Now, let V; be a vertex of K and V; = F(V;) the corresponding one of K. If S; is the triangle formed

by V; an its two adjacent vertices, a simple calculation shows that Jg(V;) = 2|S;|. Therefore,
Cipk < Jp(d) < Cohy  Vie K

and consequently,

C
1Tpllz < Ch s I1ptllooi < X (4.3)

K
On the other hand, a direct computation of the derivatives of F' combined with the above bound

for Jp-1 yields,

_ h
IDPl g < Chic,  ID*Fll g < Chic, D™ o < €755 (4.4)

K
We will need the following generalization of Lemma 3.1.
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Lemma 4.1. Let K = F(K ) be a conver quadrilateral and, for a € Ao define ax = ao F. Then,
ax € Ay and, if hig/px < n, we have

[dK]Az < 0774[a]A2' (4'5)
Proof. As in Lemma 3.1, but using now the first estimate in (4.4) we can see that, for any cube @,
diam(F(Q)) < Chg diam(Q).

Taking into account the bound for Jp-1 given in (4.3), the rest of the proof is exactly as in that
lemma. ]

We can now prove the interpolation error estimates for isoparametric Raviart-Thomas quadrilateral
elements of any order k£ > 0. Our argument is a generalization to the weighted case of that in [6].

Lemma 4.2. Given a convexr quadrilateral K = F(K ) and k > 0, let Il be the Raviart-Thomas
interpolation over RT (K). Then, if a € Ag, there exists a constant C' depending only on k, [a]a,,
and the reqularity constant n such that, for 0 <m <k,

lo = Tkoll 2 < CREFHID™ o 1) (4.6)

Proof. Following [6] we consider first the case hx = 1 and we show that Pr : L?L(IA( )2 — L2(K)? and

Pl HY(K)? — H} (I? )? are continuous operators with bounds depending only on the regularity
constant 7. .

Indeed, given 6 € L2(K)?, recall that ¢ = Ppé is given by a(z) = J5'(2)DF(3)6(2) where
x = F(z). Then,

/|a )|%a( dx—/ |J=1(2)DF (2)6 (%) 2 Jr(2)a(2) dg;<c/ 6(2

where we have used (4.3), (4.4), and that px ~ hx = 1. Therefore, we have shown that

1Pr6lliz00) < Cl6 ]2 1 (47)
Now, given o € H}(K)?, we have
P-lo(2) = Jp(2)DF(2) lo(F(2)) = o(®) —gn (@) F(i 4
Fo(@) = r@DF@) o (F@) = | p ) ) |oF@). 4
01 0z1

Then, taking derivative in this equation and using again (4.3), (4.4), and that px ~ hg = 1, we
conclude that
1PE ol 1 7y < Cllolmyx (4.9)

In the reference element we can proceed exactly as in Theorem 3.3, using here (4.5), to obtain

N 1/2
IMz61 52 (&) < CoPlali 16l m (s
aK

and, since Il = Ppollj o P!, this last estimate combined with (4.7) and (4.9), yields
Mol k) < Clloll k) (4.10)

where the constant depends only on 7 and [a] 4, .
Now, it follows from (4.8) that Py (K)" C RT(K) and so, using (4.10) we have, for any p € P} (K),

lo —kolzzx) = llo —p — k(o — P)llr2(x) < Cllo = Pllaix)
and choosing, for each 0 < m <k, p = pp(0) € P (K)" as in Lemma 3.2 we obtain
lo — kol r2) < CID™ 0| r2x) (4.11)
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whenever hg = 1, where the constant depends on [a]4, and on the regularity constant n but is
otherwise independent of the element.

The estimate for the general case follows now by a simple scaling argument. Indeed, given an
arbitrary convex quadrilateral K and the corresponding bilinear map F' : K — K we define
M(z) = hilz and K = M(K). Then F = Mo F is a bilinear map sending K into K and one
can check that iz = Pyollgo P!, where in this case the Piola transform takes the simple form
PMO'(.QNT) = hKO'(hKf).

Given 0 € H™ ! (K)? define 6 = Pyjo € H™ 1 (K)2. Then, it is easy to see that

lo = Tkollz ) = 1P (6 = Tz0) 1z r0) = 16 = TMz0)l 12 ()
where ax := a(hx¥). But, since hz = 1 we can apply (4.11) to obtain

o~ Txallizy < OND™ ol (i
where, in principle, the constant depends on [ax]4,, but according to Lemma (3.1), it is bounded

in terms of [a]4,. Finally, a simple change of variables on the right hand side of the last estimate
gives (4.6). O

The main difference with the case considered in the previous section is that now (2.8) does not
hold. However, as it is shown in [6, Section 6], the error analysis can be performed introducing a

new projection as follows: Let Pp: L2(K) = Qu(K) be the L2-orthogonal projection. Then, for
K = F(K) we define Ry : L2(K) — Vi(K) as

RgvoF' = Pp(vo F)
and the associated global projection Ry,: L2(D) — Vj, as Rpv|x = R (v|k).

Lemma 4.3. Let K = F(K ) be a convex quadrilateral and k > 0. If a € As, there exists a constant
C depending only on k, [a]a,, and the regularity constant n such that,
| Rrvllr2(x) < Cllvllz (k) (4.12)
and. for 0 <m <k,
lo = Ricollzzrey < CHELID™ 0] 13 e (4.13)
Proof. With the same argument used to prove (3.8) we obtain

HPRQA}HL% (f() < CH@HLC%K(IA{)

with a constant depending on [ax]4,. Then, (4.12) follows by a change of variables using (4.3) and
Lemma 4.1.
Now, since Rxp = p for every p € Py, an application of Lemma 3.2 using (4.12) yields (4.13). O

Collecting all the estimates we can give the main result of this section.

Theorem 4.4. Let Ty, be a family of meshes made of convex quadrilaterals with regularity constant

n and h = maxgeT;, hix. For k > 0 let Sy, and V}, the spaces defined in (4.1) and (4.2). If (o, u)

and (o, up) € Sy, x Vi, are the solutions of (2.6) and (2.7), and (2.11) and (2.12) respectively then,

for a € Ay, there exists a constant C' depending only on D, a, k and n such that, for 0 < m < k,
lo —onllp2 < CR™ D™ a2

and
lu—unllzz < CHmH{ID™ a2+ D™ g }
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Proof. As it is observed in [6], [-(v — Rxv)divr =0 for all v € L2(K) and all 7 € RT (K). Also,
[ div(r —Hg7r)v =0 for all 7 € H)(K) and all v € Vj(K). Therefore, the arguments used in
Lemmas 2.3 and 2.5 can be repeated to obtain the analogous estimates with P, replaced by Ry,.
Then, the result follows from (4.6) and (4.13). O

5. ANISOTROPIC ERROR ESTIMATES

In this section we restrict ourselves to lowest order elements. Our goal is to prove anisotropic error
estimates suitable for problems with boundary layers. For this kind of problems it is useful to have
estimates involving a weighted norm on the right hand side where the weight is a power of the
distance to some part of the boundary.

To present the main arguments we consider first the case of rectangular elements. Then we show
how similar ideas can be applied to prismatic elements which are of interest in the application that
we are going to consider in the next section, and more generally, in many problems with solutions
presenting boundary layers. The case of simplex can be treated in a similar way but, as in the
un-weighted case, anisotropic error estimates are valid only for some particular kind of degenerate
elements (see [1]).

Recall that the local Raviart-Thomas space of lowest degree for an n-dimensional rectangular
element

R =ay,b1] x -+ X [an, by]
is
RTo(R) ={1 : 7(z) = (oq + frx1, - , o + Brxy) with oy, 5; € R}

while the corresponding local space for the scalar variable is Py(R).
The Raviart-Thomas interpolation is given locally by

/HRT-nF:/'r-nF (5.1)
F F

for all face F of R where np denotes a unitary vector normal to F. If Py is the L?-orthogonal
projection over Py(R), it is not difficult to check that the corresponding global projections satisfy
(2.8), (2.9), and consequently (2.10).

We need now the following weighted improved Poincaré inequality, which is well known (see, for
example, [21, 13]). For a € Ay and @ a cube,

v — UQHLg(Q) < CHdVUHLg(Q) (5.2)

where d denotes the distance to Q) and the constant depends on n and [a] 4,.

If we replace @ by R in the above inequality, it is known that the constant in (5.2) blows up
when the ratio between outer and inner diameter goes to infinity. However, we have the following
anisotropic version if the weight belongs to the smaller class A5 defined in the introduction. For
i=1,---,n we define

di(x) = min{(b; — x;), (x; — a;)} and h; = b; — a;.
Lemma 5.1. For a € A3,

' ov
! 8.7}1

d (5.3)

lv —vrllr2m <CY :
i=1 LZ(R)

with C' depending on n and [a] 5.
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Proof. We introduce x; = h;Z; + a; and define ag(z) := a(x). It follows immediately from (5.2)
that, if @) is the unitary cube,

HU—’UQHL%
aR i1 8171 L2 (Q)

where C' depends only on n and [ag]a,. Then, (5.3) follows by changing variables and using that
[ar]A, < Cla]ay, which can be easily seen.

O
Lemma 5.2. For a € A5 and F the face contained in x; = aj we have
v
v —v <Cq(bj—= 5.4
el <04 | —agr| e S g (5.0
Proof. By a simple integration by parts in the x; variable we have
Ov
vdS = /vd:v+ (xj —bj)5s—dx
\F\ / ]R\ IR| Jr 770z
Then,
—vp=v— Y dz
omv =0 g [ aa:]
and therefore,
|lv—vp|| < |lv =gl -i-i /adx 1/2/(1)-—:5-)6@ dx
Fllz2(r) < rliczm g\ [ ) o
but, multiplying and dividing by a'/? and using the Schwarz inequality we obtain
v Ov 1/2
(bj — x;) dx < H(b —xj)— </ a_ld:v>
and consequently,
1/2 v
lo—vrllzem < llo—vallam +lalds || — ez
Ljllrz(r)
Therefore, (5.4) follows from (5.3). O

We can now prove anisotropic error estimates for the Raviart-Thomas interpolation IIz. Observe
that each component (IIgo); depends only on 0, and so, to simplify notation we will write simply
11 RO ;.

Lemma 5.3. Fora € A5 and1 < j <n,

Oo j
8.%‘

0o ; do

d;
Ox;

(5.5)

loj —Hrojllrzr) < C Z

i#]

Proof. Since 0 — IIro; has vanishing mean value on the face defined by x; = a; we obtain from
(5.4),

o

L3(R) L3 (R)

loj —Trojl L2 (R)

<C{M

i#]

0
8.%'2'

0

diw—(0j —Ilgroy) + I

L3 (R)

L3(R)
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But, for i # 7, Lf) 0. On the other hand from the definition of Il we have
O(Ilgo); <8aj>

BT py
Ox; Ox;j

and a simple argument using the Schwarz inequality shows that, for any v € L2(R),

1/2
1Prvllza ) < lalds o]l zary
and therefore,
H O(Igo); < Y222 ’
9z zm) 925\l Lamy
and the lemma is proved. ]

Now we analyze the case of prismatic elements. For notational convenience we work in R"*! and
introduce the variables (z,y), with z = (x1,--- ,z,) € R" and y € R. Therefore, the class A
denotes now the class of weights satisfying

s up (o) (g fo) <=

where the supremum is taken over all n + 1-dimensional rectangles.

We consider elements P = K X [yo, y1] where K is an n-dimensional simplex and y; € R for j =0, 1.
Similar arguments than those used above for the anisotropic estimates in rectangular elements can
be used in this case. To simplify notation we will prove only the particular weighted estimates that
we will need for the application considered in the next section. We will denote by hx the diameter
of K. The elements considered are anisotropic because no relation between hx and y; — yo is
required. On the other hand, for the simplices we assume the regularity condition hx /pr < 7.

Lemma 5.4. Given a € A5, P = K X [yo,y1] a prismatic element, and Fp a face of P given by
Fp:=F x [yo,y1], where F is a face of K, we have

ov
\@—yo)ay

lv = vrpllzzp) < C{ +hKHVa:v!Lg(p>}- (5.6)

L3(P)
Proof. Proceeding as in the proof of (5.3) we can prove the Poincaré type inequality

ov
Jy

v — oplligm < 0{] -

+ e ||vxv||Lg(p>} - (57)
L3 (P)

We will denote with dSF and dSF, the surface measures on F' and Fp respectively. Calling xr the
vertex of K opposite to F' and integrating by parts we have,

/(xxp)-vxvdaz:n/ Ud:l:+/(x3:F)~andSF
K K F

but, for z € F, (r —xp) -np = n|K]/|F| and therefore,

vdS = / vdr + —= [ (x —zp) - Vyvde.
\F!/ |K| n\K!

Then, integrating in the variable y,

1

1
— vdSp, = /vdxdy—f— (x —zp) - Vyvdedy
| Jrp " K| n|K| Jp
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and dividing this equation by (y1 — yo) we obtain
1
v—vp, =v—vp— —— [ (z—zp)  Vyvdzdy
n|P| Jp

which, using (5.7) and proceeding as in the last part of the proof of Lemma 5.2, implies (5.6). O

Lemma 5.5. Given a € A5, P = K X [yo,y1] a prismatic element, and Fp a face of P given by
Fp:=K x{y;}, j =0 or1, we have

v
— + hg [|Vzv . 5.8
i o 1] uLg(p)} 5.9

v —vppllLzpy < C {(yl — %)

Proof. 1t is analogous to the proof of Lemma 5.2. O

The local Raviart-Thomas space for P = K X [yg,y1] is given by
RTo(P)={r : 17(x) = (a1 + bx1, - ,an + by, ant1 + cy) with a;,b,c € R}

Given a vector field o we define 6 = (01, ,0,) and write 6 = (6,0,41). Since the normals to
the top and bottom faces of P are orthogonal to the other ones, the Raviart-Thomas interpolation
can be written as

]IPO'::GIK&’Hﬁ+1Un+ﬂ

where Il and II,4; depend on ¢ and 0,41 respectively. Indeed, they are defined by

}/ IIK&'7n?::j[ ¢5~np
Fx[yoy1] Fx[yoy]

for all face F' of K and

/ yr10n41 = / On+1
Kx{y;} Kx{y;}

for j =1,2.

Lemma 5.6. Fora € A5 and P = K X [yo,y1], we have

. 5 oo N
6 — 6]l 2m < C {H@ _ m)ay] T HDxaHLg(p)} (5.9)

L (P)
and
on+1 — Hnt10n+1l22(p)

<C {(yl — %) (5.10)

8Un—i—l
Jy

+hi |Vm0n+1HLg(P)}
LZ(P)

where C' depends only on a and the regularity constant 7.

Proof. Since (6 — Ilx6) - np has vanishing mean value on Fp = F' X [yo, y1] we can apply (5.6) to
obtain

(6 —ka) -nrlzp)

<C {H(y - yo)aay[(& — ko) -npl + hi | V(6 — Tg6) '"F>|!Lg(p)} ’

L3(P)
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and using this estimate for n different faces of K together with the regularity assumption, we arrive

at - _
o — HKUHLg(P)

<o}

But d(HK”) =0 and d(HK”)’ = 0 for ¢ # j. On the other hand, (HKU)Z = diVallks ong div oo =

n

+ hic [[Da (6 — HK5)HL3(P)} :

0
(¥ —vo)5-(0 — lko)
‘ Ay L2(P)

TPl P| i} P d1v 0, and so, a snnple argument using the Cauchy- Schwarz inequality yields,

|div o TTK6 | 2y < [a]l4s” [1divad |2y

and puting all together we obtain (5.9).
The proof of (5.10) is analogous using now that 0,41 — II,,410,4+1 has vanishing mean value on the

face K x {yo}, applying (5.8), and using that V,(Il,,410,41) = 0 and %(Hn+10‘n+1) = |—113| Ip aggy“.

6. FRACTIONAL LAPLACIAN

As an interesting application of the general results for degenerate problems we consider the spectral
fractional Laplacian equation. Given 2 C R™ and f € H¥(Q2) (see the definition of this space

below) we want to solve
—A)*v = in Q
{ (Ayv=7 | (6.1)

for 0 < s < 1.
Caffarelli and Silvestre have shown that the solution of this problem can be obtained as v(z) =
u(x,0) where u(z,y) is the solution of a degenerate elliptic problem, as those considered in the

previous sections, in a cylindrical domain in n + 1 variables, with a(z1,--- ,z,,y) = |y|*, namely,
div (y O‘Vu(a; y)) 0 inC=Qx(0,00)
—hmy_,oy =dsf on I'y =Qx {0} (6.2)

u—O on I'p=0C\Ty

with d, = 2172¢ Fg(;)s) and a = 1 — 2s. To solve this equation numerically one has to approximate

the domain C by a bounded one. With this goal we consider a problem analogous to (6.2) with C
replaced by Cr, = Q2 x (0, L) and adding a homogeneous Dirichlet boundary condition on the upper
boundary of Cr,, namely, we look for uy, such that,

div( *“Vur(zr,y) =0 inCrL=Qx(0,L)
“%L — f on I'y =Qx{0} (6.3)
uL—O on FD:(?CL\FN

We will use several results proved in [28], therefore, we recall some notation used in that paper.
For 0 < s < 1, we denote H*(Q2) the fractional Sobolev space of order s. We define for s # %,
H*(Q) := H§(Q), the closure of C§°(Q) in H*(Q) and HY2(Q) := Héf(Q), the interpolation space
[Hg (€2), L*(€2)]1 /2 obtained by the K-method (for details see [25]). H™*(Q) denotes the dual space
of H*(Q2) for s € (0,1).

For our error estimates we will need some a priori bounds for the derivatives of the exact solution.

Assuming that  is convex, in [28] the following a priori estimates for the solution of problem (6.2)
were proved,

”VUHLia(C) < Ol fllu-s (o) (6.4)
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and, for 1 <1i,5 <n,
0%u
0x; 0y

< O\l flla-s (- (6.5)

H 0%u
124(0)

8%’2'81']'

L2, (C) ’
Y

We will use the following estimate: For y > —1 and v € L'(Cp) N L2, (Cr) such that fCL v =0,

there exists a constant C' independent of L such that,

HUHLfﬂ(cL) < C||1JVU||L§7(CL)- (6.6)

This estimate can be proved using the arguments introduced in [13]. Details of the proof are given
in [15, Lemma 2.2] for a square domain but the arguments apply to more general domains, in
particular to the cylindrical ones considered here. That the constant C does not depend on L
follows from the case L = 1 combined with a standard scaling argument.

Lemma 6.1. Let u be the solution of (6.2) ando = (01, ,0n41) = —y*Vu. Then, for1 <j<n
and 1 <i<n+1,

(%i (%n
H O + ‘ 9 = < Ol fllm-s (@), (6.7)
Tille2_, cp) Y ollz_ en)
and for 1 <i<nand g >1—q,
aO'Z‘ 2
1% < OLY2 -+ (6.5)

Li*OH»B (CL)

Proof. The bound for the first term in (6.7) follows immediately from (6.5). To estimate the second
term observe that, from (6.2),

o
By = A
and use (6.5).
For 1 <4 <n we have

0o; — oy ou e 9%u '

Oy Ox; 0x;0y
To bound the second term we use again (6.5). For the first one we observe that ch g—; = 0 because
u vanishes on 99 x (0,00), and therefore, since 5 > 1 — o we can use (6.6) with vy =a — 2+ 3 to

obtain
/ a—laUQy—Oéyﬁ:/ % an—2+ﬂ<c/ v(au) ? a+B
L Ox; c, |0 - e Oz;
B ou\ [ o B 2
<ot [ |9 (50)| v < et
where we have used (6.5) for the last inequality. O

Our goal is to approximate u and 0 = —y*Vu given by (6.2). Since the problem is posed in the
unbounded domain C we need to replace it by C; where L will be chosen in terms of the mesh
parameter h in such a way that L — oo when h — 0.

It was shown in [28, Theorem 3.5] that for f € H™*(2) and L > 1, if ur(z,y) is extended by zero
for y > L, there exists a constant C such that

IV (= un)lzz, ) < Ce Y4 flla-s(a) (6.9)

where A1 > 0 is the first eigenvalue of the Laplacian with Dirichlet boundary conditions in 2.
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Moreover, using the Poincaré inequality
lu—urllzz, ) < ClIV(u = ur)lrz, ) (6.10)

which follows easily applying the standard Poincaré inequality in €2 for each y, multiplying by the
weight, and integrating in y, we also have

lu =Ll ey < Ce > fllua-s(o). (6.11)

Now we consider the mixed finite element approximation of (6.3). We will apply the results of the
previous sections for D = Cp, and I'y = Q x {0}. However, since we want error estimates in terms
of o instead of o, to take advantage of the known a priori estimates, we need to introduce some
minor modifications in the error analysis.

Given a family of meshes 7, made by prismatic elements as those considered in the last part of
Section 5 and the associated spaces S;, C H,-«(div,Cr) and V}; C Lga (Cr) defined locally by
RTo(P) and Py(P) respectively. The approximate solutions uy,j, € Vj, and o1, € S}, are given by,

1
OLh n\F = |F| /Ff, (6.12)
for every face F' contained in €, and
/ yaUL’h-T—/uL’hdiVTZO V’TGSh’N
Cr “ (6.13)
/ vdiver, =0 Yv e Vp
Cr

where Sh,N =8,N Hy*“,l"N (div,Cp).

Theorem 6.2. Let u and uy, be the solutions of (6.2) and (6.3) respectively, 6 = —y“Vu and
o =—y*Vur. Ifur and o, are the approzimate solutions given by (6.13), then

lo =Lz ey < lo =l e,y +lo =Lz e,y (6.14)

and
lu —urnlliz, ) < Cllu = Prullz, ¢,

(6.15)
+OL{lle =l e,y +llo oLl e }-

Proof. Observing that IIyo0 — o, € Sy v and div (IIpe — o, ) = 0 and proceeding as in the proof
of Lemma 2.3 we obtain,

/ y_a(O'L — O'L,h) . (HhO' — O'L,h) =0.
Cr
Then,
lor — 0'L,hH2L2 CL) = / y *(or —ory)- (o —Ixo),
Yy~ Cr,

and therefore,
<lloz —ThollL . cp) (6.16)

lor — ,—a(Cr)

which combined with a triangular 1nequahty yields (6.14).
On the other hand, for our domain Cy, the inequality from Lemma 2.5 can be written as

lur = urnlliz, oy < lue = Phuslliz, ) + CLlor —onnlliz_ () (6.17)
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where the constant C' is independent of L. Indeed, this follows from the proof of that lemma once
we know that the constant in Lemma 2.4 is proportional to L, which follows from the case L =1
and a scaling argument.

To bound the second term in the right hand side of (6.17) we use (6.16), while for the first one we

have
lur = Phurlirz, ) < lu = Prullrz, ) + 1w —ur) = Pa(u —ur)llz, c,)

<|lu - Phu||L§a(cL) + C[[V(u — uL)HLia(CL)

where in the last inequality we have used the version for prisms of (5.3). To conclude the proof we
observe that

IV (e —ur)liz, ) = llo = oLz e
and, therefore, from the Poincaré inequality (6.10) we obtain
|u — UL||L2 ) < Cllo— 0L||L2 LC)

g

Next we are going to show that introducing appropriate meshes, graded in the y-direction, we
obtain almost optimal order of convergence with respect to the number of nodes, i. e., the same
order than that valid for problems with smooth solutions using uniform meshes, up to a logarithmic
factor.

Given a mesh-size h > 0, to define 7; we start with a quasi-uniform triangulation of 2 made of
simplices of diameter less than or equal to h. Then, for L > 1 to be chosen below in terms of h,
we introduce a partition of [0, L] given by

2

T
vi=\y L, j=0,---,N (6.18)

where N ~ 1/h (we take N = 1/h if it is an integer or some approximation of it if not), and
B € (1 —a,2) to be chosen (in the numerical experiments we have taken § as the midpoint of this
interval). Finally, the partition 73 of Cp, is formed by the prismatic elements P = K x [y, yj+1],
where K are the elements in the partition of Q.

It follows from this definition that, for j > 1,

(i1 — )* < Cph®y] 1>, (6.19)
indeed, by the mean value theorem and using that h ~ 1/N we have
B . B -5
11—y < C—— = L C—— L
Yj+1 yJ_CQ—ﬂ(]h) h C 5 h

Using the notation introduced for prismatic elements in the~ previous section, the Raviart-Thomas
interpolation is given by IIyo = (II},6, 11}, ;4 10n+1) where 1T, and Iy, ,, 41 are given locally by Ik
and II,,4; respectively. We recall that, since —1 < o < 1, y* and y~® belong to A3.

Theorem 6.3. For some € (1 — a,2), consider the family of meshes Ty, defined above. Let u
be the solution of (6.2), 0 = —y*Vu, and (urp,014) be the approzimation given by (6.12) and
(6.13). Then, if L = Ci|logh| with C1 > 4/+/ A1, we have

lo = oLllzz_ e,y < Chllog hl|f-+(a) (6.20)

and
lu =urnllrz, ) < Chllog 2 (| s (), (6.21)

where the constant C depends on 0, a, and .
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Proof. From (6.14) and (6.9) we have
lo —ornllez ey < llo=Tnollpe e,y +Ce” VAL fllg-s o (6.22)

Applying (5.9) for the elements of the form P = K x [0,y;] and summing over all of them we
obtain,

- o6 ||?
~ ~ (12 2 ~ (12
e =TIz (axpon < €\ WIP20NL2 0oy + Hyay

/ /yl
o (2x[0,y1])

_ v 8&2
S@/f ﬁ// 9y
aJo Yy
~ 12
< Ch2L> " / / " 0e
a QJo

where in the last inequality we have used the definition of y;. Then,

L2 (@x[01)

But,
2

y~ “dydx

Hyay

v~ Pdydx

yPdydz

~ T o~12
llo — HhanLi_a(Qx[O,yﬂ)

o6 ||?

2 ~ 12
<cin ||DxU||L§7a(Qx[0,y1]) 9y

+ h2L* ﬂ‘

L2 atp (QX[O,yﬂ)
Analogously, applying now (5.10), we have

2
”O'n+1 - Hh,n+10'n+1 HLi—a (Q2x[0,y1])

aO—n—i-l 2
Jy

< C{ RV eonil? + 97
= | U+1||L§,Q(Q><[O,yﬂ) b Li,a(QX[Oyyﬂ)

and therefore, using again the definition of y;, we obtain

2
lonsr = Mnn1oniallze oxpogn

60n+1 2
Jy

<C hQHVxO'nH||i2_a(9x[0,y1]) +hL?
Yy

L2, (@x[0y])
Consequently, combining the estimates above, we conclude

2
lo =Tz xiom)

o6 ||?
< CR LDl onio +h2L2_'B‘
y—a( x[0,41]) dy inoﬁLﬁ(Qx[O’le (6.23)
—|—h2L2 80n+1
Jy

L2, (@x[0])
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Aplying now (5.9)and (5.10) for the elements of the form P = K x [y;,y;41], for each j > 1, and
summing over these elements we obtain

2
lo =T llL2_ (@xfy,.54)
oo
< C{ h?||Dyo|? : ,
= 1Dz HLi,a(Qx[yj,ijrl])+(y7+1 )’ ‘8y —a (2% [yj,y541])
and using (6.19),
2
lo — Hha”Lzﬂ(QX[yjayjH])
< O { h?|Dyolf2. + Cphlyl L*0 oo |*
- r Ly—a(ﬂx[yjzyj+l]) p ay (QX[yj,yj+1])
< C{ h?||Dyol?s + Cgh?L*P 0o
< L2 o (Qx[yj.y+1]) 0y o @xluswis) )
Y
and then, observing that
126 0onq1 2 <2 0onq1 2
% Li—aﬂa (X [y;,y5+1]) B % L2, (x[yjy5+1])

summing over j, and combining this with (6.23), we obtain

2
o — HhaHLi,a(CL)

oG ||

< C{ h?||Dyo||?
< | HLi 3y

+ R’ 5‘

~a(Cr) L§7Q+B ) (6.24)

8O'nJrl 2
dy

+h2L?

Lfra(CL)

where, here and in what follows, the constant C' depends on Cpg.
Applying now Lemma 6.1 and the bound (6.24) it follows from (6.22) that

lo—ornllze_ e,y < CHLIf sy + Ce™ VAL fllg-s -

From the hypothesis on C; we have eV L/4 < | and, therefore, (6.20) is proved.
In view of (6.15), to finish the proof of (6.21) it is enough to show that

lu = Prullr2, ) < CAL|fla-+(0)- (6.25)
Using (5.7) for elements of the form K x [0, y;] we obtain
”U—PhUHLfla (Q2x[0,1])
ou

Y1l 2, @xfon)
< ChL|[Vul| 12, axpo

gc{m BL’

+ thquLia (Qx[o,yl])}

7y1])’
because 2/(2 — ) > 1 and L > 1.
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On the other hand, (5.7) and (6.19) yields
Ju— PhUHL;a (Q@xfy1,L]) = ChLHVUHLZQ(QX[yLL])

and, therefore, taking into account (6.4), (6.25) is proved. O

Now we give some numerical examples showing the asymptotic behavior of the error proved in
Theorem 6.3. We solve Problem (6.2) with 2 = (0,1) x (0,1) and

f(zy, z2) = (272)® sin(rx1 ) sin(mxs).
Recall that 0 < s < 1 and @ =1 — 2s. In this case the solution is given by

1-s
u(zy,x2,y) = i(s)(\/iﬂy)sKs(\[Zﬂy) sin(mz ) sin(mwg)

where K is a modified Bessel function of the second kind (see [28]).

We use prismatic elements given by a uniform mesh of triangles in 2 and the refinement given by
(6.18) in the y-direction. Observe that for these meshes h ~ (DOF)~1/3 where DOF denotes the
degrees of freedom. Moreover, we choose L as in Theorem 6.3 with C; =1, i. e., L = |logh|.

The next graphics show the order of the errors ||o — UL,hHLj,a(CL) and |lu— uL,hHLga (c,) for several

values of «.

a=0.6, 5=0.2 a=02, s=0.4

10° 10*
Degrees of freedom Degrees of freedom

FIGURE 1. Rate of convergence: left a = 0.6, right o = 0.2.
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a=-02, 5=0.6

10* 10*
Degrees of freedom Degrees of freedom

FIGURE 2. Rate of convergence: left & = —0.2, right o = —0.6.

Finally, to solve (6.1), we need to approximate u(x,0) where w is the solution of (6.2). We will use
the approximations ur, j and o, j obtained above.
Since ur, , is only an approximation in the L?-norm, one cannot expect that its restriction to y = 0
be a good approximation of u(x,0). In order to obtain a better approximation we will make a local
correction of up, j using also the computed a1, ;. This correction corresponds to a first order Taylor
expansion, indeed, the formula that we are going to prove in the next lemma is motivated by
vi, y10ug/ u

u(z,0) ~ u(e, ) = 5 5o (0 )
We will prove that in this way we obtain an approximation in L?(f2) of at least the same order
than the mixed finite element approximation of (6.2).
Given z € 2 and 0 < 7 < N we introduce the jumps

[upn(@)]j = urn(@,y]) — upn(@, ;).
If x is not in the interior of an element K in the partition of {2 we choose arbitrary an element

containing it to evaluate uy j, (this is irrelevant because afterwards we are going to integrate in z).
We will use the standard piecewise linear basis functions, namely, for 1 < j < N — 1,

Yji+1—Y :
vy, Y <y<uyin
7i(y) =
y=yi-1
# if yj—1 <y <y,
Yy1—-y .
TO(y) = U if 0< Yy <y,

and

Y—YN-1 .
- if
YN —YN-1

T™N = Yn—1 <Y < YN.
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Lemma 6.4. For any x € ) we have

L L
UL,h($70)+/ TO(y)y_aUL,h,n+1(l'ay)dy:/ Yy Yo hny1(x,y)dy. (6.26)
0 0

Proof. Since up, j, is piecewise constant one can see that

N—1
urp(z, L) Z urp(x)]j + upp(z,0). (6.27)
7j=1

Let K be the element containing z. For 1 < j < N — 1, taking the function (0, 7;) supported in
K x [yj—1,yj+1] as test function in (2.12), we have

/ / Yorn-(0,75)drdy — / /uLhdw(O 7j)dx dy =0

and, since o, jn+1(2,y) is independent of = for z € K, we obtain

L
@)+ [y OLha ()7 (0) dy =0
0
Analogously, using now (0, 7x) yields

L
urp(z, L) :/ Y oL (T, y)TN (y) dy.
0

Therefore, replacing in (6.27) we have
N L
Z/ Y oLt (2, y)7i(y) dy = upn(z,0)
j=1""

which immediately gives (6.26) because Z;V: 0T = 1. O

To approximate the solution of (6.1) given by v(z) = u(z,0) we introduce

L
vLal@) = uLn(.0) + [ )y 0L )
0
We also define vp(z) = ur(z,0).

Lemma 6.5. .

HUL_UL,hHL?(Q)SmL o - orallez_, o)

Proof. Since ur(x, L) = 0 and, recalling that 86“—; = —y %011, we have

L
vL(w)Z/ Yy “Ont1(z,y)dy.
0

Therefore, using (6.26) and the definition of vy, 5, we obtain

L
vp(x) —vpp(x) = / Yy Y(Ont1(x,y) — oL hnt1(x,y))dy,
0

and, applying the Schwarz inequality,

L L
lup,(x) — v () < (/ yady> /0 Y (Ont1(2,y) — 0L hnt1(T,y)) | dy,
0

and integrating now in x we conclude the proof. U
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We can now prove the error estimate for the approximation of the solution of the Fractional Lapla-
cian.
Theorem 6.6. Under the hypotheses of Theorem 6.3 we have
lv = vrnllz2(@) < Chilog Al ™2 | I«
where the constant is as in Theorem 6.3 an depends also on «.

Proof. From Lemma 6.5 and, recalling that L = C1| log h|, we have

lvr —vrnllz2@ <C|10gh| 2 o — ULh||L2 (D)

where the constant depends on . Combining this estimate with (6.20) we obtain
) < Ch log h|" 2" || - 5(9)- (6.28)

It remains to estimate v — vy,. But, from the trace theorem given in [28, Proposition 2.5] combined
with (6.11)

lo = vellzz@) < Cllu = vl ) < Ce™ M ) flla-)
and, from the definition of L and Cl, we obtain
v —wvrllr2) < Chll flla-—s@)
which combined with (6.28) concludes the proof. O
The next graphics show the order of the error |[v — v | 12(q) for Problem (6.1) with
f(zy,z2) = (272)® sin(rx1 ) sin(was),

which has as exact solution
v(x1,x9) = sin(mx) sin(mxs).

X+ DOF 7 % DOF 12
s=02

10° 10*
Degrees of freedom Degrees of freedom

FI1cURE 3. Rate of convergence: left s = 0.2, right s = 0.8.
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Remark 6.1. The order of the error for the approzimation of v in the L*-norm is probably not
the optimal possible. Indeed, with a more complicated postprocessing one could approrimate the
solution u of Problem (6.2) with order almost O(h) in Hyla (C) and, by the trace theorem ||v||gs(q) <
CHUHH;Q (¢) proved in [28, Proposition 2.5], one would have the same order for the approzimation

of v in the H*-norm. Therefore, it is reasonable to expect a higher order in L?. Let us mention
also that, as far as we know, such a higher order error estimate has not been proved either for the
standard method analyzed in [28]. This problem requires a different analysis and will be the object
of our further research.
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