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Abstract. Let F be a unimodular » X s matrix with entries being
n-variate polynomials over an infinite field K. Denote by deg(F) the
maximum of the degrees of the entries of F and let d = 1 + deg(F'). We
describe an algorithm which computes a unimodular s x s matrix M
with deg(M) = (rd)°™ such that FM = [I,,0], where [I,,0] denotes
the r X s matrix obtained by adding to the » X r unit matrix I, s — 7
zero columns.

We present the algorithm as an arithmetic network with inputs from
K, and we count field operations and comparisons as unit cost.

The sequential complexity of our algorithm amounts to
§O1r?)p0(n*) gO(n*+1%) fielq operations and comparisons in K whereas its
parallel complexity is O(n*r*log?(srd)).

The complexity bounds and the degree bound for deg( M ) mentioned
above are optimal in order. Our algorithm is inspired by Suslin’s proof
of Serre’s Conjecture.
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1. Introduction

In this paper we consider Suslin’s approach (see Lam 1978, Chapter III, §1)
to solve Serre’s Conjecture under a quantitative algebraic and algorithmic per-
spective.

By “Serre’s Conjecture” we mean the following statement:

Any locally trivial algebraic vector bundle over an affine space is
(globally) trivial.
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(However, in his historical paper {FAC: Serre 1953) J. P. Serre was only pointing
out that no example was known of a nontrivial algebraic vector bundle over an
affine space.)

In FAC locally trivial algebraic vector bundles are interpreted as locally free
coherent sheaves. This sheaf-theoretical interpretation of vector bundles allows
us to reformulate Serre’s Conjecture in the following purely algebraic way:

Let K be a field and R = K[X4,...,X,] the polynomial ring in the
indeterminates Xq,..., X, over K. Any finitely generated projec-
tive R-module is free.

In view of a theorem due to Serre (see Lam 1978, Chapter 11, Theorem 5.8)
this form of Serre’s Conjecture can be reduced to the following statement in
terms of linear algebra over the polynomial ring R:

Let F € R™**® be a unimodular r X s matriz. There exists a unimod-
ular square matrizx M € R™* such that FM = [I,,0], where [I,,0]
denotes the r X s matriz obtained by adding to the r X r unit matric
I. s —r zero columns.

Quillen and Suslin proved in 1976 independently by different methods this
last statement, thus answering Serre’s Conjecture positively. (See Lam 1978
and Kunz 1980 for a history of Serre’s Conjecture, its motivations and appli-
cations.)

In the present article we consider Serre’s Conjecture only in this ultimate
form. From this point of view Serre’s Conjecture represents a particular case of
the more general problem of solving linear equation systems in the polynomial
ring R.

The quantitative algebraic and algorithmic aspects of this problem were first
studied in 1926 in a pioneering paper of G. Hermann (1926) and reconsidered
later in (Seidenberg 1974) and in numerous research articles on Grébner bases
(see Buchberger 1985 and the references given there).

The general problem of solving linear equation systems in polynomial rings
is exponential space complete and involves necessarily doubly exponential (in
the number of variables) degree bounds for the polynomials appearing in the
solutions (see Mayr & Meyer 1982, Bayer & Stillman 1988).

As a particular case let us consider the (general) representation problem for
polynomial ideals:

Given polynomials f, fi,...,fs € R = K[Xy,...,X,] such that
f belongs to the ideal generated by fy,...,fs (in symbols: f €
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(fir---5 fs)), we consider the problem of finding a representation
of f, f=mifi+ - +myfs, withmy,...,ms in R,

From (Mayr & Meyer 1982) it follows that my,...,m, may have degrees
not less than a lower bound which is doubly exponential in n. However, if
f =1, the corresponding triviality problem of finding a representation of 1 in
R, 1 =mfi + -+ msfs, admits a single exponential upper bound for the
degrees of my,...,m,. More precisely, the following effective Nullstellensatz is
true:

Let fi,....fs € R = K[X1,...,X,], d:{ga(x{deg(fi)}, (where

deg denotes total degree), and suppose that n > 1 and d > 3. Then
Le(fs,.-., fs) if and only if there exist my,...,m, € R such that
l=mifi+--+m,f, with 111<1_a<x{deg(mife~)} < d".

(See the original papers Brownawell 1987, Caniglia et al. 1989, Kolldr 1988
or the survey Teissier 1990 and the references given there. Elementary proofs
of this theorem can be found in Fitchas & Galligo 1990, Philippon 1988 or
Caniglia et al. 1990.)

The condition 1 € (f1,..., f;) means that the row vector F = [fy,..., fi]
€ RY* with polynomial entries fi,..., f, is unimodular. The Quillen-Suslin
Theorem (Lam 1978, Chapter III, Theorem 1.8 and Remark 1.10) says that

under these circumstances there exists a unimodular matrix M € R®*® such
my

that FM = [1,0,...,0]. This implies that the first column | : ] of M
ms
satisfles 1 = my fy + - + m, f.

In particular Suslin’s proof of this theorem yields such a unimodular matrix
M, thus solving the triviality problem for (f1,..., f;). However, the degree and
complexity bounds which can be derived revising this proof from an algorithmic
point of view are very coarse (see Chaqui 1983 and Logar & Sturmfels 1992 for
this approach).

Using the fundamental ideas of Suslin’s proof (see Lam 1978, Chapter 111,
§1) and applying the effective Nullstellensatz mentioned before, the authors of
the present paper showed the following quantitative algebraic and algorithmic
version of the Quillen-Suslin Theorem (Fitchas & Galligo 1990, Théoreme 15):

Let K be an infinite field, let fi,...,f; € R = K[Xy,...,X,],
d=1+ {ga(X{deg(f,-)}, and assume that F = [fy,..., f;] € R™®* is

a unimodular row vector. Then there exists a square matric M =
imi;] € R**® such that:
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(i) M is unimodular,
(¢1) FM =11,0,...,0] € R'**,
)

(z” deg( ) = lir%gf)és{deg(mij)} = do(n), and

(iv) M is a product of O(n%s®d?) matrices, each of them being

elementary or having the form [0 IQ } for some T €
5~2
SLy(R).
A matriz fulfilling the properties (i),..., (1) can be computed in

1d°0) and in parallel time O(n*log? sd).

sequential time s

The degree and complexity bounds (item (47) and conclusion) specify the
usual form of the Quillen-Suslin Theorem (items (¢) and (i7)). The main feature
of these bounds is that they are polynomial in s and d and “only” simply
exponential in n. The order of these bounds cannot be improved as is shown
by a well-known example due to Mora, Lazard, Masser and Philippon (see
Brownawell 1987).

It 1s now natural to ask whether the general solution of Serre’s Conjecture
(as introduced before) admits also single exponential degree and complexity
bounds. In the present paper we answer this question affirmatively showing
the following theorem which was already announced in (Caniglia et ol 1989)
and (Fitchas & Galligo 1990):

Let K be an infinite field, let R = K[X1,...,X,) and let F € R™**
be a unimodular matriz with polynomial entries. Let d = 1+deg(F).
Then there exists a square matriz M € R**® such that:

) M is unimodular,

(1) FM =[I,,0] ¢ R”‘s,

(1ii) deg(M) = (rd)°™, and

(iv) M is a product of O(n?s*(rd)*™) matrices, each of them being

0 Isj_] j for some T €

Z

elementary or having the form [

SL.41(R).

A matric M fulfilling the properties (i),...,{1v) can be computed
in sequential time $OUOM) GO and in parallel time
O(nirilog®(srd)) by an arithmetic network with entries from K.
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{See von zur Gathen 1986 or Fitchas et al. 1990 for the notion of arithmetic
network. )

The reader should note that this result cannot be obtained just by iter-
ating the quantitative algebraic and algorithmic version of the Quillen-Suslin
Theorem we mentioned above (for this would imply bounds which are doubly
exponential in r).

We interpret our result as a particular but relevant case of the general
problem of solving linear equation systems in the polynomial ring R having the
property that it admits single exponential degree and complexity bounds.

Finally let us observe that our result allows us to compute in single expo-
nential (sequential) time a basis of a free R-module given as the kernel of a
unimodular matrix over R (see Corollaries 3.2 and 3.4 below).

2. Preliminaries

NOTATION 2.1. Let K be an infinite field having an algebraic closure K and let
R = K[X4,...,X,] be the polynomial ring in the n indeterminates X1, ..., X,
over K. Let () = [¢;;] be a polynomial matrix with entries ¢;; in R. We write:

deg(Q) = max{deg(g;;)}-

(Here, as usual, deg denotes the total degree in Xy,...,X,.)
By @; we denote the j-th column of Q. If Q has m columns, sometimes

we will write [Qy,...,Qn]. More generally, if I = (4y,...,%,) is a sequence
of natural numbers with 1 < 1, < --- < 1, < m, @ denotes the matrix
QI = [Qin sy Qir]'

From now on we will fix a matrix F' = [f;;] € R™**, where r < s. Let

d =1+ deg(F'). We shall also denote by F the R-linear map
R — R
g g'F
where 'F" is the s X r matrix obtained by transposing the r x s matrix F.
REMARK 2.2. The following conditions are equivalent:
(i) F:R®* — R’ is an epimorphism.

(it) The ideal of R generated by all r x r subdeterminants of the matrix F is
trivial (i.e., it contains the unit 1 € R).
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DEFINITION 2.3. The matrix F' is called unimodular if it fulfills the equivalent
conditions (1) and (:1) of Remark 2.2.

EXAMPLE 2.4. In case r = 1 the row matrix F = [fi,..., f;] € R'*® is uni-
modular if and only if the ideal (fi,..., f;) is trivial.

EXAMPLE 2.3. In case r = s the square matrix F' € R**® is unimodular if and
only if the determinant of F' (denoted by det(F)) belongs to K \ {0}; i.e., if
and only if F' is invertible in R***.

NOTATION 2.6. I, denotes the r x r identity matrix. If A and B are square
matrices, then A @ B denotes the block diagonal matrix

(0 5)
0 B’
A square matrix 1s called elementary if it is equal to the identity matrix, ex-

cept (eventually), for one nonzero entry outside the diagonal. SL,.(R) is the
submonoid of R™*™ consisting of all matrices T with det(T) = 1.

REMARK 2.7. Let Z = [z;;] € R**" be an s X r matrix. Then FZ isanr xr
matrix which satisfies

det(FZ) =S det(Fr) det((Z);),
1

where [ runs through all sequences of natural numbers (1y,...,%,} with 1 <
13 < -+ < 1, < s. This identity is called the Binet-Cauchy Formula. For a
proof see (Gantmacher 1977, Chapter I, §2).

We shall use the following consequence of the Binet-Cauchy Formula: Let
A = [a;j] be the unimodular s X s matrix

X, 1
X, 1

Xn

.. 1
A= X,

D e
[s= TS




comput complexity 3 (1993) Serre’s Conjecture 37

i.e.,
X, fori=353<r
o = 1 forj=1+1
R | fori=3,7=1
0 in all other places.
Let ' = FA and suppose that deg(det[Fy,...,F;]) > deg(det(F;)) for all
sequences of natural numbers I = (¢y,...,2,) with 1 <43 < -+ < 2, < 5.

Then deg(det[FY,..., F!]) > deg(det(Fy)) for all I # (1,...,r). Moreover
deg(F') < d = 1+ deg(F). We choose a product E of elementary matrices
such that E permutes the columns of F in such a way that for 7 = FE the
following holds:

deg(det([F1, ..., F}]) > deg(det(Fy)) for all I = (iq,...,i,).

Since K is infinite, we may assume, after a suitable linear change of variables,
that the polynomial det([Fy, ..., F}]) is monic in all indeterminates X1,..., X,.
Thus we see that replacing F' by FEA and performing a linear change of
variables, we may make the following assumption.

ASSUMPTION 2.8. D = det[F,,..., F,] is monic in all indeterminates X1,...,
X, and deg(det[F}, ..., F}]) > deg(det(Fy)) for all sequences of natural num-
bers I = (t1,...,%4,) with 1 < iy <--- <1, <sand I # (1,...,r). (Note that
this procedure may change d intod +1.)

3. Results

THEOREM 3.1. Assume that F € R™® is unimodular. Then there exists a
square matrix M € R**® such that:

(é) M is unimodular,

ZZ

) FM =[I,,0] € R,
(iti) deg(M) = (rd)°™, and
(iv)

M is a product of O(n?s*(rd)*™) matrices, each of them being elementary
or having the form T @& I,_,_; for some T € SL,.1(R).

COROLLARY 3.2. Assume that F' € R™°® is unimodular and let P C R® be
the kernel of the epimorphism F: R® — R™. Let M € R°** be a square matrix
satisfying properties (%), (it), (14¢) of Theorem 3.1. Then the last s — r columns
M, y1,..., M, of M form a basis of the free R-module P. In particular, P has
an R-basis involving only polynomials of degree (rd)°(.



38 Fitchas comput complexity 3 (1993)

THEOREM 3.3. Assume that F € R is unimodular. Then a square matrix
M € R**° satisfying properties (i), ..., (2v) of Theorem 3.1 can be computed
by an arithmetic network with inputs from K in

sequential time rO(r?) JO(?) JO(n+r%)

and
parallel time O(n*r*log®(srd)).

(See von zur Gathen 1986 or Fitchas ei al. 1990 for the notion of arithmetic
network.)

COROLLARY 3.4. Assume that F' € R™° is unimodular. Then an R-basis of
the kernel P of the epimorphism F: R® — R’ involving only polynomials of
degree (rd)°™) can be computed by an arithmetic network within the time

bounds of Theorem 3.3.

The proofs of Corollaries 3.2 and 3.4 from Theorems 3.1 and 3.3 are imme-
diate (see Fitchas & Galligo 1990, Corollaire 14, for details).

In the case that F' is a unimodular row (i.e., » = 1) Theorems 3.1 and 3.3
correspond to (Fitchas & Galligo 1990, Théoreme 15).

Note that Theorem 3.3 implies a constructive solution of Serre’s Conjecture

(see also Chaqui 1983, Fitchas & Galligo 1990 and Logar & Sturmfels 1992).

4, Proof of Theorem 3.1

For the proof of Theorem 3.1 it suffices to show the following.

PROPOSITION 4.1. Assume that F € R™™* is unimodular. Then there exisis a
square matrix M € R*** such that:

(i) M is unimodular,

(i) FM = [fi;(X1,...,Xn1,0)] (ie, FM is equal to the r X s matrix

obtained by specializing the indeterminate X, to zero in the matrix F'),
(iit) deg(M) = (rd)°™, and

(iv) M is a product of O(ns*(rd)2n) matrices, each of them being eiementary
of the form T @ I,_,_, for some T € SL,.:(R).
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Theorem 3.1 follows then by successively applying Proposition 4.1 to F
equal to the matrices:

[fisf( Xy Xa)],
[f,'j(Xl, e ,Xn_l,U)],

[fij(le"'thvos'"’0)]3

[£5(X1,0,...,0)]

(Here the reader should observe that specializing variables to 0 doesn’t increase
the degree of the polynomials involved and that unimodularity and Assump-
tion 2.8 are preserved under this procedure. For details we refer to Lam 1978,

Chapter 1, §1.)
In Proposition 4.1 the indeterminate X, plays a role different from the

one played by X,...,X,_1. Thus it is convenient to introduce the following
notation.

NoTATION 4.2. () A= K[Xy,..., X 1],
(i) t = X, (thus A[t] = R),
(#1) for all q, b € R let q(b) = ¢(X1,...,X,_1,b),

(iv) for any matrix Q) = [qi;] with entries q;; € R and for any b € R let
Q(b) = [g:;(b)], and

(v) we write A" for the (n — 1)-dimensional affine space over K.

PROCEDURE 4.3. Let us now sketch the main steps of the proof of Proposi-
tion 4.1.

Step 1. We construct a sequence of polynomials ¢;,...,cy € A of degree
bounded by (rd)? and with N < (1 + rd)*", having the following properties:

o 1€ (c,...,cn); ie., the ideal of A generated by cy,...,cy is trivial,

o foreach 1 <k < N there exists a nonsingular s x s matrix Ax with entries
from K (in symbols: Ay € GL,(K)) such that

ck = Resy(det[RY, ..., F®], det[5™, ..., E®), EE))

where Fl(k), ..., F% are the columns of F(® = FA,, and Res; denotes
the resultant with respect to the indeterminate t.
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Step 2. As a consequence of the effective Nullstellensatz (Fitchas & Galligo
1990, Théoreme 1) one obtains a representation

t=aye; + -+ +anen with a, € At C R

and with

]rsr}%)%{deg(akck)} < (rd)*™ + 1.

Step 3. For each 1 < & < N we construct a unimodular matrix M; € R**°
(in fact a product of (r + 1)(s — r — 1) elementary matrices and one matrix
of the form T @ X;_,_,, where T € SL,41(R)) such that for by = 3"1cp<r @ns,
bk-1 = Y1<h<k-1 @nCh and F®) = FA, the following equality holds: T

FE (o)M= FE(by_y).

For B = AyMiA;" we therefore obtain F(by)Ey = F(bg_1); Ex is unimodular,
being a product of (r +1)(r — s — 1) + 25 elementary matrices and one matrix
of the form T & X,_,_;, where T € SL,1(R). Moreover we have

deg(Er) < deg(My) < rd(1 + rd) max{deg(bi), deg(by_1)} = (rd)o(”).

Step 4. By Steps 2 and 3 we have

F=F(t) = F(by),
F(bN_l) = F(bN)ENa

F(by_1) = F(by)Ex,

Thus M = [Ti<z<n By fulfills properties (i), ..., (iv) of Proposition 4.1.

The following two lemmas correspond to (Lam 1978, Chapter ilI, Lemma 1.4
and Theorem 1.5). Their particular form is due to the circumstance that we
need for the proofs of Theorems 3.1 and 3.3 arguments which are almost con-
structive and which involve only polynomials with controlled degrees. (See also
Fitchas & Galligo 1990, Lemma 16 and Lemma 17 for the case where F is a
unimodular row, i.e., r = 1.)
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LEMMA 4.4. For each £ € A™! there exists A € GL,(K) such that the fol-
lowing holds: Let F' = FA, D} = det[Fy,..., F]], D} = det[F{, ..., F]_;, F] 4]
and ¢ = Res, (D1, D)), the resultant of D] and D;, with respect to the indeter-
minate t. Then c¢(€) # 0.

PROOF. Let £ =(&,...,&u1) € A" be given; let K[Y] = K[y;;; 1 <4,5 <
s] be the polynomial ring in the s new indeterminates y,,,...,y,, over K. By
Y we denote the s x s matrix [y;;] with columns Y5,...,Y,. We write Y’ and
Y" for the s x r matrices [Y4,...,Y,] and [Vq,...,Y._;, Y, 1] respectively.
Let F' = FY € (R®k K[Y])™*".

From the Binet-Cauchy Formula (Remark 2.7) we see that:

{ D} =det[F],..., F!] = ¥ det(Fy) det((*Y");), and

(4.1)
Dy = det[F,..., Fl_, Fl,\] = 5 det(Fy) det((*Y");)

where I runs through all sequences (4;,...,7,) such that 1 < ¢ <--- <z, < s.
Let ¢ = ¢(Xy,..., Xno1,Y) = Res, (D}, D}) be the resultant of D] and D)

with respect to the indeterminate ¢.

Claim. ¢(£,Y) = ¢(&1,. .., n-1,Y) # 0.

Proof of the Claim. By Assumption 2.8 we have deg,(det[F,..., F,]}) >
deg,(det(F7)) for all sequences of natural numbers I = (i;,...,4,) with 1 <
i < o <ty < sand I # (1,...,7) (where deg, denotes degree in t).
Furthermore det[F},..., F,] is monic in t. Thus Proposition 4.1 implies that
c(6,Y) =cléy,... .6, Y) = Rest(Di(ﬁ,t,Y'),D;({,t,Y”)_)_.

Suppose now that ¢(£,Y) = 0. Then there exists p € K[t, Y] with deg,(p) >
1 such that p divides both D1{£,t,Y") and D,(£,¢,Y"). In particular we have
peK[t,Y1,...,Y,_1]. Let ¢ € K[t,Y"] such that A

pq = Dj =3 det(Fi(¢, 1)) det(("Y")1). (4.2)
I

Let J C K[t][Y"] be the ideal generated by all determinants det((*Y”);). J is a
homogeneous prime ideal. From (4.2) we see that p and ¢ must be homogeneous
in Y’ and that degy(p) + degy:(g) = r. The polynomial p doesn’t belong to
J since it is homogeneous in Y’ and independent from Y,. Since D} € J by
(4.2) and J is prime, we conclude ¢ € J and degy(g) > 7. Thus degy(p) = 0,
ie., p € K[t]. Now, again by (4.2), we see that p divides all det(Fi(¢,1)).
Remark 2.2 (¢i) implies that the ideal generated by all polynomials det( Fr(¢,¢))
is trivial. Therefore p € K, which contradicts deg,(p) > 1. This finishes the
proof of the Claim.
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Since K is infinite and since ¢(£,Y’) # 0 there exists A = [A;;] € K°*° such
that:

o det A #£0,
o det [/\U]lﬁiJST 7£ ﬂ, and
o ¢(&,A) # 0.

Taking into account Assumption 2.8 and (4.1) one verifies immediately that for
this A the assertion of Lemma 4.4 is true. O

LEMMA 4.5. Let D1 = det[Fl, ‘e ,FT} and D2 - det[Fl, PPN F}_b Fr+1§e Let
¢ = Resy(D1,D;) be the resultant of Dy and D, with respect to t. Then
for all b, ' € R such that b = b’ (mod cR) there exists a unimodular matrix
M e R*** satisfying:

(t) F(OM = F(¥),
(i) deg(M) < rd(1 4 2rd) max{deg(b), deg(¥)}, and

(#1) M is a product of (r + 1)(s — r — 1) elementary matrices and one matrix
of the formT & 1;_,_y, where T € SL,.1(R).

PROOF. Let g, h € R such that
= ng + hDg

Without loss of generality we may assume that deg(g), deg(h), deg(c) < (rd)?.

Let b, b’ € R be given with b — b € cR. There exists for each r + 2 <
j < s a column vector G; € R™! such that F;(b) — F;(b) = ¢G;. Let
B = max{deg(b),deg(b'})}. Observe that deg(G;) < dB. Since ¢ doesn’t de-
pend on t we have ¢ = g(b)D1(b) + h(b)Dy(b). Therefore F;(¥') — F;(b) =
Di(b)G + D2(b)GY, where G = ¢(b)G; and G} = h(b)G;. Observe that
deg(G), deg(GY) < (rd)*B + dB.

Let By = adj[Fi(b),..., F,(b)] be the adjoint matrix of the r X r ma-
trix [Fi(b),..., F.(b)]. Similarly, let By be the adjoint of [Fi(5),...,Fr_1(b},
F,41(b)]. Thus:

and

Dg(b)G;I = [F1<b), ey Fr—l(b>7 FT+1(6)](B2G;,)
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From these equalities we conclude that
Fi(6') — F5(b) = g1 F1(b) + - -+ + gr41 Fra ()

for suitable polynomials ¢;,...,g,+; € R of degree bounded by rd3 + (rd)*g.
This holds for all r +2 < 7 < 5. Therefore there exists a unimodular matrix
M’ such that:

o F(b)M' = [Fi(b),..., Frp1(b), Fry2(¥),..., Fy(b)],
o deg(M') <rdS + (rd)?8, and
o M'is a product of (r + 1)(s —r — 1) elementary matrices.

Let T be the (r + 1) x (r 4+ 1) matrix defined by

L GRM) o FB(b) Fp) (B . F(Y) Fra(b)
T‘cadJ[ 0 .. —h(b) g+(b) ]{ 0 .. —h(H) o(b) ]

Since b = b (mod cR) and ¢ = ¢(b) = ¢(¥) it is easy to see that T €
RU+1)x(r+1) 504 det(T') = 1. Therefore ' € SL.,1(R). Moreover we have
(F1(8), ..., Fra(0)]T = [FA(Y), ..., Frpa (V)] and deg(T) < 2(rd)?B +rdB3. One
sees now easily that M = M'(T @ I,_,_,) satisfies (1), (¢7) and (4iz). O

PROCEDURE 4.6. (End of the proof of Proposition 4.1) Since the proof
of Proposition 4.1 (and Theorem 3.1) is straightforward linear algebra, we shall
assume deg(F) > 2. Thus d > 3.

Step 1. For each £ € A" choose Ay € GL,(K) as in Lemma 4.4. Let
FO = FA;, D = det[FO, ..., FO], D¥ = det[F©, ..., FE,, F¥] and
ce = Rest(DP,Dga). Thus ¢¢(§) # 0 and deg(ce) < (rd)?.

The set {c; : £ € A®'} is contained in the K-linear subspace V of A
consisting of all polynomials in X3, ..., X,_; of degree bounded by (rd)?. Let

{er,...,en}y C {ee 1 € € A" '} be a basis of the K-linear subspace of V
generated by all ¢;. One verifies easily:

(i) 1 € (c1,...,¢en), lLe., the ideal of A generated by ¢;,...,cn is trivial.
Moreover we have max {deg(cy)} < (rd)*.

(i) N <dim V < (1 + rd)>".
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(#ii) For each 1 <k < N there exists Ay € GL,(K') such that

¢ = Res,(det[F¥) .. L FO det[F®) . F® Fff_)l])

st r—1

where F) = [F® | F®] = FA,.

Step 2. From Step 1 {¢) and from the effective Nullstellensatz (Fitchas &
Galligo 1990, Théoreme 1) we conclude that there exists a representation

t=a150+ ...+ aney with a; € At
and with

T {deg(arck)} < (rd)™ + 1.

(Observe that d > 3.)
Steps 3 and 4. For | <k < N let

b = Z anth, Oy = Z anch and F””:ch,

1<h<k 1<h<k-1
Since by construction

o = Resy(det[FF) ... F®], det[F®, ..., F¥ F8Y)

?

(see Step 1) and by = b1 (mod ¢ R), we can apply Lemma 4.5 to this situation.
Therefore there exists a unimodular matrix My € R**® satisfying

o F®(b)M, = F®(by_y),

o deg(My) < rd(1 + 2rd) max{deg(bi),deg(bs_1)} = (rd)?{™ (see Step 2),
and

o M, is a product of (r + 1)(s —r — 1) elementary matrices and one matrix
of the form T ® L, _;, where T' € SL.;1(R).

For E;, = AkM'k/\;1 we obtain then F(by)Ey, = F(b_y).
Finally M = [T;<k<n Ex satisfies properties (i), ..., (iv) of Proposition 4.1.
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5. Proof of Theorem 3.3

(i) Using parallelizable linear algebra over K (see Berkowitz 1984, Chistov 1985,
Mulmuley 1986, the survey von zur Gathen 1986 and interpolation techniques
as described in Fitchas et al. 1990), one immediately deduces Theorem 3.3 if
deg{(F) =1 (d = 2) or if s = 1. Therefore we shall suppose from now on that
d > 3 and s > 2. The case r = s follows in the same way just by inverting the
matrix F. Thus we shall also suppose that r < s.

(i¢) Theorem 3.1 follows from an iterated (n-fold) application of Proposi-
tion 4.1 whose proof is almost algorithmic. Only Step 1 of this proof is noncon-
structive (see Procedures 4.3 and 4.6). This step is based on Lemma 4.4. In
the present section we are going to describe an algorithm which has as output
data a finite family (Ag,1 < k < N) of N = O((sr2d?)") = (sd)°0") matrices
Ag € GL,(K) such that for each & € A" there exists 1 < k < N with the
following property:

Let F® = [F® . F®] = FA, and
ck = Rest(det[Fl(k), L EBY det[Fl(k), 2N F,(i)l])
Then ¢;(€) # 0 (see Lemma 4.4). Thus 1 € (¢y,...,cn).

Repeating now the arguments of the end of the proof of Proposition 4.1 (see
Procedure 4.6), one obtains constructively a matrix M € R**® satisfying prop-
erties (i), ..., (év) of Proposition 4.1.
Applying this algorithmic version of Proposition 4.1 iteratively (n times),
to eliminate successively the variables X,,,..., Xy, we obtain Theorem 3.3.
We use the notation introduced in Notations 2.1, 2.6 and 4.2. We make
also use of the following additional notation.

NOTATION 5.1. Let £, m, p be natural numbers and let Q € R**™,

(i) Assume £ < m. For each sequence I = (iy,...,1,) such that 1 < 4; <
- <1y <4, @ denotes the matrix @y, ..., Qi,] (see Notation 2.1).

(it) Assume { > m. For each sequence I = (iy,...,1,) such that 1 < i; <
- < i, < ¢, Q denotes the p x m matrix whose rows are the rows
13 < -+ <1, of Q.

(#i) We simply say that @ is unimodular if ) or 'Q is unimodular in the sense
of Definition 2.3).
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(iv) In the sequel I; will denote the sequence Iy = (1,...,7) and [, the se-
quence Iy =(1,...,r -1, r+1).

ASSUMPTION 3.2. Following Assumption 2.8 we shall assume in the sequel
that det(Fy ) is monic in all variables and in particular in t, and that
deg,(det(Fp,)) = deg(det(Fyp,)) > deg(det(Fr)) > deg,(det(F;)) for all se-
quences of natural numbers I = (24,...,¢,) with 1 <4 < -+ < 1, < s and
I1#1.

ASSUMPTION 5.3. For each 1 < i < r we choose a finite set A; C & \ {0} of

cardinality
L [r+1)d+1 fort<r
#{d) = {27’(8 —-r)d+1 fori=r.
For each 1 < i <r —1 we choose another finite set B; C K \ {0} such that
#(B;) =rsd + 1.

For each (a; 8) = (on,...,ar; Bry-- o, Broy) € H15igr A; X hi<icrot B we
consider the following s X s matrix :

1 0 0 0 0 .. O
[63] 1 .
a1 B Qg
a3y
Moy = . . 1 0 . e (33)
Qo 1
ar—lﬁr—l 0 1
. . o
a7 @Bt L el BT] 0 st L

Thus Ay = [Aij] € K¥° is defined by

(1 ifi=
Ao = a]_ﬂ;“]_l ifj+1<iandj <r-—1
Y e fre1<j<i

0 ifi<jori#jandj=r.

Note that we have thus defined N; = #([T1<icr Ai X [licicr—1 Bi) = O((r?sd?)")

many matrices A(qp).



comput complexity 3 (1993) Serre’s Conjecture 47

NOTATION 5.4. For the sake of expository simplicity we choose a fixed order
of the set of all pairs (a; #) just introduced. Thus, if (o; ) is the k-th pair in
this order, we shall write Ay instead of A(a,sy, where1 < k < N = (O((r?sd?)").
We shall write also F®) = FA;.

LEMMA 5.5. Let1 < S_I Then for each £ € A" thereexists1 <k < N

such that F(lli‘__, (€, ) (K[t ])”‘i is unimodular.

PrROOF. We proceed by induction on 1.

Case 1 = 1. For o € A; and B € B; we consider the column vector Qug
defined by

Qep=Fi+a > B Fjta.
0<j<s—2
Thus, if (o, asz,...,0r; 5, Ba2y-.., Br—1) is the k-th pair in our ordering, we
have Q,p(€, 1) = F((1)) Therefore it suffices to show the following.

Claim. For each ¢ € A"~ there exist o € A; and 8 € By such that Qup(¢,t)
1s unimodular.

Proof of the Claim. Assume that for some given £ € A" all column vectors
Qap(é,t) with a € A, and B € B, are not unimodular. Then, for each (o; 8) €
Ay x By there exists a,3 € K such that Qas(€,a,3) = 0. For 8 € By let

Q,@ = [Fl, ZOSJ’SS*Z ,HJF].{,.Z] Note that Qﬂ = [.F’]_7 a~1(Qaﬁ _ Fl)] fOr any
ac Al.

Let us fix an element 8 € B; for the moment. We consider the matrix
[Qﬁa F27 ey Fr—l] € RTXT,
We have

det[Qﬁ, F2, Py FT_]} = ﬂT—Q det[Fl, Fra F?a st 7Fr—1]
+ Z ﬂjdet[Fl,F}+2,F2,.,.,Fr_ll.

r—1<;<s-2

Therefore Assumption 5.2 implies that det[Qp, Fb, . .., F,_;] is monicin £. Thus
det[Qgp, F; ..., F,_1](€,t) # 0 and the Laplace expansion (see Gantmacher 1977,
Chapter 1, §4) along the two first columns of [Qg, F2, ..., Fr_;] shows that there
exist two rows, say the ¢1-th and the i3-th ones, such that det(Qp), 1,)(é,1) # 0.

Now we observe the following: For any a € A; our assumption on ¢ says that
Qap(&; aup) = 0 holds. Thus rank(Qs(¢, ans)) = rank[Fy(€, aus), @ (Qap —
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F1)(€,a48)] <1, where “rank” denotes the rank of the corresponding matrix.
Therefore we have det((Qs)(i, i5)(§, @ap)) = 0 for all a € A;.

Since # A; > 2d + 1 and deg{det((@Qp)(,.,,)(¢,1)) < 2d , we conclude by the
pigeonhole principle that there exist two different elements oy, oy € A; such
that ag = ay,3 = da,p. Thus

0= Qalﬁ(£7aﬁ) = F]({,aﬁ) +o Z ﬂij+2(§,aﬁ)’ and
0<j<s-2

0= Qazﬁ(éaaﬁ) = Fl(f’aﬁ) + g Z 6jF‘j+2(£a aﬁ)’

0<j<s~2

where oy # ap implies that F1(£,ag) = 0 and Focjcs-2 B F;(€ ag) = 0.

Now let s vary § over B;. For each B € By we choose an element ag € K
such that Fy(£,a5) = 0 and Yo ;<s—2 B F;(€,a5) = 0. Let ~ be the equivalence
relation on B; defined by

Br~f = apg=ap for 3,8 € B;.

Note that Assumption 5.2 implies Fy(€,t) # 0. On the other hand, we have
deg(Fy(€,t)) < d. Therefore B/~ , the set of residue classes of By modulo the
equivalence relation ~, satisfies

#(Bi/~) < d.

Taking into account that # By > (s — 2)d + 1 we see again by the pigeonhole
principle that there exists an element 7 € B; such that #{3 € B, : § ~ 3} >

s—1. We choose now pairwise different elements Gy, ..., Bs_2 € By such that
B~pfi~Bifor0<e,j<s—~2 Leta=ag =+ =ag,_,. We have
Fi(€,a)=0  and S BlFia(éa)=0 for 0<i<s—2
0<j<s-2

Since the Vandermonde matrix [ﬁglosiJgs_g is nonsingular, we conclude
Fiia(€,a) =0 forall 0<y<s—2.

This conclusion and Fy(é,a) = 0 imply F(€,a) = 0 which contradicts the
unimodularity of F. This finishes the proof of the Claim and settles the case
1= 1.

Case 1<i<r—1. Letf e A", From the induction hypothesis we know

.....

pair (o; B) € A; x B; let Qo be the r X ¢ matrix

Qop = [F((lk) i Bt 30 FFil

0<j<smini
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Thus if the &-th pair in our ordering of []y<;i<, Ai X [Ty<i¢r—1 Bi has the {form
(alw-'sai’“-aar; ﬂla"'vﬂiv"'aﬂr—l)

we have by definition Qa5 = F((ll?..,i)'

Suppose now that the assertion of Lemma 5.5 is wrong for i. Then there
exists for each (a; f) € A;x B; an element a,5 € K such that all X7 subdetermi-
nants of Qas(¢, aap) are equal to zero, which implies that rank(Qap(€,aag)) <
1— 1.

Let us fix for the moment an element 8 € B;. Let

Qﬁ = [F((f?,,,g_l), F, Z ﬂij+z‘+1]-
0<j<s~1~1
Since rank (Qags(€, dag)) < 7 — 1, we have rank (Qs(€, anp)) < i for all a € A,.
Thus for each a € A;, a,s € K is a common zero of all (i +1) x (i + 1)
subdeterminants of Qz(¢,t), considered as elements of the polynomial ring
K[t).

Now we are going to show that at least one (i +1) X (z + 1) subdeterminant
of Qp(¢&,t) is different from zero. We consider the matrix [Qg, Fiyy,..., Fri] €
R™"_ Since Ay has the lower triangular from (5.3), the multilinearity of the
determinant function and the Binet-Cauchy Formula (Remark 2.7) imply that

det{Qﬁ, E+1, ey Fr——l] = ﬂs_i~1 det[Fl, sy R, Fr, E+1, ey Fr—l]

+ Y crdet(Fy)
I#h
for some ¢; € K. By virtue of Assumption 5.2 this implies that det[Qg, Fitq, ...,
F,_1} is monic in t. Therefore det[Qg, Fip1,..., Fr_1}(£,1) # 0. The Laplace
expansion of this determinant along its (i + 1) first columns shows that there
exists a sequence [ of ¢ + 1 rows of Qg such that det((Qs)1(£,t)) # 0. Observe
that deg(det((Qs);(¢,t))) < (i + 1)d and that #A4; > (i + 1)d + 1. Thus
there exist by the pigeonhole principle two different elements aq, g € A; such
that ag = aa,4 = as,ps. Since by the induction hypothesis F((ll?uﬂ._l)(f,t) is

unimodular we conclude that rank(F((lk) i-1(¢;ap)) = i —1. On the other hand

ssss

F i 1)(€ag) is a submatrix of Qu,(€,ag) and of Quys(€, ag), which have
rank at most ¢ — 1. Hence

i =1 =rank(F{) ;_)(¢ ap)) = rank(Qa,p(¢, ag)) = rank(Qa,s(£, ag))-

This means that the column vectors

Fi(ag)+ar S FFpi(€,ap)

0<j<s—i—1
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and

Ffap)+az Y, B Fipinl(é ap)
0<i<s—i~1
are linearly dependent from the column vectors of F((lli Li__l)(ﬁ ,ag). Since oy #
ag this implies that

rank ((F) ;1) Fl(€a)) =rank ((FF) .0 3 AFiinl(E ap)

0<j<s—i—1

=t—1

By an argument similar to the one just used, we conclude that at least one s x ¢
subdeterminant of

,,,,,

[F((f) i1y FiJ(6, 1)

is different from zero. Since rank ([F((lk )

,,,,,

i-1)) Fil(§,a8)) =1~ 1, ap is a zero of

this nonvanishing ¢ x ¢ subdeterminant of [F((lk) F)(£,t), which has degree

peyi=1)?
at most id. Thus, if F varies over B;, we see that

#{ap: p € B;} <id.

Since # B; > ¢(s —i — 1)d + 1 we conclude by the pigeonhole principle that
there exist pairwise different elements By, ..., 3s_i-1 € B; such that a = ag, =
-~ =uag,_, ,. Therefore the column vectors

Fi(£7a)

and ‘
Z ﬂZFjﬁ‘i-{-l(éaa)a for 0<{<s—1—1
0<7<s~1i—1
belong to the K-linear vector space generated by Fl(k)(ﬁ, al, ..., Fi{ﬁ(f, a), the
column vectors of F((f)wi_l)(i, a).
Since the Vandermonde matrix

[B7lo<igs—io1

is regular we conclude that Fi(£,a), Fipi(€,a),..., Fu(é,a) belong to the K

linear space generated by Fl(k)(f, a),..., Fi(f%(f,a). Hence

rank [F((lk,?..,i—l)’ Fyy oo Fj(€a)

rank [FP(¢,a), ..., FF (€, a), Fi(€,a), ..., Fy(é,a)]

= 1 —1.
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On the other hand let A € K°*° be the matrix we obtain by taking the first
¢ — 1 column vectors of Ay and adding to them the last s — ¢+ 1 column vectors
of the identity matrix I, i.e.,

A=A (Ar)ict, (Ts)sy ooy (Te)s).

From (5.3) we see that A is regular. Thus [F(<1k,?..,i—1)7ﬂ7 ., Fy] = FA is uni-

modular. This implies rank[F{?__’i_l),E,...,Fs](E,a) = r. This leads to a

contradiction, and thereby finishes the proof of Lemma 5.5. O

PROPOSITION 5.6. (See Lemma 4.4.) For each ¢ € A™! there exists (a; 8) €
Mici<r Ai X [Ti<i<r—1 Bi with the following property. Let

F'=FAyg, D)=det[F, ..., F], Dy=det[F}, ... ,F_,F.]

7 i

and

¢ = Resy (D7, D3).
Then ¢(§) # 0.

PrOOF. The Binet-Cauchy Formula (see Remark 2.7} and Assumption 5.2
imply that det(FI(]k)) ismonicin? forall 1 <k < N.
Suppose that there exists £ € A™™! such that for all 1 < k < N,

Res;(det(F{(€,1)), det(FP(€,1))) = 0.

From (5.3) we see that F](lk) and F}Zk) have the form

.....

and
k k ; .
FI(2) = [F((l,?.-,r—l)’ E: oy Fyri4],

if the k-th pair of [Ticic, Ai X [hicicrs Bi Is (@a,..., 0581, ...,8,21). By
Lemma 5.5 there exists 1 < ko < N such that F((lli‘f_)“r_l)(ﬁ, t) is unimodular.

Our assumptions imply now that for each o € A, there exists an element
do € K such that

F.(& aq) and > & Fipr1(€, ag)

0<j<s—r~1
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belong to the K-linear vector space generated by Fl(k°)({,aa), o F ,{k“l (¢,aq),
i.e., the column vectors of F((ff_’.)“r_l)(ﬁ, d,). In particular a, is a root of

det(F{P)(¢, 1)) = det([F{ ), F](€,1))

for each o € A4,. Since aet(FI '(€£,1)) is a specialization of det{F} k”’) which is
monic in ¢ and of degree at most rd, we conclude that

#las o € A} < rd.

Since # A, 2 r(s — r)d + 1, the pigeonhole principle implies that there exist
pairwise different elements ag,...,0;_,.1 € A, such that ¢ = a4, = -+ =
@o,_,_,. Thus the column vectors

P;(€7a)

and .
Z & Fipr1 (€ a), for 0<¢<s~—r~1,

0<j<s~r~1

,a), the

s
1
i
"
o
clﬁ’w

belong to the K- linear Vector space generated by F| {ko)(ﬁ, a), ...,

column vectors of F o 1)(5, a).
Since the Vandermonde matrix

[
loglogjecs—r—1
is nonsingular, this implies that

rank [F(k )‘ oty By Fj(§a) =7 = 1.

This contradicts the unimodularity of [F((f?.)"r_l), Fi, ..., Fy] which follows from
the unimodularity of F and from (5.3). O

If we now replace Lemma 4.4 by Proposition 5.6 in the proof of Proposi-
tion 4.1 (see Procedure 4.6), we obtain an algorithm which constructs, for the
given unimodular matrix F € R"™®, a matrix M**® satisfying the properties
(i), ..., (iv) of Proposition 4.1.

Here we give only an overview of the complexity bounds of the main steps
of this algorithm, which involves only parallelizable linear algebra over K (see
Berkowitz 1984, Chistov 1985, Mulmuley 1986 and the survey von zur Gathen
1986) and interpolation techniques as described in (Fitchas et al. 1990). The
verification of these bounds is straightforward but lengthy so we shall omit it.
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Fact 5.7. (Preparatory Step) (See Assumptions 2.8 and 5.2.) Multiplica-
tion by an s x s matrix and linear change of variables is executed in

O(n),

sequential time = s*(rd) and

parallel time = O(n? log® srd).

Fact 5.8. Computation of ¢i,...,cy {see Proposition 5.6 and Procedure
4.3, Step 1) is executed in

0(r%),0(n%) g2 +7).

sequential time = s and

parallel time = O(n*log? srd).

FAcT 5.9. Computation of a1, ...,ay (see Procedure 4.3, Step 2) is executed
in

O(rz)TO(nz)dO(n2+r2)’ and

sequential time = s

parallel time = O(n*r*log® srd).

Fact 5.10. Computation of Fy, ..., Ey (see Procedure 4.3, Step 3 and Lemma
4.5) is executed in

sequential time = sOU") O )0 +7%) - 5pq

parallel time = O(n*log? srd).

From the complexity bounds, Facts 5.7 to 5.10, we obtain finally the com-
plexity of the algorithm corresponding to Proposition 4.1:

FacT 5.11. Computation of M (see Procedure 4.3, Step 4) is executed in

0(7"2)7,O(n2 )dO(n2 +r2)’

sequential time = s and

parallel time = O(n*r*log? srd).

Applying the algorithm corresponding to Proposition 4.1 n times one ob-
tains easily Theorem 3.3. The complexity bounds of Theorem 3.3 follow from
Fact 5.11.
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