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1 Homogeneous Bezout Theorem by deformation techniques

1.1 Notations

Let K be a field and let K be an algebraic closure of K, let n be a natural number, zg, ..., T, a
set of indeterminates over K and dq,...,d, positive integers.



For any non negative integer d we denote by Ay the set of non negative integer vectors « :
(ao, ..., a), such that |a| = d, where |a| denotes the vector size ag+ - - + «,,. We have #(Ay) =

(")

Let Ag) be new indeterminates, where a runs on the set Ag, and 1 <4 < n.

For the sake of simplicity we introduce the following notations:
o X :=(xzg,...,Ty),

[ — &p .1 «
o X% :=uxy%27" ... 20",

A(’L) = (Ag))aeAdi P

) A = (A(i))lgign,

i=1

e A" := AZ (the affine space over K) and P" := P% (the projective space over K).

Let us consider generic homogeneous polynomial Fi,..., F,, € K[A][X] of total degrees (in the
variables X)) respectively di,...,d,, defined as

F, = Z AW xe with 1 < i < n.
a€hg,;
1.2 Homogeneous generic Bezout Theorem

Interpreting the variables A in the polynomials F; introduced above as coefficients lying in a ground
field K(A), the zeros of these polynomials define a 0-dimensional K (A)-variety V' C

P

The classical Bezout Theorem for generic homogeneous polynomials states that the cardi(n;hty (or
degree) of the variety V is exactly the product dj .. .d,.

In this section we will show how this well known theorem may be obtained by means of a simple
deformation procedure.

First let us observe that the genericity of the polynomials F; implies that V' does not contain points
lying in the infinity-hyperplane {xg = 0}. Therefore, V may be considered as an affine variety

contained in A"K(A), defined by generic n-variate polynomials fi,..., f, € K[A][z1,...,2,], where

fi=F(1,21,...,2,), fori=1,...,n.

On the other hand one may also consider the polynomials f; as polynomials in all the variables
A and 21,...,,, defining a N-dimensional K-variety ¥V C AN x A" (the so called “incidence
variety”).

Denote by 7 : V — A" the canonical projection m(a,x) := a. This morphism is dominating (i.e.
the Zariski closure of its image is AY) and induces the canonical ring inclusion K[A] < K[V],
where K[V] := K[A][z1,...,2a]/(f1,- .., fn) is the ring of coordinates of the affine variety V.

For any index 4, 1 <4 < n, consider those variables A&i ) where « verifies that there exists an index
j # 0,4 such that z; divides X“.

Running the index i between 1 and n, these variables generate a monomial prime ideal p C K[A]
which verifies:

F; = Gi(xo, x;) mod g, (1)



where G; € K[A][xg,z1] is a generic homogeneous polynomial of degree d; involving only the
variables zy and x; and its coefficients are independent variables which don’t belong to the prime
ideal p.

Let Z C AN be the algebraic variety (in fact, a linear subspace) defined by the ideal ¢.

With these assumptions and notations the morphism 7 is generically finite in a Zariski neighbour-
hood of the fiber 771(Z). This is a consequence of the following algebraic fact:

Lemma 1 The canonical monomorphism K[A], — K[Al,[z1,...,2,]/(f1,..., fn) is an integral
ring extension.

Proof. Consider the “triangular” sequence of homogeneous polynomials R§i) € K[A, X], with
0<i<n-—1andi+1<j<n, recursively defined as follows:
(0)

° .
J

=F;,forj=1,...,n
. Rﬁl) = Resxl(Rgo),Rgo)), forj=2,...,n.
o RV :=Res,, (R, RV ) for2<i<n—landj=i+1,...,n

From elementary properties of the resultant we conclude that each Rg»i) is a homogeneous polyno-

mial in K[A][zo, Zit+1, - .., %,] which belongs to the ideal (F1,..., F,). In particular R belongs
to (Fy,...,Fy) N K[A][zg, z,].
Moreover, taking into account the matricial construction and the homogeneity of the resultant, from

the modular relation (1), it follows by a straightforward recursive argument that the coefficient of
)

the only monomial pure in z; appearing in R§j -1
forj=1,...,n.

is an invertible element of the local ring K[A],,

In particular, the polynomial R%nil)(l, Zn) gives an integral dependence equation for the class of
Ty in the ring K[A] [z1,...,2,]/(f1,. .., fa) over the ring K[A],,.

Clearly this procedure may be applied mutatis mutandis in order to provide integral dependence
equations for the class of any variable x;, i = 1,...,n, modulo the ideal (f1,..., fn)K[A]o[z1, ..., zn],
and so the lemma follows. m

Denote by L the fraction field of the integral domain K[A]/p (or equivalently the residue field of
the local ring K[A],,) and set g; :== G;(1, x;) (see formula (1) for the definition of the polynomials
G;).

Since each polynomials g; is a generic polynomial of degree d;, we conclude
dimy, L1, ..., 20]/(91, - - 9n) = di ... dp. (2)
Corollary 2 The ring K[A]y[x1,...,x,]/(f1,..., fn) is a free K[A],-module with rank dy ...d,.

Proof. The freeness follows directly from [2, Corollary 18.17], as well as from the proof of [6,
Prop.2] (in fact we may also show that the ring extension is monogenerated).

The computation of the rank is an immediate consequence of the preservation of the rank of free
modules under tensorial product: if we denote O for the local ring K[A],,, tensoring by O/p we
have

rankoO[z1, ..., 2] /(f1,- .., fn) = ranke,,Olz1, ...,z /0 + (f1,. -, fa)-
The corollary follows from (2) since O/p =L and f; =¢; mod p. m

With these notations we deduce:



Theorem 3 (Generic homogeneous Bezout Theorem)

#(V)=dy...dy.
Proof. Since the ideal (f1,...fn) C K[A][x1,...,2,] is a radical ideal, in order to compute the
number of points of V it suffices to calculate the dimension of K(A)[z1,...,z,]/(f1,... fn) as a
K (A)-vector space.
In fact this vector space is a localization of the algebra K[A],[z1,...,2,]/(f1,..., fn) on the

multiplicative set K[A],, \ {0} and then, from the previous corollary, we have:

dimpay K(A)[21, .- zal/(f1, .-, fn) = rankga), K[A]g[z1, .. m0]/(f1 oo fn) =

=dy...dy.

The previous algebraic arguments may be easily translated to a more geometrical frame.
The closed subvariety Z C AN defined by the ideal p verifies that the projection 7 : V — AV is
a finite morphism locally in a Zariski neighbourhood of 771(Z) (Lemma 1). Moreover, the fiber
of a generic point of Z is O-dimensional and its cardinality is equal to the cardinality of the fiber
over a generic point of AY. In other words, the typical fiber of a point lying in the closed set Z
has the same cardinality dj ...d, than the typical fiber of the morphism 7 (Theorem 3).

The freeness stated in Corollary 2 may be interpreted as a flat deformation of the typical fiber over
Z onto the typical fiber of a generic point of AN.

1.3 Algorithmic resolution of generic systems

In this section we show how the deformation introduced above is closely related with an algorithm
for the resolution of generic polynomial equation systems by means of a Newton procedure (see
also [14]).

We maintain the same notations introduced in the previous sections.

For every coefficient selection a € AN | the fiber 7~!(a) is geometrically described by the equations:

fl(avx)zoa”'vfn(avx):o' (3)

Corollary 2 and Theorem 3 state that for a point a generically chosen in the proper closed set Z
or in the whole ambient space A, the equation system (3) has exactly d; ... d, different solutions
in A™.

Definition 4 A point a € AN is called a lifting point for the generic system {fi =0,..., f, =0}
if the following two conditions are fulfilled:

1. The fiber 7=1(a) is finite and consists in dy ...d, many points (in other words the fiber has
mazimal -or typical- cardinality).

oFf:
2. The point a is not a ramification point of w, namely the Jacobian matriz (l(a7 x))
1<ij<n

a$j

is invertible for any point (a,x) lying in the fiber 7=1(a).

Example 5 Let us observe that a point a € AN with mazimal fiber is a lifting point if and only if
the fiber 71 (a) is reduced (or equivalently non singular) in the scheme language. In particular, a
generic point a € AN is a lifting point for m (see also [14]).



Example 6 A similar observation holds for a generic point of the closed proper irreducible subset
Z C AN. Moreover, a point a € Z is a lifting point for 7 if and only if condition (1) of Definition
4 is satisfied. In order to prove this, consider a point a € Z such that #n~'(a) = d; ...d,. Since
a € Z, this fiber consists in the zeros of the the univariate polynomials in separated variables
Gi(a,1,21),...,Gn(a,1,x,) (see formula (1) for the definition of the polynomials G;). Since
deg,, Gi(a,1,z;) is bounded by d; for alli =1,...,n, we infer that each polynomial G;(a,1,x;) is
square-free of degree exactly d;. Then the Jacobian matriz is a diagonal invertible matriz for any
point (a,z) in 7 (a).

Example 7 Suppose that the characteristic of the ground field K is 0. Let a € AN be the point
associated to the coefficients of the homogeneous polynomials

g —ad ) pf gl gl gdn, (4)
Let us observe that the point a belongs to the subvariety Z.
If we denote G, the group of the m-th roots of the unity we have 7= 1(a) = Gg, x -+ x Ggq,. In
particular #7~*(a) = dy ...d, and so Example 6 implies that the point a is a lifting point for .

It is well known that the lifting points play a main role as start points in order to approximate
solutions (in the numerical case) or to deformate continuously solutions (in the symbolic or seminu-
merical case) by means of suitable Newton procedures.

In fact the arguments to find generic resolutions of parametrized systems of [14] (see also [7] or
[11]), slightly modified, allow to show that the solutions of any particular instance

filb,x) =0,..., fo(b,z) =0 (5)

having exactly d; ... d, many solutions can be obtained algorithmically by a homotopic deformation
of the solutions of the system (3) defined by a lifting point a at start point.

In our case, we are able to show a more precise result: suppose that the particular instance (5)
defines a positive dimensional set having exactly s many isolated solutions (the 0-dimensional
components), with s > 0. The proof of [6, Prop.1] shows that s is bounded by the cardinal of the
0-dimensional typical fiber, d; ...d, in our situation.

We construct an algorithm which computes a solution set of the system (5) of certain cardinality
t, with s <t <d;...d,, containing all the isolated solutions.

The construction of the algorithm may be sketched as follows:

e The first main step consists in compute a generic resolution following closely [14]. We take
a “simple” fixed lifting point a € Z C AN (for instance the lifting point considered in
Example 7) and a generic linear form L € K[zy,...,X,]. Applying a truncated Newton
approximation operator and a probabilistic version of Padé approximants, we compute the
minimal polynomial P € K(A)[T] (where T denotes a new indeterminate) of the class of L
in K(A)[z1,...,2,]/(f1,..., fn) over the field K(A).

e Let b € AN be the coefficient point associated to the particular instance (5). A carefull
evaluation of the coefficients of P in the point b (using a L’Hopital-like argument to avoid
eventual indeterminations), allows to compute a new non zero polynomial P(*) € K[T] such
that P®)(L(z)) = 0 for all isolated solution z of (5).

e Finally, since the constructions in the previous steps depend polynomially on the coefficients
of the generic linear form L, a well-known argument based on the chain rule for the derivatives
of a composition (see for instance [5]) gives a geometric description of a finite solution set of
the system (5) containing all the isolated points z.



Since these arguments will be described carefully in a very similar context in Section 3 (for the
bihomogeneous case), we omit here the details and the complexity estimations of this procedure.
The precise result is summarized in the following:

Theorem 8 Homogeneous resolution....

2 Flat deformations and bihomogeneous Bezout Theorem

2.1 Some notations

Let K be a field and let K be an algebraic closure of K.

Let n,m € N and denote by K [zo,...,Zn,Y%0,-.-,Ym] the polynomial ring in the indeterminates
X0y -y Ty Yoy - - - Ym- For the sake of simplicity we write X := (zg,...,z,) and Y := (yo, ..., Ym)-
For each e,d € Ny we denote by Ag. C Ng“ X Ng”l the set defined as follows: («,3) € Age if
and only if || = d and |3| = e (where |a| :=ag + -+ + o, and |B] := Bo + -+ + Bm)-

Let us consider a finite sequence (dy,€1) , ..., (dntm, €ntm) in NgxNg and introduce Z?:Jrlm (Ag;.e;)
many new indeterminates over K[xo,...,Zn,Yo,---,Ym] which will be denoted by AS% , where
1<i<n+mand (a, ) € Ay, ;. Finally denote by A := (Ag%) I<i<nitm -
(c,B)EAG, e,
In other words, if we consider the polynomials Fy, ..., F,1, € K[A][xo,- .., Zn, Yo, - - -, Ym] defined
as
Foe= > AUXeYP i=1,...n+m
(a,8)€AG; e,

(X and Y# are the standard notations for the monomials z5° ... 2% and yg o ..yBm respectively),
they are K-generic bihomogeneous polynomials such that degy (F;) = d; and degy (F;) = e;.
In particular, the polynomials Fi, ..., Fj, 1, are a regular sequence of K[A][zo,...,%n,Y0,-- -, Ym]

and define a reduced 0-dimensional subvariety V of the product space Pﬁx PQTA) where K (A)

is an algebraic closure of the field K(A).

The classical Multihomogeneous Bezout Theorem (which follows from the intersection theory for
divisors) states that deg(V) =>_d;, ...dj, ek, ...€x,,, where the sum is taken over all that indices
satisfying the conditions

e l<ji<--<jn<n+m
o 1<k< - <kp,<n+m

[ {31,,jn}ﬁ{k1,,km}:@

The following sections are devoted to show how this result can be obtained by means of an ele-
mentary flat deformation.

2.2 The deformation
Following the notations introduced above, let us fix an index 7, 1 < i < n+m.

Denote by A the set of the indeterminates (A(i)

aﬁ) (in other words the “coefficient
(c,8) €A, e,

indeterminates” occurring in the polynomial Fj;).

Finally we call N; := (" * d”) and M; = <m + ei) .
n m



Consider the morphism g : A%' X A%" — A%iM'i defined as

ba al=d; » \C —e, '—>bac al=d; -
(( Jjat=a: » (8)j5 1) ( ﬁ)hﬁzfi

Roughly speaking, the image of z describe all the possible specialisations of the variables A®) such
that the corresponding generic polynomial F; becomes a variable-separated reducible polynomial.
More precisely:

Remark 9 A point (a(i)) IS A%Mi belongs to Im (i) if and only if
Fi (a(i),X’ Y) — ( Z baXa)< Z CQYB)
loe|=di |B]=e:
for suitable (b,) € A%f‘ and (cs) € AJ\Kjf
Moreover we have:

Proposition 10 The image (A% X A%) 1s a closed affine algebraic variety Z; given by the

(homogeneous) prime ideal p; C K[A®W] generated by the elements A((X%Ag,)ﬂ, - AS?BAS%, where
(a, B) and (&/, B") run over all the pairs in Ag, .,. B

We write A() for the class of the coordinate functions of the affine ring K[A®] modulo the ideal
;. Then we have:

Proposition 11 Fizx a multi-index By € Ng”rl such that |Bo| = e;. Then the elements ASZ% S

K[A®] (where a € NI runs over all the multi-indices with |a| = d;) are algebraically independent
over K.

Proof. Suppose that there exists a polynomial relation (Q with coefficients in K such that

Q (A(a%o) € ;. Therefore we have a formula of the type

@)\ _ (1) (1) (7) (7)
Q (Aoéﬁo> - Z Palﬁlo‘?ﬁ? (AoélﬁlAOézﬁz o Aaz[hAOq,@z)
ay,fB1,a2,082
With P, 8,008, € K[AW)].

As the elements A®) are algebraically independent over K, we can specialise Agg — 0 for all
B # By and we conclude that

Q (At(x%o) = Z ﬁalﬁoa?ﬁo (AgzﬁoA((Qﬁo o Al(jz)ﬁoAt(jzﬁo) =0.

1,002

Since the elements AS%O are algebraically independent over K we deduce @ =0. =

We may also consider the point A(?) as a point with N;M; many coordinates.
From this point of view, A®) is the generic point of the irreducible variety Z; (in the van der
Waerden’s sense) and verifies the equations defining ;.

Let us observe that Proposition 11 implies that A((X% # 0 for all (o, 8) € Ag; e, Therefore we have:



Remark 12 Fiz a pair (ap, Bo) € Ay Then the identity

i€ "

L i A(i)
) i _ (i) o @B y B
F (AU,X,Y) = Y Al x > =ly (6)
la|=d; e AL
=0 =¢i “Cagfo

holds in K(A®)[X,Y].

Definition 13 For any index i, 1 <i <n+m, we fix a multi-index (o, Bo) € Ag;.e;- We define

the following polynomials in K[A®W][X,Y]:

() ._ () yo v) . _ Oy
ot = > AL X and o) = N ALY
|or|=d; |B]=e:

From the formula (6) we observe that the identity

A(i)

aofo

F; (A0,X,7) = o) o) (1)

holds in K[AD][X,Y].

Notation 14 Let p be the ideal in K [A] defined as p:=p1 + -+ + @ntm. Clearly the ideal p is a
prime ideal defining the irreducible variety Z := Zy X -+ X Zpym C ANMU oo ANntmMugm

Denote by F an algebraic closure of the field K(A), the quotient field of the coordinate ring of Z.

Using this notation, from Proposition 11 we deduce:

Lemma 15 The polynomials <I>§X)7 e @g)i)m € K[A][X] are generic (the same holds for the poly-
nomials @gy), ey @ii)m € K[A][Y]).
Proof. From Proposition 11 the coefficients of the polynomials <I>§»X) are algebraically independent

over K. Therefore all the coefficients of the polynomials <I>§X), ceey @;)j_)m

family. =

form an algebraically free

Corollary 16 Let 1 < j1 < jo < - <jpn<n+m, andl <k <ky<---<kp<n+m be such
th(lt {j1>j27"' 7jn}m{k17k27"' akm} :(Z) Th@’I’L

1. {@Ef{), cey ¢§f), @,91/), cey @,gy)} is a regular sequence in F[X,Y].

2. No point at the hyperplane of infinity is contained in the varieties defined by these polynomials.
More precisely:

{29 =0, 0 =0} N {zg =0} =0
{of) =0, o) =0} n{y =0} = 0.

3. The ideal (@;f), ce @;i{), <I>,(:), cee @,&?) C F[X,Y] is a radical homogeneous ideal defining

a 0-dimensional smooth projective variety of degree d;, - --dj, ex, - -~ e, -

Proof. Since the polynomials @;f), ceey ‘I>§-i() (respectively the polynomials CI),(::), ceey (I)l(:;)) involve
only the variables X (respectively the variables Y) the three items follow directly from Lemma 15.

For each 1 <7 < n+m we denote by (ng) and gogy) the affinized of the homogeneous polynomials
<I>§X) and <I>§Y) putting g = 1 and yg = 1 respectively.



Corollary 17 The ideal ((ng)gogy), cey @535—171@53—?771) CK(A)[r1,. ,Tn, Y1, - - Ym] is a 0-dimensional

smooth (radical) ideal.

X Y X Y
)905 )7 sty (pfsz+)1n<p£1+)m) .

Proof. Let M C K(A) [x1,...,%pn, Y1, - -, Ym] be a prime ideal containing (gpg
From Corollary 16 we conclude that M is a maximal ideal.

Denote by J the Jacobian determinant of the polynomials gogx)cpgy) with respect to the variables
Xly.eyTnyYly- .-, Ym. From the Jacobian criterion (see for instance [10, Theorem 30.3]), it suffices
to show that J ¢ M.

If M denotes a maximal ideal in F[z,y] such that M N K(A)[x,y] = M, there exists a point
p € AT such that M is the maximal ideal associated to p.

(x)

In particular ¢;

(p)cp,EY)(p) =0 for all indexi=1,...n+m.
From Lemma 15 and Corollary 16 we infer that there exist well defined indices j; < -+ < j, and
k1 < -+ < ky, verifying

[ ] {]1,,]n}ﬁ{k1,,km}:®

° gpg-lX)(p) =0 and <p](::)(p) =0foralll1<i<n,1<t<m.

. gogf)(p) # 0 and <p§ly)(p) #0forall1<i<n,1<t<m.

Therefore, computing J(p) we obtain that

T 00y TT o) ol ey,
Jp)==]J e @ [[e), @ det( o ) det( o )
= a Ts Yq
t=1 =1 1<l,s<n 1<t,qg<m
is different from zero, since the ideal (@;f), ey @;i{), @,(CT), ceey @iﬁ?) defines a smooth 0-dimensional

variety containing p, and so J ¢ M. m

2.3 The flatness of the deformation
2.3.1 Constructing some semimonical bihomogeneous equations

Lemma 18 Let p C K[A] be the prime ideal defined in Notation 14. There exist homogeneous
polynomials R1,..., R, € K[A],[X] such that the conditions

1. Rj S K[A]p[l‘o,l‘j},
2. deg(R;) = deg, (R;) and R; is monic in zj,

3. for any q=0,...,m and for any t € N sufficiently large, the polynomial ngj belongs to the
ideal (Fi, ..., Foim) K[A]o[X,Y] modulo pK[A],[X,Y],

hold for any j =1,...,n.

Proof. From Lemma 15, we have that, for any choice of indices 1 < j; < jo < -+ < j, <n+m,

the polynomials @;f(), ce <I>§-f) € K[A][X] define a 0-dimensional variety in PZ.
The Shape Lemma for finite projective varieties and the second assertion of Corollary 16 imply
that, for any j = 1,...,n, there exists an homogeneous polynomial R; € K(A)[zo, ;] (depending

on the choice of the indices ji, ..., j,) such that
e deg, (E) =degy (E) and ]’%\; is monic in z;.

. E belongs to the ideal generated by @;f(), e @;i{) in K(A)[X].



If we fix the index j, the product [] E (where the product is taken over all possible choices of the
indices j;) is a homogeneous polynomial in K (A)[zo, x;] which verifies:

o deg,, (H E;) =degy (H E) and HRVJ is monic in ;.

o J] E; belongs to the ideal (@gf(), ce @;f)) in K(A)[X], in particular

(X) X) (Y) (Y)
[1& < ﬂ(% <1>,€17...,<1>km), (8)
where the intersection is taken over all those sequences 1 < j; < jo < -+ < jp < n+m,

1< k) <ky<-- <kpm <n-+msuch that {j1,72, - ,dn} NV {k1, k2, km} = 0.

According to Formula (7) and Lemma 15, we have that the ideals
X Y Y
N (50, 00 e, o)) and (B, Fupm)

define the same zeros in P} x P§* and then the relation (8) implies, by means of Corollaries 16 and
17, that there exists ¢ty € N such that, for any ¢ =0, ..., m the polynomial yéom§-° I RVJ belongs to
the ideal (F1,..., Foim) K(A)[X,Y].

We take the polynomial R; as any lifting of xzo HE to the ring K[A], [X,Y] (in fact one lifts
only the coefficients). m

Since the role of the variables X and Y may be interchanged we deduce also

Lemma 19 There exist homogeneous polynomials Sv, ..., Sm € K[A],[Y] such that the conditions
1. Sy € K[A]plyo, yrls
2. deg(Sk) = deg,, (Sk) and Sy, is monic in yy,

3. for any £ =0,...,n and for any t € N sufficiently large, the polynomial xSy belongs to the
ideal (Fi, ..., Foym) K[A]o[X, Y] modulo pK[A],[X,Y],

hold for any k=1,...,m. B

Let us observe that from the proof of Lemma 18 we may suppose without loss of generality that
all the polynomials R; have the same degree r and also that the polynomials S have the same
degree s.

Fix now an exponent ¢, and indices ¢ and j, 0 < ¢ < m, 1 < j < n. The third condition of Lemma
18 may be rewritten as follows: there exists P;; € pK[A],[X,Y] such that

YLR; 4 Py € (Fi, ..., Frym) K[A] X, Y],

Since the ideal (F1, ..., Fy4s,) is bihomogeneous we can suppose that P,; is also bihomogeneous
with bidegree (r,t).
Analogously, for each ¢, k, 0 < ¢ <n, 1<k <m, we have

TSk + Pl € (F1,y..., Fuym) K[A],[X, Y]
with Pj, € pK[A],[X,Y] bihomogeneous of bidegree (¢, s).
Notation 20 Fizx an exponent t sufficiently large. For each choice of indices q, j, ¢, k we denote
Ryj = y,tIRj + Py and Sy = szk + Py,

Observe that both bihomogeneous polynomials belong to the ideal (Fi, ..., Fypim) K[A]o[X,Y] and
have bidegree (r,t) and (t,s) respectively.

10



2.3.2 Elimination of variables

The goal of this section is to show a recursive procedure which allows to eliminate variables of the
polynomials Ry; and Sy, in order to find integral dependence equations.

Notation 21 For any q, q =0,...,m, we define a family of polynomials D‘ig? in K[A],[X,Y] as

follows:

9{512) = Ry forj=1,....n
%" = Res,, (mfl‘;‘“,mg‘;‘”) fort=1,....n—1and j=L+1,...,n.

Lemma 22 Fiz indices q, £, 7, such that 0 <g<m,0<{l<n—-1,¢0+1<j<n. Then:
1. R € (F1,..., Fopm) K[A[X, Y] 0 K[Alg[zo, 2g41, .- 0, Y]
2. There exist positive integers a,b (depending on q,¢,j) such that:
(a) SR((]?) is a bihomogeneous polynomial in K[A],[xo, Zet1,...,%n, Y] of bidegree (ra,b).

n) R = yP?R% (zo,2;) mod ¢ and the leading coefficient of R (viewed as a polynomial
qj -] J q7
in the variable x;) is yg + w where w € pK[A],[Y].

Proof. The proof is by recursion in /.

For ¢ = 0 the assertions follow from Lemma 18 and Notation 20.

Now suppose £ > 1. Assertion 1. is a direct consequence of the inductive hypothesis and the fact
that the resultant belongs to the ideal generated by the involved polynomials.

Since the resultant of bihomogeneous polynomials is also bihomogeneous (see for example [8, Ch.4,
84, pg.155] or [16, Ch. 1, Thm. 10.9]) we have Assertion 2.(a).

For the last statement, assume that i)%t(]i_l) = yglel (zo,z¢) and 9%((5_1) = ygz R;"‘ (20, z;) modulo
p. Then i)‘ig? = yng*‘b?a”R}lQa” (w0, 2;) modgp, where D = deg,, (E)‘igi-fl)). Take a := agayr and
b:=b1D + byair. m

After the n—1 recursive steps, we obtain a family of polynomials SR((]Z_U for ¢ =0,...,m depending
only on the variables xg, x,,Y.

The next reduction step consists in the elimination of the variables x1, ..., z,_1 in the polynomials
Sk

Notation 23 We define a family of polynomials 6[()[2 in K[A],[X,Y] as follows:

6(()(,? = G fork=1,...,m
6(()2 = Resg, (9%%[1),6(()[;—1)) fort=1,....nand k=1,...,n.

With similar arguments as in the proof of Lemma 22 we obtain:

Lemma 24 Fiz indices £, k, such that 0 </ <n, 1<k <m. Then:
1.6\ e (Fy,..., Fuim) K[ALIX, Y] N K[Alp[20, i1, . -y 2, Y],
2. There exist positive integers a,b, ¢ (depending on £, k) such that:

(a) Géi) is a bihomogeneous polynomial in K[A],[xo, Tey1, ..., %n, Y] of bidegree (a,b+ sc).

11



(b) Géi,) = 289255 (Yo, y) mod o and the leading coefficient of 6(()2 (viewed as a polynomial
in the variable yy) is x§ + w where w € pK[A],[xo, Toy1, ..., 2,]. 1

Finally we proceed to eliminate step-by-step the variables y1, ..., ym—1:

Notation 25 We define a family of polynomials Q,(f) with £ = 0,...,m — 1 in K[A],[X,Y] as
follows:

cho) = 6(()2) fork=1,....m
Q,(f) = Res,, (924—1)7}3;@—1)) fort=1,....m—1and k=£0+1,...,m.

After (m — 1) many steps we obtain a single polynomial Qi e K [A][z0, Yo, Ym] with the
following properties:

Proposition 26 There exists a,b,c € N such that
1. Q,(ﬁnfl) is bihomogeneous of bi-degree (b,a + sc) where s := deg Sy,
2. QSrT_l) € (Fl; ce- aFn-‘r"l) K[A]KJ[X7 Y] N K[A]((J[x07y0aym]'

3. QimY = v 285¢, (Yo, ym) mod o and then the main coefficient of Qim=b (viewed as a
polynomial in the variable y,,) is x§ +w where w € pK[A][xo] is homogeneous of degree b.
|

Notation 27 For eachi=1,...,n+m denote by f; the affinized with respect the variables xq, yo
of the bihomogeneous polynomial F;; in other words:

fi =F (laxla"'7xn717y1a~"7ym)'

Proposition 26 allows us to prove the main result of this Section which is the flatness of our
deformation.

Theorem 28 The standard morphism

K[Al, = K[A]p[21, s y1s - Ym]/ (f1y o frtm)
is an integral ring extension.

Proof. Since the role of y,, is equivalent to the role of any other variable y; or z;, k =1,...,m,
Jj=1,...,n, it suffices to show that y,, is integral over K[A],.

After Proposition 26, consider the polynomial P := Q{1 71)(1, 1,T) € K[A],[T]. The leading coef-
ficient of this polynomial is 1+w(1) (item 3 of Proposition 26), which is invertible in K[A],, because
w(l) € pK[A],. From item 2 of the same Proposition, we have that P(y,,) belongs to the ideal
(fis- oy foam) K[Alplz1, ..o, 0, Y1, - - -, Y and therefore, the polynomial P defines an integral de-
pendence equation of the class of y,, in the affine ring K[A] 21, ..., &0, y1,- ., Uml/ (f1s- -+, frgm)
over the local ring K[A],. =

2.4 Bihomogeneous Bezout Theorem
2.4.1 The degree of a special fiber

We start recalling briefly some notations introduced in the previous sections.

Let Fi,..., Foim € K[A][X,Y] be generic bihomogeneous polynomials with degy (F;) = d; and
degy (F;) = ¢; for i = 1,...,n+ m, and let f1,..., frtm be the corresponding dehomogeneized
polynomials putting xg = 1 and yg = 1.

12



DenoteNi:("‘Ldi),Mi:(m“i) nd N == 7" N, M,
n m

Consider the variety
V= {(a,x,y) € AN X A" x A™/fi (a,z,y) =0, i = 1,...,n+m}

and the projection 7 : V — A" defined as 7(a,z,y) = a.
Let Z C AN be the closed affine variety associated to the prime ideal p C K[A] (see Notation 14).

The goal of this section is the computation of the degree of the fiber of Z under 7.

Let us consider the integral ring extension of Theorem 28.
Tensoring this extension with the residual field K[A],,/pK[A],, (in fact, the fraction field of K[A]/p
denoted as K(A) in Subsection 2.2), we have the canonical inclusion

K(Z) <—>K(Z) @1y sy Yty ey Ym)/ (J1y oo frbm) -

Let F be an algebraic closure of K(A) and let @EX) and <I>Z(-Y) € K[A][X,Y] be the polynomials
introduced in Definition 13.
Clearly we have:

dlmK(Z)K(Z> [xla'"7xnay15"'aym]/(f17'"7fn+m) :dimFF[:L‘lv'--;xnayla"'aym]/ (fla"'7fn+m)~

On the other hand, if @EX) and @EY) denote the affinized of @E—X) and @EY) putting zp = 1 and
yo = 1 respectively, from Formula (7) we deduce:

K(Z)[xh7$nay17>ym]/<f17afn+m):K<Z)[$1;7xn7y1a7y ]/(QD(X)SD( ))7SD£L+)m,QO§z};)m)

From Corollaries 16 and 17 it follows that (ng)wgy), cey <p§l§>m@;ﬁ)m) is a radical 0-dimensional

ideal and
. — X) (v
dlmK(Z) K(A)[x17axn7y17aym]/(gog )()0(1 )7""¢n+m¢n+m Zdjl dj"ekl "'ek)ma
where the sum is taken over all choices of indices satisfying 1 < j; < -+ <j, <n+m, 1 <k <

<km<n+mand {j1,..., 50} N{k1,. .., km} = 0.
Therefore we conclude that

dimK(;)K(Z) 2 I N Y O I e Zdjl codj ep, - ex,, (9)

From the geometric point of view, Formula (9) says that the degree of 7=(2) is >_d;, - - - d;, ek, - - - €x,, -

2.4.2 Passing from the fiber degree to the generic degree

Denote by V :={F; =0,..., F1m =0} C PR oy IP%,

In this section we compute the degree of the variety V from the degree of the fiber 771(2).

Let us consider again the integral extension:

K[Al, — K[A]plz1, @, Y15 -5 Ym)/ (f1y - ftm) -

Theorem 29 (Bihomogeneous Bezout Theorem) The ring

K[Alplz1, .. @, Y15 Yml/ (frs- oy fatm)

13



is a K[A],-finite free module of rank equal to ) d;, ---dj, ek, - - ek, . In particular tensoring with
the fraction field K(A) we have

dimga) K(A)[z1, -5 Zny Y15, Uml/ (f1s o fagm) = Zdjl ceedj gy €k, -

Therefore, since (F1,...,Fnim) C K[A][X,Y] is a prime ideal with no points at infinity, if V :=
{Fi=0,...,F1,, =0} C P?((ﬁ) X ]P’% we have that
deg(V) = Z dj, - -dj, er, ek, -

Moreover, if o € K[Alg[x1,...,Zn, Y1, Ym]|/ (fi,.-., fntm) verifies that {1,5,...,5’3} 5 a
K(A)-basis of K(A)[x1,...,Zn, Y1, sYml/ (f1,-- s fatm), then {1,0,...,0D} is o K[A],-basis
OfK[A]p[irlv‘"7xnuy1w~~7ym]/ (flv"'afn+m)'

Proof. The proof follows closely [6, Proof of Prop. 2].

Set O := K[A], and M := pK|[A],, its maximal ideal. Observe that O/ = K (A).

The ring O/M[z1, ...y Tn, Y1, - - s Ym)/ (f1,- -+, fn+m) 18 & semilocal reduced ring over a field (Corol-
lary 17), and then from the shape lemma there exists an element (a “primitive element”, which in

fact may be taken as a K-linear combination of the variables) o € O[x1, ..., Zn, Y1, Ym]/ (f1,- -, fatm)

such that
O/m[mh sy Ty Y1y - aym]/(f1>~ . -afner) = (’)/9)?[5], (10)

where @ denotes the class of ¢ modulo 9.

Moreover, we have also that dimep/on O/M [7] coincides with the degree of the minimal integral
dependence equation of o over O (recall that O is integrally closed) and also with the quantity
>-dj, ---dj, ek, ek, in virtue of (9).

In particular we have that O [0] C O[z1,. .., Zn, Y1, - s Ym]/ (f1, -+, fntm) is a free O-module and

rankoO (o] =Y " dj, -+ dj,ex, -+ e,

In order to conclude the proof it is enough to show that Olo] = O[z1, ..., Zn, Y1, - s Yml/ (f1, -+ fntm)-

This fact is an easy consequence of Nakayama’s Lemma: Let us consider the exact sequence of
finitely generated O-modules

0— OJo] EA Olz1, .y Tny Y1y - - Yml)/ (f1y -+, fnem) — Coker (i) — 0. (11)
Tensoring with the residual field O/ (which is right-exact) we obtain:
O/M[g] = O/M[z1, .., Tny Y1y - Ym)/ (f1s- o, fntm) — Coker (i) /MCoker (i) — 0.

Thus, from the identity (10), one infers that Coker (i) /9tCoker (i) = 0 and then, by Nakayama’s
Lemma, Coker (i) = 0 and so the exact sequence (11) says that

Olol=0[x1, .. s 2n, Y1, Yml/ (f1s- s frorm)
and the Theorem is proved. m
Corollary 30 Let V C AN x A™ x A™ be the variety
V= {(a,x,y) € AN x A" x A™/fi (a,z,y) =0, izl,...,ner}.

Then
deg(V) < (dj, +1)...(dj, + 1)(ex, +1) ... (ex,, +1),

where the sum runs over all choices of indices j1,...,Jn, k1, km such that 1 < j; <+ < j, <
n+m, 1<k < <kp<n+mand {j1,...,jn} N{k1,.... km}=0.
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Proof. Let Ly,..., Ly be linear polynomials in K[A, z,y] such that Wy := VN{L; =0,...,Ly =
0} is a finite algebraic set and

AWy = deg(V). (12)
We may decompose each polynomial Ly, u = 1,..., N, as a sum L, = L{ + L&Y, where L{V
is a linear form involving only the variables A, and Lq(f’y) is a linear polynomial involving only the

variables x and y.

From the genericity on the choice of the polynomials L, verifying (12), we may suppose without
loss of generality that the square N x N-matrix determined by the coefficients of the linear forms
L&A) is a regular matrix; hence the relations L, = 0, u = 1, ..., N, allow to replace the variables

Agg by linear polynomials in K[z,y] in the equations fi,..., fntm, and so, the zero dimensional
variety Wy can be defined by n + m many polynomials that we call hy, ..., hpim.

Observe that deg, (h;) and deg, (h;) are bounded by d; + 1 and e; + 1 respectively, for any index
1=1,...,n+m.

Let us consider generic bihomogeneous polynomials G, ..., Gpim € K[B, X, Y] of bi-degree (d; +
1,e;+ 1) for i =1,...n+ m, where B denotes a new set of indeterminate coefficients. Denote by
J1s- -+ gntm the corresponding affinized polynomials (putting xg = 1 and yo = 1).

The polynomials Ay, ..., h,+, may be seen as specialisations of the polynomials g; evaluating the
coefficients B in adequate elements of K (depending on the coefficients of the linear polynomials
Li,...,Ly).

If M denotes the number of all the new variables B, let W C AM x A™ x A™ be the algebraic set
defined by the equations

gh(b,l',y) = 07 s ,gn-‘,-m(b’x,y) =0

and let # : W — AM be the canonical projection on the M first coordinates (more precisely,
7 (b, z,y) :=b).
From Theorem 21, applied to the polynomial family g1, ..., gnt+m, we have the equality:

dimg gy K(B)[,y]/ (91, - gnm) = 3 _(djy +1) ... (dj, + Ve, +1)... (en,, +1),  (13)

where the sum is taken over all choices of indices j1,...,Jn,k1,.--,km such that 1 < j; < -+ <
n<n+m, 1<k < - <kp<n+mand {j1,...,Jnt N{k1,...,km} =0.

On the other hand, since W is a M-dimensional irreducible algebraic variety and 7 is a dominant
morphism, Proposition 1 of [6] implies that for any b € AM such that #71(b) is finite, the relation

g t(b) < [KOWV) : K(B)] = dimge(p) K(B)[z,y]/ (91 - s gntm) (14)

holds.
Now, if we consider an element by € A such that #=%(by) = W, (clearly such an element exists),
from (12), (14) and (13) we conclude

deg(V) = ﬁWo = ﬁﬁil(bo) S dimK(B) K(B)[I,y]/(gl, e ,gn+m) =
= > (dj, +1)...(dj, + D)ex, +1)... (ex,, +1)

and the corollary follows. =

2.5 Certain special fibers

Let Fi,..., Foim € K[A][X,Y] be generic bihomogeneous polynomials with degy (F;) = d; and
degy (F;) = e; fori = 1,...,n+ m, and let fi,..., frim be the corresponding dehomogeneized
polynomials putting zp = 1 and yo = 1. We denote = := (z1,...,2,) and y := (y1,- .., Yn)-

d: ,
Denote N; = (n + Z), M; = (m + el) and N := Z:jlm N; M;.
n m
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Consider the variety
V= {(a,x,y) e AN x A" x A™/fi (a,z,y) =0, i = 1,...,n—|—m}

and the projection 7 : V — A defined as 7(a, z,y) = a.
Let Z C AN be the closed affine variety associated to the prime ideal p C K[A] (see Notation 14).
For each a € AN, we write V, C A" for the algebraic variety

Vo 1= {(x,y) € Aner/fl(a?xvy) =0,.. .,fn+m(a,x,y) = 0}

and J(a,x,y) for the Jacobian of the polynomials fi(a,z,y),..., fn+m(a,x,y) with respect to the
variables x and y.
The purpose of this section is to show the following theorem:

Theorem 31 Let a € Z be a point such that 7=1(a) is a 0-dimensional variety whose cardinal
is y.dj, ...dj ek, ...ex, (the existence of such points follows from Section 2.4). Then, for any
(p,q) € Vo we have J(a,p,q) # 0.

In other words, the points a € Z with fiber of mazximal cardinality are unramified for m.

Proof. Since a € Z, for each index ¢ = 1,...,n+m, the polynomial f;(a,z,y) may be decomposed
in the following way:

where wfz) € Klz], z/ng) € Kly] with deg ’(/Ji(m) < d; and deg wl(y) < e; (see Remark 9, Proposition
10 and Notation 14).

For any choice of indices j1 < -+ < jn, k1 < -+ < ky, such that {j1,...,dn} N {k1, ..., km} =10
we denote
Vasissenindbaseckn = { (@9) € A7 /980 @) = 0, i (@) = 0,0 (9) = 0,1 47 (5) = 0 }.
We have the disjoint decomposition
Vo= U Vasioodudrooin- (16)

jl:~~~7jn

Lyeeoslom
Moreover, as V, is a 0-dimensional variety, for each (p, q) € V, there exist unique j1, ..., jn, k1,- -, km

such that 1/15?(]9) =0forl=1,...,n and 1/1,(5)(11) =0fort=1,...,m.
Thus we conclude

Claim 1. I (j1, -y o ks oo k) 7 (1 -5 dno KL Ky (P2 @) € Vaigisogu b,k a0d (P, 47) €
Vail il bl seniks,» then p 7 pand g # ¢'.
In particular, if (p,q) € Vaji,....jn k1,... ke then w,(;f)(p) # 0 for every | = 1,...,m and analogously

1/)55”((]) #0 forevery t =1,...,n.

From the affine Bezout inequality (cf. [6, Th. 1]), for each choice of indices j; < -+ < jn,
k1 < -+ < ky, such that {j1,...,jn} N {k1,.. ., km} =0,

A

deg Vaju,.jniorrekm) < deg z/J](-f) ...deg w](-f) deg w,(g) ...deg 1/11(5’2 <
S dj ...djnekfl...ekm‘

On the other hand, from the hypothesis on the cardinality of 7~!(a) and the decomposition (16),
we have

S djydjen, e, =degm T a) = D deg V. jukrsn) -

J1s--5dn J1s--5dn
ki,.ooskm k1,.okm
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Combining both formulas, we deduce that

deg (Va;jlw"ajnaklv“wkm) = d]l e djnekl e eknz' (17)

for each choice of indices ji,...,jn, k1, .., km such that {j1,...,4n} N {k1,... . km} = 0.

Now if we denote

Hjh...,jn = {p S An/d)‘;lx)(p) — O7 | = 1, .. _’n}

and

VA {q € Am/zb,(cf)(q) =0, t= 1,...7m},

the previous remarks imply that
Hji . X Lk ook = Vaji oo ko

From (17) and Bezout inequality, the following relations hold:

dj, - djeny ek, = deg Vagy,gn k) = deg (Hjy g X Zky k) =
= deg(Hj,, .. 5,) deg (Zy,,...k,) < (dj, - dj,) (e, - €k,,)
and then
deg Hj, .. ;. =dj, ---d;, and  degZy,, .k, = €k ‘" Ck,,- (18)
Claim 2. Let (j1,. -, Jn, k1, - ., km) be asequence of indices as above. Then, the ideals (wjl - ,z/J(x)) C
K|[x] and (w,(g), e ,(:/3) C K|y] are radical ideals.
Proof of the claim: By means of (18) we have
dimK K['T]/ (,(/)]1 ’ 7w(m ) deg Jiseeesdn = d]l e djn (19)
On the other hand, from [1, Theorem 17],
dimg K [2] /(087 08) < dj, - dj,. (20)
Since dimg K{z]/ ( 0 ), ,1/1(36 ) < dimg K [z ]/(w;f), e 71&;:)), from (19) and (20) we obtain:

dimg K[z]/\/ (0§, .. (") = dimg K [2] /@7, ... 087) = dj, -

J1 0 ’ g1 0

n

and so (wh - w(r)) (wjl , Q/J(T ). This finishes the proof of Claim 2.

In order to conclude the proof of the theorem, let (p, q) € V,. From the factorisation (15), it follows
that the Jacobian matrix of the polynomials f;(a,,y) in the point (p, ) has the following form:

The point (p, g) belongs to exactly one of the varieties V, j,, i, k1,....k., (see Claim 1). Without loss
of generality we may suppose that {j1,...,7,} ={1,...,n}and {k1,...,kn} ={n+1,...,n+m}.
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Then

oy
. i oz, (p) o 0
Japa) = [[v @ T » (@) det S
i=1 i=n+1 0 t—(q
Oy n+1<i<n+m
1<k<m
n n+m (z) (y)
= T1v @ TT 4 @) det (g” <p>) det<(;” <q>) -
i=1 i=n+1 i 1<i,j<n Yk mHEE

By Claim 1 the first two factors are different from zero and by Claim 2 the last two factors are
also non-zero. This finishes the proof of the theorem. m

3 Algorithmic resolution of bihomogeneous polynomial sys-
tems

3.1 On Padé approximants

Let L be an arbitrary field and let Z1,..., Z, be indeterminates over IL; let 17 be a point of L".
We denote by L[[Z — n]] the ring of multivariate formal power series in the variables Z :=
(Z1,...,Zy,) developed around the point n with coefficients in L.

Lemma 32 Let ® € L[[Z — n]] be a formal power series and § be a positive integer. Suppose that
there exist polynomials P, Q € LL[Z] verifying the following items:

1. ®=P/Q
2. deg P,deg@Q < §
5. Q(n) # 0.

Suppose also that there exists a slp of length L which evaluates the first 30 homogeneous components
of ® (homogeneous in Z —1).

Then there exists a probabilistic algorithm which computes a slp of length O(53(6* + L)) evaluating
polynomials Py, Qo € L[Z] with degrees bounded by § such that ® = Py/Qo and Qo(n) # 0 within
complexity of order O(53(6* + L)).

Proof. Let P,Q € L[Z] verifying the hypotheses of the Lemma; since Q(n) # 0, without loss of
generality we may suppose that P and @ verifies

Q® =P and Q(n) =1 (21)
We consider the (Z — n)-homogeneous decomposition of the polynomials P, @ and the series ®

)

6 oo
P::Zpiv Q;: Zq,L and d ::Zwiv
i=0 =0

=0

where the p;’s, the ¢;’s and the ¢;’s are polynomials (Z — n)-homogeneous of degree i. From the
hypothesis Q(n) = 1, we have gy = 1.
Let T be a new variable and consider the new series in L[Z][[T]]

U= i Y2 TZ
1=0
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and the polynomials in L[Z][T]

5 5
p::ZpiTi and q ::ZqiTi.
i=0 i=0

From the relation (21) we deduce the identity
q¥ =p and q(0) =1. (22)

Let us observe that a polynomial @) € L[Z] of minimal degree satisfying (21) induces a polynomial
q € L[Z][T] of minimal degree satisfying (22) and conversely.

Let p™in ¢min ¢ L[Z][T] be polynomials satisfying (22) such that ¢™" has minimal degree. Set
o = deg g™, §; := deg p™". The existence of a numerator P € L[Z] and a denominator Q € L[Z]
for ® with degrees bounded by § implies 6y, 61 < 6. It is easy to see that p™* and ¢™™ are uniquely
determined and that they are also the polynomial pair (p, ¢) verifying (22) with ¢ of minimal degree,
even if polynomials in IL(Z)[T] are considered.

Fix k > do, and assume that ¢ and p are polynomials in L.(Z)[T] satisfying equality (22) such that
degq =k, degp = 01 + k — 0p < 0 + k and ¢(0) = 1 (take for example, p := (T + 1)F—% . pmin,
q:= (T 4 1)k7§gqmin).

Then, equality (22) induces the following relations involving the coefficients of p, ¢ and ¥ (where
p; := 0 for i > degp)

Po = o
P11 = p1+Yoqi
Dotk = Potk+ Potk—1qQ+ -+ 05 Qi (%)
0 = ©sirr1+@stkq+ -+ Q51
0 = storn + Qstok—1q1 + -+ sk Qe

The converse also holds, more precisely:

Claim 1: Consider (x) as a linear equation system in the unknowns po,...,Ps+ks qis--->qk- Any
solution of this system in the field L(Z) produces two polynomials p,q € L(Z)[T] of degrees bounded
by 0 + k and k respectively, verifying ¢V = p.

Proof of the claim: Let
(ﬁO, e 555-‘1-/6761) ey ak) € L(Z)6+2k+1

be a solution of the system (x) and let
p:=> BnT"  and  gi=1+)» GI"

be the associated polynomials in L(Z)[T].
Let © = >, 0,T" € L(Z)[[T]] be the formal power series whose coefficients are defined as

0 i fori=0,...,0+2k
o — Y 0i;q; fori>d+2k
From the definition of the series O, it follows immediately that

i0 =p. (23)
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Then, it suffices to show that ¥ = ©.
As the first § + 2k + 1 coefficients of the series ¥ and © coincide, there exists a polynomial
H € L(Z)[T] of degree bounded by § + 2k and series ¥, © € L(Z)[[T]] of order at least ¢ + 2k + 1
such that _ _

V=H+V¥ and O = H+06.

Multiplying relations (22) and (23) by ¢ and ¢ respectively, we deduce the identities:
qp=4qqH +qq \?
qp=qqH +qq®
and hence o
ap—qp=qq(¥—0O).
Then (recall that the orders of ¥ and © are at least § 4 2k + 1) we conclude that T9F2++1 divides

qp — qp- Since degp,degp < 6 + k and degq,degq < k, we infer that gp = ¢p and so, ¥ = ©.
This finishes the proof of the claim.

Let us consider now the following linear system over the field L(Z):

Ps+k Ps+k—1 -+ Ps+1 q — P54+ k+1
Po+k+1 Po+k s Pot2 . _ : ) (24)
©5+2k—1  Ps4+2k—2 .-+  Ps+k 9k —Ps+2k

Note that this linear system consists in the last k equations of the system (x).

Moreover, using the first § + &k equalities in (x), we can obtain the vector (po,...,ps+x) from a
solution (¢1,...,qx) of (24).

Therefore, the existence of a solution for (x) is equivalent to the existence of a solution for (24).

Summarizing;:

Claim 2: Let p := Zf:g piT? and q := 1+ Zle ¢ T be polynomials in IL(Z)[T| of degrees bounded
by 6 + k and k respectively. The the following assertions are equivalent:

(a) ¢¥ =p.
(b) (q1,-..,qx) is a solution for the system (24) over the field L(Z)[T] and, fori=0,...,0 +k,
o min{i,k} o
Pi=2 =0 Pi—jj-

By Claim 2, as & is the degree of the minimal denominator ¢™?*, the system (24) has a unique
solution for & := dy.

On the other hand, for k > g, there exists an infinite family of polynomials ¢, p such that degq = k,
degp < d+k, g(0) =1 and qV¥ = p (namely, q := h - ¢™" and p := h - p™*, where h € L(Z)[T] is
a polynomial of degree k — &y such that h(0) = 1)

Therefore Claim 2 implies that for k > §p the linear system (24) has an infinite solution set.

In particular, we have

do = max{1l < k < ¢ :det(Ax) # 0},

where Ay denotes the k x k-matrix of the system (24).

Moreover, the coefficients of g™ can be obtained by solving (24) for k = do.

Finally, taking into account that deg pin < § it follows that the coefficients of p
computed as p; := Z;ZO wi—jq; for i =0,...,9.

min

can be

Now is quite simple to describe an algorithm computing the polynomials Py and @) of the statement
of the lemma.
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1. The first task consists in determining dp := max{l < k < ¢ : det(Ax) # 0}, which is the
degree of the minimal denominator gq.

Set k := ¢ and proceed as follows:

(a) Compute a slp of length O(k* + £) which evaluates det(Ay) € L[Z].
(b) Choose randomly a point ag € L™ and evaluate det(Ag)(ao).
(c) If det(Ag)(ap) = 0, set k := k — 1. Otherwise, dp := k.

The complexity of this step is of order O(8%).
Let us observe that det(A4s,) is a (Z — n)-homogeneous polynomial of degree do(d + dp).

2. Solve the linear system (24) for k := dy.

(a) Since det(As,) # 0 the solution may be obtained by Cramer’s Rule :

q1 —P54+850+1 q1
det(As,) = adj(4s,) =:

q50 7@5-‘1—250 EIV(SU

The complexity of this procedure is of order O(d3), the polynomials gg := det(As, ), 1, - - -
are given by slp’s of length O(d3 + £) and their degrees are bounded by 6 ( + d)-

(b) For each 1 < i < §y compute the coefficient ¢; € L[Z] of ¢ as the quotient of the exact
division of ¢; with qq.
For this purpose we can apply the procedure of avoiding of divisions given in [15] (see
also [9]), taking into account that a point ag € L™ such that go(ag) # 0 is known.
Since deg ¢; < d, this can be done in time O(53(5* + £)).

3. A slp evaluating the coefficients of the polynomial p can be obtained by means of the equations

Po =0, P1 = P1+P0q1,--, Ps = @5+ Ps-1q1 + -+ + Yo qs, where g; = 0 for i > dp. The
length of this slp is bounded by O(53(6* + £)).

5 5
4. Take Py := > p; and Qo := >_ ¢;.
i=0 i=0

The polynomials Py and Qg are given by a slp of length O(§2(6* + L)).

Summarizing, the total complexity of the algorithm is bounded by O(§2(6* + £)) and the Lemma
is proved. m

3.2 Algorithmic resolution in the generic case

We recall the notations introduced in Section 2.1.
Let K be a field and let K be an algebraic closure of K.
Let n,m € N and let xg,...,2n, Yo,-..,Ym indeterminates over K. We will denote X :=

oy sZn)y Y i= (Y0, -y Ym)s = (X1,...,Zpn) and ¥y := (Y1, - -, Ym)-
For each d, e € Ng set

Age ={(a,0) e NgT' x Ng'* 2 Ja| = d, |B] = e}

Let (di,e1),..., (dntm,en+m) € Ng x Ng. For each 1 < ¢ < n+ m we introduce a set of new
indeterminates A®) := (AS/)B)(%B) € Aq, ., associated to the monomials X°Y? of bidegree (d;, ;).
We will denote A = (A(’))1§i§n+m.
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Set

n+m
N = (d“L"), M; = (eZ;m) and  N:= > NiM,.
=1

For each i, 1 <i <mn+m, let F; € K[A][X,Y] be the bihomogeneous polynomial

F= Y A% xov”
(a,8)ENa; e,
From Theorem 29 the polynomials Fi,..., F, 1., define a zero-dimensional variety V C IP’% X
]P’%, with no points at infinity, of degree

D:=Y dj, ...djek, ...k,

where the sum runs over all choices of indices 1 < j; < -+ < jp, <nt+m, 1 <k < -+ < kp, < n+m,
Wlth {jl,...,jn}ﬁ{kl,...,km} = @
For each i, 1 <i < n+m, we denote f; € K[A][z,y] to the affinized polynomial

fi=F(l, 21, @, Lyt oo oy Ym)-

m

The polynomials fi,..., fn4+m define the zero-dimensional variety V C A’;(JE 5 of degree D.

Let V € AN x A™ x A™ be the variety

Vi={(a,z,y) € AN x A" x A"/ f; (a,2,y) =0, i=1,...,n+m}.
Corollary 30 says that the degree of V is bounded by
A=) (dj, +1) .. (dj, + D(en, +1)... (e, +1).

where the sum runs over all choices of indices ji,...,jn,k1,...,km such that 1 < j; <--- < j, <
n+m, 1 <k <-<kp<n+mand {j1,...,4n} N{k1,... . km} = 0.

The goal of this section is the computation of minimal polynomials for linear forms which separate
the points of V.
More precisely:
Let L € K[z,y] be a linear form which separates the points of the variety V and let P € K(A)[T)
be the monic minimal polynomial of the class of L with respect to the canonical extension K(A) —

K(A)[z,yl/(f1,-- - fatm)-

Remark 33 It is well known that the degree of P as a polynomial in the variable T is exactly
D (because L separates the points of the variety V') and that P can be written as Zzp:o o, T €
K (A)[T], where each of the coefficients ®; may be decomposed as a quotient P;/Q; with deg P; < A
and deg Q; < A (see for instance [13, Prop. 1] or [14, Prop.1]).

The main result of this section is the following:

Theorem 34 Let L € Klz,y| be a linear form which separates the points of the variety V and
let P := Eiio O, T" € K(A)[T] be the minimal polynomial of the class of L with respect to the
canonical extension K(A) — K(A)[z,y]/(f1,- - fatm)-

There exists a probabilistic algorithm which, for each i, 0 < ¢ < D, produces a straight-line program
of length O(A®(A? + log(A)d?(n + m)"N D?)) computing polynomials P;,Q; € K|[A] such that
®; = P;/Q;. The algorithm runs in time O(D A%(A? +log(A)d*(n +m)"N D?)).

The following subsections are devoted to prove Theorem 34.

22



3.2.1 Choosing a lifting point

We will choose a lifting point @ € KV in such a way that the polynomials f;(a,z,y) have nice fac-
torisation properties, namely all these polynomials can be decomposed as a product of independent
linear factors.

Take a family of elements 51(?) e Kforl <i<n+mandl<r <d;, such that f;:) #* fi(,a;), ifi#£4
orr #£r.
For each fz(f ) let us consider the associated linear form in the variables a:

LY =14+ 00+ € a0 + -+ (€)

The hypothesis on the choice of the elements fz(f ) implies that every subset of n many linear forms
Lgf) is a K-linearly independent set.

Analogously we define linear forms in the variables y as follows: let fg) eK,forl<i<n+m
and 1 < s < ¢;), be a family of elements such that 52(3) #* f v if i # 4" or s # s, and for any index
¢ and any index s with 1 < s <e¢; let ng) € K|y] be the linear form defined as

(v)

We also have that any subset of m linear forms L;;” is K-linearly independent.

For each index i, 1 < i < n + m, denote by a9 € KNi the vector of coefficients of the polynomial

H L(UU) H L(y),

1<r<d; 1<s<e;

in a certain prefixed monomial order (for instance the lexicographic order).
Observe that this polynomial has bidegree (d;, ¢;) and then we have the identity:

1<r<d; 1<s<e;
We take as the lifting point, the point a := ("), ..., a»*™) € KN,

Each vector a(? may be computed from the elements 51(:3 ) and {gf) in a straightforward way as
follows:

First let us observe that the coefficients of a product of a n-variate polynomial of degree k with a
n-variate polynomial of degree 1 (both given in dense form) can be computed in time bounded by
(2n + )("+k+1) in the obvious way (using (n + 1)(":’“) multiplications and n(""'ﬁ“) additions).

Therefore the computation of the coefficients of polynomial 4,0Z =[licp<a, L 41") runs in time

(2n+1)dil<n+;+1>

r=1

which may be bounded by (2n + 1)d; ("+d ).

n

Similarly the coefficients of <pi = [lics<e, L(y) can be obtained in time (2m + 1)e; (

m

() (y))

m+ei).

Then the computation of the vector a(¥ (namely, the coefficients of the product ¢; runs in

time bounded by

(2n +1)d; ("Zdi) + (2m + 1)e; (m; ei) + (n ;di) (m;; ei).
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Hence the lifting point @ € KV may be computed in time

Eansnn(") ) smena (") () (70)

i=1
If we denote d := maxi<;<n+m{d; + €;}, we may easily estimate this number by O((n + m)dN).
Summarizing we have:

Remark 35 The lifting point a € K can be computed in time O((n + m)dN), where N :=
Z?:lm ("';di) (m:fi) and d := maxi<;<ni+m{d; + €}

3.2.2 Solving a split Vandermonde system

From the choice of the coefficient vector (or lifting point) a € K in the previous section, each
polynomial f;(a(?), x,y) is a product of linear forms, and then the solutions of the system

fl(a7may):Oa"'ﬂfn+m(a7x7y):0 (25)
are exactly the solutions of the linear systems

Ll t1 — 07 cevy Ln+m tntm = 07

where, for each 1 < i < n + m, we have Ly, = LZ(-fi) or Ly, = ngs’i), for some 1 < r; < d; or
Moreover, since these linear forms are of type

I+gm+&mpt 42 =0 or 1+&u+&m+ -+ yn =0

for different constants &, we conclude that the solutions of the system (25) are the solutions of the
linear systems

' —o,.. L% —o W —o,.... L% =0 (26)

J1 74, i Ty, k1 sk Km Sk,

where 1 <j1 < - <jp<nd+m, 1<k < - <knp<n+mand {j1,...,5ntN{k1, ..., kn} =0,
and also 1 <7;, <dj, forall 1 <i<mand 1< s, <ep forall<i<m.

Let us observe that there are D many of these linear systems (where D is the Bezout number
>-dj, ...dj ek, ...ex,) and each of them has a unique solution (the associated matrix is regular

since it is a two-block Vandermonde and each block corresponds to a family of different elements
of K).

Therefore in order to solve the system (25) it suffices to choose a sequence of indices as in formula
(26) and find the solutions v(*) € K™ and v(¥) € K™ of the linear systems

L =o0,..., L% =o

s 2 T
and

Ll(cli)skl =0,..., L;(fj,) Skm 0
respectively.

The coordinates of v(*) and v can be computed using Cramer’s rule in time O(n*) and O(m?*)
respectively.

Summarizing;:

Remark 36 Let a € KV be the lifting point constructed in the previous section. Then, the solu-
tions of the system

fl(‘%%y) = 07' . .,fn+m(a7$,y) =0
may be obtained in time O((n* + m*)D).
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3.2.3 Computing generic solutions by Newton algorithm

The goal of this section is to compute (starting from the solutions (7(*),(*)) computed above)
suitable power series representing approximations of the generic solutions in (A)n ™ of the

system
fl(Avxay):07""fn+m(Aaxay):0' (27)

Let a € KV be the lifting point introduced in section 3.2.1, V, C K"t™ denotes the algebraic
finite set defined by the system (25) and 71, ...,vp the points of V, computed in section 3.2.2.

For the sake of simplicity we denote by F' the polynomial vector (f1,..., fntm) € K[A,z,y]"T™.
Let DF € KA, z,y]"t™*(+m) he the Jacobian matrix of the vector F with respect to the

variables x and y:
DF — (8fi | 5’f¢)
al'j c’)yk 1<i<n+m

1<j<n, 1<k<m’

and let J € K[A,z,y] be the determinant of the matrix DF'.
The choice of the lifting point a € K~ and Theorem 31 imply that for any v;, 1 < j < D, we have

J(a,;) # 0.

Therefore by [7, Lemma 3] one deduces that, for any index j, 1 < j < D, there exists a well defined
power series vector
FJ = (th . 7Fj n+m> S K[[A — a]]"+m

verifying:
L4 fl(F]) = 07 s 7fn+m(FJ) =0
e I'j(a) == (Tji(a), ..., Tjnim(a)) =

Moreover the quoted result also gives a way to approximate these power series vectors I';:

Let us consider the Newton operator associated to the system F'
Np(z,y)' = (z.y)" = DF(z,y)"" - F(z,y)",

where ! denotes transposition.
For each point ; € V,, we define a recursive sequence of (n + m)-tuples of rational functions
Fy”") = (F;';), . ,Fg’;)er)(H € Np) as follows:

0
Fg) = ’Yj
-1
ri” = Np@"Y)  keN

Any coordinate function F§.'Z) (1<i<n+m)of Fg»”) can be interpreted as a formal power series
in K[[A — a]]. In this way, for each index 4, 1 < 7 < n + m, the sequence of rational functions
(F§f))K€NO converges to a series I';; € K[[A — a]] (in fact the i-th coordinate of I';).

()
i

More precisely, for each k € N, the series L;
F§-':) =T mod(A—a)?.

We will choose the number of iterations x so that we get suitable approximations to each of the
power series I';;.

approximates I';; with precision 2", in other words,

This approximation procedure can be performed algorithmically as follows:
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1. Fix k € N. Applying the algorithm of [4, Lemma 30], we obtain a straight-line program
which encodes the numerators and a single denominator for the k-th iteration of the Newton
operator; more precisely, we obtain polynomials

917'"7gnagn+1a-~~agn+m7h € K[ALy]

such that

N ) = (.., 00 Gnt1 | gimy

F (l‘vy) h’ 9 h ’ h 9 9 h

2. By simple evaluation of the polynomials g; and h in the points v; (1 < j < D), we obtain
straight-line programs for the numerator and the denominator of each of the rational functions
' (1<j<D, 1<i<n+m).

From the complexity bounds stated in [4, Lemma 30], and taking into account that the polynomials
fis-os fnem € K[A, x,y] can be evaluated in the obvious way by means of a slp of length O(N),
we obtain the following estimate for the complexity of the procedure described above:

Remark 37 Denote by d := maxi<i<ntm{d; +¢€;}. Let k € N and, for every 1 < j < D, let Fgm
be the 2" -approzimation of the solution series vector I'; associated to the fiber solution «y; as above.
Then, for each 1 < j < D,

(k) 91(A,75) In(A,75) gny1(A,75) gn+7n(A7'7j)) nm
I = ey , ey e K(A ,
I (h(Aﬁj) h(A,v;) " h(A,75) h(A,~;) “)

where g; (1 < i < n+m) and h are polynomials in K[A,x,y] which can be obtained in time
O(kd?(n+m)"N) as explained above and given by a slp of length of the same order.

3.2.4 Approximating the minimal polynomial of L

Let L :=ug+uixi+- - +unZp+unt1y1+- - +Untmym € K[z,y] be a linear form which separates

the points of the 0-dimensional variety V' C A";('Zl).

We will compute the coefficients (with respect to a new variable U) of a polynomial PeK [A,U]
which approximates the minimal polynomial P of the linear form L.

Since V. ={TI'y,...,I'p} C A’;EZL) (see Section 3.2.3) and we assume that L separates these points,

the minimal polynomial P of L is exactly the product HJDZI(U — L(T))).

We approximate the coefficients of P by means of the coefficients of another polynomial which
is constructed in a similar way, but having as roots the elements L(FE-K)) (which can be seen as
approximations of the roots of P).

Let us consider the following polynomials in K[A] (see Section 3.2.3 for the notations):

G](A) = U h(’Yj)+U1 gl(r}/j)+"'+un+mgn+m(7j) forj=1,...,D (28)

H;(A) = h(v)) forj=1,....,D (29)
D

H(A) = [[HiA) (30)
j=1

Let P € K[A,U] be the polynomial defined as:

D
P=Tv - nr?) - ﬁH(Hj(A)U—Gj<A)) (31)



Observe that, for each 0 < i < D, the coefficient of the monomial U? in the polynomial Pisa
rational function ¥,;/H € K(A) (where ¥; € K[A]).

D
Since for the lifting point a € KV constructed in Section 3.2.1 we have that H(a) = [] h(a,v;) # 0,
j=1

these rational functions ¥; /H can be interpreted as elements of the power series ring K [[A—al] and,
from the definition of the polynomial P, it follows that, for each 0 < i < D, ¥,;/H approximates
with precision 2% the corresponding coefficient ®; € K[[A — a]] of the monomial U* in the minimal

polynomial P of the linear form L. In this sense, we will say that P approximates P with precision
2r,

The numerators Wy, ..., ¥p can be obtained as the coefficients of the polynomial H (A)IS(A, U)
with respect to the variable U by an interpolation procedure, while the denominator H can be
obtained from its definition (30).

Now we estimate the complexity of these computations, assuming that the lifting point a € K™
and all the points v; (1 < j < D) lying on its fiber are known:

First let us observe that, for each 1 < j < D, from Remark 37, the polynomials H;(A) and
G (A) can be encoded by straight-line programs of length O(k d?(n +m)”N) which are computed
straightforward from the definitions (29) and (28).

Then, using these straight-line programs and the definitions (30) and (31), we obtain straight-line
programs of length O(x d2(n +m)”N D) encoding the polynomials H(A)P(A,U) and H(A).

The complexity of these steps is of order O(x d?*(n +m)"N D).

Finally, the coefficients ¥y, ..., ¥p of H(A)]S(A7 U) are computed by interpolation with respect to
the variable U (see for instance [12, Prop. 3.1.1]), which involves the resolution of a linear system
whose associated matrix is a Vandermonde square (D + 1) X (D + 1)-matrix. Then, the complexity
of this last step is of order O(k d?(n +m)7"N D? + D*), which is also the complexity of the whole
procedure, and the length of the slp representation obtained for the polynomials ¥,...¥p is
bounded by O(rd?*(n +m)"N D?).

Summarizing:

Remark 38 Let a € KN be the lifting point constructed in section 3.2.1 and let k € N. Assume
that the D solutions of the system (25) are given. Then, the procedure described above produces a
straight-line program of length O(k d? (n+m)” N D?) which computes the numerators W, ..., ¥p €
K[A] and the denominator H € K[A] of the coefficients of a polynomial P € K(A)[U] which
approzimates the minimal polynomial P € K(A)[U] with precision 2. The sequential complexity
of this procedure is of order O(kd? (n +m)"ND? + D*%).

3.2.5 Computing the minimal polynomial of L

In order to finish the proof of Theorem 34, in this Section we compute numerators and denominators
which represent the coefficients of the minimal polynomial P € K(A)[U] of L with respect to
the variable U, from the coefficients of a suitable approximation P € K(A)[U] of this minimal
polynomial.

For every 0 < i < D, let ®; € K[[A — a]] be the coefficient of the monomial U* in the expansion of
P € K(A)|U]. By Remark 33, each of the series ®; (0 < i < D) is a quotient of two polynomials
belonging to the ring K[A] whose total degrees are bounded by A. Therefore, Lemma 32 (Padé
approximants) enables us to compute, from the homogeneous components of ®; of degrees bounded
by 3A, polynomials P;, Q; € K[A] with deg P; and deg Q); bounded by A, such that ®; = P;/Q;.
We obtain the required homogeneous components of the coefficients of P from the ones of the
corresponding coefficients of a polynomial P which approximates P with precision 3A.

27



So, we fix k := [log(3A)] and we assume that a straight-line program which computes numerators
Uo,...,¥p € K[A] and a denominator H € K[A] of the coefficients of the polynomial P defined
in (31) is given.

The procedure runs as follows:
For:=0,...,D:

1. Compute the homogeneous components of degrees bounded by 3A for the series ¥;/H €
K[[A — a]]. (Let us observe that these components coincide with the corresponding ones of
the series ®;.)

2. Apply Lemma 32 in order to obtain polynomials P;, Q; € K[A] with deg P;,deg@; < A,
Qi(a) =1and P;/Q; = ;.

Now we estimate its complexity:

Denote by L the length of a slp which evaluates the input polynomials Wy, ..., ¥p and the poly-
nomial H.

Fixi,0<i<D.

Following the arguments given in [15] as well as the complexity estimate for the computation of
homogeneous components of a polynomial given by a slp (see for instance [9]), we deduce that the
first step of the procedure can be done in time £’ := O(A%(A + L)) and produces a slp of the same
order for the homogeneous components it computes.

Then, by Lemma 32, the computation of the polynomials P; and Q; takes O(A3(A*+L’)) additional
operations and each of these polynomials is encoded by a slp of length of the same order.

Therefore, we have:

Remark 39 Let notations and assumptions be as before. Assume that a straight-line program of
length £ which evaluates the numerators Wo,...,¥p and the denominator H of the coefficients
of the approximating polynomial P € K(A)[U] is given. Then, the procedure above computes in
time O(DAP(A?% + L)), a numerator P; and a denominator Q; of degrees bounded by A for each
coefficient ®; (0 < i < D) of the minimal polynomial P. Each of the polynomials P;, Q; is encoded
by means of a slp of length O(A3(A? + L£)).

We are now ready to prove Theorem 34:

Proof of Theorem 34. The probabilistic algorithm underlying the proof of the Theorem is
obtained combining the procedures described from section 3.2.1 up to this section. Observe that
we take x := [log(3A)] to obtained the desired approximation level.
In order to finish the proof, it suffices to consider the complexity estimations stated in Remarks
35, 36, 38 and 39, which imply that the algorithm runs in time:
O((n+m)dN) + O((n*+m*)D) + O(log(A)d*(n+m)"N) +
+ O(log(A) d*(n +m)"N D* + D*) + O(D A®(A?% + log(A)d*(n +m)"N D?)).

Taking into account that D* < DA7 this sum may be estimated by
O(D A% (A% 4 log(A)d?(n +m)"N D?)) = O(D A" + A®log(A)d*(n +m)"N D?).

The length of the straight-line program encoding the polynomials P; and Q; (0 < ¢ < D) which
represent the coefficients of the polynomial P follows in the same way from Remarks 38 and 39. B
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3.3 Description of the isolated points of a bihomogeneous polynomial
system

We briefly recall the notations introduced in the previous sections.

Let f1,..., fntm € K[A, z,y] be the affinized polynomials which become from the generic biho-
mogeneous polynomials F, ..., F,ip € K[A, X,Y], where A denotes the variable-coefficients.
Consider the parameters

di = deg,(fi), l<isn+tm,
e = deg(f) 1<i<n+m,
d = max{di-i-ei/lﬁifn‘f‘m}’
N, = (di—l—n)(ei—i-m), 1<i<n+m
n m
n+m
N = Z Ni7
i=1
D = Zdjl ...djnekl ce €y
A =) (dy 4 1) (dg, + ) (er, + 1) (er,, + 1),

and the varieties

V:
V.

{(a,z,y) € AN x A" x A™ / fila,z,y) =0,..., farm(a,z,y) = 0}

{(m,y) € A% / fl(xay) = 07"‘7fn+m(1'7y) = 0}

From Theorem 29 and [6], we know that D is the degree of V or equivalently, the degree of the
generic fiber of the projection morphism 7 : V — A" defined as 7(a, z,y) := a.
From Corollary 30, A is an upper bound for deg(V).

3.3.1 Passing from the generic system to a specific system

For each 1 <i<n+mlet b; € KN and set b:= (by,...,bprm) € KV.
The vector b induces a particular instance of our generic bihomogeneous polynomial system: the
specific system obtained from the generic one

fl(Avl'ay) =0,..., fn+m(AaCCay) =0

by the evaluation 4
AW s p, fori=1,...,n+m.

Denote by V;, C A"*™ the variety defined by this specific system, namely

VE) = {(l‘,y) € A" x A™: fl(bl7x7y) = 0) . '7fn+m(bn+m’x’y) = O} (32)

The goal of this section is to obtain, for each linear form L € K|z, y] which separates the points of

the variety V C A%, a univariate polynomial Péb)(U ) € K|U], depending on the point b, such

that Péb)(L) € K[z, y] is a non zero polynomial which vanishes in all the isolated points of Vj.
More precisely, with the notations introduced above, we will prove the following:

Theorem 40 Let L be a linear form in K[x,y] which separates the points of the generic variety

V C A?(':“). Then, there exists a probabilistic algorithm which computes a mon zero polynomial

Péb) € K[U] with degU(Péb)) < D such that Péb)(L) € K|z,y] vanishes in every isolated point of
Vy. The algorithm runs in time O(D3AS(A? + log(A)d?(n +m)"N D?)).
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The polynomial Péb) will be obtained from the minimal polynomial of L computed by means of
Theorem 34.

First, we show how to compute for any separating linear form L, a non zero polynomial P; €
K[A,U] such that Pr(A, L) belongs to the ideal (fi,..., fn+m) C K[A,z,y].

Let L be a linear form in K[z,y] and let ®;, : V — A" x A be the morphism

Or(a,z,y) := (a, L(x,y)). (33)

Since V is a N-dimensional irreducible variety and 7 is a dominant morphism, we observe that the
Zariski closure of Im(®7) C AN x A is an algebraic irreducible variety of codimension 1, and then,
it is defined by a square-free polynomial Qr € K[A, U] (where U denotes a new variable).
Moreover, since (f1,. .., fnt+m) is a prime ideal in K[A][x,y] and Q(a, L(x,y)) = 0 for all (a, z,y) €
VY, we deduce:

degy(Qr) >0 and Qr(A, L(x,y)) € (f1,--y farm) K[A][x,y]. (34)

n+m
K(A)

Let P(A,U) € K(A)[U] be the minimal polynomial of L in the algebraic extension

K(A) = K(A)z,yl/(fr,- s frtm)-

Hence P(A,L) € K(A)[z,y] belongs to the ideal (fi1,..., fotm)K(A)[z,y]. If h(A) € K[A] is
any polynomial such that h(A)P(A,U) is a polynomial in K[A,U], there exists a denominator
s(A) € K[A]—{0} such that s(A)h(A)P(A, L) belongs to the ideal (f1,..., fatm)K[A, z,y], which
is a prime ideal. Since this ideal does not contain any non zero polynomial in K[A], we deduce
that h(A)P(A, L) also belongs to the ideal (f1,..., fo+m)K[A, z,y].

In particular h(A)P(A, L) vanishes in every point in V and so, h(A)P(A, U) vanishes over Im(®y,).
Then h(A)P(A,U) is a multiple of Qy, in K[A, U], and this fact holds for any h € K[A] such that
h(A)P(A,U) € K[A,U].

On the other hand, from (34) we have that Qp is a non zero polynomial in K[A][U] such that
the class of Qr(A, L(z,y)) in K(A)[z,y]/(f1,--., fn+m) 18 zero, so Qr(A,U) gives an algebraic
equation for the class of L over K(A) and therefore P(A,U) divides Qr(A,U) in K(A)[U].

From section 3.2.5 and the previous arguments we conclude that D = degy(P) = degy (Qr) and
both polynomials differ in a multiple in K(A).

Now suppose that L separates the points of the variety V C A

Applying the algorithm underlying Theorem 34, we are able to compute polynomials P;, Q; € K[A],
i =20,...,D, such that deg(FP;) < A, deg(Q;) < A and P = Zio(gf)Ui (each quotient P;/Q;
represents a power series ®; € K[[A — a]] for the lifting point a € K chosen in section 3.2.1).

Let us consider the polynomial Py, € K[A, U] defined as

P, —Z GRIEDE (35)

0<j<D
Jj#i

Observe that P, = P [] Q; and so, it is obtained from P by a trivial elimination of denominators.
i=0
Then, the polynomials P;, and @y, differ in a multiple in K[A, U]. Since degy (Pr) = degy (Qr),
this multiple lies in K[A] and therefore, as we have observed above for any K[A]-multiple of P
belonging to K[A, U],
PL(AvL)E(flw-wfner) in K[A,amy} (36)
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For each 0 < i < D denote

Pi=P ] Q (37)
0<5<D
J#i
the coefficients of Py, considered as a polynomial in the variable U. The coefficients Py, o, Py 1, ... PLp

are polynomials in K[A] whose degrees are bounded by AD.
Observe that the leading coefficient of Py, viewed as a polynomial in the variable U is

D-1

Pop=]] Qi (38)

J=0

as P is monic in U because it is a minimal polynomial, and then Py, p(a) # 0 for the lifting point
a € KN (recall that, by construction, Q;(a) # 0 for every 0 < j < D).

In particular, the polynomial P (a,U) is not the zero polynomial in the ring K[U].

We estimate the complexity for the computation of (the dense encoding of) Pr:

Denote Ly := A®(A? +log(A) d?(n +m)"N D?).

For every index i, 0 < ¢ < D, Theorem 34 states that the polynomials P;,Q; € K[A] can be
evaluated by a slp of length O(Ly) and these slp’s are constructed in time O(DLy).

Hence formula (37) implies that each of the coefficients Pr; (0 <4 < D) can be encoded by a slp
of length O(D Ly + D), and all these slp’s can be constructed within complexity O(D Lq + D?).

From the definition of Ly, it follows that these quantities may also be written as O(D L) and then
we have:

Remark 41 For each index i, 0 < i < D, the coefficient Py, € K[A] of the polynomial P, =
Zi’;o Pr; U can be encoded by a slp of length O(DA®(A? + log(A) d?(n +m)"N D?)).
All these slp’s can be constructed by means of an algorithm with similar running time order.

We are now ready to prove the main result of this section.

Proof. (Proof of Theorem 40.) Let notations and assumptions be as before.
From condition (36) we have that Pp, (A, L) belongs to the ideal (f1,..., fntm)K[A, z,y] and then
(by simple evaluation)

PL(ba L) € (fl(bvx’ y)z L) fn+m(b7x7y))K[$7y}' (39)

If Pr(b,U) € K[U] is not the zero polynomial there is nothing to do: we take
P = P(b,U) € K[U]

and, from (39), we have that Pr(b, L) = 0 over V3; in particular, it vanishes over all the isolated
points of V.

Now let us suppose that the polynomial Py, (b, U) is identically zero.

Let ¢t be a new variable and consider the polynomial
P = Pu(b+tla—b),U) = Po(®) U + -+ But) U + Bo(t) € KIt,U],

where a € KV denotes the lifting point chosen in section 3.2.1. _

With these notations, the condition “Pr(b,U) is identically zero” is equivalent to P;(0) = 0 for
every 1 =0,...,D.

Set r := max {k € N : t* divides E for every 0 < ¢ < D}.
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Observe that r > 1 because Pp(b,U) = 0. On the other hand, the leading coefficient Pp(t) is

exactly PLp(b+tla—0) = [ Q;(b+t(a—>)) (see (38)) and then, it is not zero as a
0<j<D—1

polynomial in ¢, that is f < 0o, as Pp(1) =[] Qj(a) #0.
0<j<D-1
Moreover, as deg 4 Pr, < D A, the inequality 1 < < D A holds.

We can write _
P=t"(ppU” +pp_1UP"" + -+ o)
for suitable p; € K[t], 0 < j < D, such that there exists j verifying p;(0) # 0.
Claim: Set p:= ppUP +pp UP~ 1+ +py € K[t,U]. The polynomial p(0,L) € K|[x,y] vanishes
in all the isolated points of V.
Proof of the claim: For each 1 <i < n+m let

fii= filb+ta—b),2,9) € K[t,2,y]. (40)
From the construction of the polynomials P;, and P it follows immediately from (36) that

P(t,L)=t"p(t,L) € (f1,-- -, faxm) in K[t,z,y]. (41)

Let §:=1/(f1,.-., fatm) C K[t,z,y] be the nilradical of the ideal (f1,. .., fo4m) and let ﬂ Ok
k=1

be the primary irredundant decomposition of . In particular, each gy is a prime ideal of K [t,_x, Y]
and pi & i if k £ K.

From (41) we have that ¢"p(t, L) € S, and p(t, L) belongs to the prime ideal gy, for all those indices
k such that ¢t ¢ pg. In other words:

pt,L) e [ o (42)
1<k<s
té oK

In order to prove that p(0, L) vanishes in the isolated points of V},, we start observing the following
identity which is a straightforward consequence of (32) and (40):

{(t,z,y) € AV x A™™ [ f1 = 0,..., faym = 0,t =0} = {0} x Vj.

Let £ € V,, be an isolated point. Then (0, &) is an isolated point of {0} x V}.
For k = 1,...,s, denote V(p5) C A! x A" the irreducible algebraic set defined by the zeros
of the prime ideal pg. Then, from the primary decomposition of S, it follows that {(¢,x,y) €

AL AT f =0, faam =0} = U V(pr) and, therefore,
k=1

{(t.a,y) € A X A ) i =0, Jupm = 0, = 0} = | (Vigw) 0 {t = 0}).
k=1

In particular, for the considered isolated point &, there exists at least one index kg, 1 < kg < s,
such that

(0,€) € V(pw,) N {t =0} (43)
Since the algebraic varieties V' (pr) (1 < k < s) are the irreducible components of the algebraic set
{(t,z,y) € At x Antm / fl =0,..., fn+m = 0}, which is defined by (n 4+ m)-many equations in a
(n + m 4+ 1)-dimensional ambient space, we conclude that dim(V(pg)) > 1forall k=1,...,s.
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Therefore, if t € g, (or equivalently, if V(pg) C {¢t = 0}), we infer that V (pg)N{t = 0} = V(px) is
irreducible of dimension at least one and then it does not contain any isolated point. In particular,
t € py implies (0,€) ¢ V(o).

Hence, condition (43) implies that ¢t ¢ @y, and so, by (42), p(t,L) € pk,. Again by (43) we
conclude that p(0, L(£)) = 0.

This finishes the proof of the Claim.

We define ,
P = 5(0) = pp(0)UP + - + 51 (0)U + po(0).

From the construction of p, it follows that Péb) € KJU] is a non-zero polynomial and, by the
previous Claim, this polynomial vanishes in all the isolated points of V},.

)

The algorithm computing the polynomial Péb runs in the following way:

1. Evaluate the indeterminate coefficients A in the vector b in the coefficients Py, o, Pr1,...,PrLp
of the polynomial Pr,.

2. If Py, ;(b) # 0 for some 0 < j < D, take P\ (U) := Pp(b,U).

3. If Pp,;(b) =0 for every 0 < j < D, consider the polynomial P(t,U) := Py(b+t(a—b),U).

Let ]50, ce Pp € Kt] be the coeflicients of P asa polynomial in the variable U (in other
words, P; = Pr;(b+t(a —b)).

4. Compute r := max{k : thk divides ﬁj for every 0 < j < D} as follows:
For each j =0,...,D

(a) Compute the coefficients of the polynomial P; = ZkD:AO Pyt
(b) Set k; := min{k : Pj;, # 0}.
Take r := min{k; : j =0,...,D}.
5. Set P(U) == Y1 o Py, UV
In order to finish the proof of the theorem we estimate the complexity of the algorithm:

For the sake of simplicity denote by £ := D A%(A2+log(A)d?(n+m)”N D?), namely the complexity
time order required for the construction of the coefficients of the polynomial P and the length order
of the slp’s encoding each coefficient of the polynomial Py, (see Remark 41).

The computations in steps 1 and 2 can be done within complexity O(DL), as they involve the
specialisation of D polynomials given by slp’s of length O(L) each.

For every 0 < j < D, a slp encoding of the coefficient .ﬁj considered in step 3 is obtained from the
slp encoding the corresponding coefficient Pr; by evaluation in the vector b+ t(a — b), which does
not modify the slp length order. This step does not increase the order of complexity. B

To estimate the complexity of the last step, let us observe that for each index j, deg P; <
deg4(Pr) < DA (see (35)), and P; is given by a slp of length O(£). Then, we may obtain
all the coefficients of the polynomials ]5], (0 < j < D) in time O(D?*A L + (DA)*) by means of a
standard interpolation procedure.

The comparisons needed to determine r do not change the complexity order.

Finally, step 5 does not modify the complexity either, as the polynomial defined can be constructed
with O(D) operations from the coefficients Pj, which have been computed in the previous step.

From the definition of £ and the inequality D < A, we have that the complexity of the whole
algorithm may be estimated as O(D?A £) = O(D3A%(A? + log(A)d?(n +m)"N D?)).

This finishes the proof of the theorem. m
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Remark 42 If V}, is a zero dimensional variety containing exactly D many points and the linear
form L separates the points of V,, then the roots of PI(Jb) are exactly L(€) with € € Vj,.

3.3.2 Describing the isolated points of a specific system

Let b € AN as in the previous section and denote

Vi i={(z,y) € A" / f1(byz,y) =0,..., farm(b,z,y) = 0}

the solution of the particular instance of the generic bihomogeneous system obtained by the eval-
uation A — b.

This section is devoted to compute the geometric resolution of a 0-dimensional variety contained
in V, and containing the set of the isolated points of the variety V; (see also [3] or [9]).

For this purpose we combine the construction of linear forms which separates isolated points of
a given algebraic variety (following [9]) with the algorithm described in Theorem 40 in order to
obtain an adequate generic family of linear forms L and in some sense their minimal polynomials
over the isolated points of V.

Finally we apply the well-known trick based on the chain rule producing the geometric resolution
(see for instance [5, Section 3.3]).

We start observing that there exist sufficiently many K-linear forms which separate the points of
the generic O-dimensional algebraic variety V C A%:
Remark 43 The K-genericity of the coefficients of the equations defining V' is preserved by any K -
linear change of coordinates in K™ and/or in K™. Then, if (A1,..., ) € K™, (Ant1,- -+ Antm) €
K™ are arbitrary non-zero vectors, the linear form

n n+m
L:= Z Aizi + Z AilYi—n
i=1 i=n+1

separates the points of V' (if we suppose the contrary, none K-linear form involving at least one
variable x; and at least one variable y; separates the points of V', but there exists a non-emply
Zariski open subset of K™t™ of separating linear forms).

Consider the following linear forms:
2g = T + Y1, k=1,...,n. (44)

Zk = Yk—n — T1 k=n—+1,...,n+m.

Clearly these new variables are linearly independent and then they define a system of coordinates
. —n+m

in K"t™ or K(A)

(From the previous Remark, all linear form z; separates the points of the variety V.

Therefore we may apply Theorem 40 for L := z; an so we obtain an univariate polynomial non zero
polynomial Péf) € K|U] such that Pz(:) (21) € K[z, y] vanishes in all isolated point of V}. Moreover,
without modify the complexity order of Theorem 40, we also may suppose that the univariate
polynomial Pz(,f) is square-free.

Let T := (Ty,...Tp+m) be new indeterminates over K (A) (in particular also indeterminates over
K).

For every k = 1,...n + m, denote by Zj the following linear form in K[T7,..., Typtm][x, y]:

Zri=Tizy+ -+ Teo1zp—1 + Thp12k41 + - + T Zngm:

Again Remark 43 implies that the linear forms 2 separate the points of V for any vector (t1,. .., tnim)
lying in a suitable Zariski non-empty open subset U = {H (T4, ..., Tp1m) # 0} C K™,
Moreover, a polynomial H may be explicitly given:
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o if n,m>1 take H := TQTn+2(Tn+1 —+ -+ Tn+m — Tl)(Tl +.--+T, + Tn+1).
eifn>1, m=1take H :=To(Ts — Ty ) [[[7 (T4 + Ty + T + -+ Tpr)-

eifn=1, m>1take H:= Ty (T2 +To)(Ta+ -+ Do) 115 (To 4+ T +Tigr + -+
T —T1).

o if n=m=1take H :=T1T5.

Following the construction of the minimal polynomial P of Theorem 34, observe that if the sepa-
rating linear form L is a linear combination of the variables x,y, then the polynomial P depends
also polynomially on the coefficients of L, because P is the product Hle(U — L(T';)), where T';
are the points of V' (see Section 3.2.4).

In particular, since the variables z; and the linear forms Zj are linear combinations of the variables
x,y, for each index k we have that P depends polynomially in 7" (where P denotes the minimal
polynomial of the linear forms zj, or Zj over V).

Therefore, if 7 := (t1,...,tm+n) € U, the minimal polynomial associated to the linear form Z(7)
over V is well defined and it is obtained especializing the vector 7" in 7 in the minimal polynomial
of the generic form Zj, over V.

Now, following the procedure described in Section 3.3.1, it is easy to construct in adequate running
time a non-zero polynomial H' € K[T4, ..., Tpy4n] such that for any 7 := (t1,...,th+m) € K"T™\
{H' = 0} C U, the polynomial Pz(}i)%r) € KJU] constructed in Theorem 40, is square-free and
depends polynomially in 7.

Following [9, Lemma 25 and Prop. 27|, it is possible to construct in addmisible time from the
generic linear forms zj and 7i, k = 1,...,n 4+ m a new non zero polynomial H € K[T1,...,Tp4m)
such that for any 7 = (t1,...,tntm) € K™T™ \ {H = 0} the following conditions are fullfiled:

e the linear form L, := > | t;x; + Z?Iﬁl tiyi—n separates the isolated points of V.

e the polynomial Pg? € K[U] depends polynomially on 7, it is square-free and vanishes in
L. (q) for all isolated point ¢ € V4 (in other word Pr_(7,L-(q)) = 0 for all isolated point
qeVy).

Let us consider now the polynomial PébT) € K[T||U], where Ly :=Tix1+- -+ Tpxn+Thi1y1+- -+

TytmYm. Denote by I C KJz,y] the 0-dimensional ideal of the isolated points of V. Therefore

the previous arguments implies that

PLT(LT(x7y)) € IK[T]&[.’E,y], (45)
where K[T']; denotes the ring of coordinates of the open K™*™\ {H =0}.
Taking in (45) the derivative with respect to the variable T;, i = 1,...,n + m (see for instance [5,

Section 3.3]) and replacing the variables T in an arbitrary but fixed vector 7 such that H(r) # 0,
we obtain a Kronecker parametric description of a finite set containing the isolated points of V}
(shape lemma):

p(U)iL’l = Ul(TvU)

Py =l l) (46)
AU = Vapm(rU)

Pr (U) = 0
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0P,

where deg;;(v;) < degy(Pr,) and p(U) : (1,U). Observe that since Pp,.(7,U) is square
free we have p(U) and Pyr,.(7,U) relatively prime in K[U].

Finally, in order to avoid those points (z,y) verifying relations (46) but lying outside the algebraic
set V,, we replace the condition Pr_(U) = 0 by a new polynomial equation Q(U) = 0, where
Q € K|[U] is constructed as follows:
L. Recall that for all i, 1 < i < n+m, we denote d; := deg,(f;), e; := deg,(f;) and d :=
max{d; + e; / 1 <i < n+m}. Therefore, for any index 4, p? fi (b, v—l, cee m) belongs to
p
the polynomial ring K[U].

vn+m

2. Let Q be the GCD in K[U] of the polynomials p? f;(b, v—l, cee ), 1 <i<n+m,and
P

the polynomial Py, _.

Observe that @) and p are relatively prime polynomials in K[U].

Hence

Wy = {(12((;)) e, v";agu)) with Q(u) = O}

is a O-dimensional variety defined by a Kronecker (or uniparametric) parametrisation and satisfy-
ing :

o W, C V.

o All the isolated points of V4 belong to Wj.
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