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Abstract

We prove upper bounds on the order and degree of the polynomials involved in a resolvent representation of
the prime differential ideal associated with a polynomial differential system for a particular class of ordinary
first order algebraic-differential equations arising in control theory. We also exhibit a probabilistic algorithm
which computes this resolvent representation within time polynomial in the natural syntactic parameters
and the degree of a certain algebraic variety related to the input system. In addition, we give a probabilistic
polynomial-time algorithm for the computation of the differential Hilbert function of the ideal.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The notion of a resolvent representation of a prime differential ideal in a ring of differential
polynomials was introduced by Ritt (see [28,27]) as a tool towards an algebraic elimination theory
in the realm of differential equations, although it can be traced back to the work of Kronecker
(see [24]). Roughly speaking, a resolvent representation of a prime differential ideal provides
a parametrization of the generic zeros of the ideal by the general zeros of a single irreducible
differential polynomial. This construction can be interpreted in several contexts, including the

* Partially supported by the following Argentinian research Grants: UBACyT X112 (2004—2007), and CONICET PIP
02461/01.
* Corresponding author.

E-mail addresses: lisi@dm.uba.ar (L. D’Alfonso), jeronimo@dm.uba.ar (G. Jeronimo), psolerno@dm.uba.ar
(P. Solerno).

0885-064X/$ - see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jc0.2005.10.002


http://www.elsevier.com/locate/jco
mailto:lisi@dm.uba.ar
mailto:jeronimo@dm.uba.ar
mailto:psolerno@dm.uba.ar

L. D’Alfonso et al. / Journal of Complexity 22 (2006) 396—430 397

primitive element for field extensions, the cyclic vector for linear first order differential systems,
and the shape lemma in algebraic and analytic geometry.

In order to illustrate the notion of resolvent representation, let us consider the following simple
differential algebraic system (X) consisting of four equations in the four unknowns X1, X2, X3, U
(see [29, Section 4.4.2] or [6]):

Xl = aX;
X2=OCX2

) = .

(%) X3 = X3+ UX,
Y = X5+ X3

where o, f € Q, the variable Y is regarded as a parameter and the system is considered over the
ground differential field Q(z) equipped with the usual derivation ¢’ = 1. Set y := X| + ¢ X>.
Then, all the variables appearing in (X) can be written, using the equations of the system and their
derivatives, as rational functions in Q(z, Y, Y) (7, 7):

Xi=0+tw)y—1ty,

Xo=7p—ay,

X3=Y —)+ay,
B+ @ —aB)y+Y - pY
n —t9 4+ (1 +to)y '

In addition, y verifies the differential equation

U

7P — 249 + o’y = 0,

which is called the minimal equation for y. The set consisting of the irreducible polynomial
giving this minimal equation and those providing the rational identities above is called a resolvent
representation of the system (X) and y its associated primitive element (for more examples of
resolvent representations see [5]).

The present paper deals with the computation of resolvent representations of prime differ-
ential ideals associated with certain differential systems coming from control theory (see, for
instance, [6,7]):

X1 = filX,U)

Xn = fn(Xv U) .
Y1 = a(X,U,U)

Y, = g(X,U,U)

where f1,..., fn € k[X,U] and g1,...,8 € k[X,U, U] are polynomials in the variables
X ={Xy,...,X,}and U := {Uy, ..., Uy} with coefficients in a zero-characteristic differential
field £ and total degrees bounded by an integer d, and ¥ := {Yi,...,Y,} is another set of

variables. The variables X, U are the unknowns of the system, while the variables Y are regarded
as parameters. Given a differential equation system as above, we consider the prime differential
ideal A generated by the polynomials f; — Xi, i=1,...,n,and g; —Y;, j=1,...,r,inthe
differential polynomial ring £{Y, X, U}.
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We prove the existence of a resolvent representation for the ideal A consisting of polynomials
which involve derivatives of order at most 2n + 2r and whose degrees are bounded by the degree
of the algebraic variety V defined by the input polynomials and their derivatives up to order
2n+2r — 1 (see Theorem 36). The Bezout inequality implies that deg(V) can always be bounded
by d2(n+r)2 )

In addition, if k = Q(z), we construct a bounded error probability algorithm which computes
a resolvent representation of A. If the input polynomials are given by a straight-line program of
length L over @ (see Section 2.2 for the definition of this data structure), the complexity of this
algorithm is linear in L and polynomial in n, m, r, d and deg(V) (see Theorem 48). We remark
that the upper bound for deg(V) due to the Bezout inequality leads to a single exponential worst-
case complexity bound for our algorithm. The error probability of the algorithm is controlled by
means of the Zippel-Schwartz zero test and degree upper bounds for the polynomials giving the
genericity conditions under which our algorithm works.

As a byproduct, we present a probabilistic algorithm for the computation of the differential
Hilbert function of the ideal A within complexity polynomial in n, m, r, d and linear in L (see
Theorem 26), extending the results in [26] to positive-dimensional situations.

Our overall strategy consists in translating a differential (non-noetherian) problem into
an algebraic (noetherian) one. In this sense, some finiteness results on characteristic sets of
differential ideals appearing in [30,29] play a fundamental role. In a first step, we compute a
differential transcendence basis of the differential field extension induced by our system in
order to turn to a zero-dimensional differential situation, which is achieved by applying
some techniques described in [26]. Then, we give an effective and algorithmic version of
Seidenberg’s proof of the existence of a primitive element (see [34]) in our situation, reducing
the problem to the computation of an eliminating polynomial in an algebraic-geometric
context. Finally, we apply an elimination procedure based on [17,31] to make our main
computations.

The approach to differential polynomial equation systems through resolvent representations has
been known to be effective since its origins in [28]. Ritt’s treatment of the subject as well as its
subsequent generalizations (see [5,4]) are based on rewriting techniques, namely Grobner bases
and characteristic sets. Even though a single exponential complexity upper bound was proved
in [9] for the computation of a resolvent representation using these methods in the algebraic
(non-differential) context, no complexity analysis is presented in any of the works concerning its
differential counterpart. However, the complexity results on the computation of characteristic sets
in the differential setting given in [30] seem to yield single exponential complexity bounds for a
probabilistic algorithm computing a resolvent representation (see [4]) for the specific systems we
consider. A different approach to effective elimination over ordinary differential fields can be found
in [15], where a general quantifier elimination procedure with doubly exponential complexity
bounds is exhibited.

We point out that our algorithms do not require the computation of Grobner bases or char-
acteristic sets. Based on the computation of algebraic eliminating polynomials, our approach
enables us to obtain complexity estimates in terms of a geometric invariant, which are more pre-
cise than those depending only on syntactic parameters (see Example 38). Complexity bounds
depending on this kind of parameters appeared before in several algebraic elimination procedures
(see, for instance, [13,17,14,12]). We observe also that, in terms of the parameters n, m, r, d, the

complexity of our algorithm is of order (nmr)? g0 (n+r )2), improving the complexity estimate
(n + r) O (Hm)@+1) gO(dm)*+1)%) of the rewriting procedure presented in [30, Theorem 28]
when applied to our particular equation systems.
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We hope that our techniques and results would contribute to the symbolic treatment of systems
where the parameters Y’s are replaced with given functions. We also expect that these results
could be extended to more general cases such as partial derivative equation systems or positive
characteristic differential fields (see [35]).

The paper is organized as follows: in Section 2, we recall some basic notions and results from
differential algebra and we present the algorithmic model we will adopt. In Section 3, we in-
troduce the differential equation systems we will consider and we show some elementary facts
about them. Section 4 deals with the computation of the differential Hilbert function of the ideal
associated with the system and of a differential transcendence basis of the induced differen-
tial field extension. In Section 5 we recall the notion of a resolvent representation of a prime
differential ideal and we prove upper bounds for the orders and degrees of the involved polyno-
mials. Section 6 is devoted to the algorithmic computation of resolvent representations. Finally,
in Section 7 we present a slight generalization of the algorithmic results stated in the previous
sections.

2. Preliminaries

This section gathers some basic notions from differential algebra that will be needed throughout
the paper and presents the algorithmic model and the data structure we will use.

2.1. Differential algebra

We recall in this subsection some definitions and basic facts about differential rings and fields.
For a more detailed account of the subject, we refer the reader to [28,21] (see also [20]).

2.1.1. Differential rings and fields

A derivation ¢ of aring A is an additive map 0 : A — A satisfying the Leibniz rule é(a - b) =
o(a) - b+ a - o) for all a,b € A. A ring (respectively, a field) equipped with (at least) a
derivation ¢ is called a differential ring (respectively, a differential field). We will work over rings
and fields equipped with a single derivation, that is, ordinary differential rings and fields, and in
the characteristic zero case. If 7 is an element of the differential ring (A, d), d(17) will be denoted
by i1, and for i >2, ' (1) will be denoted by 5@,

Let A be a differential ring. An ideal Z of A is a differential ideal if 6(a) € Z for every a € Z.
If X is a subset of A, the differential ideal generated by X (that is, the minimal differential ideal
of A containing X) will be denoted by [X].

Given a differential field (K, §), we can construct the ring of differential polynomials in the
indeterminates X1, ..., X, over K, which we denote K{X1, ..., X,}, by considering the com-
mutative polynomial ring over K in the infinite set of indeterminates {X?), i € Npg, 1<j<n}
and extending the derivation of K by letting 5(X§.')) = XE.'H). We will write X := {X1, ..., X,)
and, forevery i € N, X0 .= {XY), R X,(,i)}. For a polynomial p € K{X}, we define the order
of p with respect to X as ord(p, X ;) := max{i € Ny : X;’) appears in p}, and the order of p
as ord(p) := max{ord(p, X;) : 1<j<n}.

A differential field extension < G consists of two differential fields (F, ) and (G, dg) such
that ¢z is the restriction to F of dg.

Let F— G be a differential field extension. Anelement { € G is said to be differentially algebraic
over F if the family of its derivatives {{ ® JieN, 1s algebraically dependent over F; otherwise, it
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is said to be differentially transcendental over F. The differential extension F < § is said to be
differentially algebraic if every element of G is differentially algebraic over F. Given a subset
of G, F(Z) will denote the minimal differential subfield of G containing F and 2. A subset £ of G
is differentially algebraically independent over JF if the set (W tex, 1 eNptis algebraically
independent over F, and it is called a differential transcendence basis of F — G if itis a
minimal subset of G such that the differential extension F(X) < G is differentially algebraic. All
the differential transcendence bases of a differential extension F < G have the same cardinality
[21, Chapter II, Section 9, Theorem 4], which is called the differential transcendence degree of
F = G and will be denoted by difftrdeg = (G).

Let K be a differential field, let X be a set of differential indeterminates (that is, a differentially
algebraically independent set) over K and let Z C K{X} be a prime differential ideal. A subset
W C X is a maximal independent set modulo Tif TN K{W}=0and ZN K{W, X;} # 0 for all
X; ¢ W.Letus observe that a maximal independent set modulo 7 is a differential transcendence
basis of the differential extension K < Frac(K {X}/Z). Thus, we define the differential dimension
of the ideal Z, denoted by diffdim(Z), as the transcendence degree of this extension or, equivalently,
as the cardinality of a maximal independent set modulo Z.

2.1.2. Rankings and characteristic sets

Let K be a differential field and let X be a set of differential indeterminates over K . A ranking
on K {X} is a total order > on the set @X := {X! : [ € Ny} satisfying i > u for every u € ®X
and u > v ifu > v for u,v € ®X. A ranking on K{X} is an orderly ranking or derivation
ranking if Xl.(r) =~ X forr > s, and it is an elimination ranking if Xl.(r) =~ X fori > j. If
Y and Z are two sets of differential indeterminates and >y and >z are rankings on K{Y} and
K{Z}, respectively, the induced elimination block ranking with Z > Y is the ranking on K{Y U Z}
defined by the conditions that any element of ®Z is greater than any element of @Y and two
elements of ®Y (respectively, ®Z) are ordered according to >y (respectively, >z).

Assume that a ranking on K{X} is fixed. Let p € K{X} \ K. The leader of p, denoted by
£(p), is the greatest element of ®X appearing in p. The leading coefficient of p in the variable
£(p), denoted by I,, is called the initial of p, and S, := dp/0€(p) is the separant of p.If £(p)
is a derivative (possibly of order 0) of the variable X ;, then X is called the leading variable
of p, and it is denoted by vp(p). A polynomial g € K{X} is reduced with respect to p if
degy () (g) < degy(,) (p) and no proper derivative of £(p) appears in g.

Asubset A C K{X}\ K is an autoreduced set if every element p € A is reduced with respect
to all the elements of A \ {p}. If A = {A1,..., A} C K{X}\ K is an autoreduced set, for
every differential polynomial f € K{X}, itis possible to obtain, by means of differentiations and
pseudo-divisions, a differential polynomial g € K {X} reduced with respect to A (that is, reduced
with respect to every element of A), and non-negative integers oy, ..., %, f;, ..., f,, such that
IX‘I Sﬁll . IX: Sﬁ’r f—gel[Al, ..., A] (see [21, Chapter I, Section 9, Proposition 1]).

A characteristic set of an ideal T C K{X} is an autoreduced subset C of Z with the property
that no element of Z is reduced with respect to all the elements of C.

It follows from the definition that the leading variables of the elements of a characteristic set
are pairwise different. If C = {Cy, ..., C,} is a characteristic set of a differential ideal Z, the
separants Scj and the initials Ic]. do not lie in Z. Moreover, if Z is a prime ideal, the variables
that are not leading variables of any element of C form a maximal differentially independent set
modulo Z. Furthermore, if H := ]_[;:1 ch Scj, the reduction process mentioned above implies
that Z coincides with the saturation [C] : H* := {f € K{X} : H" f € [C] for some n € Np}.
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More precisely, it can be shown that if f € 7 is a differential polynomial with ord(f, vp(C;)) <!/
for every 1< j <r, then f lies in the polynomial ideal (C(,k); 1<j<r, 0<k<]) : H® of K{X}
(see [28, Chapter I, Section 6]). '

2.1.3. Differential Hilbert function
Definition 1. Let K be a differential field and let Z be a prime differential ideal of K{X}. The
differential Hilbert function Hrz g : Ng — N of Z with respect to K is defined as

Hr g (i) = trdegy (Frac(K[X, L XDYTAKIX, .., X(i)])> :

The behavior of this function resembles that of the standard Hilbert function from algebraic
geometry: if {Cy, ..., C,} is a characteristic set of a prime differential ideal Z for an orderly
ranking, for every i > max{ord(C;), 1 <j <r}, we have

Hz k(i) = diffdim(Z) (i + 1) + ordg (),

where ordg (7) := Z;’:l ord(Cj) (see [21, Chapter II, Section 12, Theorem 6]). Let us observe
that the equality holds, in particular, for every i > ordg (7).

The integer ordk (Z), which is called the order of the ideal Z, is an invariant of Z: it does not
depend on either the characteristic set or the orderly ranking. Combining [29, Proposition 4.1.2]
and [5, Theorem 4.11] we have the following well-known estimate:

Proposition 2. Let Z=[f1,..., fs] be a prime differential ideal of K{X} generated by
polynomials fi,..., fse K[X, ..., X(l)] (that is, ord(f;)<I for every 1<j<s). Then,
ordg (7) <I (#{X} — diffdim(2)).

2.2. Data structures and algorithmic model

The algorithms we consider in this paper are described by arithmetic networks over the field
(. An arithmetic network is represented by means of a directed acyclic graph. The external nodes
of the graph correspond to the input and output of the algorithm. Each of the internal nodes of the
graph is associated with either an arithmetic operation in () or a comparison (= or #) between
two elements in Q followed by a selection of another node.

We assume that the cost of each operation and comparison is 1 and so, we define the complexity
of the algorithm as the number of internal nodes of its associated graph. We will make use of
some well-known subroutines to deal with polynomials and matrices. As our interest is mostly
theoretical, it will be sufficient for us to apply the more naive procedures. For more advanced
complexity results see [2] or [3].

Our algorithms work (that is, they compute the desired output) under certain genericity condi-
tions depending on parameters whose values are chosen randomly. In this sense, we say that they
are probabilistic. More precisely, each genericity condition is induced by a non-zero multivariate
polynomial F' (not necessarily explicitly given) such that every a with F'(a) # 0 leads to a correct
computation. Probability is introduced by choosing the coordinates of the parameter a at random
with equidistributed probability in a set {0, ..., N — 1} for a positive integer N, which is achieved
by means of a procedure that chooses the binary digits of an integer at random. The complexity of
this procedure is O (log N), where here and in the sequel, log denotes logarithm in base 2. Thus,
the error probability of the algorithm can be estimated by means of the Zippel-Schwartz zero-test
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(see [36,32]), which states that, under the previous hypotheses, Prob(F (a) = 0) <deg(F)/N.
This estimation enables us to reduce the error probability of the algorithm as much as desired by
choosing N big enough.

The objects our algorithms deal with are multivariate polynomials with coefficients in the
base field Q). The data structure we adopt to represent them is the (division-free) straight-line
program encoding. Roughly speaking, a straight-line program over Q encoding a polynomial
f € Q[Xy,..., X,] is a program which enables one to evaluate f at any given point in @Q".
Each of the instructions in this program is an addition, subtraction or multiplication between
two pre-calculated elements in Q[X1, ..., X,], or an addition or multiplication by a scalar. The
number of instructions in the program is called the length of the straight-line program. For the
precise definitions and basic properties we refer the reader to [3] (see also [19]).

3. Generic algebraic-differential systems
Here, we introduce the objects we will deal with: we present the differential polynomial systems
we will consider and their associated differential ideals.

We will use the following notation throughout the paper:

Notation 3. Let K be a differential field and let Z := {Zy, ..., Z,} be a differentially alge-

braically independent set over K. For every i >0, Z® will denote the set Z(i), el Z;i). For
simplicity, we will write Z = Z© and Z = Z(. Finally, for every i >0, ZIl will denote
the set Z, Z, ..., ZD. We will adopt a similar notation for differential polynomials: if H :=

{Hy,...,Hg} C K{Z}, for every i >0, we will write H® .= H(i),...,H(i) and HI =
B y 1 I
H,H,...,H(i),whereH:H(O) and H = HD,

3.1. Definitions and basic properties

Let k be a differential field of characteristic 0 and let X := {Xy,..., X,}and U := {Uy, ...,
U, } be two families of differential indeterminates over k.

Let fi, ..., f, be polynomials in k[ X, U], let r be a positive integer, r <m, and let g1, ... g, €
k[X, U, U ]. We consider a new family of differential indeterminates ¥ := {Y7, ..., Y,} over the

differential fraction field k(X, U) and the “generic” differential system

X1 = fi(X,U)

Xo = X, U)

Y1 = g1(X,U,U) M
Y, = g(X.U,U)

We will work for the time being under the following assumption on the system, which will be
removed later in Section 7:

Assumption 4. The polynomials gi, ..., g, are differentially algebraically independent in
Frac(k{Y, X, U}/[ f1 — X1, ..., fn — Xyu]) Over k.
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We will deal with a differential ideal and some algebraic ideals associated with the system:

Notation 5. Let F; := f; — X; € k[X, X, U] (1<i<n)and G; :=g; —Y; € k[Y,X,U, U]
(1<j<r),andlet A := [F, G] C k{Y, X, U} be the differential ideal generated by the polyno-
mials F := Fi,..., F, and G := Gy, ...,G,. Forevery [ € N, let A; be the polynomial ring
Ap = k[YU=H, x yll] and let A; C A; be the ideal of this ring generated by FlU-1 Gli=1,
Finally, set Ag := k[X, U].

The following notation will be useful in the sequel:

Notation 6. Fori = 1,...,n, let fi«))(X, U) .= fi(X,U). Recursively, for k > 0 andi =
I,...,n, let fi(k)(X , U8y be the polynomial obtained from fi(k) (XM, ylkly by substituting
X,(ll) = fh(l_l) (1<h<n, 1<I<k). Finally, we define polynomials gj")(x, U'k+11) by replacing
X" = fi'7V (1<h<n, 1<I<k) in the polynomials g

Due to the particular structure of the polynomials F, G and their derivatives, it is easy to
characterize the quotients A; /A, for [ € N, and k{Y, X, U}/A:

Remark 7. Let/, i, s, t be positive integers with i </, | <s<mand 1 <7 <r, and let Pis and ir
be the ideals of A; defined as

pis = (F,G, F(l), G(l), R F(i_z), G(i_z), Fl(ifl), e, FS("_I)),

q;,:=(F,G, F(l), G(l), R F(i_z), G(i_z), FU=D, G(ll_l), R G,(’_l)).

In the quotient ring A1/p; s, we have that X,(lj) = fh(j_l) 1<j<i— 1, 1<h<n and j =

i, 1<h<s) and YV = g (0<j<i —2, 1<d<r), and similar identities hold in A;/q; .
Therefore,

Arfpiy = kYD v x x O x O x D x O gl
Arfai, = kYD, vy @y @Dy x D x @ gl

and so, p; ; and q; , are prime ideals of A;. In particular, A; is prime, A;/A; ~ k[X, UU]] and
hence, its Krull dimension is n + (I + 1)m.

With similar arguments, we deduce that the differential ideal A = [F, G] C k{Y, X, U} is
prime and the differential ring k{Y, X, U}/A is isomorphic to the differential ring k[ X [{U} with
the derivation induced by X ji=fi(X,U).

Roughly speaking, Assumption 4 states that the set of variables Y is differentially algebraically
independent modulo A (see also Proposition 8), and so, it seems quite reasonable to regard them
as elements of an extended ground field. Then, we will be interested in the differential ideal
generated by the polynomials F, G in the ring k(Y ){X, U}.

We begin by considering some related polynomial ideals.

Proposition 8. Under the same notation and assumptions as in Remark 7, we have that k[Y!=11n
Pis =0, k[Y[l_”]ﬂqi’, = 0,and the ideals k(Y)®p; ; and k(Y)®q; , are prime ideals of the ring
k{Y) ® Aj (here, the tensor product denotes scalar extension). In particular, k{Y) ® A; is a prime
ideal of k(Y) ® A; and there is a ring inclusion k[X, U] ~ A;JA; = k(Y) ® A;/k(Y) ® A,.
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Proof. Let us prove that k[YU/~1] N pis = O (the result for q; , follows similarly): if p €
k[YU-1n p;.s» there exist polynomials a, n, bj i € A satisfying

r

i—2 n s =2
p(ri=1y = t Z ag.n Fq(h) + Z agi—1 Fq(i—l) + IX: Z bj GEk).
g=1

h=0 g=1 k=0 j=1
Substituting ¥’ for ¢ (1< j<r, 0<k<I — 1) in this identity, we deduce that

. . -1 — j—
p(gl7"'5gl‘9gl7'-'5gra"'7g§ )5"-7g£l 1))€(F[l ”)CAI

and so, the differential independence of gp,...,g, in the differential extension k<>
Frac(k{Y, X, U}/[F]) implies that p = 0.
Therefore, the extensions of the prime ideals p; ; and q; , to k(Y!~!) ® A; are also prime

ideals; and the same happens to their extensions to the ring k(Y) ® A;, since the Y (), with j=1,
are transcendental over k(YU e A, O

From now on, we will use the same notation as in the previous proposition: the symbol ® will
denote scalar extensions that will be clear from the context.

Corollary 9. For every positive integer I, we have that F, G, FO GO F(l_l), GV jsq
regular sequence in k(Y) ® Aj.

Proof. Remark 7 enables the straightforward computation of the dimensions of A;/p; ; and
Al/q,-’t for every i </, 1<s<n and 1< <r, which turn to drop successively by one when
adding each polynomial of the sequence to the ideal generator set. Due to Proposition 8, the same
happens for the corresponding prime ideals in k(Y) ® A;, which implies the statement. [

The differential analogue of Proposition 8 is the following:

Proposition 10. Let A = [F, G] C k{Y, X, U} be the differential ideal introduced in Notation
5.Then ANKk{Y} =0 and k{Y) ® A is a prime ideal of k(Y ){X, U}.

According to Remark 7 and Proposition 10, the differential ideals A and k(Y) ® A are prime
ideals. Now, we will compute their differential dimensions.

Notation 11. Let F denote the common fraction field of the integral domains k{Y, X, U}/A and
K(YWX,U}k(Y)® A.

Proposition 12. The differential transcendence degree of the differential field extension k(Y )—F
ism—r.

Proof. Due to Remark 7, there @s an isomorphism between F and the differential field k(X)(U)
with the derivation induced by X ; := f; for j =1, ..., n, and so,
difftrdeg; (F) = difftrdeg; (k(X)(U)) = #U = m.

On the other hand, we have that difftrdeg; (k(Y)) = r. Now, applying [21, Chapter II, Sec-
tion 9, Corollary 2] to the tower of differential fields k — k(Y) — JF, we conclude that
difftrdegy yy(F) =m —r. [
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The above proposition and the fact that the ideal k(Y) ® A is generated by polynomials of order
less than or equal to 1 enable us to derive the following estimate by means of Proposition 2:

Remark 13. The order of the ideal k(Y) ® A satisfies: ordy)(k(Y) @ Ay <n +r.
3.2. Algebraic ideals vs. differential ideals

In this subsection we will establish a relation between contractions of the differential ideal
k(Y)® A and contractions of the algebraic polynomial ideals k(Y') ® A; to the polynomial rings A;.
This relation is crucial to go from non-finitely generated algebraic ideals to finitely generated ones.

Lemma 14. Foreveryi >0, we have (k{Y)QA)N(k(Y)®A;) = (k(Y)RA; 1+ )NK{Y)RA;).

Proof. We will show that (k(Y) @ A) N (k(Y) ® A;) C (k(Y) ® Ajrntr) N (k(Y) ® A;) holds
(the converse is immediate from the fact that A; 1,4, C A).

First, let us observe that {Fy, ..., F,,, G, ..., G,} is a characteristic set of the ideal A for an
elimination block ranking on k{Y, X, U} with Y > X > U, and that S, = I, = SGj = IGj =
—1,0rd(Fy) = 1and ord(G ;) <1 forevery I<h<n, 1<j<r.

Fix now an elimination block ranking > with X > U > Y. From [30, Theorem 27], the previous
conditions imply that there exists a characteristic set C := {Cy, ..., C¢} of A with respect to >
such that C; € (FI"+=1_ Gl+r=1yfor; = 1,...,¢. Set H := [, I¢,Sc,-

Let f € (k(Y)QA)N (k(Y)® A;) and let g € k{Y}, g # 0, withqf € A C k{Y, X, U}.
Since ANk{Y} = 0, for!l = 1,...,¢, we have that vp(C;) € {X1,...,X,, U1, ..., Uy}
and so, ord(gf, vp(C;))<i. Thus, gf € (Cll) : H*®, where the ideal is taken in the ring
k{Y, X, U} (see Section 2.1.2). Now, (Clily : H® ¢ (plitntr=ll glitntr=1ly . pgoo —
(Flitn+r=11"Glitn+r=11) “gince this last ideal is prime and it does not contain H. Therefore,
qf c (F[i+n+r—1], G[i+n+r—1]) and so, f c (F[i+n+r—1]’ G[i+n+r_l])k(Y>{X, U}.

Finally, notice that if f = Y4 6" ™1 (Ch_y anac Y + Yy bjxGY) with ap. bjx €
k(Y){X, U}, evaluating X’ = 0 and U") = 0 for [ > i + n + r (these variables appearing only
in apx, bj ), we deduce that f € (FUHmr = GUE+=I (V) @ A;ynir) = K(Y) ® Aitntr
which completes the proof. [

4. Hilbert function and differential transcendence bases

This section is devoted to the computation of the differential Hilbert function of the ideal
k(Y )®A and a differential transcendence basis of the extension k(Y )< F (see Notations 5 and 11).

The differential Hilbert function is obtained by means of the computation of Jacobian matrix
ranks (see also [33,26]), relying on the well-known Jacobian criterion from commutative algebra
[25, Chapter VI, Section 1, Theorem 1.15]. Regarding the computation of a differential transcen-
dence basis, our results are based on a finiteness criterion proved in [30] concerning the order of
characteristic set elements for an ideal, along with the above mentioned Jacobian criterion.

4.1. Hilbert function of k(Y) ® A over k(YY)

As stated in Definition 1, the differential Hilbert function of the ideal k(Y) ® A C k(Y ){X, U}
is the function Hy yygA, k(y) : No — No defined by

Hiryon, ki) () = trdegy y, (Frac(k(Y) ® A [(k(Y)®A) N (k(Y) ® Ai))).
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Due to Proposition 12 and Remark 13, we have that
Hiyoh, kiyy(d) = (m —r)(i + 1) + ordgy) (k(Y) ® A)  foreveryizn+r 2)

(see Section 2.1.3); so, the function HyyygA, k(y) is completely determined by the values it takes
ati =0,...,n+r.

In order to compute this function we will deal with Jacobian matrices. We introduce here a
notation that will be used in the sequel:

Notation 15. If Z = {Zy,...,Z,} is a set of differential indeterminates over a field K and
= {Hi, ..., Hg} is a set of differential polynomials over K depending on the variables Z,

for every [, k>0 we will denote by the Jacobian matrix of the polynomials H O,

0 Z(k)

B VAQ) o7z <k)

1< j<o. Similarly, for every 0</1 <lp, 0<ky <ko, % will denote the Jacobian block
matrix

. . . I oH"
H(l) with respect to the variables Z}k), el Zék), that is, (ﬁHl) = & for 1<i<p,
ij

A<i<h — L+ 1,1<j<ky — k1 +1).

oH. k] oHG+i—=1)
<5Z[k1,kz]> = ozG+ki—D)

1011
For the sake of simplicity, we will write ‘;g = %TH.
Now, the differential Hilbert function of k(Y) ® A can be written in terms of ranks of suitable
Jacobian matrices:

[, 2n+2r—1]
Proposition 16. Fori =0, ...,n+r,let J; be the Jacobian matrix J; := % Then,

the differential Hilbert function of the ideal k(Y) ® A over k(Y) is the function HyyygA, k(y)
No — Ny defined by

HiyyeA, kiy) (D)
n+m)y@i+1)— 2n+2r)(n +r)+ rank(J;) ifis<n+r,
B m—r)i+1)+rank(Jy4) —(n+r)n+r—1) ifizn+r,

where the ranks of the matrices J; are taken over the ring k(Y) ® (Aznt2r/Aon+2r).

Proof. Lemma 14 applied to i = n + r states that
k(Y) @ A) N (k(Y) @ Anyr) = (k(Y) ® Adpiar) N (K(Y) @ Apyr).
Then, for every i <n + r, since A; C A,+r, we deduce that

k(Y) @A) N (k(Y) ® Aj) = (k(Y) @ A) N (k(Y) ® Apir) N (k(Y) ® Aj)
= (k(Y) ® Aany2r) N (K(Y) ® Aj)

holds and so, we have the following ring inclusion:
k(Y)® Ai/(k(Y) @ A) N (k(Y) @ Aj) = k(Y) @ (Aznt2r/Aont2r).

Set Fi := Frac(k(Y)® A; /(k(Y) @ A) N (k(Y) ® A;)) and G := Frac(k(Y) ® (A2n+2r/Aont2r))-
The above ring 1nclu510n induces a field extension k(Y) < F; < @, which implies that
HivyoA, k(y) (i) = trdegy yy (Fi) = trdegy vy (G) — trdegr, (9).
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By Corollary 9, the polynomials F, G, ..., F@2r=D GCn+2r=1) are a regular sequence in
k(Y) ® Az,42,. Therefore, trdegkm G =2n+2r+1)(n+m)— 2n+2r)(n + r). In order
to compute trdegr, (G), notice that G can be regarded as the fraction field of the quotient ring

E[X(l+l), o X(2n+2r)’ U(l+1), i U(2n+2r)]/(F(z)7 e F(2n+2r—1)7 G(l), e G(2n+2r—l))'

Then, the Jacobian criterion [25, Chapter VI, Section 1, Theorem 1.15 and Proposition 1.5]
implies that trdegr, (G) = (2n + 2r — i)(n + m) — rank(J;), where the rank is computed in
k(Y) ® (A2n+2r/Aznt2r). We conclude that Hy yyga, vy () = (n +m)(i + 1) — (2n +2r)(n +
r) + rank(J;) fori <n +r.

In particular, HyyyoA kry(n +7) = m+m)(n +r + 1) — 2n + 2r)(n + r) + rank(J,4,)
and then, by identity (2), we deduce that ordiyy(k(Y) ® A) = rank(Jp1,) —(n +r)(n+r —1)
and, therefore, HyyygA, k(yy (i) = (m —r)(i + 1) +rank(Jy4,) — (n +r)(n +r — 1) for every
izn+r. O

4.2. Differential transcendence basis

Here we will show how to obtain a differential transcendence basis of the differential field
extension k(Y) < . Taking into account the literature on algebraic observability (see, for
instance, [33]), we will look for a differential transcendence basis involving only variables U,
which is not restrictive as it is shown in the following:

Lemma 17. There exists a differential transcendence basis W of the extension k{Y) — F with
W cU.

Proof. Let W be a maximal subset of U being differentially algebraically independentin k(Y) —
F.Then, the field subextension k(Y, U) of k(Y, W) — F is differentially algebraic over k (Y, W).
On the other hand, the extension k(U) < F is also differentially algebraic, since F >~ k(X)(U),
and so, the same holds for k (Y, U) < F. Therefore, the extension k(Y, W) < F is differentially
algebraic. 0

The next proposition provides a finiteness criterion of differential transcendence in F.

Proposition 18. The element U, is differentially transcendental in k(Y') < F if and only if the
family (Uy, ..., U} is algebraically independent in k(Y) ® Ayr | (k(Y) @ Agyi2,) N (K(Y) @
Apyr) over k(Y).

Proof. Assume that (Up, ..., U™} C k(Y) ® Anpr/(k(Y) ® Agpyar) N (K(Y) ® Apy) is
algebraically independent over k(Y).

Consider an elimination ranking on k(Y ){X, U} with U; <{X, U} \ {U;}. By [30, Lemma 19
and Theorem 24], there exists a characteristic set C of the ideal k(Y) ® A with respect to this
ranking, such that ord(C) <ordgy) (k(Y) ® A) <n+r forevery C € C (Remark 13). Now, if U; is
differentially algebraic in k(Y) — F, there exists C € Cwith C € (k(Y)®A)N k(Y)[Ul[n+r]] C
k{Y) Q@A) N k(YY) ® Apyr) = (k(Y) ® Appi2r) N (k{Y) ® A1) (see Section 2.1.2), where
the last identity is due to Lemma 14, contradicting the hypothesis of algebraic independence of
u,....,u"". 0



408 L. D’Alfonso et al. / Journal of Complexity 22 (2006) 396—430

In order to apply the previous result we will use the following well-known technical lemma
from commutative algebra:

Lemma 19. Let K be a field of characteristic 0 and let o C K[Z1, ..., Zy] be a prime ideal
generated by polynomials f, ..., fs. Set R for the ring K[Z1, ..., Zy]/$ and denote by J €
R**% the Jacobian matrix of the system fi,..., fs. For j = 1,...,a, set J%i e R**@D

for the submatrix of J obtained by removing the column corresponding to derivatives with re-
spect to the variable Z ;. Then, Z; € R is transcendental over K if and only if rankg(J%i) =
rank g (J).

Proof. Assuming that Z; is transcendental modulo g, we have inclusions K (Z;) C RQK(Z;) C
Frac(R). Therefore, by the Jacobian criterion (see [25, Chapter VI, Section 1, Theorem 1.15]),
we have rankg(J%/) = (x — 1) — trdegK(Zj)(Frac(R)) = a — 1 — (trdegg (Frac(R)) — 1) =
o — trdeg g (Frac(R)) = rankg(J).

In order to prove the converse, assume that there exists a non-zero polynomial f;+; € g
pure in the variable Z; with minimal degree. The rank of the Jacobian matrix [J of the sys-
tem fi,..., fs, fs4+1 equals that of the Jacobian matrix J, since both are the codimension of
©. On the other hand, we have that rankg(J) = rankg(J%i) + 1. Therefore, rankg(J) =
rankg(J%) +1. O

Now we are able to prove our main result on the computation of differential transcendence
bases:

) [2n+2r—1] .

Ft{”{FXGIim (see Notation 15). Then, a set
W ={Uy, ..., U, .} withm —r elements is a differential transcendence basis of k(Y) — F if
and only ifthe columns of J corresponding to derivatives with respect to variables in W *"1 can be

removed with no change in rank (here, the ranks are taken over the ring k(Y) @ (Aon+2r / Aon+2r))-

Proposition 20. Let J be the Jacobian matrix J :=

Proof. Due to Proposition 18, an element U; (1 </ <m) belongs to a differential transcendence
basis of k(Y) < F if and only if the set {U}, .. ., Ul("+r)} is algebraically independent in k(Y) ®
Aptr ] (R(Y)YQA2p12:)N(k{Y)® Apyr) over k(Y). Since the ring inclusion k(Y)Y ® A,/ (k(Y) ®
Aopi2:) N (kY)Y ® Ayyr) C k(YY) ® (Aznt2r/Asnt2r) holds, this condition is equivalent to the
algebraic independence of {U/, ..., Ul("+r)} in k(Y) ® (Aznt2r/A2n+t2r), which is met in turn if
and only if the columns of the matrix J corresponding to derivatives with respect to variables in
U l["+r] can be removed with no change in rank (Lemma 19).

Set [; for the minimum / (1 </<m) such that the last condition holds for U; (its existence is
ensured by Lemma 17 and the previous arguments).

Then, we can replace the differential base field k(Y) with the differential field k(Y, Uj,) and
look for a differential transcendence basis of the extension k(Y, U, ) <= F, whose transcendence
degree is m — r — 1. That is, we consider the same problem on the input differential equation
system regarded as a system in k(U ){Y, X, U \ {Uy,}}, and we repeat the process. [

4.3. The algorithms and their complexities
In this subsection, we present probabilistic algorithms for the computation of the differential

Hilbert function of the ideal k(Y) ® A and of a differential transcendence basis of the extension
k(Y) — F following the theoretical results stated in Propositions 16 and 20.
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Before going on, we show a very elementary example to illustrate how these results can be
applied. Consider the differential system

Y
Y,

In this case, n = 0, r = 2 and m = 3. Therefore, the matrix J defined in Proposition 20 is

Ur+Us+ Uz
U +U;+Us

100011000000000
011/1100000000000
000/100/011T000000
000/011{100000000

000/000{100/01 1000
000/000/011|/100000
000/000/000|1000T11
000/000/000|01 1100

Clearly, rank(Jp) = 8, rank(J;) = 6 and rank(J>) = 4, where Jy, J; and J; are the distinguished
submatrices of J defined in Proposition 16, and then

Hiyyon, kyy(@) =@ +1)+2 fori>0.

In order to apply the result in Proposition 20, we observe that the matrix J has full row rank
and the same remains true when the columns corresponding to derivatives with respect to either
the variables U, Uz, U2(2) or Us, U3, U3(2) are removed; however, the rank drops when remov-
ing the columns corresponding to Uy, U 1, U 1(2). Therefore, both {U,} and {U3} are differential
transcendence bases, but {U;} is not (in fact we have U 1(2) — U —Y,+ Y =0).

Now, we start with the description of the algorithms. For technical and algorithmic reasons, we
will assume throughout this subsection that the base differential field « is the rational effective field
Q(r) (with the standard derivation), and that the polynomials defining system (1) have coefficients
in Q[¢].

Our algorithms will deal not only with the input polynomials f, g (which will be encoded by
straight-line programs), but also with their successive derivatives f .8, f @, g(z) and so on. As
pointed out in [26, Section 5.2], one can obtain short slp’s for these successive derivatives from
slp’s for the input polynomials:

Lemma 21. Let Z = {Z1,...,2Zy} be a set of differential indeterminates over Q(t) and let
f € Qltl[Z, Z] be a polynomial encoded by a straight-line program of length L. Let v € N. Then,
there exists a straight-line program of length O (v*(vo.+ L)) which computes f9) for every j < v.

(k)
Proof. Let 7 be a new variable. Fori = 1, ..., a, let ; (?") = ZZ:O Zk’—, T*. Denote n =
My - no{)Aand set S(T) = f(T +t,n,n) € Qt,Z,Z,..., ZO[T]. The chain rule im-

plies that

ﬁ;‘i = f(j)(T + 17, ..., n(j+1)) for j = 0,...,v — 1, and so, specializing

0

T = 0, we obtain 25(0) = £ (1,2, Z, ..., ZU+D) for j = 0,...,v — 1. Then, if S(T) =

oTJ

Yo0si(t, Z,Z, ..., ZUTD)T, the following identities hold:

fVPw2,2,..., 290 = jisit,2,2,..., 2z, j=0,...,v-1. (3)
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These identities enable us to obtain an slp for the computation of these polynomials:

The first step consists in the computation of an slp encoding S(7'): we compute the monomials
i—f = % % fork =2, ..., vrecursively with 2v — 2 operations, and then we obtain slp’s for
the polynomials #;, 7; fori = 1, ..., o by multiplying these monomials by the corresponding
coefficients Zi(k) and adding the results. This requires «(4v — 2) additional operations. Finally,
an slp encoding S(7') is obtained as the composition of the slp encoding f, an slp of length 1
computing 7 + ¢, and those obtained for #;, #7; (1<i <a). The total length of this slp is £ =
2v—14a(@dv—2)+ L.

In a second step, the procedure described in [22, Lemma 13] is applied to obtain an slp of
length V2L encoding all the coefficients s;, j = 0,...,v — 1, of S(T). Finally, the coefficients
s are multiplied by the corresponding constant factors according to (3) in order to obtain the slp
for the polynomials f/), j = 0,...,v — 1. The total length of the slp obtained is bounded by
6via+v2 L. O

Notice that, due to the ring inclusion Q(z)[X, U2t o Q@)(Y) ® (Azny2r/Nontor)
(see Proposition 8), the rank computations involved in Propositions 16 and 20 amount to rank
computations in the polynomial ring Q[¢, X, U [2"+2’]]: fori =0,...,n+r,let f, be the matrix
with entries in Q[¢][X, U!?"*2'1] which is obtained by substituting X - fj(FI) (see Notation
6)for j=1,...,n,0l=1,...,2n + 2r in the entries of the matrix J; defined in Proposition 16.
Finally, set J for the matrix with entries in Q[][X, U221 obtained by making this substitution
in the Jacobian matrix J introduced in Proposition 20. Then, rank g (y)@ (s, /Asmio) (Ji) =

rank@[t][x‘ul2n+2r]](.ii), and the same holds for J and J.
Now, Propositions 16 and 20 can be restated as follows:

Corollary 22. The Hilbert function of the ideal Q(t)(Y) ® A over Q(¢)(Y) is H : Ng — N,

H(i) = (n+m)(i+1)—(2n+2r)(n+r)+rank(ji) ifi<n+r,
DT =04 ) rank(Gg) — D+ — 1) ifiSntr,

where the ranks of the matrices J; are taken over the polynomial ring Q[t, X, U2"+211],
Corollary 23. A set W C U with m — r elements is a differential transcendence basis of the
differential extension Q(t)(Y) — F if and only if the columns of J corresponding to derivatives
with respect to variables in W1 can be removed with no change in rank (where the ranks are
taken over the ring Q[t, X, U221,

The rank computations over a polynomial ring involved in the previous corollaries will be
reduced to rank computations over Q by means of the next result which follows easily from the
Zippel-Schwartz zero-test (see Section 2.2):

Lemma 24. Let Z := {Z,, ..., Zy} be a set of indeterminates over Q and let A € Q[Z]P*1
be a matrix whose entries satisfy deg(A;;) < D; fori = 1, ..., p. Then, if the coordinates of a
point 7 := (21, .. ., Zy) are chosen at random in the set {0, ..., N — 1}, we have rankq[z)(A) =

rank g (A(z)) with error probability bounded by % Zle D;.

This lemma provides a straightforward probabilistic algorithm for the computation of the rank
of a polynomial matrix: under the previous assumptions and notations, the algorithm chooses at
random the coordinates of the point z in a set of type {0, ..., N — 1} for a sufficiently big integer
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N and computes the rank of the matrix A(z) € Q”*? applying any of the well-known algorithms
for the computation of the rank of a matrix with rational entries. The random choice of the element
z can be made within complexity O (xlog(N)), while the complexity of computing rank(A(z))
may be estimated as O ((p + 9)3) (see, for instance, [2, Chapter 2, Section 2, Problem 2.10]).

In order to estimate the error probability of our algorithms we will need an upper bound on the
degrees of the polynomials involved:

Remark 25. Forh = 1,...,n,j = 1,...,r and Il € Ny, let f(l), gjl’ be the polynomials
introduced in Notation 6. A recursive computation shows that, if deg( f,) <d and deg(g j) <d for
every l<h<nand 1< j<r,thend +1(d — 1) is an upper bound for the degrees of fh( and g(l)
forevery I € Np.

Now, we are ready to prove our algorithmic result on the computation of the differential Hilbert
function. We keep the same notations and assumptions as in Section 3.1:

Theorem 26. Assume that fi,..., f, € Qt, X, Ul and g1, ..., g € Q[t, X, U, U] have de-
grees bounded by d and are encoded by a straight-line program of length L. Then, there is a
probabilistic algorithm which computes, for every ¢ € (0, 1), the differential Hilbert function
of the ideal Q(t)(Y) ® A over Q(t)(Y) with error probability bounded by & within complexity
O ((log(1/¢) + log(d))(n + m)*(n + r)8L).

Proof. The algorithm is based on Corollary 22. Thus, fori =0, ..., n + r, it computes the rank
of the matrix fl c ((I;D[t][X, U[2n+2r]])(n+r)(2n+2r—i)x(n+m)(2n+2r—i).

Fix i with 0<i <n + r. From the definition of J~l and Remark 25, we deduce that for /[ =
0,....2n+2r —i—1land j = 1,...,n + r, the entries in the (/(n + r) + j)th row offi
are polynomials in Q[z, X, U?"+2'1] with degrees bounded by d + (I + i)(d — 1). Therefore,
by Lemma 24, the rank of the matrix J; can be computed with error probability bounded by

pii= 1 L S22l oy (4 ) — 1)< +d(n + r)? by choosing the coordinates of
apoint z; := (zi, 2i,x, Z;, y2e+21) at random from the set {0, ..., N — 1}. This random choice
can be made within complexity O (m(n + r)log(N)). Then, once the matrix J~l (z;) is obtained,
its rank can be computed within complexity O ((n + m)3(n +r)?).

In order to compute the entries of the matrices J; (z;), we proceed as follows: first, we derive
slp’s of length O ((n+r)*((n+r) (n+m)+ L)) for the polynomials F[2"+2r G+ =l grom
the slp’s encoding fi, ..., fu, &1, ---, &, as stated in Lemma 21. The complex1ty of this step is of
order O ((n+r)3((n+ r) (n+m)+L)). Then, we compute slp’s for the partial derivatives of these
polynomials with respect to the variables {X, U }[?"*2"1_ A result due to Baur and Strassen (see, for
instance, [3, Section 7.2]) enables us to obtain slp’s of length O ((n+r)*((n+r) (n+m)+ L)) for
these partial derivatives within complexity O ((n +r)*((n+r) (n+m)+L)). Now, we obtain an slp
of length O (n(n+r)3((n+r) (n+m) 4+ L)) for the polynomials fhl) (1<h<n, 0<I<2n+2r)
and then, slp’s of the same order for the entries of Ji, by composition. Finally, we compute the
entries of J;(z;) by spemahzmg the slp’s encoding the entries of J; into z;. This can be done
within complexity O (n(n + )0 +m)((n+r)(n + m) + L)), which dominates the complexity
of the whole computation.

Thus, we obtain the differential Hilbert function of the ideal Q(7)(Y) ® A with probability at
least [T/ (1—pi) = 131745 p, >1-— Z'H" Ldn+r)Pd=1-% N dn +r)* within complexity
O(m(n +r)*1log(N) + (n +m)3(n +r)8L).
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In order that the error probability of the algorithm is bounded by ¢, we take N := [1/¢78d(n +
r)*. With this choice, the overall complexity of the procedure is of order O ((log(1/¢)+log(d))(n+
m)3(n+r)8L). O

The computation of a differential transcendence basis of Q(z)(Y) < F follows the recursive
procedure leading to the proof of Proposition 20. In fact, we will compute the minimal index
differential transcendence basis of Q(¢)(Y) < F, which we define to be the differentially alge-
braically independent subset {Uj,, ..., Uj,,_, } that is minimal with respect to the lexicographical
ordering of the variables U in which Uy < Uy < - -+ < U,,.

Theorem 27. There is a probabilistic algorithm which computes, for every e € (0, 1), the minimal
index differential transcendence basis of Q(¢)(Y) < F with error probability bounded by & within
complexity O((log(1/¢) + log(d))m(n +m)*(n +r)’L).

Proof. Let J be the matrix introduced in the paragraph preceding Corollary 22. Note that, due
to Corollary 9, J has full row rank. In a first step, the algorithm chooses the coordinates of
a point z := (Z;, zx, Zyn+21) at random from the set {0,..., N — 1} for a sufficiently big
integer N and computes rank(f (2)). If J (z) has not full row rank, it returns an error message.
Otherwise, the algorithm proceeds recursively, starting with the set of variables W being the
empty set.

For k <m, the kth recursive step is as follows: if #W < m — r, the algorithm computes the
rank of the matrix J (z)"W“{U} which is obtained by removing the columns of J (z) corresponding
to derivatives with respect to the variables (W U {U})" 41, If rank (J () WYV = rank(J (2)),
the variable Uy, is added to the set W. Otherwise, W is not modified. When #W = m — r, the
algorithm outputs the set W.

If the recursion finishes with #W < m — r, the algorithm returns an error message.

Now let us estimate the error probability of this procedure: let W be the minimal index differ-
ential transcendence basis of Q(¢)(Y) < F. Then, the matrix JW which is obtained from J by
removing the columns corresponding to derivatives with respect to the variables W+"1 has full
row rank, and so, it has a square submatrix of size (n + r)(2n + 2r) with non-zero determinant
Py. Therefore, any point z := (z;, Zx, Zyn+2r1) satisfying Py(z) # 0 leads to a matrix J(z) with
full row rank for which the algorithm computes the desired minimal index differential transcen-
dence basis. Since deg Py <4d(n + )3 (this estimate follows as in the proof of Theorem 26), we
conclude that the error probability of the algorithm is at most %d (n+r)

In order that the error probability of the algorithm is bounded by €, we choose N := [1/e]4d (n+
r)3. The complexity bound can be obtained as in the proof of Theorem 26. [

Remark 28. The algorithm in Theorem 27 may fail to compute the minimal index differential
transcendence basis of the extension, but any set W output by the algorithm is a differential
transcendence basis of Q(7)(Y) < F. If the algorithm is unable to obtain a set W with m — r
elements, it will return an error message.

5. Resolvent representation
This section is concerned with the notions of a primitive element of a differentially algebraic

field extension and of a resolvent representation of a prime differential ideal introduced by Ritt
(see [27]). We present these concepts following [34] in Section 5.1 and then, in the remaining
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subsections, we study quantitative aspects, namely order and degree of these objects, for our
particular system (1).

5.1. Existence of a primitive element and a resolvent representation

In this subsection we recall the notion of primitive element of a finite differentially algebraic
field extension and the closely related concept of resolvent representation of a prime differential
ideal.

Let K be a differential field with char(K) = 0 containing a non-constant element ¢ (i.e.
E # 0), and let Z := {Z;,..., Z,} be a set of differential indeterminates over K. Let Z be
a prime differential ideal of K{Z} with diffdim(Z) = 0. Set F := Frac(K{Z}/Z) and con-
sider the differential field extension K < F. Then, a differential analogue of the well-known
theorem of the primitive element holds (see [28,34]). We include Seidenberg’s proof [34, The-
orem 1] since the arguments therein are the basis for several effective results we will prove
later.

Theorem 29. With the previous assumptions and notations, there exists y € F such that F =
K (y). Moreover, y can be chosen as a linear combination y = 21 Z1 + - - - + Ay Zy, where A; is a
polynomial in Q[E] C K fori=1,...,

Proof. Let A := {Ay, ..., Ay} be a set of indeterminates over K (Z). Let us observe that F(A)
is the fraction field of K (A){Z}/K(A) ® Z and K (A) < F(A) is a differentially algebraic field
extension. Then, if I := A;Z| + - - + AyZ,, the set of derivatives {T'") : [ € No} C F(A)
is differentially algebraically dependent over K (A) and so, there exists a differential polynomial
X in K(A){T}, where T is a new differential indeterminate over K (A), satisfying X'(I') = 0
in F(A). Assume X to be of minimal order 4 and of minimal degree among the differential
polynomials of order & vanishing at I'.

Without loss of generality we may assume that the coefficients of X are polynomialsin K {A} and
that X(T, T, ..., T™) € K{A}®Z.Then,fori = 1, ..., a wehavethatdX (T, ..., T™) /oA e
K{A} ® T, that is,

oX oX
o . Ty z L TPy e KA QT 4)

oT (h) (h)
oT oA

Let Q := atT—?g) (T, ..., T™) e K{A}{T}. The minimality conditions set on X imply that, special-

izing the differential variable 7 into I', we obtain a non-zero polynomial Q p := %(F, e, F(h))
in F{A}. Since ¢ € F is a non-constant element, a result in [28, Chapter 2, Section 22] shows
the existence of elements 4; € Q[&] fori =1,..., o, with QA (41, ..., 4y) # 0. Now, if we take
yi=MZ1+ -+ 24 Z, € F, we deduce from identity (4) that Z; € K(y) C Ffori =1,...,q,

which implies that 7 = K (y). O

Under the previous assumptions, an element y € F such that 7 = K(y) will be called a
primitive element of the differential field extension K < F.

The following result shows that the order of a zero-dimensional prime differential ideal is an
upper bound for the number of derivatives of the primitive element involved in a representation
of an arbitrary element of the field extension.
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Proposition 30. Let y be a primitive element of the extension K < F as above. Let s € N be
the maximum positive integer such that {y, . .., 7=V} C F is algebraically independent over K .
Let T be a new differential variable. Then:

(i) Forevery( e F,there exist polynomials P; and Q; € K[TY suchthat{ = P;(ylsl)/Qg(ym)

in F. In particular, {y, . .., Y=V} is a transcendence basis of K — F and F = K(y, ...,
(s=1) (s)
P ).

(i) s = ordg ().

Proof. In order to prove (i), let { € F. Since F = K (y), there exist polynomials P, Q € K{T'}
such that { = P(y)/Q(y) in F.
Now, the assumption on s implies the existence of a polynomial M € K [T with M (y*1) =0

in F. We may assume M to be of minimal degree in the variable 7) so that fTAZ) () #£0in F.

Let Iy € K [T[S_”] be the leading coefficient of M in the variable TG and let Sy = % €
K [T, We have Iy () # 0 and Sy (y) # 0.

By a derivation and division process (see Section 2.1.2), it follows that there exist non-negative
integersay, by, az, by and polynomials Rp, Rg € K[T"]suchthat I}; S,l:,} P—RpandI}; Sf:,% 0—
R belong to the differential ideal [M] C K{T}. Since M/)(7) = 0 in the differential field
F for every j >0, we have that the identities Rp(yI¥)) = I}} (y)Sﬁ,I' ()P (y) and Ro(y1*)) =
12(7)S%2()Q(7) hold in F. Thus, defining P; := I{25%2Rp € K[T"]and Q; := I} SYI Ry €
K[T!!] we obtain the identity { = P:(y1*))/Q;(4!*!) in F, which finishes the proof of the first
part of the proposition.

To prove (ii), we observe that the elements 7, ...,7") can be regarded as elements of
L, = Frac(K[Z[v]]/I N K[zMy c F for v big enough and so, we deduce from (i)
that £, = F. Therefore, s = trdegg (F) = trdegg (Ly) = Hz x(v) = ordgx(Z), for v big
enough, where the last equality is due to the fact that 7 is a zero-dimensional differential
ideal. OJ

Let y € K{Z} be such that its class in F is a primitive element of the differential field ex-
tension K — F. Set s := ordg (Z). By Proposition 30, {y, ..., y6=DY s a transcendence
basis of K < F. Multiplying the minimal (monic) polynomial of y*) in the algebraic field
extension K (y,...,79~ D) < F by a non-zero element in K(y,...,7%~D) and renaming
the variables 7, ..., y(s_l) as T,...,T¢ D we can obtain an irreducible polynomial M €
K[T,...,T6 D, TO] with M(y,...,y~D 9)) = 0in F. Any irreducible polynomial M e
K[T,...,T®] with M(y,...,7®) = 0 in F will be called a minimal polynomial of 7y
in K — F.

Notice that, if P € K[T,...,T®]is a polynomial with P(y, ..., y(s)) = 0 in F, then a
minimal polynomial M of y divides P in K (T, ..., T¢~D)[T®)] and, M being primitive, it also
divides P in K[T, ..., TS~V T®]. Then, the set of all polynomials P € K|[T, ..., 7] with
P(y,...,7")) = 0in Fis a principal ideal of K[T, ..., T®] which is generated by any minimal
polynomial of y in K < . Thus, a minimal polynomial of y in K < F is uniquely determined
up to scalar factors in K \ {0}.

On the other hand, for i = 1, ..., a, there exist polynomials p;(T), ¢;(T) € K{T} with
qgi(y) # 0in F, such that Z; = p;(y)/qi(y) in F. In other words, ¢;(y)Z; — pi(y) € L for
i =1,...,o(in fact, due to Proposition 30, there exist polynomials p;, g; of order bounded by s
satisfying these conditions).
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Definition 31. Under the previous assumptions and notation, the set {M, q|(T)Z; — p1(T),

« s qu(T)Zy, — py(T)}, where M is a minimal polynomial of y in K < F, is called a resolvent
representation of the zero-dimensional prime differential ideal Z with respect to the primitive
element 7.

This notion can be extended to the positive-dimensional case: let IC be a differential field con-
taining a non-constant element and let Z be a prime differential ideal of K{Z} with diffdim(Z) = r.
Consider a differential transcendence basis W C Z of K < F. Setting K := K(W) and Z :=
Z\ W, the ideal K ® 7 of K {Z} has differential dimension zero and the field F is the fraction field
of K{Z}/K ®Z. Then, the previous assumptions hold and so, there exist a primitive element y of
the extension K < F and a resolvent representation {M, ¢\ (T)Z1 — p1(T), . .., Gy—r(T) Zoy—y —
Po—r(T)} of the ideal K ® Z. Without loss of generality, we may assume that M € K{W}{T}, and
also that g;, p; € K{W}{T} for 1<i<o. The set (M, q1(T)Z1 — pi(T), ..., qyr(T)Zy_, —
Po—r(T)} C K{W}{T} is called a resolvent representation of the prime differential ideal T with
respect to the transcendence basis W and the primitive element 7.

A generalization of the notion of resolvent representation for the class of regular differential
ideals, which will not be considered in this paper, can be found in [4,5].

5.2. Bounds for the order and degree of a minimal polynomial of a primitive element

In what follows, we go back to our particular situation arising from the differential equation
system (1). We keep the same notations and assumptions as in Sections 3 and 4. We will assume
further that our differential base field k contains a non-constant element and that a differential
transcendence basis W C U of k(Y) — F has been fixed.

First, we will prove an upper bound for the total order of a minimal polynomial of a primitive
element of the extension k(Y, W) < F. Then, we will show that this polynomial can be regarded
as an eliminating polynomial associated to a suitable linear projection of a certain algebraic
variety, which will enable us to deduce a degree upper bound.

Denote U := U \ Wand K := k(Y, W). Then, K ® A is a zero-dimensional prime differential
ideal of K{X, U}.Lety := 1 X1 4+ 4+ An X+ 2np1Ur + - - - + 2uirUs € k[ X, U] be a linear
form such that its class in F is a primitive element of the differential field extension K < F.
Set s := ordx (K ® A); so, a minimal polynomial M of y in K — F liesin K[T, ..., T(S)] (see
Proposition 30).

Now, we will show the existence of a minimal polynomial of y in K < JF with ‘low’ order
also in the variables Y, W.

Lemma 32. There exists a minimal polynomial M € K[T,..., T of y in K < F such that
M € k[yRnt2r =1 w2 T and M(y, ..., y'9) € Agpyar.

Proof. As in the proof of Proposition 30 (ii), since y has order 0 and s <n + r, we have that
the field F coincides with the fraction field Frac(K ® A, ,/(K ® A) N (K ® A,1,)). Then, if
P e K[T,...,T®] is a minimal polynomial of y in K < F, we have that P(y, ..., y(s)) €
(K ® A) N (K ® Ayyr). Multiplying it by a non-zero element of K, we may assume P €
kY, wi[Tb].

Now, with a proof analogous to that of Lemma 14, it can be shown that (K @ A)N(K Q A,4) C
K ® Aspyor andso, P(y,...,7%)) € (K ® Aytr) N (K ® Agpyar). Thus, there exist polynomials
ik, bjk € K ® Agpyor (1<i<n, 1<j<r, 0<k<2n + 2r — 1) such that P(y,...,y")) =
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el an Fi(k) +> i1 bjk Gﬁ»k)). Multiplying this identity by a polynomial in k{Y, W},
we may assume that a;x, bji € k[Y1, Wl x2n+2r1 g2n+2r1) and P e k[y U], Wl [T 1] for
some !/ € N.

Let Ip e k[YW, wll TIs=11] be the leading coefficient of the polynomial P in the
variable 7, and let Yo = (Von42ry -+ V1) Wo = (W2n4+2r+1, - .., w) be rational vectors
such that Ip(Y2r+2r=11 yo wi2n+2r] 0 Tls=11)y =£ (. Making this substitution in all the
coefficients of P and in the polynomials aj,bjr, we obtain a non-zero polynomial
M e k[yPn2r=1_ wlnt2rl7lsl]  satisfying  M(p,...,7") €Agpior. In  particular,
M(y,...,7")) = 0in F, and it follows straightforwardly that M is a minimal polynomial of
yin K - F. O

From the proof of the previous lemma, we can restate our result as follows:

Remark 33. Let ¢ be the minimum integer such that the identity (K ® A) N (K ® A;) =
(K ® Aj+s) N (K ® A;) holds for every i € N. Then, there is a minimal polynomial M €
k[ylsto=11 wls+olj7Is]] such that M(y,...,7®)) € Ayys. Note that 6<n + r (see proof of
Lemma 32) and s <7 + r (see Proposition 2).

Lemma 32 enables us to characterize a minimal polynomial of a primitive element as any
defining equation of an algebraic variety and thus, to estimate its degree.

In the sequel, unless otherwise stated, we will consider affine spaces over the field k equipped
with their Zariski topologies over k, which will be denoted simply by A.

Notation 34. Let Ni := r(2n+2r) + (n+m)(2n +2r 4+ 1) and let V c AN be the irreducible
variety defined by the ideal Ay, 2, C Azu42r (see Remark 7).

Arbitrary points of the corresponding affine spaces will be denoted by

V= Vlseees Yro e ns yfz'”“z’_l), c, U=y ¢ prCn2n)

W= (Wi, ..., Wn_r,..., w§2"+2r), el w,(nzf':z’)) e A=) Qn+2r+1)

X o= (XD ey Xy ee e x§2"+2r), L, Xy @ pn@n2rtl)

= ey, 0T A2 @ AT@rA2ED) )

Let Ny :=r(2n+2r)+ (m —r)(2n+2r 4+ 1) + s + 1 and consider the linearmap 7 : V — AN2
defined by n(y, w, x, u) = (y, w, y(x, i), ..., y(s)(x, u)), where, forl =0, ...,s,

1 n r
l _ —(—
/ (k) y (I—k) (k) (I—k)
V()=§:(k> VD I SR el 6)
i=1 j=1

k=0

Proposition 35. The Zariski closure n(\/) is an irreducible hypersurface in AN, and any irre-
ducible polynomial M € k[Y+2 =1 wn+2rl TI1) defining (V) is a minimal polynomial of
y in the differential extension k(Y, W) — F.

Proof. Since V is an irreducible subvariety of AN the Zariski closure (V) is an irreducible
subvariety of AN2,
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In order to prove that it is a hypersurface, let us observe first that if a non-zero polynomial P €
k[yZnt+2r=11 y2n+2r] 7ls=1] yanishes over n(V), then P(y, ..., 7% ~D) = 0in F, contradict-
ing the algebraic independence of 7, ..., 7"~V in k(Y, W) < F (recall that A N k{Y, W} = 0).
This implies that 7(V) has codimension at most 1. On the other hand, due to Lemma 32, there is
a non-zero polynomial M e k[Y2#+2r =11 w2n+2r1[Ts1] quch that M(y, ..., 7)) € Asyior.
Then, (V) C {M = 0} and so, its codimension is at least 1.

It is clear that any irreducible polynomial defining (V) is a minimal polynomial of y in
kY, W)= F. O

Using [16, Lemma 2 and Theorem 1], we obtain an upper bound on the degree of the minimal
polynomial given by the previous proposition:

Theorem 36. Let y = 21X + -+ + A, Xy + i,,_HUl 4+ -+ )vn+,0, be a primitive element
of the differential field extension k(Y, W) < F. Then, there is a minimal polynomial M €
k[y@nt2r=11 w2nt2rl "TIsH of o with total degree bounded by deg(\). In particular, if d =
max{deg(f;), deg(g;); 1<i<n, 1<j<r}, due to the Bezout inequality, we have deg(M) <
dZ(n+r)2_

Following Remark 33, we are able to give a more precise degree upper bound for a minimal
polynomial of a primitive element as in the previous theorem:

Remark 37. If V., ; denotes the variety defined by the ideal Ay, there is a minimal polynomial
M e k[ylsto-l wistal TI1] with deg(M) < deg(Vy4q) <dHHEF9),

The following example proves that the upper bounds stated in our previous results are optimal.
In addition, it shows that for certain particular systems, our geometric upper bounds may be

considerably smaller than the syntactic single exponential ones.

Example 38. Let us consider the following system over the differential field k = Q():

X1=X%
X> = Xi
X, = X?

Here, r = m = 0. It is easy to see that s = ordg(A) = n and that AN A; = A; for every
i € N (and so, ¢ = 0). On the other hand, the degree of the variety V,, defined by the ideal A, is
n+ 1. Therefore, Remark 37 implies that any linear primitive element y has a minimal polynomial
M e k[T"1] with deg(M) < deg(V,,) = n + 1.

Actually, it is not too difficult to show that y := Xo +t X3+ - -+ 72X, isa primitive element
of k < Frac(k{X}/A) and thatif Q := 1 +¢+ -+ "2

Y (T(n—n)”“ ri(” )Qm( (n— 1>)j(T(n>)n—j

is a minimal polynomial of 7. Let us observe that ord(M) = n = ordig(A) anddeg(M) = n+1 =
deg(V,).
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5.3. The minimal polynomial of a generic primitive element

The algorithm we will present in Section 6 for the computation of a resolvent representation
follows closely Seidenberg’s proof of Theorem 29 relying on a construction based on the minimal
polynomial of a generic primitive element. For this reason, we will need estimates for the order
and degree of this polynomial also in the variables corresponding to the coefficients of this generic
primitive element.

Let A := {A1, ..., Ay4,} be a set of new differential indeterminates over k. We change our
base field k by kp := k(A). Let Ay C ka{Y, X, U} be the differential ideal generated by the dif-
ferential polynomials F, G and let Fp := F(A), which is the fraction field of kp{Y, X, U}/A.
The differential transcendence basis W of k(Y) < F continues to be a differential transcen-
dence basis of kp(Y) <> Fp and so, by considering K := kp (Y, W), we obtain a differential
field extension K5 < JFa which is finite and differentially algebraic. Furthermore, Fy is the
fraction field of Kx{X, U}/Ka ® Ap, and the class in Fp of T := AjX| + - + A X, +
A,1+1l71 + -4 An+rl7r € kalX, Ulis a primitive element of Kpo <> F (see the proof of
Theorem 29).

Due to Proposition 30, {I, ..., l"(s_l)} is a transcendence basis of Kp < Fp, where s =
ordg, (KA ®Ap) = ordg (K ®A), and F coincides with the fraction field of KA ® A, /(KA ®
Ap) N (KA ® Apyr). Thus, Lemma 32 ensures the existence of a minimal polynomial M
of T'in K5 < Fa, such that My € kp[Y2"+2r =1 w2n+2r ) [TIs]) and MA(T, ..., T®) €
(AA)2n+2r — (F[2n+2r71]’ G[2n+2r71]) C kA[Y[2n+2r71]’ X[2n+2r]’ U[2n+2r]]. Finally, Theo-
rem 36 states that such a minimal polynomial M can be chosen with total degree bounded by
the degree of the variety defined by the ideal (A )2,-+2 in the corresponding affine space over an
algebraic closure of k.

Moreover, with the same arguments of specialization as in the proof of Lemma 32, the fol-
lowing result concerning the order in the variables A of a minimal polynomial M of T can be
proved:

Proposition 39. There is a minimal polynomial My of the generic primitive element I" of the
extension Kp < JFa satisfying the degree upper bound of Theorem 36 in the variables
y2nt2r=1yi2nt2r] U1 gych that My € k[AL), y2nt2r =1 w2nt2r (T s jrreducible,
and MA(F, o l—*(s))e(F[Zn-‘,-Zr—l]’ G[2n+2r—l]) C k[A[S], Y[2n+2r_l], X[2n+2r], U[2n+2r]].

Asinthe previous subsection, we will show that the polynomial M4 canbe seen as an eliminating
polynomial, which will enable us to give an upper bound on its degree.

Let Ni and N, be as before and let V4 ¢ AN (k(A[S])) be the irreducible variety defined
by the polynomials F[27+27 =11 G21+2r=11 Consider the linear map 7 : WV — AN (k(Al))
defined by n(y, w, x, i) = (y, w, I'(x, &), ..., ' (x, i)).

Then, from Proposition 39, we deduce the following analogue of Proposition 35:

Proposition 40. The Zariski closure n(V ) C AN2 (k(A[s])) is an irreducible hypersurface,
and any irreducible polynomial My € k(AS)[y2rt2r=1 w2nt2r] T gefining n(V ) is a
minimal polynomial of T in K < F\.

Now we will obtain an upper bound for the fofal degree of a minimal polynomial of the generic
primitive element I".
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Theorem 41. Let My € k[AL!, y[2n+2r=11 yy2n+2r] "TI5)) pe as in Proposition 39 and let \/ C
AN be the algebraic variety introduced in Notation 34. Then, the total degree of M A is bounded
by (mn+ 14+ mQ2n +2r + 1)) deg(V).

Proof. First, let us observe that {Y[22+2r =11 yw[2n+2r] Tls=1l} 5 an algebraically independent
setin kp = Frac(kp ® A2n+2:/(AA)2n+2r), Which is a field extension with transcendence degree
equal to n + m(2n + 2r 4+ 1) (see Remark 7). Then, there is a set E C {X, U2+ with
n + r — s elements such that {Y[z””””, wzn+2r] rls _1], E} is a transcendence basis of this
extension.

Throughout the proof, we will use the notation y := (y, w, x, i) for the elements of AN
(keeping the notation introduced in (5)), and 4 := (A1, ..., dptry - -+ /lis), e, /lflﬂ)r,) for the
elements of the affine space A+IG+D

Let No:=n+14+m@n+2r+1),andlet 7y : ACHIEED s ANy g (40 G+D 5 AN pe
the (non-linear) map defined by n;(4, %) = (4, y, w, (4, x, ), ..., l"(s)(i, x, i), e). Consider
the irreducible variety V; := ACTIEHD sy c AGHIGHD 5 AN

Notice that {Al], y[2n+2r=11 y(2n+2r] TIs=11 EV s a transcendence basis of k(V]) over
k. This implies that 711 (V1) is a hypersurface in A6+ s ANo_On the other hand, it is
straightforward to check that a minimal polynomial M € k[Al], y[2n+2r=11 yyl2n+2r] ls]y
as in Proposition 39 vanishes over n;(V1), and so, n1 (V1) C {Mp = 0}. We conclude that
(V1) = {Mp = 0}, both varieties being irreducible hypersurfaces. Therefore, deg(M) =
deg(m1(V1)).

In order to estimate deg(m;(V1)), we will give an alternative description of 71 (V). First, let
us observe that dim(V) = Ng — 1.

Fori = 1,..., No, let C; be a set of Ni + 1 new variables indexed by Y[2%+2r—11 yyl2n+2r]
Xx2n+2r] 72n+2r] and 0 which stand for the coefficients of a generic affine linear form L; in
these variables (C;q corresponds to the constant term of L;). Consider the map ¢ : AMNFDNo
V — AWIFDNo o AN defined by ¢(c,n) = (c, Li(c1, ), ..., Lny(cny» 1)), Where ¢ =
(c1,...,CNp)-

The Zariski closure of p(AN+DNo 5 ) is a hypersurface in AN +DNo o ANo - which is
defined by a multihomogeneous polynomial of degree deg(V) in each group of variables C; for
i=1,..., Ny (see [23, Section 2.3.1]). Thus, deg(p(AN1FTDNo 5 V)) = Ny deg(V).

We will show that the variety 71 (V1) can be obtained as a linear projection of the intersection
of p(AN+DNo 5 \/) with a linear variety.

First, we define a linear variety L ¢ AM1TDNo whose points correspond to the coefficient
vectors of families of linear forms of type Y (2n+2r=1] wy(2n+2r] y[s 1 E:thatis, a point cisin L if
and only if its first coordinates are the coefficient vectors of the linear forms y2n+2r=11 w2n+2r]
its last coordinates are the coefficients of the linear forms E, and the remaining ones are the
coefficients of 7,7, ..., y(“) for the derivatives y(l) of some linear form as in (6). Set iy :=
rQn+2r)+ (m—r)@2n+2r + 1),y == io+s + 1. Identifying A with C; ,,,; x.g, forl =
0,...,s, the variety L can be defined by means of the following equations (where ¢1, ..., en,+1
denote the vectors of the canonical basis of kN1 1)

e Fori=1,...,ip: C; = ¢.
e Fori =ip+1,...,i1:C; yini2r—11 = C; yizt2r) = 0, Ci,{X,U}U) = Oforj Zi—io,ci,{x,lj}(j) =
(’_’;?_I)Ci_j’{x’g}(o) for j < i — ip (see identity (6)).

e Fori =ij+1,..., No:C; :=¢j,_, ,where¢j, is the vector of the canonical basis corresponding
to the coefficient vector of Ey fork =1,...,n+r —s.
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Letmy : ANVFDNose aNo o A (11 G+D 5 ANo be the linear projection defined by 7 (¢, b) =
(Ci()+l,{x,l7}’ s G XL T b).

Then, we have the following equality 7p (G(AMTTDN0 5 vy N (L x ANY) = 7y (V).

Taking into account that the degree of a variety does not increase when intersecting it with an
affine linear space [16, Remark 2] or under a linear projection [16, Lemma 2], we conclude that
deg(My) = deg(m; (V1)) < deg(p(ANHDN 5 ) 0 (L x AN0)) < deg(p(ANHDNO x v)) =
m+14+mQ@2n+2r+1))deg(V). O

5.4. The resolvent representation

In this subsection we deduce some results concerning the choice of a primitive element of the
extension K < F (see Section 5.2) and the order and degrees of the polynomials involved in a
resolvent representation of the prime differential ideal A.

Let My € k[AL] y2nt+2r=1] "y [2n42r1][ T15]] be a minimal (irreducible) polynomial of the
generic primitive element I' = A1 X1 4+ - -+ Ay Xy + A1 U+ - + Ay Uy of Kp<> Fp asin
Proposition 39. Let us observe that the polynomial X’ appearing in the proof of Theorem 29 can be

taken as X=M 4. Since Q,\:z%(r, ..., T®)isapolynomial in k[Al!, y[2n+2r=11 x[2n+2r]

U221 which is a non-zero element in F, the proof of Theorem 29 provides a resolvent rep-
resentation of the ideal K5 ® A by computing the partial derivatives of M (T, ..., ['®)) with
respect to Ags) fori =1,...,n+r (see condition (4) in that proof). In particular, all the polyno-
mials involved in this resolvent representation are elements of k[AL], y2nt2r=1] yy2nt2r] Tls])
and have degrees bounded by that of M.

In addition, the proof of that theorem shows that a sufficient condition for an element y =
MX1+ -+ X+ /ln+1l71 + o+ )Vn_HU, to be a primitive element of K < F is the non-
vanishing in F of the specialization of the differential polynomial Qp € F{A}at (11, ..., Aytr).
As the order of Q4 in the variables A is bounded by s, the arguments in the proof of [28, Chapter
2, Section 22] imply:

Corollary 42. Let ¢ € k C K be a non-constant element. There exists a primitive element y of
the extension K — F of typey = W X1+ + Xy + 21U + - - -+ 2pnyr Up where 2; € Q[E]
is a polynomial of degree bounded by s = ordg (K Q A) fori =1,...,n+r.

Now, let 4 := (41, ..., Ay4r) be an (n + r)-tuple with QA (1) # 0 in F. Then, by consid-
ering a minimal polynomial M of y := I'(4) as in Proposition 35 and specializing the differ-
ential variables A into A in the polynomials Q := %(T, .., T®)y € K{A, T} and P; :=

oT®
OMp (s) . . . . .
_W(T, ..., TY) e K{A, T} appearing in the generic resolvent representation, we obtain

a resolvent representation of the ideal A with respect to the transcendence basis Y, W and the
primitive element y. We conclude:

Theorem 43. There is a resolvent representation {M, qgX\ — pi1,....,qXn — Pn,
q UL = pnsts ... q Ur— ppyr} of the prime differential ideal A with respect to the transcendence
basis Y, W and a primitive element y = J1 X1 + -+ 4+ inXn + Jnp1Ur + - -+ + Jpar Uy of the
differential field extension k(Y, W) < F satisfying: M, q, p; € k[Y?n2r=1 wn+2r] Tlsly
fori =1,...,n+r and their total degrees are bounded by deg(V).



L. D’Alfonso et al. / Journal of Complexity 22 (2006) 396430 421
6. Algorithmic computation of a resolvent representation

The main goal of this section is the computation of a resolvent representation of the differential
ideal A associated to system (1) (see Notation 5).

As in Section 4.3, we will consider the ground differential field & to be the rational effective
field Q(¢) (with the standard derivation). Furthermore, in order to make the presentation of our
algorithm simpler, we will assume that the polynomials defining system (1) have coefficients in
Q. This assumption is not restrictive, since we may replace our original system over (Q[¢] by an
equivalent one over Q by adding a new differential variable ¢ and the equation / = 1.

In the previous section we proved that the minimal polynomial of a primitive element can
be seen as an eliminating polynomial of a suitable linear projection in the classical algebraic
geometry context. Now, we will apply some well-known algorithmic techniques from computer
algebra (mainly from [17,31]) to the computation of this polynomial.

6.1. Computing the generic minimal polynomial

AsinSection 5.2, fix adifferential transcendence basis W C U of the field extension Q(¢) (Y )— F
(see Notation 11), and consider the differentially algebraic field extension Q(z)(Y, W) — F.This
transcendence basis W can be obtained by applying the algorithm underlying Theorem 27. Denote
U :=U\Wand K := Q(t)(Y, W). We introduce a new set A := {Ay, ..., A,,} of differential
indeterminates over K and set kp := Q(¢)(A), Ap := [F, G] C kalY, X, U}, Kp 1= kp(Y, W)
and Fp = F(A).

This subsection focuses on the computation of the minimal polynomial M of the generic
primitive element I' := A1 X| +- -+ Ay X, + App1 Uy +- -+ Ay Uy in Ky <> Fy satisfying
the degree upper bound stated in Theorem 41.

First, we compute s := ordg (K ® A). We point out that, for an arbitrary differential tran-
scendence basis W, ordg )y, w)(Q()(Y, W) ® A) <ordg)y)(Q(¢)(Y) ® A), and the equality
may not hold. The computation of s can be made using the same techniques as those applied in
Section 4 for the computation of the Hilbert function of Q(#)(Y) ® A over Q(z)(Y): taking into
account that diffdim(K ® A) = 0, we deduce from Proposition 2 that s = Hgga gk (n + 7). In
order to compute this Hilbert function value we apply the following analogue of Lemma 14 that
holds in our new framework with a similar proof: for every i >0, we have (K ® A)N (K ® A;) =
(K ® Aisnsr) N (K ® Ay).

Arguing as in the proofs of Proposition 16 and Corollary 22, we obtain:

(Vj{f”G}["H’r. 2n+2r—1]
(X, U\W}ln+r+1,20+2r]
holds: Hgga, k(n + 1) = rank(J,%,) — (n +r)(n + r — 1), where the rank is taken over the
polynomial ring Q[t, X, U271,

Proposition 44. Let JnVYH, = (see Notation 15). Then, the following identity

Let E C {X, U221} be a set with n + r — s elements such that {Y[27+2r =11 y[2n+2r]
=1 EY} is a transcendence basis of the field Frac(kpo ® Aznt2r/(Ap)2n+2r) OVer kp. As in
Notation 34, let Ny = r(2n + 2r) + (n + m)(2n + 2r + 1). Let us consider the variety V C
APFIGED o AN 5 AS defined as

Vi={(, y,w, X, i, 1) € A(”-H‘)(S-i-l) % AN x AS : F[2n+2r_1](w, x, i) =0,
Gy, w, x, i) = 0, T(Z, x, i) =70, ..., TV, x, i0) = 751},
which is irreducible of dimension u := (n + r)(s + 1) + m(2n 4+ 2r + 1) + n. We have the
ring inclusion @[Am, yRnt2r=1] yyl2n+2r] g T[s_l]] <> @Q[V] and that the cardinality of the
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family AlS], y[2n+2r=11 yy2n+2r] g 7ls=1 s ;i Thus, the linear projection 7 : V — A defined
by n(4, y, w, x, i, 1) = (4, ¥, w, e, 1) is a dominant map with generically finite fibers.

Let ¢ : V — A* x Al be defined by ¢(A, y, w, x, it, 1) = (n(A, y, w, X, ii, 7), o, x, w).
Then, the Zariski closure ¢ (V) is a hypersurface and any square-free polynomial defining ¢())
is a minimal polynomial for the generic primitive element I".

‘We will consider the polynomial equation system defining V as a parametric system, where the
parameters are P := (Am, ylnt2r=11 wyi2n+2rl g Tls=1) and the variables—the set of which
will be denoted Z in the sequel—are those variables in X[2"271 {71242r1 that are not in the set
of variables E. Thus, we obtain a polynomial system with 2(n +7)? +s equations in 2(n +r)* +s
unknowns defining a zero-dimensional variety Vi over the algebraic closure K of KC := Q(P). Let
us observe that the ideals 7 := (F[2+2r=1 gRnt2r=11 p_p = r6=D_76-Dy - Q[P, Z]
and Zx := K ® Z C K[Z] are the (prime) ideals of the varieties } and Vi, respectively.

The following result relates the minimal polynomial M we want to compute to the minimal
polynomial of a KC-linear map.

Lemma 45. Let mp) : K[Z]/Ix — K[Z]/Zx be the K-linear map defined as mp (f) =
TS . £ and let My € K[T®] be its minimal polynomial. Then, there exists Qg € Q[P] — {0}
such that My = Qo - My.

Proof. First, let us observe that MA(I'®) € Z and so, MA(I'®)) € Zx. Therefore, M divides
My in Q(P)[T®]. On the other hand, since My(I'®)) € Z, there exists Q € Q[P] — {0} with
Q - My(I'®) € T. Then, the fact that M is the polynomial with minimal degree in Q[ P, T )]
satisfying M (I'®)) € Z implies that M divides Q - My in Q[ P, T®)]. The lemma follows now
from the irreducibility of M and the fact that M is a monic polynomial. [J

Since Zyc is a zero-dimensional prime ideal of K[Z], its extension IE to K[Z] is a zero-
dimensional radical ideal. Then, the linear map M) K[Z] /IK — K[Z] /IE is diagonalizable

and its characteristic polynomial is X' := ]_[il(T(s)—F(s)(Ri)) e K[T®], where D := deg(Vx)

—2 R .. .. .
and Ry,...,Rp € K (ntr)"s denote the points in V. Therefore, the minimal polynomial My

of mp) can be obtained as the square-free part of X'

Our algorithm for the computation of the polynomial My is based on an extension of the results
in [17] (which hold for a finite morphism) to the case of a dominant map, which is achieved by
using the techniques described in [31].

Proposition 46. With the same notation as before, assume that f1, ..., f, € Q[X, U], g1, ...,
g-€Q[X, U, U] have degrees bounded by d and are encoded by an slp of length L. Then, there
is a probabilistic algorithm which computes the minimal polynomial of the generic primitive
element I in Kp < F with error probability bounded by ¢, with 0 < ¢ < 1, within complexity
O(log(1/e)(n + 20 + m)°d> deg(\/)lOL), where \V is the algebraic variety introduced in
Notation 34.

Proof. First, we present a sketch of the algorithm:

(1) Take a point p € @* at random and compute a geometric resolution of 7~ !(p), that is, a
family of 2(n + r)2 + s + 1 univariate polynomials ¢, vy, ..., V2 (ntr)2+s with coefficients in

Q(P) such that 7~ (p) = {p} x {10, .-, Vagiry245 (D), g(0) =0}
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(2) Applying a symbolic version of Newton’s algorithm to the geometric resolution, compute a
polynomial &} € @(P)[T(S)l whose coefficients approximate the coefficients of the poly-
nomial X" as power series in Q[[P — p]] with prescribed precision 2* for a suitably chosen

K e N.

(3) Compute a polynomial 7} € Q(P)[T®)] whose coefficients approximate the coefficients of
the square-free polynomial red(X) := m € Q(P)[T®] with precision 2 in
QI[P — pll.

(4) By means of a Padé approximation type procedure, compute relatively prime polynomials IT;
and IT, in Q[ P, T ] such thatred(X') = I1;/I1,. The minimal polynomial M € Q[P, T*)]
is the numerator I1;.

Now, we detail the procedures underlying each of the above mentioned steps of the algorithm,
compute their complexities and estimate their error probability.

The first step of the algorithm consists in the computation of a geometric resolution of a fiber
7~ (p) for a randomly chosen point p € Q. This point is chosen at random so that with high
probability the fiber 77! (p) is zero-dimensional and unramified. In order to compute the geomet-
ric resolution of 7~ (p), we apply the procedure for the resolution of zero-dimensional systems
described in [18], which takes a reduced regular sequence as input (alternatively, this first step
could be achieved by means of any algorithm solving zero-dimensional algebraic systems). We
will also need the following technical assumption on the point p: #{T® m :nenlp)=
#HITO(R):R € Vi } (or, equivalently, the polynomial Mx (p) is square-free). Both these con-
ditions also hold for a generic p € A*. Moreover, there is a non-zero polynomial Hy € Q[P] of
degree bounded by 64 +1)°+2s guch that all the previous conditions hold for any point p € A*
with Hy(p) # 0 (see [31, Section 3.4]). Thus, if we choose the coordinates of p at random in a
set of cardinality 12 d*("+" )42s [1/¢], the conditions hold with error probability bounded by &/2.
These random choices can be made within complexity O ((n + r)? log(d) +log(1/¢)).

Recall that the polynomials F2#+2 =1 GI2n+2r=11 can be encoded by slp’s of length O ((n +
r)3(n +m)L) (see Lemma 21). Assume that the randomly chosen point p € A# satisfies all the
genericity conditions stated above. Then, if ¢ is the maximum of the degrees of the varieties suc-
cessively defined by the equations of 7~ ! (p), a geometric resolution of 7~ (p) can be computed
with error probability bounded by ¢ /4 within complexity O (log(1/¢)(n+m)(n+r) 104 54L) (see
[18, Theorem 1]). Let us observe that J is bounded by the maximum of the degrees of the varieties
successively defined by the ideals Pis i for 1<i<2n +2r, 1<s<n, 1 <I<r, introduced in
Remark 7. It is easy to see that the degrees of these varieties form a non-decreasing sequence and
so, their maximum is the degree of the last variety. Therefore, 6 < deg(V), and the complexity of
step (1) can be estimated as O (log(1/¢)(n + m)(n + r)'%d deg(V)*L).

Denote g, vi, ..., Vyg4,)245 € QIT] the polynomials appearing in the geometric resolution
of 1= 1(p). Let § := (Fn+2r=1 GRn+2r=11 T _ 7O 176D _76=D)pe the polynomial
system defining V. Let D S(Z) be the Jacobian matrix of S with respect to the variables Z and let
Js be its Jacobian determinant.

Our assumptions on p € AH state that the fiber 7~!(p) is a zero-dimensional variety with
exactly D = deg(Vx) points and that, for every n € n~'(p), we have Js(p, ) # 0. Then, by
the implicit function theorem (see, for instance, [17, Lemma 3] for a proof in this context), for
every € n~1(p) there exists Ry € Q[[P — PIP+*+5 quch that Ry € Vi and Ry(p) = 1.
This implies that {R;, : n € =1 (p)} = Vi, since both sets have the same cardinality. Moreover,
the proof of [17, Lemma 3] shows that, for every n € n~!(p), the corresponding point Ry €
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Q[P — p]Ptr )*+5 can be ‘approximated’ by applying successively to # the Newton operator
associated to the system S, defined as Ng(2)' := Z' — DS(Z)~'S(Z)'.

IfN § denotes the xth iteration of Ng and (P — p) is the maximal ideal of QI[P — pll, we have
that N¥ () € Q[[P — p]PH* 5 and (Ry)i—(N ()i € (P—p)* fori = 1,...,2(n+r)>+s,
that is, the ith coordinate of N (17) approximates with precision 2* the ith coordinate of R in
the sense that their power series expansions coincide up to degree 2 — 1. We conclude that the
coefficients of the polynomial ]_[nenf I p)(T(S) -I (S)(N g‘(n))) approximate the coefficients of X’
with precision 2%,

From the algorithmic viewpoint, we cannot apply Newton’s operator to the points 1 € 7~ (p),
since we cannot compute these points. However, we can obtain all the approximations ‘simulta-
neously’ in order to compute an approximation X of the characteristic polynomial X by applying

it to a geometric resolution of the fiber n1( p).
h
Let g, hi, ..., hygipyis € QIP, Z] be polynomials with N = (Z—g) . ’“;—0)2*) and
ho(p,n) # 0O for every € n_l(p). Let v := (U1, -, Vogppr)24s) and let Cy be the com-
panion matrix of the polynomial g. Then, the matrix ho(P, v(C,)) is invertible and, if N =
ho(P,v(Cy)) ' hi(P,v(Cy)) fori = 1,...,2(n + r)> + s, the characteristic polynomial of
TP, N - Ny ) equals [Teqo1 ) (T =T (NE1)) (see [17, Lemma 6]). In or-

der to approximate this polynomial we first obtain straight-line programs of length O (x d*(n +

77 (n 4+ m)L) for the polynomials ko, h1, ..., hy(n4ry24s by means of the procedure underlying
[12, Lemma 30] and then we proceed as in [17, Proof of Theorem 2] to obtain a matrix whose
entries approximate those of I" () (P, M, ..., ./\/2(,1 )2 1) with the desired precision, but avoid-

ing matrix inverse computations. Finally, we compute the characteristic polynomial X}, of this
matrix, whose coefficients approximate the coefficients of X' in Q[[P — p]] with precision 2*.
The overall complexity of this step is O (i 2¥d?(n + )7 (n + m) D*L), which is also the length
of the slp obtained for the coefficients of the polynomial &.

Now, we describe the procedure to achieve the third step of our algorithm. The hypothesis

#HTO0) e 7 (p)} = #HTO(R) : R € Vi) ensures that, considering X’ and SO SPN

oT®)
polynomials in the variable T®), deg(ged (X, %)) = deg(gcd(X(p), a(;;((g))). Thus, we can
obtain this degree by computing the characteristic polynomial of I'®) with respect to 7~ (p)

0X(p)
oT®)
O(D>) (see, for instance, [1, Section 8.3]). By [1, Corollary 10.14], once this degree is known,

the coefficients of a scalar multiple 7" of red(X’) can be obtained by computing determinants of
square submatrices of the Sylvester matrix of X’ and X”, and, making the same computations
with the Sylvester matrix of X'(p), the polynomial 7" (p) is obtained. Since 7" and 7" (p) have the
same degree, we conclude that the scalar factor is an invertible element of Q[[ P — p]]. Note that
the previous procedure involves only polynomial computations in the coefficients of X’. Then,
we apply it to the polynomial X instead of X’ to obtain a polynomial 7, whose coefficients
approximate the coefficients of 7" with precision 2¥. The complexity of this computation does
not increase the order of the complexity of the previous steps.

In order to compute the polynomials I1; and I, of step (4), we apply a slightly modified version
of the multivariate Padé approximation procedure described in [31, Section 4.3.1], adapted to
deal with the straight-line program encoding of polynomials. In fact, our main change consists
in replacing the Euclidean extended algorithm with subresultant computations (see [11, Section
5.9, Corollary 6.49]). Note that the upper bound on the degree of the polynomial M proved

from the geometric resolution of 7~ ! (p) and subresultants of X' (p) and within complexity
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in Theorem 41 implies that the total degrees of the polynomials IT; and IT, are bounded by
(n+1+m@2n+2r 4+ 1)) deg(V). Therefore, they can be computed from the Taylor expansion
centered at P = p, T® = 0 of red(X) up to degree 2(n + 1 + m(2n + 2r + 1)) deg(V), which
can be obtained from the corresponding Taylor expansion of 7 divided by its leading coefficient
provided that k> [log(2(n + 1 + m(2n 4 2r 4 1)) deg(V))] + 1. Then, the input for the Padé
approximation procedure is the set of graded parts up to the required degree of 7, divided by its
leading coefficient, which is computed within complexity O ((n +r)?°(n+m)*d* deg(V)>D*L).

The complexity of the entire step (4) is O (log(1/€)(n 4+ r)*°(n + m)®d? deg(V)° D*L) and its
output is an slp of length O ((n + 2 4+ m)°d? deg(\/)6D4L) encoding I1; and IT, with error
probability bounded by /2 provided that the previous computations are correct.

The announced complexity bound for the whole procedure follows by adding up the complex-
ities of steps (1) to (4) and taking into account that D < deg(V). U

6.2. Computation of a primitive element

In what follows we show how to compute a primitive element of the differential field extension
induced by system (1) with respect to a fixed differential transcendence basis within complexity
polynomial in n, m, r, d, deg(V) and linear in L. The procedure follows closely the arguments in
Section 5.4. We keep our previous assumptions and notations.

Let M € Q[A), y[2n42r=11 yy(2n+2r] "TIs]] be the minimal polynomial of the generic linear
form I' = Aj X1+ -+ Ap X + Anpa U+ -+ A,,Hl_], in the differential field extension

KA<>F, and let Qp = ;’T”(g ([, ..., T®y e QAL ynt2r=1] x[2n+2r] yl2n+2r]] Ag ex-

plained in Section 5.4, in order for a linear form y = 21 X1+ - -4+ 2, X + gy 1 U1+ -+ An iy Uy
to be a primitive element, it suffices that QA (A1, ..., Ay+r) # 0 in F. Furthermore, for every
1<i<n +r, 4; can be chosen to be a polynomial in Q[#] of degree bounded by s.

Fori =1, yn+r,let A (0 < j <) be new indeterminates which stand for the coefficients

of a generic polynomlal Z] -0 ” t/ of degree 5. Set A := ={A;; 1<i<n+r, 0<j<s). If we
substitute the variables A; (1< < n +r) in the polynomial Q A by these generic polynomials, we
obtain a new polynomial Qg € Q[r, AJ[Y[2"+2r=1 x[Pn+2r] y[2n+2r]] with the property that,
for any specialization of the variables A in a set of rational numbers a := (a;;) with Qp(a) # 0
in F, the polynomials 4; := Zj‘:o a/#{ t/ are the coefficients of a primitive element of the field
extension K <= F. '

Let us observe that substituting + = 0 in Qg has the same effect as renaming Agl ) = A;j in
Q. This implies that any family of rational numbers a with Q4 (a) # 0 in F yields a primitive
element of the extension K < F. The procedure to test the non-vanishing of Q  in F relies on the
isomorphism F =~ Q(1)(X, U2+21): we substitute X = '™V (1<h<n, 1<1<2n + 2r)
and Y ® g(k) (1<j<r, 0<k<2n+2r —1) in the polynomial QA to obtain a new polynomial
Q A (see Notation 6), and we look for a tuple (a, x, ul21+2r1y of rational numbers that does not
annihilate Q A (this is done probabilistically by choosing their coordinates at random). The vector
a of the first coordinates of this tuple yields the desired primitive element.

Assuming that the polynomial M is given, we obtain the following complexity result:

Proposition 47. Assume that a differential transcendence basis W of the differential field exten-
sion induced by system (1) is fixed and that the minimal polynomial M with respect to W of
the generic primitive element I is given by an slp of length L. Then, we can compute a primitive
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element of the differential field extension Q(t)(Y, W) — F, with error probability bounded by
&, within complexity O (L + log(deg(V)/e)(n + r)*(n + m)L), where L is the length of an slp
encoding f1,..., fn, 81+, &r-

Taking into account the complexity estimate for the computation of M stated in Proposition
46, we can obtain complexity bounds for the probabilistic computation of a primitive element of
the differential extension (see Theorem 48).

6.3. Computing a resolvent representation of the system

As it was shown in Proposition 47, a primitive element y of the differential extension
Q(){Y, W)= F can be computed algorithmically. Let us observe that specializing the generic
minimal polynomial M, into the coefficients 41, ..., 4,4, € Q[¢] of y, we obtain a differential
polynomial M; € Q[¢][Y2+2r—11 w(2n+2r1 "TIs1) quch that M;(y) = 0 in F but, unfortunately,
this polynomial need not be the minimal polynomial of 7.

However, the arguments in Section 5.4 give an algorithmic procedure, based on the com-
putation of derivatives of M and specialization, to compute polynomials g, p1, ..., pp4+r in
Qe[ 2et2r=1 w242l 7ls1] such that ¢ (y)X; — pi(y) € Afori =1,...,nand g(»)U; —
Pnyj(p) e Aforj=1,...,r.

Therefore, in order to obtain a resolvent representation of the ideal A with respect to the
differential transcendence basis ¥, W and the primitive element y, only a minimal polynomial of
y remains to be computed. This can be achieved using the algorithm described in the previous
subsections for the computation of the minimal polynomial of a generic primitive element within
the same complexity.

Combining this procedure with Theorem 27 and Propositions 46 and 47, we deduce our main
result:

Theorem 48. Let fi, ..., f, € QUt1[X, U1, g1, ..., 8 € Q[1[X, U, U polynomials with de-
grees bounded by d and encoded by an slp of length L. Let A be the differential ideal associated
with system (1) and let V be the algebraic variety defined by Ay, 2, introduced in Notation 34.
Then, there is a probabilistic algorithm which computes

e a differential transcendence basis W of Q(t){Y) — Frac(Q(){Y, X, U}/A),

e a primitive element y of Q(t){(Y, W) < Frac(Q(){Y, X, U}/A),

e a resolvent representation of the differential ideal A with respect to the differential transcen-
dence basis Y, W and the primitive element 7,

with error probability bounded by €, 0 < & < 1, within complexity O(log(1/e)(n + r)*°(n +
m)%d* deg(V)'OL). In particular, the complexity of the algorithm can be estimated as ((n +
P)(n + m)d 70 Jog(1/e) L.

‘We point out that our complexity upper bound in terms of a geometric invariant (namely, deg(V))
is more accurate than the one that can be stated using only syntactic parameters, as illustrated by
the system considered in Example 38. In this case, deg(V) = 2n 4 1; leading to a polynomial
complexity bound for our algorithm. However, the upper bound 227 for this parameter would
imply a single exponential complexity bound.
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7. Over-determined differential systems

In the previous sections, we focused on the computation of a resolvent representation of the
generic differential system (1) under Assumption 4 on the differential algebraic independence of

the polynomials g1, ..., g, which played a crucial role in our arguments. Now, we will drop that
assumption. More precisely, we will consider a differential system of the form
X1 = fiX, V)
Xy = fuX,U
n fn ( ) (7)

Y1 = g1(X, U, U)

Y, = go(X, U, U)

where f1,..., f, € k[X, Ul and g1,...g, € k[X, U, U] are arbitrary polynomials in the vari-
ables X :={Xy,..., Xy}and U :={Uy, ..., Uy}.

Our aim is to compute an alternative (resolvent-like) representation of system (7). In order to
do this, we will modify the system so that the condition in Assumption 4 is met and compute a
resolvent representation of the modified system together with a family of additional polynomials
giving further information on the original system.

Since most of the proofs in this section are similar to those of the results we have presented so
far, we will not give the details, but we will outline the main ideas involved.

7.1. Independent equations

Keeping our previous notation (see Section 3), let F; := f; —Xi € k[ X, X, Ulfori=1,...,n,
and G;:=g; —Y; € k[V,X,U,Ulforj=1,...,p.

Let Q C k{Y, X, U} be the differential ideal [Fi, ..., Fy,, G1,..., Gpl. Forevery I € N, let
A = kYU xW gl and @ = (FU-U, GU- 4.

The following analogues of Remark 7, Proposition 12 and Remark 13 hold in this context:

Remark 49. Forevery! € N, theideal (; C A;isprimeand A;/Q; ~ k[ X, U [l]]..The differential
ideal Q is prime and k{Y, X, U}/Q ~ k[X]{U} with the derivation induced by X; = f;(X, U).
Moreover, diffdim(Q) = m and ord (Q) <n + p.

The fact that the ideal Q might contain a non-zero polynomial involving only the variables
Yy, ..., Y, (since Assumption 4 is no longer valid) prevents us from considering these variables
as being part of a differential transcendence basis of k < G := Frac(k{Y, X, U}/Q). Now we
will show how to obtain a maximal differentially independent subset of the set {Y1, ..., Y,}.

In order to turn to a non-differential situation we will use the following technical result whose
proof is straightforward: for every positive integer [, we have Q N A; = Q.

Now, following the proof of Proposition 18, we are able to derive an algebraic condition for a
set Y C {Y1,...,Y,} to be differentially algebraically independent in the differential extension
k< G:

Proposition 50. The set ) C {Y1,...,Y,} is differentially algebraically independent in k — G
if and only if Y"*P) is algebraically independent in Angpi1/Quypr1 overk.
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Combining this proposition with Lemma 19, we deduce the following algorithmic criterion:

O{F.G}l"t!
ﬁ{X.U}[”+V+1]
{Y1,...,Y,} is a differentially algebraically independent set in k < G if and only if the
columns of Jy corresponding to derivatives with respect to variables in Y P can be removed

with no change in rank. Here, the ranks are taken over the polynomial ring k[X, UPI] ~
k[Y["+p], X[n+p+1], U[n+p+l]]/(F[n+p], G[n+p]).

[n+p]
AHF.G}) ]p . Then, Y C

Proposition 51. Let Jy be the Jacobian matrix Jy := Sy

In the case when k = Q(t), this result enables us to obtain a maximal differentially algebraically
independent subset Y C {Y1, ..., ¥,} by means of a probabilistic recursive procedure (similar to
the algorithm underlying the proof of Theorem 27) within complexity polynomial in the number
of variables and equations, and linear in the logarithm of the maximum degree of the input
polynomials and the length of a straight-line program encoding them.

7.2. Extended resolvent representation

In the sequel, we will assume that a maximal differentially algebraically independent subset
Y c {Y1,...,Yp}in k = G has been chosen. In order to simplify notations, will assume that
this setis ) = {Yq,..., Y, }.

The differential equation system obtained by removing from system (7) the equations corre-
sponding to Y; 41, ..., ¥, satisfies Assumption 4 and so, it can be characterized by means of a
resolvent representation as shown in Sections 5 and 6.

Furthermore, for j = r + 1, ..., p, there is a non-zero polynomial M; € k{V}{T} with

M;(Y;) € €Q. Due to Proposition 50, (ylntel, Y]["+p ]} is algebraically dependent in
Antp+1/ Qntpt+1 and so, we can choose M; € k[YI"HP[TI A with M;(Ylntrl, Yr[iJ;p]) c

Q4 p41- An irreducible polynomial M; € k[y[”“’]]{T} of minimal order in the variable T
satisfying the previous condition will be called a minimal polynomial for Y ;.
We will be interested in providing a representation of system (7) of the following type:

Definition 52. An extended resolvent representation of system (7) consists of:

e A maximal differentially algebraically independent subset Y C {Y1, ..., Y} in the differential
extension k < Frac(k{Y, X, U}/[Fi, ..., Fy, Gy, ..., Gpl).
e Assuming )V = {Y1, ..., ¥;}, a differential transcendence basis W of the extension k()) —

F := Frac(k{Y, X, U}/[Fy, ..., Fy, Gy, ..., G,]) and a primitive element y of k(), W) <
F.

e A resolvent representation of the ideal [Fy, ..., F,, G, ..., G,] with respect to the transcen-
dence basis W and the primitive element 7.
e Minimal polynomials M, 1, ..., M, € k{Y}{T} for the variables ¥, 1, ..., Y,.

Denote G :={Gy,...,G,}.Forj=r+1,...,p, letQ/ C k{Y,Y;, X, U} be the differential
ideal [F, G, G;] and, for every non-negative integer /, let Qlj = (FU-U gli-1, GB.I_”) be the
polynomial ideal defined in kU1, x, U[I]][Y]U*”].

Let s; be the minimum non-negative integer / such that (ylntely ][h]} is algebraically depen-
dentin Ay 41/ p+1. The fact that for aminimal polynomial for Y; we have M ; (Y"1, YJ[.S'/ h

J

et p+10 SINCE it does not

€ Quypy1 implies straightforwardly that this polynomial is in Q
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depend on the variables Yk(h> with k > r, k # j. Thus, in order to find the polynomial M it
is enough to consider the differential system /' = 0, G = 0, G; = 0 and its associated ideals
Q/ and Ql’ , 1=>0. This implies, in turn, the existence of a minimal polynomial M; € k[t
[T150] for ¥; with s; <n +r and M; QU+ Y el

Finally, we can estimate the total degree of the minimal polynomials M;, j =r +1,...,p,
by characterizing them as the defining equations of certain hypersurfaces. To do so, let n; :=
m+m+r+Dm+r+1)+n+m Fix j,r+1<j<p,let V; be the irreducible variety defined
in A™! by the ideal Qt]z+r+l and consider the linear map ; : V; — A" Fr 4D+ +1 defined by

n; (Il lnbr+1] g lntrt1l -y, [”+r ) = (yln+r] yE ])
Proposition 53. Under the previous assumptions and notations, for j = r+1, ..., p, the Zariski
closure ;(V ;) is an irreducible hypersurface of A0+ and any irreducible polynomial

M; € k(Y1 TN defining 7; (V) is a minimal polynomial for Y ;.
We deduce:

Corollary 54. For j =r+1, ..., p,aminimal polynomial M ; € k[l Tlsif for Y, satisfies:

sp<n+r, MUY e Qf L and deg(M)) < deg(V)).
From the algorithmic point of view (assuming k = ((¢)), the order s; of the minimal poly-
nomial M; can be computed with the same techniques of matrix rank computations as those

used in Section 4 as the minimum non-negative integer & such that {Y1"+71, Y[h]} is algebraically
independent in k[y["+’] x4l glntr+ll Y["+r] 1/ +r41 (using the Jacobian matrix of the

generator system of Q’ - Then, a minimal polyn0m1al M can be computed as a polynomial

n+r—+
defining 7; (V) ;) following the procedure underlying the proof of Proposition 46.

Therefore, we obtain a probabilistic algorithm that computes an extended resolvent represen-
tation of system (7) within the same order of complexity as for the computation of a resolvent

representation under Assumption 4:

Corollary 55. The computational complexity of an extended resolvent representation of system
(7) is polynomial in the number of variables, the number of input polynomials, an upper bound
for their degrees and the degree of an algebraic variety defined by these polynomials and their
derivatives up to a fixed order, and linear in the length of a straight-line program encoding them.
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