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1. Denote
p(x, y) :=

(α
π

)d/2
exp

(
− α‖x− y‖2

)
.

and prove that for any j ∈ {0, . . . , k − 1} we have∫
(Rd)k

1A(xj)
k−1∏
i=0

p(xi, xi+1) dx0 . . . dxk−1 =

∫
Rd

1A(xj)
( α
πk

)d/2
dxj ,

with the convention xk = x0.

2. Let (Xi)i≥1 be independent random variables with distribution Normal(0, 2α Id) in Rd. Let Yi = X1+ · · ·+
Xi and for fixed k ≥ 1 define

Zi = Yi −
i

k
Yk (1)

Show that the distribution of (Z0, . . . , Zk−1) is absolutely continuous with respect to Lebesgue measure
in (Rd)k−1 with density

f(z1, . . . , zk−1) :=
(
α
π

)kd/2
e−α

∑k−1
i=0 ‖zi−zi+1‖2 .

with the convention zk = z0 = 0.

3. Let λ ≤ 1 and A ⊂ Rd be a bounded Borel set. Define the grand canonical measure by

µA,λ g :=
1

ZA,λ

∑
n≥0

(
(α/π)d/2λ

)n
n!

∑
σ∈Sn

∫
An

g(x, σ)e−αH(x,σ)dx, (2)

where g : XA → R is a bounded test function. Show that the Gaussian loop soup µA,λ restricted to A
(that is, with intensity 1{{γ} ⊂ A}Qλ(dγ)) and the grand-canonical measure µA,λ are equivalent.

Random interlacements

4. Let A ⊂ B be bounded sets of Rd, and let g be a test function that is invariant under time shifts, g = θg.
Prove that

Qcap
B g1{TA<∞} = Qcap

A g (compatibility) (3)

Qcap
B g = Qcap

A g +Qcap
B\A g1{TA=∞} (additivity), (4)

The same holds for Qunif.

5. Compute the point correlations of the Gaussian random interlacements.
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