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Abstract. The main result of this paper can be stated as follows: let ¥V < IR" be a
compact semialgebraic set given by a boolean combination of inequalities involving
only polynomials whose number and degrees are bounded by some D > 1. Let F,
GeR[X,..., X,] be polynomials with deg F, deg G < D inducing on ¥ continuous
semialgebraic functions f,g:V — R. Assume that the zeros of f are contained in
the zeros of g. Then the following effective Lojasiewicz inequality is true: there
exists an universal constant ¢;€IN and a positive constant ¢,eIR (depending on
V, f,g) such that |g(x)|”" " < c,°| f(x)! for all xeV. This result is generalized to
arbitrary given compact semialgebraic sets V and arbitrary continuous functions
f,g:V ->IR. An effective global Kojasiewicz inequality on the minimal distance of
solutions of polynomial inequalities systems and an effective Finiteness Theorem
(with admissible complexity bounds) for open and closed semialgebraic sets are
derived.
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1. Introduction

In the present paper we consider different versions of the well-known Y.ojasiewicz-
Inequality in semialgebraic geometry both from a quantitative and an algorithmic
point of view.

Our main result is the {ollowing (see Theorem 3 (ii) below): let V be a compact
semialgebraic subset of R” defined by a boolean combination of inequalities
involving only polynomials whose number and degrees are bounded by some D > 1.
Let further F,GeR[X,..., X, ] be polynomials with deg F, deg G < D inducing on
V continuous semialgebraic functions f,g:V — R. Assume that the zeros of f are
contained in the zeros of g. Then there exists an universal constant ¢;€IN and a
positive constant c,eR, depending on V, f and g, such that for all xeV the
inequality | g(x)le < ¢,| f(x)] holds. If all polynomials involved in the definition
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of ¥V and F, G have integer coefficients of maximum modulus [, then ¢, may be

chosen as ¢,:=1""" where ¢, is a suitable universal constant.

An inequality of type |g(x)|¥ < c,-|f(x)| for all xeV is called a Kojasiewicz-
Inequality, N is called its exponent. If furthermore N is given explicitely as a
function of D and n, we say that our Xojasiewicz-Inequality is effective, stressing
its quantitative algebraic nature.

It is wickedly known (although it seems not to be published) that it is possible
to show an effective Kojasiewicz-Inequality with an exponent which is polynomial
in D but doubly exponential in n. One obtains this result as a consequence of “fast”
cylindric algebraic decomposition (see [2], [12] or [4]) by a somewhat lengthy but
rather straightforward proof.

In our effective Xojasiewicz-Inequality the exponent is polynomial in D but
only single exponential in n.

This quantitative improvement is due to recent progress in computational
commutative algebra, namely the effective (Hilberts-) Nullstellensatz with single
exponential bounds (see e.g. [3] and the references given there). One of the
algorithmical consequences of this result is a new and more efficient quantifier
elimination procedure for real closed fields (see [7,8]) on which our efficient
Lojasiewicz-Inequality is based. Apart from this we follow the general lines of the
proof of the “classical” Xojasiewicz-Inequality (without any bound) of [1] taking
care of subtle details concerning the estimates.

We would like to stress here the fact that our bound on the exponent
in the kojasiewicz-Inequality is asymptotically optimal by the following example
essentially due to Moller-Mora, Lazard, Masser, Philippon and many others
(see e.g. [10]): consider the compact semialgebraic set V:={(x,...,x,)eR";
x? + - +x2 <1} and the polynomials F:= (X, — X?)® + --- + (X, — X7_,)* + X}
and G:=X? + --- + X2, which induce on V continuous semialgebraic functions
f,g:V—R. f and g have both only the origin as zero. For ucR positive and
sufficiently small the point x(u):= (u,u?,...,u”""") lies in the closed ball ¥ and we
have:

Sx@)=u*""" and  g(x(w) = [x@)|* ~u’.

Thus any Xojasiewicz-Inequality |g(x)|" < c,|f(x)| implies u?¥ < c,u*”""" for all
positive and sufficiently small ueR. Therefore we obtain N = D"~ for the exponent
of any ¥ojasiewicz-Inequality for V, f and g.

We give also an adequate generalization of the mentioned effective Kojasiewicz-
Inequality to arbitrary given compact semialgebraic sets ¥ and arbitrary continuous
semialgebraic functions f,g:V — R (see Theorem 3(i) below). As an application of
this result we obtain an effective (and algorithmic) Finiteness Theorem for any
open semialgebraic set S of R” given as before (Theorem 9 and Remark 10 below):
we find in admissible time (ie. in sequential time D"®" and parallel time
(nlog, D)°V) a representation of S by basic open sets which involve only
polynomials whose number and degrees are bounded by D°"_(An analogous fact
is true for closed semialgebraic sets.) This result simplifies the treatment of many
computational problems dealing with open or closed semialgebraic sets within the
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complexity class of admissible algorithms since it allows the algorithmical reduction
to basic (open or closed) semialgebraic sets.

In Theorem 7 below we prove for closed basic semialgebraic sets a “global”
effective Kojasiewicz-Inequality with single exponential bounds. This result is of
some use in approximatively solving of polynomial inequalities systems because it
gives some a priori information where a solution of such a system can be found
if there is any. An analogous result (with more precise bounds) in the context of
algebraically closed fields equipped by an absolute value was independently
obtained in [9].

II. Preliminaries

Throughout this paper we fix a real closed field R and a subring A of R (for
example R:=1R and 4:=Z).

We consider R, n=0,1,... as a topological space equipped with the euclidean
topology. Let x:=(x4,...,x,) and y:=(y,,...,y,) be two points of R", we write

X = yli= /(g = y1)2 + o+ (x, — 1)

for their euclidean distance. If r>0, is a positive element of R we write
B(x,r):={yeR"|x — y| < r} for the open ball of radius r centered at x.

H x,yeR, we denote by [x, y], (x, y), [ x, »), (x, v] the closed, open and half open
intervals with boundaries x and y.

A semialgebraic subset of R" (over A) is a set definable by a boolean combination
of equalities and inequalities involving polynomials from A[ X ,,..., X, ] (X,,..., X,
are indeterminates -variables- over R).

Let V< R", W < R" be semialgebraic sets and f:V—> W a map. We call [
semialgebraic if its graph is a semialgebraic subset of R**™.

The image of a semialgebraic set by a semialgebraic function is semialgebraic
too. This fact is called the Tarski—Seidenberg Principle (see [1], Theorem 2.2.1).

The Tarski—Seidenberg Principle can also be stated in terms of logics: let &
be the elementary language of real closed fields with constants from A, we call two
formulas of %, in the same free variables X |,..., X, equivalent (with respect to
£) if they define the same semialgebraic subset of R". The Tarski—Seidenberg
Principle says that for each formula @€ there exists @e.¥, equivalent to @ and
without quantifiers (see [1] Sects. 2.2 and 5.2); in other words, if @ is a formula
in &, with n free variables, the subset ¥V of R" defined by

V:={xeR"; x satisfies @}
is a semialgebraic set.
We define now the parameters which are involved in our subsequent quantitative
estimations:

—-if # < A[X,,...,X,] is a finite set of polynomials we write:
deg(#F):= Y deg f
feF

o(F):=max {deg f; feF}
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(deg f denotes the total degree of f)
absolute values of all the coefficients
(#).= max C
of the polynomials in &
— for each formula @€.¥ built up by atomic formulas involving a finite set %, of
polynomials of A[X,,...,X,], we write
| @|:=length of @
deg (P):=deg(ZF o)
o(@):=0(F )
(®):=UF o)
~if the formula @ is a prenex formula (ic. all its quantifiers occur at the
beginning of @) we define:
a(®):= the number of alternating blocks of quantifiers of @.

In order to define the notion of algorithm, we use the concept of arithmetical
network over A (see [S]); the number of nodes and the depth of the associated
graph will be the sequential and the parallel complexity respectively.

With this notions we can state our main tool, an effective version of
Tarski-Seidenberg Principle:

Theorem 1. Let @ be a prenex formula in the elementary language ¥ of real closed
fields with constant in A. Let n be its number of variables, D:= deg (®) and a:= a(®).
It is possible to compute in sequential time D"”-|®|°V and in parallel time

n°@.(log, D)°Y + (log,| @)°Y a quantifier free formula @ equivalent to ®.
Moreover, there exists an universal constant ceN (independent of ®) such that
the formula @ satisfies the following:

—deg(®)< D™
~ (@) (@Y
In particular, when a = 1, we have more precise bounds:
—a(®) < Do
— D) UD)P .
Proof. [7,8]; see also [11]. N

III. Y.ojasiewicz Inequalities

Notation. Let V < R" be a semialgebraic set and f: V' — R a semialgebraic function,
we write Z(f):= {xeV; f(x)=0}.

Lemma 2. Let V= R? be a non empty and closed semialgebraic set defined by a prenex
formula ®cZ. Let f,g:V —R be two continuous semialgebraic functions which
satisfy Z(f) < Z(g) and let @, D, ¥ be prenex formulas describing the graphs
of f and g respectively. Let F 4O F o, VF o, < A[X,...,X,], D:=max {deg(P),
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deg(®,), deg(®P,)} and a:= max {a(P), a(P,),a(D,)}. Then there exists a constant
¢,€N (independent of V, f and g) such that:
() if a>0, the function a:V — R defined by

1.a

(x>
a(x):=< [f(x)

0 if xeZ(f)

if x¢Z(f)

is a continuous semialgebraic function.
(i) if a=0 (ie. if @, @, and @, are quantifier free formulas), the function a:V - R
defined by

g(x)”""
alxy=4 fx)

0 if xeZ(f)

if x¢Z(f)

is a continuous semialgebraic function.

Proof. Our proof follows the line of that of [1] Proposition 2.6.4 and we treat
only (ii) since (i} can be shown in an analogous way. Without loss of generality we
may suppose that g = 0 (i.e. g is not identically zero).

1. For each xeV and ueR we denote by V{(x,u) the following bounded and closed
semialgebraic subset of R":

V(x,u):= B(x,1)n{yeV;u.|g(y)| =1}.

(Observe that g = 0 implies the existence of an element (x,u)eR"*! such that
Vix,u) # J.)
We shall consider the following formula ye ¥:

PXANY =XPEDADY)A O, T)A((U.T =1) A (U >0)

(with X:=(X,,...,X,)and Y:=(Y,,..., Y,))
V¥ is a quantifier free formula in the 2n + 2 variables X, Y, T, U with deg (y) = O(D).
A point (x, y,t,u)e R*"*? verifies ¢ if and only if ye V(x,u) and g(y)=t.

2. We shall also consider the semialgebraic function v:¥ x R — R defined by:

‘ 1
1 —
vl )= max{if(y)t’yewx’”)} it Vi #D

0 if Vix,uy=¢g '

(Observe that g(y) #0 implies f(y) #0 for all yeV(x,u)).
Let 0% be the formula:

AY)EATDEW)W(X, Y, T,U) A @Y, W) A |W[-Z 1)

(where Z and W are two new variables).
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Note that for (x,u)e R"* ! satisfying V(x,u) # (¥, the formula 0(x, u, Z) describes
the half line (— oo, v(x,u)] = R. Obviously deg(6) = O(D).

3. Applying Theorem 1 to the formula 6, one obtains a new quantifier free formula
@ in the n+2 variables X,U,Z, which is equivalent to 8 and which satisfies
6(0) < D*". (Here the constant celN is independent of 9.)

We may assume that 8 is a disjunction of formulas which have the following
form:

(*) (X, U,Z)>0n - AW(X,U,Z)>0Ah . (X, U,Z)=0A---Ah(X,U,Z)=0

where hy,..., h are polynomials of A[ X ,,..., X,, U, Z] and where k ranges between
0 and s. (Note that the formula (%) contains no strict inequality if k =0 and no
equality if k =s.)

4. Let be given xeV and suppose first that V(x,u) # J for some ueR. According
to (2) and (3), the formula 6(x, u, Z) describes the half line (— oo, v(x, u)]. Therefore
0 contains at least one conjunction of type (*) such that the following formula (in
the only free variable Z):
hi(,u, ZYy>0 A - AR(x,u,Z)>0 A By 1 (X, u, ZY=0A - Ab(x,u,Z)=0

is consistent (i.e. satisfiable in R) and contains an equality. Thus there exists an
index j (k <j < s) for which:

—hi(x,u,Z)#£0 in R[Z]

—hj(x,u,v(x,u)) = 0.
Let % (x) = R[U, Z] be the set of polynomials which appear in 0(x, U, Z). Applying
cylindrical algebraic decomposition to % (x) in order to remove the variable Z (see

for example [1] Theorem 2.3.1) one concludes that there exists an element B(x)eR
such that one of the following conditions is satisfied:

a) Vix,uy=& VYu2p(x)
b) Vix,u)# & VYuz=p(x).

Moreover in the case b), for all u = f(x), the same conjunction of type (*) in
0(x,u, Z): -

hi(x,u,Z)>0n - A(x,u, Z)>0A Iy, (%, 04, Z)=0 A --- ABy(x,u,Z) =0
is consistent and the same index j (k <j < s) verifies the conditions:
—hix,u,Z)£0 forall uz=p(x)
— hi(x,u,v(x,u))=0 for all u= p(x).
In the case that V(x,u)= & for all ueR we put B(x):=1.

5. For each xeV we define a polynomial heA[X,...,X,, U, Z] (depending on
the point x) as:
h:=Z2Z if for all ueR, V(x,u)= & or if a) in (4) is satisfied.
h:=h{(X,,...,X,,U,Z) ifb)in (4) is satisfied.
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The polynomial h just defined verifies:
—h(x,u,Z)#0 forall uz=pf(x)
—hi(x,u,v(x,u))=0 for all uz=p(x)
—degh < a(6) < D"

From the construction of f(x) and from the fact that v(x,u) is a root of h(x,u, Z),
we conclude now that

[o(x, u)l £ y(x)-uPe for all u=pB(x)

where y(x)eR is a positive constant depending on x and where p, (which also
depends on x) is a natural number bounded by deg h < o(6).
Without loss of generality we may assume f(x) = 1 for all xe V. Thus we obtain

@ forall u=B(x)

6. Let p:=o0(0) + 1. We observe that p < D" where ¢, €N is a constant not

depending on V, f, g.
We claim that the semialgebraic function a:V — R defined by:

glxy .
=1 109 if x¢Z(f)

0 if xeZ(f)

lo(x, u)| = y(x)-u

is a continuous function.
To prove this, it is enough to analyze the continuity of « in a point xeZ(f).

Let e>0and 0 < d < 1 be two elements of R such that |g(y)| < min {ﬁ(xo),g}
for all yeB(x,,5)N V. ( 7(xo)

. . 1
Consider yeB(x,d)n(V\Z(g)). We obtain that yeB xo,m> and thus
gty

1 1
N ”<x°’|g(y)|>'

1
v<x0,m>

lg(»)I™”
o Sy(xe) forall  yeB(xq,d)N(V\Z(g))
| f(I

This implies |a(y)| < € for all ye B(xq, 6) n(V\Z(g)).

In the case yeZ(g) we have o(y)=0. N

From
() )

A

(see (5))

7(Xo0)" 9y

one deduces:

From this lemma it is easy to deduce the following “Kojasiewicz Inequality”:

Theorem 3. Let V < R? be a non empty, closed and bounded semialgebraic set defined
by a prenex formula @€ L. Let f,g:V — R be two continuous semialgebraic functions
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which satisfy Z(f) < Z(g) and let @, ®,€.% be formulas describing the graphs of f
and g respectively. Let n, D, a be defined as in Lemma 2. Then there exists an universal
constant ¢, N (not depending on V, f and g) and a positive element c,€R ( depending
from them) such that:

() if a>0, 1g0I1”" S cp’| ()] for all xeV.

(i) ifa=0 (i.e. if @, P, and D, are quantifier free formulas):

19C)P" " < ey | fX)| for all xeV.

Inthecase A:=Z, R R, and if I:= max {{(®@), (D), (P,)}, we can choose c, = P
in(iyand ¢, = 17" in (ii). (Here ¢, €N is an universal constant).

Proof. We consider only the case a=0 (the case a>0 can be treated in an
analogous way).

We observe that the hypothesis of Lemma 2 are verified. Let a:V - R be
the semialgebraic functions whose continuity is asserted in the lemma. Since V
is a closed and bounded semialgebraic set, o takes a maximum there (see [1]
Theorem 2.5.8). Thus we have

|g(x)l"“'" <cy’|f(x)] forall xeV (cy:=max {|a(x)|;xeV}).

Finally in order to obtain the asserted estimation for ¢, in the case 4:=Z and

R:=R we consider the following formula ¥Ye.%:
AX)EW)AT) D (X, W) A DX, T) AM(T™ "2 (U- W) A (W2 > 0) A (U 2 0))

where X:=(X,,...,X,)

¥ is a formula in n+ 2 quantified variables (X,,...,X,, W, T) and one free
variable U, which describes the semialgebraic interval [0,c,] = R. Note that
deg(¥)=0(D") and (P) <L

Applying Theorem 1 to the prenex formula ¥, one concludes that there exists
a polynomial heZ[ U] such that:

—h#0 and degh=D%"

—I(h) = 1P°™
—h(e,) =
Since ¢, is a root of the polynomlal h one infers now easily that there ex1sts an
universal constant &, N, not depending on V, f and g such that ¢, < Pom

Remark 4. Theorem 1 and the proof of Theorem 3 show that in the case of an
arbitrary real closed field it is possible to compute the bound c, by means of an
algorithm which runs in sequential time D"°“(|®|+|®,| + | D,|) and parallel time

n%@-(log, D)°V + (log, (| ®| + | @, | + | @,))°? for a>0, and D" (sequential
time), (n-log, D)’V (parallel time) for a =0.

Lemma 5. Let V < R? be a non empty and closed semialgebraic set defined by a
prenex formula @€ ¥ and let f:V — R be a continuous semialgebraic function whose
graph is given by a prenex formula @, €¥. Let F oL F o, < A[Xy,...,X,],
D:=max{deg(®),deg(®,)}, a:= max{a(P),a(®,)}. Then there exists an universal
constant ¢, €N (not depending on V and f) and a positive element c,€R (depending
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from them) such that:
@) Fa>0: |f()| S e (1+[x))” for all xeV.
(i) if a=0 (i.e. @ and @, are quantifier free formulas)

L FON S ey (L +1x))™"" forall xeV.

In the case A:=7Z, R:=R, if I:=max {{(®), (®,)}, we can choose c, = P in 0]
and ¢, =1°"", where &, €N is an universal constant.

Proof. Our arguments are similar from the ones used in Lemma 2 and are based
in [1] Proposition 2.6.2.
Again we consider only the case a=0.

1. For each ueR, we define:
V(u):= {xeV;|x| =u}

V(u) = R" is a bounded and closed semialgebraic set.
Let Ye.# be the formula in the n+ 1 free variables X:=(X,,...,X,), U,
defined by:

Y. OX)A(XP=UHAUZ0)
It is clear that deg (%) = O(D) and that V(u) # & holds if and only if u satisfies
the formula 3 X)(¥(X, U)).
2. Let v:R — R be the following semialgebraic function:
o)i= max{|f(x);xeV(w)} if V£
o if V=g
(Note that this function is well defined by means of [1] Theorem 2.5.8.) We consider
the following formula 6:
AX)AW)P(X,U)A D (X, W) A W22 Z?)

Obviously deg(8) = O(D).

Applying Theorem 1 to 6, one obtains a quantifier free formula 8, equivalent to
6 in the variables U, Z with ¢(0) = D°**"(c,eN is an universal constant).

We may assume that the formula 0 is a disjunction of formulas which have the
foliowing form:

(**) WU, Z)>0nA - AU, Z)>0A B (U, Z)=0nA---AR(U,Z)=0
where hy,...,h,cA[U,Z] and k ranges between 0 and s.

3. We fix ueR. Thus the formula 0(u, Z) defines a semialgebraic subset of R: either
the empty set (in case V(u)= ), or the closed interval [ —o(u),v(u)] (in case
V(u) # ). Therefore, if ueR verifies V(1) # (J, there is in 0 at least one conjunction
of type (##) such that the formula (in the only free variable Z):

hWw,Z)>0A - AZ)y>0Al  uZ)=0A - Ah(u,Z)=0

is consistent and contains an equality. Thus there exists an index j (k <j <s) for
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which
—h j (ua Z) $ 0
—degzh;(u,2)2 1
—h;(u,v(u)) =0.
4. Applying cylindrical algebraic decomposition to the polynomial set F;c
A[U,Z] in order to remove the variable Z (cf. [1] Theorem 2.3.1. or [4]) one
deduces that there exists an element feR such that one of the following conditions
is satisfied:
a) Viw= for all u=p.
b) Vw)# < forall uz=p. _
Moreover, in case b) for all u = § the same conjunction of type (#*)-in (U, Z)
is consistent and the same index j (k <j < s) verifies the conditions:
—hju,Z)#0 forall uz=p
—deg,hj(u,Z)=21 forall uzp
—hj(u,vo(u)=0 forall uzp.
5. We define a polynomial he A[U, Z] as:
h:=Z if a) occursin(4) or,
h:=h; if b) occurs in (4).
In both cases the polynomial h verifies:

—hu,Z)£0 forall uzp
—deg h(u,Z)y=z1 forall uz=p
—h(u,o(u))=0 forall u=p
—degh <degh; < o(f) =D
From the construction (by cylindrical algebraic decomposition) of f and the

fact that v(u) is a root of h(u, Z), we infer that there exists a positive constant k,€R
such that:

(*%x) |lo(u)| < k,|ul? with p<degh< D" foralluz=}p.

Let k,:= max {| f(x)|; xeVand | x| < B}.(Observe that [ 1] Theorem 2.5.8 guarantees
that k, is well defined).
We denote by c,:=max {k,,k,}. Thus we obtain:
—if xeV and [x|SB: |f(x)ISksScZcp(l+(x])
—if xeV and [|x|28: |f()]Smax{]|f(y);yeV(x])}
=v(|x]) = ky*|x|? (by (x++)), and finally |f(x)| S c (1 +|x])".
We conclude that | f(x)| < ¢,+(1 +|x|)”"" for all xeV.

6. In the case A:=Z, R:=RR it is possible to found the values of k, and k, in
order to compute c,. For k,; we observe that it suffices to bound the real roots of
the polynomial h(u, Z) for arbitrary high values u = . From Theorem 1 one infers



Effective Kojasiewicz Inequalities 11

degh < D" and I(h) < [(B) =I”"". The constant § comes from the elimination of
one variable by cylindrical decomposition applied to %; and this procedure
increases only polynomially the degrees. Finally for k, we apply again Theorem 1
to estimate an upper bound for max {| f(x)|; x < B}; for this purpose we consider
the following formula ¢:

AXEAWN(@(X, W) A W22 TH A (TZ0) A (IX? < 5?)

in the only free variable T. ¢ describes the closed interval [0,k,] = R. Clearly
deg(p) = O(D) and l(¢) = I°°"™. From Theorem 1 above we conclude that k, can
be chosen as I°°”. W

Remark 6. The proof of Lemma 5 gives an algorithm to compute effectively a
bound for the constant c,; the algorithm runs within the same time limits as in
Remark 4.

Definition. Let V < R" be a closed semialgebraic set and iet xeR" be an arbitrary

point. We denote by d(x, V) the usual euclidean distance between x and V i.e.

d(x, V):=min{|x — y|; ye V}.(Note that this minimum exists by [ 1] Theorem 2.5.8.)
Now we are able to state another Kojasiewicz-type inequality:

Theorem 7. Let fy,..., f(€A[X,,...,X,], D:=) degf,, V:={xeR" fi(x)=0
i=1

A A ) ZO0A fi01(0)=0A -+ A f(x) =0} and assume that V is non empty.
Then, there exist constants ¢,€IN (not depending on the f;), meN and a positive
¢,€R (both depending on the f}) such that

dx, VY™ < ¢y max {If0l}-(1 +1x)"" for all xeR?,
where m < D'

In the case A:=7Z, R:=R, if :=1({fy,..., f,}) we can choose c,:= P (c,elN
is an universal constant).

Proof. Let @e.¥ be the following formula which describes V:
FiX)Z0A A fUX)Z0A foii(X)=0nA - A f(X)=0.

We have deg(®)=D and a(®)=0 (X:=(X4,...,X,)).
We consider the following functions f,g:R"— R:

@)=y Y fix)

4(x):= d(x, V).

f and g are continuous semiaigebraic functions satisfying Z(f) = Z(g).
The graphs of f and g can be described by the following formulas @, and @,:

(151:<W2-— y ff(X):())A(WgO)

C:EAVVYYN N OY) V(PN A(X —YP=THA(TZO) A (|X - Y |*2T?)
(Yi=(Y,,...,Y,), Yi=(Y},...,Y})).
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We have deg(®,)=0(D) (i=1,2), a(®@,)=0 and a(P,)=2.

Applying Lemma 2 to the functions f and g we deduce that there exist k, elN
(not depending on the f;) and a natural number m < D" (depending from them)
such that the function o:R"— R:

g6 .
=4 feo X

0 if xeZ(f)
is continuous.
The graph of « can be described by the following formula @;:
AMATH@ (X, AP (X, TIA(((T"—UW=0A(W>0))v(W=0AU=0))),
which verifies deg (@) = O(D) and a(®;) = 3.

By Lemma 5 applied to the function « we obtain that there exist a consistent
k,eN (not depending on the f;) and a positive constant k;eR (depending from
them) such that

la(x)| < ks (1 +x))” forall xeR".
Thus,
dx, V" < ky f(x)(1+|x])” forall xeR".
Putting c,:= D-k; and ¢,:=max {k,, k,} we conclude:

dix, V" Sky SO+ [x1) S ep max {1£,691}(1 +1x),

for all xeR", with m < D
Finally, when A:=Z and R:=R, the asserted bound for ¢, can be deduced
from Lemma 5 taking into account (@;)</>. W

Remark 8. Remark 6 and the proof of Theorem 7 show that there exists an
algorithm which computes the constant ¢, with sequential complexity D"° and
parallel complexity (n-log, D)°*).

IV. An Effective Finiteness Theorem

In this section we are going to apply the results of the last paragraph in order to
obtain an effective representation theorem for open and for closed semialgebraic
sets.

The qualitative part of this result (not involving any bounds) is also known as
“Finiteness Theorem” (see [1] Theorem 2.7.1.).

Theorem 9. Let S R" be an open (resp. closed) semialgebraic set given by a
quantifier free formula ®c.%. Then there exists a decomposition of S:

N
S= US,-
j=1



Effective Kojasiewicz Inequalities 13

where each S; is an open (resp. closed) semialgebraic set of the form:
= {XERY f1;() >0 A - A f,;(x)> 0}
(resp. Sj:={xeR" f1;(x) 20 A --- A f,;(x) 2 0})

where the f,; are polynomials of A[Xy,...,X,]J(1Li<s;,1<j< N). Moreover for
D:= deg(®) we have:
—deg f;;=D°"(1<i<s;, 1<j<N)

—NZD (resp. N=D%")
—Y deg f;;=D°™)(resp. D°").
i

Proof. We treat here only the case of an open set following the arguments of the
proof of [ 1] Theorem 2.7.1 (the case of closed sets is obtained taking complements).
N

Let @= V @Y be the disjunctive form of @, where each @ is a formula of type:
j=1
hi>0A Al >0Al,, =0A - Ah=0,

with h,eA[X,...,X,],0=5r<s, 05k <.

We may assume that 0 < k < s. (The case k = s 1s obvious and, if k =0, we add
one inequality k., ; + 1> 0).

Let us fix j (1 < j< N), and let §' = § be the semialgebraic set described by
oV,

We define:

s

k
fi= > K and g:=[](+|h).
r=k+1 r=1

Both are continuous semialgebraic functions defined on R".

Let V < R" be the closed semialgebraic set R™\S, described by the formula
@:="10.

By [6] Lemma 1, one infers that ¢ can be chosen (eliminating superfluous
conjunctions) in such a way that deg(¢p) < D*".

Let @, @,e.¥ be the following formulas, which define the graphs of f|, and
of gly:

O,:(W — f(X)=0) A o(X)

@,:(o(X) A (U ok ﬁ h,(X)=0> AR(X)>0A - A B(X)>0)
r=1

v V (0X) A (U =0) A (1(X) <O)).

(X:=(X15..., X))
We have D°® = max {deg(®,),deg(®,),deg(¢p)}.
Since Z(f)nV < Z(g)nV we can apply Lemma 2 (ii) to f|,,gl,. Thus the
semialgebraic function o:V — R:
g’ .
Ax)= ¢ f(x) i xeVAZ() is continuous (¢, eN).
0 if xeVnZ(f)
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The graph of « can be described by the following quantifier frec formula @;:
k pern
<(2"- 11 h,(X)) —Z fX)=0Ah(X)>0A - AR(X)>0A (p(X))
r=1
k
v \=/1 (@X)AZ=0Ah(X)<0).

We have deg(®,) = D°",

From Lemma 5 we conclude that |a(x)| < ¢, (1 + |x|2) " for all xeV. (Here
¢, €N is an universal constant and c, a positive element of R).

For j=1,..., N we consider the following open semialgebraic sets:

Sj:={xeR";c2 fx)1 +|x12)”"""3<<2k f[ h,(x)>"”“"2 AR (X)>0 A - A By(x) > 0}.
r=1

N
Clearly §' = §;and S;nV = J, whence ' = §; < S. Therefore S = U S; where each
S; is defined only by (strict) inequalities. W j=t

Remark 10. By means of Theorem 1 it is possible to describe effectively the
consistent conjunctions appearing in the formula ¢. Combining this with Remark 6
one can construct the set of polynomials {f;;} and conjunctions defining each S;
in sequential time D"°"” and in parallel time (nlog, D)°™.
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