ON THE DEPENDENCE OF THE BLOW-UP TIME
WITH RESPECT TO THE INITIAL DATA IN A
SEMILINEAR PARABOLIC PROBLEM
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ABSTRACT. We find a bound for the modulus of continuity of the
blow-up time for the semilinear parabolic problem u; = Au +
|u|P~1u, with respect to the initial data.

Introduction.

In this paper we study the dependence with respect to the initial
data of the maximal time of existence for solutions of the following
problem

= p—1
(1.1) { up = Au + |ulP~tu, (xz,t) € Q x (0,7),

u(z,0) = up(x), x €€,

where p is superlinear and subcritical, that is, p > 1 and p(NV — 2) <
N +2. Here Q is a bounded convex smooth domain in R" or the whole
R¥ . In case we are dealing with a bounded domain we assume Dirichlet
boundary conditions, that is u(z,t) = 0, for (z,t) € 0Q x (0,T). Also
we assume that the initial data, ug(z), is regular in order to guarantee
existence, uniqueness and regularity of the solution.

A remarkable fact is that the solution of parabolic problems may
develop singularities in finite time, no matter how smooth the initial
data are. It is well known that for many differential equations or sys-
tems the solutions can become unbounded in finite time (a phenomena
that is known as blow-up). Typical examples where this happens are
problems involving nonlinear reaction terms in the equation like (1.1),
see [18], [19], [21] and the references therein.
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For our problem, if the maximal solution is defined on a finite time
interval, [0,7) with T' < 400, then

i [Ju(, )l = +oo.

We say that u blows up at time 7.

The existence of blowing up solutions for (1.1) has been proved by
several authors, see [1], [5], [7], [14], etc. The study of the blow-up
behaviour for blow-up solutions of (1.1) has attracted a considerable
attention in recent years, see for example, [2], [3], [6], [11], [8], [12],
[13], [15], [18], [22]. In particular, Giga and Kohn [10] and recently,
Giga et al. [9] have proved the following upper bound for any solution
w of (1.1) that blows up at time 7"

(12)  vte[0,7), ult)r= < Co(t —T) = Cr(T —t) 7

for some C' > 0, where Kk = (p — 1)_ﬁ and v is the solution of the
associated ODE v' = P, v(0) = +00. Let us mention that an easy use
of the maximum principle shows that, unlike the constant C' in (1.2),
the power of (T' — t) is optimal, in the sense that

(1.3) Ve [0,T), |[u(®)|r= > v(t —T) = r(T — )" 7.
Later, the following Liouville Theorem has been proved by Merle and
Zaag in [16] and [18]:

Consider U a solution of (1.1) defined for all (z,t) € RN x (=00, T)
such that for all (z,t) € RN x (=00, T), |U(x,t)| < C(T—t) #1. Then,
either U =0 or U(z,t) = [(p— 1)(T* — t)]fﬁ for some T* > T.

This result is the key to find the best constant C' in (1.2), as will be
presented later.

From now on we assume that we are dealing with an initial datum
up which produces a solution u that blows up at time 7" with

HU()HLoo < MO and T < To.

For every h(x) with L*>°-norm small enough, the solution u; of problem
(1.1) that has initial datum ug(x) 4+ h(x) also blows up in finite time,
that we call T},. Indeed, it is known that the blow-up time is continuous
with respect to the initial data wug; see [20], [2], [15] if © is bounded;
if O = RY, this was done in [4] under (1.2). Hence, T, — T as
Ihllz — 0.

Our interest here is to provide a bound for |7'—T}| in terms of ||h| g
To this end, we obviously need estimates on uy, uniform with respect
to h. It is to be noticed that before the proof of the Liouville Theorem
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of [18], no such estimates were available in the literature. We should
emphasize that the only exception to this statement is the fact that
the argument of [10] and [9] in the proof of (1.2) does hold uniformly
with respect to initial data. Indeed, a simple use of the continuity of
up(to) for a fixed ¢y, with respect to initial data, shows that Giga and
Kohn actually proved that

There exists C = C(Mo,Ty) > 0 such that for all h small enough,
V(£E7t) SR [O,Th),

(1.4) lup(z, )| < Co(t — Tp,) = Cr(T}, — t) 1.

See Theorem 2 in [18] and its proof for a simple sketch of this argument.
Using the Liouville Theorem, the estimate (1.4) has been refined in
[17] and [18] uniformly with respect to h:

Given € > 0, there exists T = T(My, Ty, €) such that for every h with
lh||L small, the solution of problem (1.1) verifies

for every (z,t) € Q x [T}, — 7,T}).
We will call this fact hypothesis (H). Note that all the results of

[18] hold under (1.2) which is true for all subcritical p with no sign
condition. Hence (H) is valid for any subcritical p.

Now we state our result,

Theorem 1.1. Assume that hypothesis (H) holds. Let T and T}, be
the blow-up times for u and uyp, two solutions of problem (1.1) with
initial data ug and ug + h respectively, then for every e > 0 there exist
a positive constant C' = C(Moy, Ty, ) such that for every h smaller than
some n(Moy, Ty, ) > 0,

Nt2 o
(1.6) T — T| < C||h||pee| In(]| Al )] 2 F=.

Remark: We suspect that an estimate of the form |T'—T}| < C||h|| =
is valid, as has been proved by Herrero and Veldzquez [13] in one di-
mension. However, we cannot get rid of the logarithmic term in (1.6).

Remark: We want to remark that the restriction on p, namely 1 <
p < (N+2)/(N—2)if N> 3,is not technical. Indeed, if it does not
hold, then the blow-up time is not even continuous as a function of the
initial data, see [8].
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Proof of Theorem 1.1

First, let us give an idea of the proof. Let u and u; be the solutions
of (1.1) with initial data ug and uy + h respectively. When T' # T,
the function |le(-,?)|[z= = [[(un — u)(:,t)| L Will grow from its initial
value ||h| L= to 400, as t — min(7,T}). If to is the first time where
lle(t)]| L~ reaches a given size, we get a bound on ||e(t)||L~ that allows
us to control T' — ty and T}, — o in terms of ||h||r~. We then use a
triangular inequality to conclude.

The hypothesis (H) is crucial in getting a sharp estimate on ||e(t)]| .
Given € > 0, it is easy to see from (1.5) that (H) holds uniformly for
u (resp. for wy), for all t € [T — 7,T) (resp. t € [T — 1,T})), where
7 = 7(My, Ty, €), whenever ||h||g~ is small enough. Since T'— 7 is
independent of h, we prove in the following lemma that the size of e at
t =T — 3 is comparable to its size at ¢ = 0. Therefore, we can make
a shift in time to simplify the notation and assume that (H) holds for
u (resp. for uy) for all ¢ € [0,T) (resp. t € [0,7})). We claim the

following lemma:

Lemma 1.1. Given € > 0 there exists a constant C' = C(My, Ty, ) > 0
such that for every h with ||h||L~ small enough, it holds that wuy, the
solution with initial datum ug + h, is defined on [0,T — ] where 7 =
T(Mo, Ty, €), and moreover

-
(1.7) lu = unllz=(T" = 5) < Ol

Proof: Accroding to (1.4), there exists a constant M (M, Ty, €) such
that
M > ||ul L @xpo,r-1)-

Consider a uniformly Lipschitz function f(u) that coincides with the
power nonlinearity |u|P~'u for values of u with |u| < M + 1. Now let
v and vy, the solutions of a problem like (1.1) with the source term
|u|P~1u replaced by f(u) and initial datum wug and uy + h respectively.
As f(u) is uniformly Lipschitz we have that both v and v, are global
and moreover there exists a constant C' such that

i
lv = vallz=(T = 5) < Clil=.

Now we only have to observe that if ||h| L~ is small enough we have
that both v and vy, verify that

vl zo<@x 0,7~z 1Rl 2o @x 07— 7)) < M + 1.

Hence, by uniqueness, v(T'— %) and v ((T'— %) coincides with u(T — )
and u;,((T — %)) respectively and the result follows.

O]
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Now we can prove Theorem 1.1,

Proof of Theorem 1.1: First of all we observe that for uq fixed, the
set of functions h such that u, blows up in finite time is open. So if u
blows up, the same occurs with wuy for h small enough. From Lemma
1.1, taking as initial datum w(7" — %) and u,((T' — 7)) if necessary, we
can assume that hypothesis (H) is valid for all ¢ in [0,7") and [0, T})

respectively.
Let e(x,t) = up(z,t) — u(z,t). We have that for every (z,t) €
Q x [0, min(7,T})),
er = A+ [up[" " up — [ufP"tu = Ae + pl¢(z, 1) e,
(1.8)
le(z,0)[| e < ClR]|Le,

where &(z,t) lies between u(x,t) and up(x,t). Given € > 0, we can
define for ||h||L~ small enough, a time ¢y € (0,7 as the maximal time
such that

(T )
(1.9) et )i~ = & =57

For times ¢ € [0,%y) we have that

for all t € [0, o).

(T —t)" 7

&G O < Julw, O+ & =7

and as we are assuming (H) we get that

(o) < n(r = 0771 (G4 2e) o

2p | In(T —t)|’
hence,
p—1 p -1 N (T B t)il _

Now, let €(t) be the solution of the ODE
e(t) = a(t)e(t)
with initial datum €(0) = C||h|| ~. Integrating we obtain
e(t) = C[hllu<(T = £) 71| In(T = )] 5,

and, since e is a solution of (1.8), by a comparison argument we have
for every t € [0, 1),

(1.10)  fle(-t)|p= < &(t) = C||hl| (T — t) 77| In(T — t)| 2+,
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We want to use this to obtain a bound on |T" — to| in terms of ||h|| 1.
To this end let us introduce for ||h| L~ small enough, the time ¢, =
t1(h) < T as the maximal time such that

__p N T — f;)_pll
0o — p—1 — ?J’_Ca < (—

for all t € [0,11).
It is clear from (1.10) that ¢; < tg, hence 0 < T —ty, < T — t;. Note
that

C
T — ty(h) ~ Al [ e 27O as [1b]| — 0.

Therefore,
C N+24 e
T_tOST_tlgthHLOO “thHL"O| 2 .
Now we observe that (1.4) and the definition of e yield
1- _
(T ~to| < C (llun(to, )llz=(@) ™" < C (lulto, )= + le(to, o)
Using (1.3) and (1.9), we get

(T B to)ip%l ) 1-p

Ty, —to < o, )|l L) —
T}, — o _O(HU( 0 M) — € In(T — to)

-4 (T—to)_‘%1 o
<C (ﬂ(T—to) P —€m) < C(T —to),

and so we obtain

T —Th| < |T —to| + |Th, — to| <

C N+2
T = to] + C|T = to] < —|[Al[z= [In([|A]|ze)] 2 e
This completes the proof. 0
Remark: The above proof gives a constant C'(My, Tp, €) for (1.6) with
C(Moy, Ty, e) — 400 as € — 0.
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