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Abstract

The improved Poincaré inequality

le = wallLr) < ClldVe| e )

where Q@ C R” is a bounded domain and d(z) is the distance from z to the boundary of ,
has many applications. In particular, it can be used to obtain a decomposition of functions
with vanishing integral into a sum of locally supported functions with the same property. Con-
sequently, it can be used to go from local to global results, i. e., to extend to very general
bounded domains results which are known for cubes. For example, this methodology can be
used to prove the existence of solutions of the divergence in Sobolev spaces.

The goal of this paper is to analyze the generalization of these results to the case of weighted
norms. When the weight is in A, the arguments used in the un-weighted case can be extended
without great difficulty. However, we will show that the improved Poincaré inequality, as well
as its above mentioned applications, can be extended to a more general class of weights.
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1 Introduction

Estimates in weighted norms for classic operators such as the Hardy-Littlewood maximal function,
singular integrals of Calderén-Zygmund type and Riesz fractional integrals have been the object of
many papers in the last fifty years. Pioneering papers are [S3, SW], for weights of type |z|%, and
[M, MW] for more general weights. In particular, in [M], Muckenhoupt characterized the weights
for which the one dimensional Hardy-Littlewood maximal operator is continuous, for 1 < p < oo,
introducing the now well known class A,. In [CF], Coifman and Fefferman generalized this result
to n dimensions. Later, it was proved that the A, condition is necessary and sufficient also for the
continuity of the Hilbert and Riesz transforms (see for example [S1]).
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In many applications, particularly in the analysis of partial differential equations, estimates
in weighted norms arise naturally (see for example the pioneering paper [FKS]). Many of these
results are proved for weights in A,, the reason being that the proofs involve the use of the Hardy-
Littlewood maximal operator or the Calderén- Zygmund singular integral operators theory. In
particular, these classic tools have been used in different proofs of the results that we are going
to consider in this paper, namely, the so-called improved Poincaré inequality and the existence of
solutions of the divergence in Sobolev spaces.

To be more precise let us first introduce some notation. In this paper we consider . By a
weight function we mean a nonnegative measurable function w defined in some domain 2 C R"
with n > 2, and, for 1 < p < 0o, we define

WWm@n=(A]ﬂMWwwwm>”5

Given any measurable S C R", a weight w and a function ¢, we write w(S) = [qw(z) dz, @5, =
ﬁ Js e(@)w(z)dz and po = ﬁ Jo ©(x) dz, whenever these integrals make sense.

If w is such that L%,(Q) C LY(), which is the case when w' := w™'/P~1 € L1(Q), we denote
with LP (Q) the subspace of functions in L%,(£2) with vanishing mean value. In the un-weighted
case, for a bounded Q, we write L{j(Q) for the corresponding subspace of LP(Q).

We say that w is a doubling weight if it is locally integrable and there is a constant M > 0 such
that w(2Q) < Mw(Q) for all cubes @, where 2@Q) is the cube with the same center as @ and twice
the side of Q.

We will make use of a Whitney decomposition of an open set 2 C R™ (see [S2]). That is, there
exists a family of cubes W = {Q}, with disjoint interiors, and a constant N > 0 such that,

e Q=UQ=U¢"
o diam(Q) < dist(Q,0Q) < 4diam(Q)

* > Xo* < Nxao
where @QQ* is certain expanded cube of Q. We will say that a cube Q C 2 is of Whitney type if
diam(Q) =~ dist(Q, 00).

Here and in what follows we use the notation A ~ B which means that there exist positive constants
C1 and (5 such that C1A < B < (C3A. Let us recall that the Q* can be selected as Whitney type
cubes. Finally, by C' we will denote a generic constant which can change its value even in the same
line.

Given a bounded domain 2 we denote with d(x) the distance from x to the boundary. Then,
the improved Poincaré inequality in the un-weighted case reads as follows. For 1 < p < oo, there
exists a constant C' such that,

e — pallr@) < ClldVel o) (1.1)

Many proofs of this result have been given under different assumptions on the domain 2. For
example, in [BS], using compactness arguments, the authors proved (1.1) for Lipschitz domains.
Later, in [H1], using a more constructive approach based on Whitney decompositions, the result



was generalized to John domains. This class of domains was first considered by John, in his work
on elasticity [J], and was named after him by Martio and Sarvas in [MS]. A different argument was
given, also for John domains, in [DD], where the proof makes use of the Hardy-Littlewood maximal
operator.

By classical functional analysis arguments one can show that inequality (1.1) has the following
dual version (this is a particular case of results given in [DMRT]). For 1 < p < oo, if p’ is the
conjugate exponent of p then, there exists a constant C' such that, given g € Lfgl(Q), there exists u
satisfying

divu=gin Q
U 1.2
H&Hm'(g) = C’”gHL”/(Q)' 2

On the other hand, in [DMRT] it was shown that, for 1 < p < oo, (1.2) is equivalent to the existence
of a decomposition of a function with vanishing integral as a sum of locally supported functions
with the same property, namely, numerating the Whitney expanded cubes introduced above, for
any g € L‘g/(Q) there exist g; € Lgl(Q) such that supp g; C Q5,

g = Zg] and HgHZ[)/p/(Q) ~ Z ngHIZ/p/(Q;‘) . (13)
J J

This decomposition has interesting applications, for example, it can be used to prove the following
classic result. Denoting with Du the differential matrix of a vector field u, given g € Lgl(ﬂ), there
exists u € Wol’p,(ﬂ) such that,

divu =g in Q

u =0 on 0f2 (1.4)

||Du||Lp’(Q) < CHgHLp/(Q)-

This result has many applications, in particular, it is fundamental in the analysis of the Stokes
equations. Let us mention that (1.3) was also proved in [DRS] using a different argument. In that
paper the authors extended the decomposition, and consequently (1.4), to weighted norms. Since
there arguments are based on the Hardy-Littlewood maximal operator, their results require that
the weights be in A,.

A natural question that we address in this paper is whether it is possible to generalize the above
results for a class of weights more general than A,. With this goal we first consider, for 1 < p < oo,
the weighted improved Poincaré inequality which generalizes (1.1), namely,

lo = eowlie @ < ClldVellrs - (1.5)

It is known that this inequality is valid for bounded John domains if w € A, (see [DD]). As we
will see, this result can be extended for more general weights. For example, for a class of weights
introduced in [FKS] where the authors consider the classic Poincaré inequality in weighted norms,

e — powllir @) < ClIVellr @ (1.6)

as well as some weighted Sobolev-Poincaré type inequalities.

Apart from proving (1.6) for A, weights, in [FKS] the authors consider, for p = 2, a class of
weights which are not in Ay. Their technique is based on quasi-conformal ma;apings, indeed, the
authors proved (1.6) when Q is a ball, n > 3, p = 2, and w(z) = Jf(z)' "=, where Jf is the



jacobian of a quasi-conformal mapping f. As a particular interesting case of their results they
obtained (1.6) for w(x) = |z|* with any o > 0. Let us recall that this weight is not in Ay if o > n.
We will show that (1.5) (and consequently (1.6)) is also valid for the weights considered in [FKS]
and, more generally, for Q a bounded John domain and w(z) = Jf(z)'~% when 1 < p < n. In
particular, the result is valid for w(z) = |z|* for any o > 0.

Moreover, as an application of our results, we prove (1.5) for positive power weights without
using quasi-conformal mappings and for 1 < p < oo, obtaining consequently a different proof of
(1.6) and removing the restriction in p.

It is now well known that Poincaré type estimates are valid for very general bounded domains
whenever they hold in balls or cubes. Indeed, this was proved in [C, H2] with arguments based on
[IN]. For example, inequality (1.6) was proved in [C] for weights in A, where ) satisfies the Boman
chain condition. As it is known, for bounded domains, this condition is equivalent to being a John
domain (see [BKL]). In [H2] (1.6) is extended to a more general class of weights. On the other
hand, the proof of the improved Poincaré inequality (1.1) in [H1] mentioned above, uses similar
arguments to those in [C, H2].

Roughly speaking, our first theorem says that the weighted improved Poincaré inequality (1.5)
is valid in John domains whenever the weighted classic Poincaré inequality holds for Whitney type
cubes and w is doubling. The argument of our proof is essentially contained in [C, H2, IN] but, as
far as we know, the result has not been written in the way we are doing here, and this is why we
include details.

Once we have the generalization of the improved Poincaré inequality we analyze its relation
with a decomposition like (1.3) but for the case of weighted norms. It turns out that this relation is
valid for a very general class of weights. Finally we apply this decomposition to obtain a weighted
version of (1.4) for some weights which are not necessarily in A,,.

The rest of the paper is organized as follows. In Section 2 we prove the weighted improved
Poincaré inequality (1.5) for John domains. Next, in Section 3 we give examples of weights w ¢ A,
for which the inequality (1.5) holds. In particular, we generalize for 1 < p < n the arguments given
in [FKS]. In Section 4, we analyze the relation between the improved Poincaré inequality and the
decomposition of functions in the weighted case. Finally, in Section 5 we apply that decomposition
to prove the existence of solutions of the divergence in weighted Sobolev spaces for power type
weights which are not necessarily in As.

2  Weighted Improved Poincaré Inequality

The main goal of this section is to prove (1.5) for a wide class of weights.

If Q is a John domain one can choose a Whitney decomposition satisfying also the following
property (see [H1, DRS]). There exist an open cube Qf (called central cube) that can be connected
with every cube Q* by a finite chain of cubes, Qf,Q7,...,Q5 = QF, such that for every j =
0,1,..,s—1

Q" S NQj

and there exists a cube R; such that

Our argument makes use of the following known result.



Lemma 2.1. Let V = {Q} be an arbitrary family of cubes in R™. If w is a doubling weight,
1 <p<oo, N>1and Ag are nonnegative real numbers, then

> Agxve@)|| < C|D Agxe(x) (2.1)
QeV qu Qev Lﬁ,

where the constant C' depends only on n, N, p and w.
Proof. See Lemma 2.3 in [StW, Page 299]. [
The proof of the next theorem follows the arguments given in [H1, Theorem1.3].

Theorem 2.2. Let ) be a bounded John domain and w € L'(2) be a doubling weight satisfying

[ — vQullir @) < Cdiam(Q)IVel 1y o) (2.2)

for all ¢ € C*(Q) and all Whitney type cube Q C €2, where C is a constant that does not depend
on the cube. Then, for 1 < p < oo and all ¢ € C}(9),

)y SCllavells

Proof. Let W = {Q} be a Whitney decomposition satisfying the properties described in the previous
section. Let us observe that,

max {w(Q}), w(Qj;1)} < Cw(Q; NQj4) (2.3)
j=0,1,...,5 — 1 cubes from the chain associated with Q*. Since w € L(f2) it is enough to prove

I = p@swllin @) < CldVel @

where () is the central cube. We have

/Q (@) —0qs,w

< op Z/ — 00 w|Pw( )dx+2PZ/ PQsw — P+ wlfw(z) dz

Qew Qew

(z) dx

To estimate the first sum we use (2.2) and that the cubes Q* are of Whitney type,

3 / — pgrwlPu(@)de < S Cdiam(Q*) / V(o)) de

Qew QeW

<CZ/ V(@) () (x)

QeW
e /Q Vo) P ()P () da

where for the last inequality we have used that ) xo« < Nxq.



Now, we estimate the second sum. We have

s—1
Py w — Pawl < D 190sw — 903, wl (2.4)
7=0
using again ) xg+ < Nxq, the triangle inequality, (2.2) and that the cubes @} are of Whitney
type, we obtain

1
P 7|p—*/ 00 — 00 wlPw(y) dy
T (@ an) aay, T
J+1
Vo(y)[Pd(y)Pw(y) dy.

a

Since Q* C NQ}, for 0 < a < s we have

XN
[P0 = 9Q;,wl"xer (@) Cz Q /Q Vo) Pd(y) w(y) dy

and therefore,

s—1 [j+1 XNQ ) 1/p
s = carulxar@) < O3 | SB[ 9oyt uty) dy
o= s (2.5)

X
<C Y e @ (oo [ VePaPu ar)

then,

(2)w(z) dx

Z/ 002w — 0o wlPw(@ drc<2/ Q3w — £Q w

QeWw Qew

1/p p
=¢ Ve(y)Pd(y)w(y) d ()| w(z)de
5 15 (e Iwetorasrutds)
1 1/p P
<C - ReZ;v<w(R*) /R* (Voo (y) [Pd(y)Pw(y) dy) xnrs ()| w(z)de




and using now (2.1) and ).y Xr* (2) < Nxa(z) we obtain

Z/ [Qsw — Porwl’w(z) dx

QeWw
1 1/p p

<cf %(W [ Vet awrutdy) ) we)do

<cf ¥ > (o L. el et ) e @) d

—c S ) dr [ (Vo)) () d
%v/an | weturayut) dy

—C IV o(y)Pd(y)Pw(y) dy < C [ |Vo(y)Pd(y)Pw(y) d
REZW / Py y / Py y

concluding the proof. [ ]

Remark 2.3. It is known that (2.2) holds for A, weights (this is proved in [FKS]). Moreover, in
([C],Theorem 2.14) Chua gives a more general sufficient condition. Indeed, he proves that (2.2)

holds for any doubling weight w which satisfies the following condition: there exists r > 1 such
that for all cube Q¢ C R"”,

Q- e /e
sup " " — [ w7 < 0.
sw e (g ) (al, )

Actually, Chua does not give an explicit expression for the constant in (2.2) but it can be
obtained using a standard scaling argument.

3 Examples

The goal of this section is to give some examples which show that the class of weights satisfying
the conditions of Theorem 2.2 is larger than A,.

Example 3.1. Consider the weights

wiz) = (1412 ] {'x“} v(a) (3.1)
=1

1+\x—ai\

where 6 > 0, v; > 0, {a;};~, are points in R", a; # a; if i # j, and v € A,. These weights belong to
A (see [StW]) but, in general, they do not belong to A,,. It was proved in [CW] that they satisfy
the inequality (2.2).

Example 3.2. Let I be a closed subset of Q2 and dr(x) be the distance from x to I'. Define
w(z) = dr(z)®, for a > 0. It is easy to show that (2.2) follows from the classic un-weighted
Poincaré inequality. Indeed, if @) is a Whitney type cube we have, for z,y € Q,

dr(y) < |z —y| + dr(z) < diam(Q) + dr(x) ~ d(z) + dr(z) < 2dr(z),



and therefore, w behaves like a constant in Q.

An interesting application is obtained considering a bounded John domain 2 such that 0 € Q.
Considering Q := Q\ {0} and w as above with I' = {0}, we have dr(z) = |z|. Then, w is in L(Q)
and is doubling. Therefore, applying Theorem 2.2 in Q we obtain, for 1 < p < oo,

[ 16@) = g Plal do < C [ Viola)Plal dist(a, 00 da
Q ’ Q
but we can obviously replace Q by Q in the integrals, and using that dist(x, Q) < d(z), we obtain

¢ — Y|z HLT’E‘Q(Q) < C||dV<P||LfI‘a(Q)- (3.2)

Below we will use this estimate for @ > —n (the case —n < a < 0 is known because for those values
of v the weight |z|* is in A4,).

Example 3.3. The weighted Poincaré inequality (3.2) in balls was proved for p = 2 and n > 3,
with a totally different argument, by Fabes, Kenig and Serapioni in [FKS]. Indeed, they showed in
that paper that w(z) = |z|%, for @ > 0, is a particular case of a general class of weights introduced
there, for which the weighted Poincaré inequality in balls holds (although, as this example shows,
their weights are not necessarily in A,). One can trivially change balls by cubes in their arguments
and consequently Theorem 2.2 applies for this class of weights.

Here we extend their results for any n > 2 and p < n. This extension is straightforward but we
include details for completeness. Actually, our argument is simpler because we are interested only
in Poincaré inequality while in [FKS] the authors proved Sobolev-Poincaré inequalities.

Let f : R™ — R"™ be a quasi-conformal mapping, that is, f is a homeomorphism, the components
fi of f have distributional derivatives in L™(2), and there is a constant M > 0 such that, almost
everywhere,

1/2

. 2
Df(2)] = Z(af%x)) < MJf()'/" (3.3)

o0z ;
i.j J

where J f is the absolute value of the determinant of Df.

Lemma 3.4. Given p such that 1 < p < n, define w(z) = Jf(z)' /™. There exists a constant C
such that for all cube @ and all p € C1(Q)

e — pQullir @) < Cdiam(Q)IVellrr, ) (3.4)

Proof. Since w € L'(12) it is enough to prove the inequality (3.4) replacing ¢ ., by a constant cg.
The main idea of the proof is to reduce the weighted inequality to an unweighted one by making
the change of variables y = f(z).

Observe that

1/n 1/n
diam(Q):C|Q\1/n:C’</Q dw) :C</JC(Q) Jfl(y)dy> .



Then, using the Holder inequality with exponents n/(n — p) and its dual n/p we have,

/ o(z) — cqlPu(z) dx = / (0o f)w) - caPTf (P! dy
Q f(Q)

p/p* p/n
o f1 — colP*d JfYy)d
g(/f@)\«o F ) - cql y> (/ﬂ@) () y>
p/p*
< Cdiam(Q)? (/ (o f7N)(y) — colP* dy)
1)

where we have used the standard notation for the Sobolev-Poincaré exponent px = pn/(n — p).
Now, it follows from the condition (3.3) for f~!, that

/ V(po f Y w)Pdy < C / V() Pu(z) d
f(Q) Q

and therefore, it is enough to prove

1/p* 1/p
(/ (o () —cql”* dy> <C (/ !V(wfl)(y)!p) (3.5)
) @)

But, f(Q) is a John domain, and the Sobolev-Poincaré inequality (3.5) for this kind of domains
was proved in [B]. Moreover, the constant C' in (3.5) depends only on n and the John constant
of f(Q) (this is proved, for example, in [DD]) which, according to Lemma 2.3 in [HK, Page 539],
depends only on n and the A, constant of Jf. Finally, it was proved in [G] that the A, constant
of Jf depends only on M and n (for the last observation recall that we are assuming that f is
quasi-conformal in R"). [ ]

Consequently we obtain the following result.

Theorem 3.5. Let Q be a bounded John domain and w(z) = Jf(z)'?/", 1 < p < n, with
f:R™ = R"™ a quasi-conformal mapping. Then the following inequality holds

lp = vowlir @ = CldVel Ly @)-

Proof. Tt is known from the results in [G] that w € Ay, and so, it is doubling. Therefore, in view
of (3.4), the result follows from Theorem 2.2. [ |

Remark 3.6. Following [FKS], given o > 0, we can take f(z) = |z|’z with 8 = 72 to obtain
(3.2) for 1 < p < n (see [FKS] for details).

4 Decomposition of functions of vanishing integral

The improved Poincaré inequality (1.5) has many applications. In particular, it was shown in
[DMRT], that it is related with a useful decomposition for functions of vanishing integral in Q as
a sum of locally supported functions with the same property. An interesting application of this
decomposition is the solvability of the divergence in Sobolev spaces (see [DMRT, DRS]).



The goal of this section is to extend the arguments given in [DMRT] and to show that solutions
of the divergence in weighted Sobolev spaces can be obtained for some weights which are not in
Ap. We start with the following lemma which generalizes a result of [DMRT].

Recall that w’ := w=®=1) and that, if w’ € L*(R) then L, C L*(Q) and therefore the space

12,4(9) = {feL{L(Q) ¥ f=0}

is well defined.

Lemma 4.1. Let  C R” be a bounded domain, and 1 < p < 0o, {Q;} a Whitney decomposition
of 2 and {Q;‘} expanded cubes of Q) as in Section 1 and let {¢;} be the usual partition of unity

associated with the decomposition (see for example [S2]). Given a weight w such that w’ € LY(Q),
we consider the following properties,

(1) ||h = houw ) S CIAVRILy o Vhe LV, NCYQ)  such that VheLP, ()"
(2) If g € Ly, () there exists u € Lf_, (Q)™ such that
/Qu -Vh = /Qgh Vh € LZ,(Q) NCYQ) such that Vhe LZ;,w,(Q)" (4.1)
and u
il oo = Cllizie- (4.2)

(3) If g € LY, ((92) there exists a decomposition
9=>_9i
J
with g; € L¥ 4(Q), supp g; C Q}, and
HgHifu(Q) ~ Z ||ngI£fU(Q;) .
J

Then,
(1) < (2)=6)

Proof. (1) = (2): Let S C L¥

ar’ w’

(€)™ be the subspace given by
S = {v eL”, (" :v=Vh withheL’,(Q)n 01(9)} ,

and set L(Vh) = [, gh. Since [ g =0, £ defines a linear form on S. Moreover, it follows from (1)
that

£(Vh)| = \ [ ot = o)

< C gl @) Ih = how

/
7, (@)

10



By the Hahn-Banach theorem £ can be extended as a linear continuous functional defined on
LZP, (2)™, and therefore, by duality there exists u € LZ—Pw ()™ such that

E(v):/ﬂu'v and H%’

in particular, taking v = Vh € S, we obtain (2).

<C
. 191l 2z, (52)

. ! 1 n
(2)=(1): Let h € LY ,(Q) N C*(Q) be such that Vh € LZP, (). Then,
Ih=howly o= swp [(-howgw' = sw o [ b= g’ (43
w! Hg”Li;’(Q)Zl Q ”gHLil(Q)zl Q

but, since (g — g, )w' € L, ;(Q) with
(g = 92.0)w'lz,(0) = 9 — 900 ll7, () < Cligllir, (@)

we know from (2) that there exists u € Lf_, (€)™ such that
[ vi= [ hig = g0’
Q Q

< Cl(g = 920w || 1 0y < Cliglliz, (@)-

satisfying

[ s

Therefore,

/ u
_ / = . < / —_ < i
/Q h(g — gou)w /Q u-Vh < [dVh] Ly o H dHLﬁ o < IV o lloler o

and replacing in (4.3) we obtain (1).

(2) = (3) Given g € L, (Q) let w € Lf_, ()" as in (2). Observe that, in particular, we can

take h € C§°(Q2) in (4.1), and therefore, div u = g in 2. Then, we define

g5 = div(¢ju)

and so, we have
g =div u = div (uz ¢j) = Zdiv(@u) = ZQJ"
J J J

Since supp ¢; C Q] we have supp g; C Q; and J g; = 0. Moreover, each point in €2 is contained in
at most IV of the cubes consequently

2P <Y g @)

and then
Il < € 2 sl o

11



where the constant C' depends only on p and n.
To prove the other inequality we use that ||¢;]|, < 1 and [|[V;||;« < C/d;, where d; is the
distance of @); to 0€2. Then, we have

I3l = [ losPw= [ fdiv(oule
Q; Q3

J J

:/ Vo, -u+ ¢; div ulPw
Q*

J

<C (/ (VP lulPw +/ |pj(x)|P|div u|pw)
Q@j Q]
P
<

U p

and therefore, using that Zj XQ: < Nxq, it follows from (4.2) that

Z ng”ifu(Q;) <C HgHig}(Q) .
J

5 Solvability of the divergence in weighted Sobolev spaces

As a consequence of the results given in the previous section we obtain a result which generalizes the
arguments given in [DMRT, DRS] to show the existence of solutions of the divergence in weighted
Sobolev spaces for weights which are not necessarily in A,. Roughly speaking, the divergence can
be solved in weighted Sobolev spaces in John domains whenever it can be solved in cubes.
Given a domain €2 and weights wg and wi, such that L, () C L}, (), we define
WaP, () ={v:Q—=R":veLk(Q), D€Ll (N},

wo,w1

with its natural norm, and

WO , W0 ,W1 (Q) = CSO(Q> N W’L}Jg?wl (Q)

Theorem 5.1. Given Q C R" and 1 < p < co. Let wy and wy be weights with w), w| € L1(Q)
and such that the inequality

Hh ~ o LP'

wy

< /
o S C14VRl 5 0

holds for all h € LZ},l(Q) N CY(Q). Assume that, for any g € Lw1 (@) and any Whitney type cube
Q C Q, there exists u € Wol,f;o,wl(@) satisfying

divu=g in@

and
+ [ Dull e, (0

“’1

) < Cllgllez, @

“’1

g, @)

12



where the constant C is independent of the cube ). Then, for any g € Lw1 0(2) there exists
u € Wo “wo.wn (§2) such that
divu=g in{

and
lullLe, (@) + [[Dullrz, @) < Cllgllre, ()

Proof. First of all observe that w) € L*() implies that L%, (Q) c LY(Q), and therefore, derivatives
of functions in L%, () exist in the distributional sense and so the space I/I/'wmw1 () is well defined.

Now, since wj € L'(f), we can apply Lemma 4.1, and so, given g € Lw1 0(£2) we decompose

g =Y g; as in (3) of that lemma. By our hypothesis, for each j, there exists u; € W0 o (@F)
satisfying
div u; = g; in Q;

and
il g, o) + 1Dusll iz, @) < Cllgsllis, @)

Then, defining u =) j uj, we have div u = g. Moreover,

p p
lully o)+ 1Dl ) = [ |l wnto)do+ [ |37 0w, wnlw) da
J j
<c3 I, { 0y 2) P o) + | Doty )P () }
<CZ/ 5P w(w) < Ol

As an example we show that Theorem 5.1 can be applied to solve the divergence equation in
power weighted spaces.

Theorem 5.2. Let 2 C R"™ be a bounded John domain such that 0 € Q, 1 < p < oo, and
—o00 <y <n(p—1). Given g € LP _ () there exists u € W, ? (©) such that

|z[7,0 0[], ||
divu=g in{
and
fuller @+ 1Dulzz, ) < Clgllz, o (1)
Proof. First of all observe that, if w(z) = |z|7, then v’ ]a:\fpil € LY(), mdeed, from our
hypotheses, —p 1 > —n. In particular L‘ |W(Q) C LY() and so L‘ . 0(2) and I/VO 7\xl” \xh(Q) are

well defined.

Now, if —n < v < n(p — 1), the weight |z|” is in A, and therefore, the result was proved in
[DRS, Page 103]. Although the authors of that paper only state the bound for the second term
on the left hand side of (5.1), the estimate for the other term follows immediately by the weighted
Poincaré inequality (which is known to be valid for A, weights).
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On the other hand, for the case ¥ < —n, we proceed as in Example 3.2 and introduce Q = Q\{0}.
It is easy to see that, if ¢ € C5°(Q2) N LY (), then ¢(0) = 0, and therefore,

||

Lp O) — 7 1P
Wolapr fapr (8 = Wo Jap o (2)

Then, we conclude the proof applying Theorem 5.1 in €. Indeed, the hypotheses of that theorem,
concerning the existence of solutions in Whitney type cubes, are easily verified because the weight
restricted to those cubes behaves like a constant (see details in Example 3.2). |

In what follows we are going to show that, for 1 < p < n, Theorem 5.2 can be improved
replacing the term ”UHLT’ 2 (@) in (5.1) by the stronger one [[ull;r (g
x |z|Y—P
To do this we use the technique based in quasi-conformal mappings. Let us remark that this
improvement does not follow from the bound obtained for the derivatives of u because there is no
constant C' such that the inequality
18]l v ) S CIVel e

|z|Y—P IW

holds for a general ¢ € C§°(£2). Indeed, if —n < v < —n+p and ¢ is equal to one in a neighborhood
of 0, the right hand side is finite while the left one is not.

For —oo < v < —n the result in the following theorem can be proved by the same argument used
in Theorem 5.1, and therefore, the interesting case in the following proof is when —n < vy < n(p—1).
However, since the argument is independent of the value of v, we write the proof in the general
case.

Theorem 5.3. Let 2 C R" be a bounded John domain such that 0 € Q, 1 < p < n, and
—o00 <y <n(p—1). Given g € P (Q) there exists v € WP (Q) such that

|=[7,0 0,|z|7 = |
divu=g inQ

and
lullzy e+ I1Dulss @ < Clllzz o

’Y

Proof. We start as in the proof of Theorem 5.2 observing that L‘ ", 0(Q) and Wo Tepr jz]
well defined.

Defining w1 (z) = [z|” we have wi(z) = [z|* with & = — 23 > —n and so, in view of Example
3.2, the weighted improved Poincaré inequality

(Q) are

Hh ~ o )

wy

< /

holds. Therefore, the result will be a consequence of Theorem 5.1, if we show the solvability of the
divergence in cubes. This will be done in the following lemma. |
Lemma 5.4. Let @ be a cube, 1 < p <n, and —co < v < n(p—1). Given g € LIxW 0(Q) there
exists u € WP (Q) such that

0,|z[7=P,|z|Y
divu=g inQ
and

lulle @+ I1Dullzy (@) < Clgllg

\I'Y
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Proof. Given v we take /3 such that v = fn(l —p) < n(p—1). Since v < n(p—1) we have § > —1,
and therefore, f(z) = |z|°z is a quasi-conformal mapping.

Using the change of variables y = f(z) we define h(y) = g(z)J f~'(f(z)). Then, h € LE(f(Q)),
and therefore, since f(Q) is a John domain (actually, for the particular f considered here it is a
Lipschitz domain), we know that there exists v € VVO1 P(£(Q)) such that

dive=h in f(Q) (5.2)

and

/f o WGy /f LEOIE / WP dy, (5.3)

see, for example, [ADM] or [Ga] for the existence of v satisfying (5.2) and || Dv|| e (f(@)) < Cllhl e (s
The estimate for the first term on the right hand side of (5.3) is a consequence of

/ PP dy < C / Do(y)|P dy
f(Q) f(Q)

which can be obtained from the results for fractional integrals given in [SW] (and it is also a
particular case of the so-called Caffarelli-Kohn-Nirenberg inequalities [CKN]).
Now, using the so-called Piola transform, we define

u(z) = Jf(@) D (f(x))o(f (@) (5.4)

Then, we have
divu=g

and, since J f(z) ~ |z|"*(1=P) = |z|7, we have to prove that
/ | Du(z)[PJ f () 7P dz < C/ lg(@)PJ f(x)' 7P dx
Q Q

and

[ WPl <0 [ lg@pase e
@ Q

Changing variables we have

/ ()P dy = / 9(@)P T f ()P de,
f(Q) Q

and therefore, it is enough to show that
/ | Du(x)|PJ f(2)' P dx <c/ y)|P dy. (5.5)

and

/ ()PP f(2) P de < c/ V)P dy. (5.6)
1@
But, we have
Du(z) = D [Jf(z)Df ' (f(x)] v(f(x)) + Jf()Df(f(z))Dv(f(z))Df(x)
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and therefore,
/ \Du()PJ f(2) P de < T+ 11
Q

with
I= /Q D [TF@) DI (F@)] [ [o(f @) Tf(z)' 7 de

and

1= /Q DF A (F@)|” [DF@P Do) T f () da

But, using that f and f~! are quasi-conformal mappings, and (5.3), we obtain

H<0/ Do(F@)P I f(z da:—C/ Do(y \pdy<o/ P dy.
Q
On the other hand we have,

I< C{/QyDJf(x)lp [DF @) fo(f @) T f(2)' P da

5.7
+ /Q D2 f =1 (f @) 1D @) [o(f (@) T f () dee 7
Now, recalling that y = f(x), it is easy to check that
DT f(x)| < Clal ™ = [y 7,
and, using also that f~! is quasi-conformal and that
JF U y) < Clyl 7 and  Jf(x) = JF(f () < Cly|Fr (5.8)

we obtain that the first term on the right hand side of (5.7) is less than or equal to
C/ Sy Fy R R () P dy = C/ Y 7Plo(y)IP dy,
Now, for the second term on the right hand side of (5.7), changing variables and using that

2 ,—1 —284H -1 o
|IDf(y)| < Clyl 7 and [Df(f"(y))| < Cly|#+1,

we obtain
LIPS 1A () 5 e
= [ D P DR O WP d<C [ )l dy,
(@) (@)
Collecting these estimates and using (5.3) we obtain

I<c/ Iyl Pty |pdy<c/ P dy,
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and therefore (5.5) is proved.
Finally, from the definition of u given in (5.4) and changing variables, we have

/ IU(ﬂf)lplwlpJf(w)ldeJZ/ IDFH @) 1yl 7T () P dy
Q 1@

and using that f~! is quasi-conformal, the first estimate in (5.8), and (5.3), we obtain (5.6). W
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