SCHAUDER ESTIMATES FOR DEGENERATE ELLIPTIC
AND PARABOLIC EQUATIONS IN RY WITH LIPSCHITZ
DRIFT

NICOLAS SAINTIER

ABSTRACT. We prove existence, uniqueness and Schauder estimates for
the degenerate elliptic and parabolic equations (E) and (NHCP) in R
associated to the degenerate Kolmogorov operator (K) defined below.

We are concerned in this paper with the properties in Holder spaces of the
degenerate Kolmogorov operator K defined on smooth function u : (z,y) €
R" x R" — u(z,y) € R by

1
(K) Ku := §A‘TU + F(z,y).Dyu + z.Dyu,

where F : R?" — R?" is assumed to be of class C® with bounded derivatives
up to the third order, and D,u, Dyu denote the gradient of u with respect to
x and y respectively. The main features of this operator are its degeneracy
in y and its unbounded drift. The purpose of this paper is to prove existence
and uniqueness of a solution of the elliptic equation

(E) A—Ku=f in R?",

and of the non-homogeneous Cauchy problem

(NHCP) u(0,) = f in R2"

{8tu =Ku+g in (0, +00) x R?"
associated to IC, to give estimates in the sup-norm of the spatial derivatives
of the solutions, and to prove Schauder estimates.

According to Freidlin [10], the operator K arises, for example, in the study
of the motion y(t) € R™ of a particle of mass one subject to a force field
F(y,y’) perturbed by a noise. Indeed y satisfies the stochastic differential
equation
(1) y'(t) = F(y(t),y'(t) + W'(2)

y(0) = yo, ¥'(0) = 20
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where (W (t)); is the standard Brownian motion in R™. Setting z(t) = y/(t),
(1) is equivalent to the system

a [ xO ) _ Fly) ) W)
\w® )\ e 0
(2(0),4(0)) = (0, %0)

and K is then the Kolmogorov (or Dynkin) operator associated with this
diffusion.

Concerning the study of K in Lebesgue spaces, with respect to some in-
variant measure naturally associated to K, we refer to Farkas-Lunardi [§]
and Da Prato-Lunardi [7] [6], where regularity and dissipativity results are
proved in the case where F' is a gradient perturbation, in y, of a linear term.

The study in Hoélder spaces of I, and more generally of degenerate op-
erators with unbounded coeflicients, is the subject of an intense research
activity. It is well-known (see e.g. Lunardi [15], Bertoldi-Lorenzi |2] and ref-
erences therein) that the parabolic problem associated to a uniformly elliptic
operator admits, under some growth assumptions on its coefficients, a unique
classical solution, and that the associated semigroup enjoys nice smoothing
properties which can be used to prove Schauder estimates. The situation is
much more intricated in the case of degenerate operators. A typical example
of such an operator is the so-called Ornstein-Uhlenbeck operator X' defined
on smooth functions ¢ € C?(RY) by

1
K'o = §TT(QD2<,0) + Bz.Do,

where the matrix @) is symmetric nonnegative and the matrix B is such that
the hypoellipticity (in the sense of Hérmander [11]) condition det@; > 0
holds, where

t
Qt:/ eSB/QeSB*ds.
0

Using an explicit representation formula (based on Gaussian measures) for
the semigroup T'(t) associated to K, Lunardi [16] proved a priori estimates
for the space derivatives of T'(t), existence and uniqueness of a distributional
solution of the equations (E) and (NHCP) associated to K', and Schauder
estimates for strong solution in some Hoélder spaces (defined by means of a
distance not equivalent to the euclidean one in the degenerate case). Using a
modification of the Bernstein method (|1]), Lorenzi [12] [13] proved a priori
estimates for the space derivatives of T'(¢) in anisotropic Holder spaces and
then deduced existence and uniqueness of a distributional solution for the
equations (E) and (NHCP) associated to K, as well as Schauder estimates.
Da Prato [4] dealt with the operator obtained from K’ by perturbing the
drift B by a suitable smooth and bounded function, still assuming the hy-
poellipticity condition. He then obtained, still using the Bernstein method,
a priori estimates for the first order space derivatives of T'(¢). Our purpose
here is to extend their results to the operator K defined by (K). Notice that
K doesn’t satisfy in general the Héormander condition of hypoellipticity on
commutators of vector fields.
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From now on, K will refer to the operator defined by (K), assuming that
F € C3(R?") has bounded first, second and third order derivatives. We first
consider the homogeneous Cauchy problem

{Gtu =Ku in (0, +00) x R?"

(HCP) u(0,.) = f in R?"

and prove the following theorem:

Theorem 0.1. If f € Cy(R?*"), the homogeneous Cauchy problem (HCP)
admits a unique classical solution us such that us(t,.) belongs to C(R*")
for each t > 0. The associated semigroup (T'(t))i>0, defined by T(t)f(.) =
us(t,.), satisfies the estimates given in step 2.1 and 2.2 below (with T re-
placed by T').

These estimates can also be obtained by probabilistic methods using Malli-
avin calculus (see Priola [20] - see also Cerrai [3] for a probabilistic point of
view on Kolmogorov operator). In the case where F' is linear, we recover the
estimates obtained by Lorenzi [13].

The estimates stated in the above theorem allow us to prove existence
and uniqueness of a weak solution of (E) and (NHCP) as well as Schauder
estimates. We refer to the next section for the definition of the functional
spaces involved in the following theorems.

Theorem 0.2. For every A > 0 and f € Cy(R*™), equation (E) has a
weak solution u. Moreover, if f € CO9/3(R™ x R"), with § € (0,1), u €
C*H0.2H0) /3 (R x R™) and it is the only weak solution of (E) which is bounded
and continuous and whose laplacian in x is bounded continuous. Moreover
we have the Schauder estimate

(2) || co+o,c2+0 /3 < Cl| fllco.0/8

where C' is a positive constant independent of u and f.

Theorem 0.3. If f € C,(R?") and g € Cp([0, +00) x R?™), (NHCP) admits

a weak solution u which 1s given by the usual variation of constant formula

ult,z,y) = T(1)f(z,y) + /O (T(t - $)g(s,.)) (&, y)ds.

If moreover f € C*H0:C+0)/3(R™ x R™) and g € B([0,T],C%/3(R™ x R™)) for
some 6 € (0,1) and T > 0, then u € B([0,T],C>T0C+0/3(R™ x R")) and is
the only solution of (NHCP) on [0,T] which is in Cy([0,T] x R™) and whose

laplacian in x is also in Cy([0,T] x R™). The following Schauder estimate
holds:

(3) sup |u(t,.,.)||cero.2r08 < Clfllo2ro.2r0) /8 +C sup ||g(t,.,.)|lco.0/s-
0<t<T 0<t<T

The paper is organized as follows. We recall the maximum principle avail-
able for I and we fix some notations concerning the functional spaces used in
this paper in the first section. The second one deals with the proof of theorem
0.1 whereas theorems 0.2 and 0.3 are proved in the last section. The proofs
rely strongly on techniques used in Lorenzi [12], [13] and Lunardi [14], [15],
[16], [17], that we extend to our more general situation, and we sometimes
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only sketch the proofs of intermediate claims for the reader’s convenience,
referring for more details to these papers. Nevertheless, the estimates we get
in step 2.1 and 2.2, which are the keys of the proofs of these theorems, are
new.

1. MAXIMUM PRINCIPLE AND FUNCTIONAL SPACES

1.1. The maximum principle. F being lipschitz, there exists A > 0 such
that
sup  (Ko(z,y) — Ag(z,y)) < oo
(z,y)ER?
where ¢(x,y) = |z|? + |y|?>. As a consequence, according to Lorenzi ([12]
prop. 2.7 and remark 3.3), KC satisfies the following maximum principle:

Proposition 1.1. Let u be a bounded classical solutions of problem (NHCP)
n (0,T) x R*™ with f € C,(R?) and g € C((0,T) x R*™). If g <0 (resp.
g>0)on (0,T) x R* then, for any 0 <t < T,

u(t, ., . < 00 resp. inf  w(t,x,y) > inf x,9)).
futo e < Wflloe (resp. | inf | u(t.zy) > int (@)

In particular, if g = 0 then, for any 0 <t < T,
[u(t, -, Moo < N1flloo-

All the uniqueness assertions concerning classical solutions of equations will
follow from this maximum principle.

1.2. Functional spaces. Cj(R") denotes the space of bounded continuous
function on RY endowed with the sup-norm |.|ls. For k = [k] + {k} €
[0, +00), with [k] integer and {k} € [0,1), C¥(R") is the subspace of C,(R")
consisting of the functions which are [k]-times continuously differentiable
such that their [k]-th order derivatives are Holder continous of order {k}
and which satisfy

|D%u(a) — D%u(b)|
lu|lox = |D“u|| oo + sup < 00.
|a|; |az a,bERN ab |a — b|tk}

For k = [k]” + {k}T € [0,+0c0), with [k]™ integer and {k}* € (0,1], the
Zygmund space C*(RY) is the subspace of C,(R™V) consisting of the functions
which are in BUC!™ (RY) (i.e. the functions which are bounded uniformly
continuous together with their [k]™- first derivatives), and such that

|D%u(a) + D%u(b) — 2D%u (“£2)|
+ sup
a%] a,beRN ,azb la — b|{k}*

|ullcr = HUHC[W

< Q.

It is known (see e.g. [21]) that C*(RY) = C*(RY) if k is not integer (with
equivalence of the norms), whereas C*(R") is continuously embedded into
CF(RY) otherwise. Eventually, given 7,6 > 0 and an interval I C [0, 400),
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we define C™9(R"™ x R"™) and B(I,C"?(R™ x R™) by
uweCMR" x R") &V z,y e R, uz,.) € CP(R"), u(.,y) € C"(R"), and

lulleno := sup [Ju(z,.)|lco + sup [lu(.,y)llen < oo,
TER™ yeR™
ue B(I,CYR" xRY)) & Vtel, ut,.,.) e CR" xR, and
[ull B(r,cno ®nxrry) = St‘éII?) [u(t, ., lene < oo

Given a compact set K C R™ x R™ and h € (0,1), we also consider the
following functional spaces:

u € B(I,CH(K)) < |lull s orxy) = sup Jult, )k k) < oo

u € Lip(I,C*(K)) & 3C > 0,Vs,t € I, ||ju(t,.) — u(s, Merry < Clt — 5|
we CMI,CF(K)) < 3C >0,Vs,t €I, |u(t,.) — u(s, Mery < Clt - s|h

2. PROOF OF THEOREM 0.1

We approximate I by the uniformly elliptic operator K. defined by
Keu = Ku + gAyu
1
= EAIU + %Ay + F(z,y).Dyu + x.Dyu.

It is well-known (see [15] or [18]) that the homogeneous Cauchy problem
associated with K., namely

Ou = Keu in (0, +00) x R?"
u(0,.) = f in R?",

has a unique bounded classical solution for any f € C,(R?*"). Moreover
the associated semigroup (7T¢(t)); is contractive, in view of the maximum
principle, and maps Cy(R?") to C3(R?") (see e.g. [15] or [12]). The purpose
of the first two steps of the proof is to obtain, for small time, estimates
of the space derivatives of T,(t)f independent of e. These estimates allow
then us to extract some sequence €, — 0 such that 7'(¢)f := lim, Tt (¢)f
is a classical solution of (HCP). The last step of the proof deals with the
existence of continuous third order space derivatives for T'(t)f.

Step 2.1. For any w > 0 there exist constants C,, > 0 and T > 0 indepen-
dent of € such that for any € small, t € (0,T] and f € Cy(R?*"),

() IDTe(t) flloo < Coe®'t™2| fll
IDyT.(t) flloe < Cuoe“tt /2| f|| o

[ Do Te(t) flloo < Cwemt_leHoo
(5) HD:cyTE(t)fHoo < Cwewt_2”f||00‘
HDnys(t>f||oo < Cwemt_3||f||00~
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| DaaaTe(t) flloo < Cooe®'t =372 f |00
| Daay Te(t) flloo < Cuet™5/2|| f oo

5
©) 1Dy 7o) Flloe < Coot 2] f .
(0

1Dyyy Te(t) flloo < Cuoe't™72|f|co-

Proof. We write u = u.. For o, 8 > 0 and v < 0 to be fixed later, we consider
the function z! : R, x R™ x R” — R defined by

2t =u? + at|Dyul? + B3| Dyul* + vt DyuD,yu.
We then have
o =K' =ge =gl +4?

with
ge1 = (o — 1)|D:L«u|2 + (—6 + 30+ 'y)tZ) \Dyu\Q +2(y + a)tDyuDyu

+ 2at0; F;0;udju + 'ytzaiFj(")qu?ju + 'yt28iFj8iu8ju + 2ﬁt38iFj8iu8ju,
g? = - ozt|Dm-u|2 — (ea + ﬁt2) t|Dgﬁyu|2 — eﬁt3|Dyyu|2

— 7t2Dmquyu — 67t2Dyyquyu,

glml+in|
9z™oy™
DyruDyyu = 8iju8ij u (we use the Einstein’ summation convention: if an
index appears twice in a term, we sum over it). By Young’s inequality and
for 0 <t <1,

where 0}, = for every multi-index m,n and |D,,ul? = Zij(aiju)%

|V?0;Fj0'udju| < O*)|Dyul® + O(t)| Dyul?,
"thDmquyu‘ < l;tg’\DmyuP—i—%t\Dmu\Q,

eYn €
(7) [V DyyuDay| < Dyyuf? + 52t Dy

for some 1,7 > 0 to be fixed later. Here and in the sequel, an expression
like O(t*), k integer, denotes a function of ¢ depending on the parameters
«, (,... such that for every choice of these parameters, we have an estimate
of the form |O(t*)| < Ct*, t small, for some positive constant C. Letting
v = —a, we thus get that

g9¢ <{a=1+0(t)} IDul* + {38 — o+ O(t)} *| Dyul?,

1 e’
2 I 2 _ nol .3 2
(8) gz g{ 1+ 277}ozt|Dmu| +e{ 8+ 5 }t | Dyyul®,

1 no
+ { (—1 - 2f;> ea+ (—6 + 7) t2} t| Dyyul?.

We now choose 0 < a <1, 3 < B < gandn=1n= % With such a choice of
the parameters, we get the existence of a T" > 0 independent of € such that
ge <01in [0,7] x R™ x R™ for any e. The maximum principle (cf prop. 1.1)
and the continuity of Du at t = 0 (cf Lorenzi [12] prop 2.7, thm 2.13) then
give |21 (¢, )]loo < || fII% for all ¢ € [0,7]. Independently, since the lowest

eigenvalue A\ of the quadratic form q(z, y) = a|x|? +B|y|? +~xy is positive
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for vy = —a and 8 > «/4, we have for any z,y € R"™ and ¢ > 0 that
ai(t,z,y) = atle? + Y[ + yt2ey = 1 (Z,5) = Amin (12 +171%)
> )‘min(t|$’2 + t2]y‘2),
where & = v/tz, § = t3/%y. We deduce that for any ¢ € [0, 7] and e,

1 3
t2 || DaTe(t) flloo + £2 | Dy Te(t) flloo < K| floos

where the constant K is independent of €. Given w > 0, let C,, > 0 be such
that Cye*tt=1/2 > KTY2 for all t > T. Then, since T, is a contractive
semigroup, we have for any ¢ > T that

HDazTe(t)fHoo = ||DxT5(T)TE(t - T)f”oo < KT71/2HT5(t - T)fHoo
Cot't 2| fll o,

IN

which is (4).
To prove (5), we consider the function

2% = 2V 4 AP Dypu|? + pt?| Dyyul? + vt Dyyul? + 0t° DyyuDyyu
for some parameters «, 8, A, u,v > 0, 7,0 < 0 to be fixed later. We have
% =K =ge=g9.+ g +g.+4g!
where
3 _ 2 3 2 5 2 2
g = 2XMt|Dypul® + 4pt’|Dyyul® + (6v + 0)t°| Dyyu|” + 4" DyguDypyu
+ (50 + 2#)t4Dyyquyu + 2)\t28iju {03 FrOku + 20, F1,0;,u}
+ 2ut4ﬁgu {Qijé?ku + (%Fkaiu + aijazku}
+ 0°0"u { 0] Fydyu + 0, Fidfu + 07 oy}
n {2ut60iﬂ’u n 9t5a§u} {aiﬂ‘Fkaku + O Fdlu+ aija,iu} ,
g} = = M?|Dygpuf? — (eX + pt*) 2| Dygyu)® — (e + Vtz)t4|nyyu]2
— eyt6|Dyyyu\2 — 6t5nyyquyu - 69t5nyyuDyyyu,

with, as for the second order space derivatives, |Dyzpu|? = Zijk: (&-jku)Q and
DyyyuDyryu = 817 kuﬁfju We first write that

2)\t281-ju {03 Fi0ku + 20, F1,0;,u }
+ 20t 0% { O o + 0, F0u + 09 Fidgu }
+ {200 + 000 u} {0 Fdyu + 0 Fdfu + & Fydju |
= O(t)|Dyul? + O(t*)|Dyyu|* + O(t*)| Dyyul® + O(t%)| Dyyul?
and
00°0"u { 6] Fropu + 0,Fdu + 0 Fidpu }
< O(t)|Dyul? + O(t")| Dyyul* + O(t%)| Dyyu|? + O(t?) Dyyu|?,
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so that
g2 =0(t)|Dyul? + {2\ + O(t)} t| Dyyu|® + {6v + 0 + O(t) } t°| Dyyyul?
+{4p 4+ O)} 2| Dayul?® + AN?DyyuDyyu + (50 + 2p)t* DyyuD oy u.
We then get with (8) and the definition of g2 with v = —a that
9e +gi+gl <
{a =14+ 0@)} [Deul® + {38 — a + O(t)} *| Dyu®
+ {2X — a + O(t)} t| Dypul® + {feﬁt?’ + (6v + 0)t° + O(tﬁ)} | Dyyul?
+ {—eat + (4p — Bt + O(t4)} | Dyyu]?
+ (4X + @)t?DypuDyyu + {eat® + (50 + 2p)t*} DyyuDyyu.
For ) > 0 to be chosen later,

4D+ «

AN+«

ﬁt3|Dzyu’2-

Hence, using (7) with 7 = 1/2 and # > ¢, and assuming that 50 4 2u = 0,
we obtain
9e + 92+ 92 <{a— 1+ 0} [Dul® + {36 — a+ O(t)} £*| Dyul?

4
+ {2/\ —a+t A;?; 5 O(t)} t| D]

+{6v + 0+ O(t)} t°| Dyyul?

IN+a,
+{4u—ﬂ+ 5 an-l—O(t)}tg\Dmqu.

Moreover, for § > 0 to be fixed later,

0 816
gf < (‘25’ — ,u) tﬂDmmu\g + (’2’ — 1/) et6|Dyyyu\2

6] 510 2| 4 2
+{<26—,u €+ 5 t° 0 7| Dyyyul
1 o
= <55 — 1> ptt| Dy + <5 - z/> et®| Dyyyul?

1 Op
+ {(55 — 1) pe + (5 - V) t2} 4 Dyyyu?

Independently, the quadratic form go(z,y) = u|z|? + v|y|> + 02y is positive
ift y >0andv > %. We now claim that we can choose the parameters such
that they satisfy

O<a<l, 7<B8<3

2\ — o+ Bt <0

(10) Ap — B+ 252 <0
6v+60<0

1/>%, 0] < min {2ud, 2} .
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Indeed, a possible choice is

1
S (/5.1/4). j=5+a’ f=5 —a’ A=a' p=a’ v= 5

for a small. For such a choice of the parameters, we get the existence of
T > 0 such that gc < 01in [0,7] x R" x R™ for any ¢ > 0. We conclude as
previously.

To prove (6), we consider

B =224 pt3\Dmxu\2 + 0155|D5,;9[;yu|2 + Tt7|nyyu|2 + xt9|Dyyyu|2

+ wt® D yyyuDyyyu

for some parameters o, 8, A\, u, v, p,o,7,x > 0, 7,0,w < 0 to be fixed later.
We have

3Kl =g =g +2+@+a+g>+4°
where

g€5 = 3pt2]Dmxu]2 + 50t4|Dmyu]2 + 7Tt6\nyyu|2 + (w+ 9)()t8|Dyyyu|2
+ (8w + 27’)t7nyyuDyyyu + 6pt3Dmqumyu + 4at5Dmyquyyu
+ 2pt3(9ijku {@ijlalu + 3(9ijlailu + 33iFlajklu}
+ 206080 { 0 Fidvu + 03 Fofu + 0" Fidhjiu + 20} Ry + 20, R }
+ (27t785ku + wt88ijku)
x {0 Fowu + 0 Ry + i Fof*u + 200 Fofu + 207 Rl |
+ (2xt98ijku + wt88gku>
x {aij’fFlalu + R Foju + 0 R0 u + 20V Fofu + 28]‘1«76;‘%} ,
gf =— pt?’\Dmmu\2 - (ept3 + atS)IDzmyu\Q — (eot® + Tt7)\Dmyyu]2
- (67t7 + th)’DzyyyuP - EthlDyyyyuP

— thDmyyquyyu — ethnyyyuDyyyyu.
In view of Young’ inequality and assuming that 7 + 4w = 0, we have

9. = (3p + O(1))#*| Dyagul* + (50 + O(t))t*| Daryul?
+ (77 + O(t))tG\nyyulz + (w+9x + O(t))t8|Dyyyu‘2
+ 6pt3Dxmquyu + 4Ut5DmyuD$yyu
+ O(t)|Dyul* + O(t?)| Dygul® + O(t*)| Dyyul?.
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Hence, with (9), assuming that 5 > «/4 and 50 + 2 = 0,

@+ @+t + =

{a =1+ 0@)} |Dyul* + {38 — a+ O(t)} t*| Dyul?
AN+«
21

+ {2)\—a+ + O(t )}75|Dmu|2+{6u+0+O(1t)}t5yDyyu|2

4\
{ - B+ +O‘n+0<>}’f?’!DgcyuP+{3,0—A+0(1&)}t2|Dmu|2

+{boc—u+0(t)} 754]Dmyu|2 + {—eut4 + (77 — V)t6 + O(t7)} |nyyu|2
+ {feyt6 + (w+ 9x)t8 + O(t } |Dyyyu|2

— 69t5nyyuDyyyu + 6,0t DyyruD gy

+ (40 — 0)t° DyyyuD gyt — 7" | Dygyyul* — (e7t” + xt°)| Dyl

9 2 8 8
— eXt”| Dyyyyts|” — wt®DypyytDgyyyts — €wt® DyyyyuDyyyyu.

Moreover, for some 7, 5, 6 > 0 to be fixed later,

40 + 160 40—i— 9 _
|6pt3Dzmquyu} < 3pt?| D g + 3ptY| Dygyu)?,
€|6
|€9t5D:vyy“Dyyy“} < |5’t4|nyy |2 clf |5t6|Dyyy |2
‘ 8D D <|w‘t7D 2 | |(5th 2
Wt gyt :vyyy“} | Doayyul® + | Dayyyul”,
6le €IWI

7
|€wt® DoyyyuDyyyyu| < 5 —t"|Dayyyul* + =8| Dyyyyul.
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Hence
g+t +gi it +gl=
{a =1+ 0()} |Dyul?> + {38 — a+ O(t)} t*| Dyul?

4\
+22 —a+ ;;1+CX@}HDMUF+{&w%0+O@H¢ﬂDqu
Mta, 3 2 2 2
+ 1 dp— B+ N+ O(t) ¢ t°|Dayul” + {6p — A+ O(t) } t*| Dygzu

4o + 16
50 — 1+ 0277” +3p + O(t)} t4|szyu|2

4
<1—4>u+(%—u+U;w%>#+0@%}ﬁwaﬁ
/LS 2 3 6 2
el 5 v + (w+9x) t° + O(t°) p t°| Dyyyul
i—1 Tt Dygyyu]® + $ € i—1 T+ LS—X t2 5 7| Dyyyyul®
; zryy 33 3 Tyyy

8
)
+€ (8 — X) tg\Dyyyqu.

We now choose the parameters such that they satisfy (10) and also

6p < A
50—u+40;;7|9|+3,0<0
(11) Tr—v+ 22l <0
w+9x <0
Wsi>t K>i>i x>4
A possible choice is for example:
5:%—042, A=at, p=ad? V_cly; p=a’ o=1=0a’,

ad Loz sl se(L5Y) 5oL
= — = — o —_ — —_ — -
XZy T 1=y 516 ) 85

for o small. For such a choice of the parameters, we get the esistence of a
small 7 > 0 independent of € such that g < 0 in [0, 7] x R™ x R™ for any e.
We then conclude as before.

O

The next step shows that we can improve estimates (4), (5), (6) when f
is more regular:

Step 2.2. If f € CL(R®™™), estimates (4), (5), (6) become
(12) ID2Te(t) flloos 1 DyTe(t) flloo < Coe™[|fllcn,

(13) {wwwwwwmmwms%wﬁwm,

_3
Iy T(t) flloe < Coc't= 2 flcn,
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[ DaaaTe(t) flloos |1 DaayTe(t) flloo < Coet ™| fllcn,
(14) IDayyTe(t) flloe < Coet 2 fllcn,
| Dyyy Te(t) flloo < Coet || fllcn-

If f € C2(R*™), we have
(15) IDT(t) flloos 1D*Te(t) flloo < Cue|| fll 2,
(16)

_1
1PaaaTe(t) flloos | DryTe(t)flloos (| DayyTe(t)flloo < Coet 72| fllc2,
[ DyyyTe(t) flloo < Cooe't 2| fllc2-
If f € C3(R*™), we have for any k = 1,2,3,

(17) ”DkTe(t)fHoo < Cwem||f||03.

Proof. Since the proof of these inequalities is analogous to what we did pre-
viously, we only sketch it for (13). We consider the function

ze = u* + a|Dyul* + a|Dyu|? — aDyuDyu + M| Dypul? + pt|Dyyul?
+ vt?| Dyyul? + 0> DyyuDyu,

where u = u, and the coefficients o, A, u, v > 0, § < 0 will be chosen later.
We have 0,2 — K. = g2 + g% + g2 + g2 where

gel S ‘Dxu]Q —(a+ e)\Dyu\Q + 2aD uDyu
+ 01(282'Fj — OZFJ)&uOJu + a(QGiFj — 8iFj)8iu8ju,
92 = — a|Dyzul* — (1 + €)a| Duyul® — ea| Dyyu|* + aDyyuDyyu

+ eaDyyuDyyu,
92 = ADyeul* + N|chyU’2 + Bv+ G)tQ‘Dyqu +2(p + 0)tDoyuDyyu
+ 2XMt0;5u (&iij@ku + 20, F.0j1u + 28;-u)
+ (2utd v+ 01207 u) (& Fropu + 0, Fr0lu + & Frdiu)
+ (21/t38iju -+ thﬁgu)(aiijc'?ku + QBiFkﬁiu),
g = = M|Dustuf? = (4 + N Dayul? = (£ + @)t Diyy?
— el/t3\Dyyyul2 — 9t2D$yyquyu — thQDgcyyuDyyyu.
We let 8 = —p and estimate these terms as follow:
9 ={-1+0(a)} |D,ul* + a {-1+ O(Va)} | Dyul?,
62 < = 5|Daguf* = S (1 + )| Dayul® = F|Dyyul?,
9. SO(1)|Dyul® + {A+ O(t)} [ Dagul? + {p + O(t)} | Dy
+ {3 — 4+ O()} [ Dyyul?,

1 )
< {25 - 1} put| Dyayul® + {2” - 1/} et Dyyyul?

op 1
+ { <2 - l/> t e (26 - 1> u} t| Dy

AN

[
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for some 6 > 0. Hence
g+ a+aital
< {-1+0(Wa)+0(#)} |Dyul* + a {1+ O(/a)} |Dyul?
_a 2 _« 2
+ {3 =5 + 0} 1Duaul® + {5 +0(t) } IDay
+1 (3v — p+ O(t)} |Dyy“’2

1 O
+ {25 - 1} (1t| Dyayul® + {2 — 1/} et®| Dyyyul?

op 1
+ {(2 - V> 3 +e <25 — 1> ,ut} | Dyl

If we choose A = = a/4, v =2u/7 = /14 and 6 = 1/2, we see that for «
small, the quadratic form (x,y) — p|z|*+ v|y|? + zy is positive definite and
that there exists T > 0 small independent of € such that g} +g2+g2+g2 <0
in [0,7] x R?" for any € small. We conclude as previously. (]

We can now prove existence and uniqueness for the homogeneous Cauchy

problem (HCP):

Step 2.3. For any f € Cy(R?"), the Cauchy problem (HCP) admits a unique
solution uf.

Proof. Fix f € Cy(R?*") and set u, = T.(.)f. Let 0 < Ty < T, I = [Ty, T]
and K C R"™ x R"™ compact. Since Owu. = Kcue, we see from the pre-
vious step that the sequence (u.) is bounded in B(I,C3(K)) and belongs
to Lip(I,C(K)). It then follows from ([14] prop. 1.1.4(i), cor. 1.2.19)
that (u) is bounded in C1=®)/3(I C***(K)) and that (duc) is bounded
in C(1=)/3(1,C(K)). Hence the sequences (dsuc), (D%uc) for |3| = 0,1,2
are uniformly bounded and equicontinuous in I x K. As a consequence,
there exists uy € C12((0,+00) x R?") such that, up to a subsequence,
Owue — Opuy and DPy, — Dﬁuf, |B] = 0,1,2, uniformly in any compact
subset of (0, +00) x R?". In particular dyus = Kuy. It remains to show that
uy satisfies the initial condition. This can be done exactly as in Lorenzi [12|:
we first prove the claim for f € C%(R?") using the formula ([18] Prop. 4.3)

T.(0)f(z) — f(z) = /O (Tu(s)K. f)(x)ds,

we then extend the result by density to a function f € C.(R?"), and eventu-
ally prove it for f € Cy(R?") by a localization argument. We refer the reader
to [12] for a detailed proof. The uniqueness of uy follows from the maximum
principle. O

According to the previous step, we can consider the contractive semigroup
(T(t))1>0 defined on Cy(R?™) by T(t)f = ug(t,.). Since T.(.)f — T(.)f in
Cllo’z((O, +00) x R?%), (T(t))¢>0 satisfies estimates (4) and (5). As in [13], we
can also prove that

Step 2.4. If (f,) C Cy(R?™) converges to f € Cp(R?*™) in Cioe(R?™), then
T()fn — T()f in Cloe([0,+00) x R2") and also in C22((0, +00) x R2").

loc
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Indeed, we can for the moment only prove that T'(.) f,, — T'(.) f in Cjoe([0, +00) x
R?") and also in Cllo’i((O, +00) x R?"). The result of the next step allows us
to redo the proof of this result and to see that we have the convergence in
Cllo’cz(((), +00) x R?") too.

We can now prove that

Step 2.5. (T'(t)) satisfies (6).

Proof. The proof follows the one of thm 3.5 in [12]. We write it down com-
pletely for the reader’s convenience. Let f € CP(R*") and u. = T.(.)f,
u = T(.)f. We first prove that u has a derivative of third order. We fix
h < n and consider the operator 7}' defined on C,(R?") by

U(x +ken, y) — P(z, y)

p(a,y) = ; -

where ey, ..., e, is the standard basis of R". Given R > 0, we localize by
considering a cut-off function nr € C°(By(R)) such that 0 < np < 1 and
nr = 1 in Bo(R/2), where By(R) is the ball of radius R centered at 0, and
set Ve R = NRUe, U?,k,R = TI?(UE’R). Then Uzkﬁ is a classical solution of

{(%Uifkﬁ = Kev?’k?R + ggk,R in (0, 4+o00) x R?"
U?,k,R(Oa T) = TI?(URJC)(@”»?J)
where (we sum over ¢ but not over k and h)

9w r(t 2,y) = (TLF) (@,9) (Oive,R) (@ + kep,y) + (8"ve,p) (t,x + ke, y)
— M (ueKenr) — Oinr(x + ke, y) 71 0uc(t, 2, y) — duc(t, 2, y)Thdmp

— ed'np(x + ke, y) TR0 uc(t, z,y) — €duc(t, z,y)m 0 nR(t, z,y).
According to [19] thm 3.5, for t > 0 and (z,y) € R*",
(18) t

Bt 9) = 7o) (L) @)+ [ (T = 9kinls)) (o) s

Since 7 (nrf) € Cp(R?"), the first term on the right-hand side converge to
T(t) (P (nrf)) (z,y) as e — 0 for any ¢ > 0 and (z,y) € R?™. If we denote
by g,};, r the function we get by replacing respectively € and ue by 0 and u
in the definition of gzk’ r> and recalling that nr has compact support, we
have that ggk,R — gZ’R as € — 0 uniformly in I x R?" for any I C (0, 4+00)
compact. If K C R?" is compact, we then have for any s,t > 0, using the
fact that T, is a contractive semigroup, that

HTe(t>g?,k,R(37 D= T(t)QZ,R(Sa Iz (r)
< Hg?,k,R(S’ D) - QZ,R(& ey + ||Te(t)92,R(5» D)= T(t)QZ,R(S, Moo ()

wich converge to 0 as € — 0 in view of Step 2.3. Moreover, in view of (12)
and for € small,

h h
1Te(t = 8)ge ke r(Ss oo (k) <N gek.r(8, ey < C
where the constant C' is independent of e. We can thus apply the dominated
convergence theorem to pass to the limit ¢ — 0 in (18). We then get for any
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t>0, z,y € R" that
(19)

atr.) = 10) (b)) o)+ [ (700 9lats.) () ds.

We now want to pass to the limit & — 0 in the above expression. First
T,?(an) — Op(nrf) in CP (R*™) and, in view of Step 2.3, ggR(s, )= g?% in
CP ((0,+00),R?™), where

gk = OnFi0ivr + 0"vp — Oh(uKng) — Omrdmu — Oudinnr
with vg = nru. Using step 2.4 and by dominated convergence (see (15) -

f € C*(R?")), we can thus take the limit & — 0 in (19) to get that for any
t >0 and any (z,y) € R",

(20)
On (o) (t..9) = T(0) Ohnm ) (2.) + [ (Tt = s)gh(s.)) (o) s

Since nrf € C}(R?"), for each t > 0 the first member in the right hand
side belongs to CZ(R*"). Independently, interpolating (15) and (17) (since
f € C?), we see that, for any a € (0,1) and any T > 0, (T.(.) f). is bounded
in B((0,T),C?T%(R?")). We deduce that T(.)f € B((0,T),C?*t*(R?")) and
then that g% € B((0,T),C%(R?")). Moreover, interpolating (5) and (13),

we get that for any ¢ € 03/4(R2”),

C
1PeaT ()¢ lloc; 1DayT ()¢ lloo < g ¥l s man)-

Choosing o = 3/4, we thus get, by the dominated convergence theorem
applied to (20), that for any i,j = 1,..,n, 9;jpu and 8, u exist and are
continuous in (0,+o00) x R**. We get in the same way the existence and
continuity of ﬁfhu for any 4,7, h. The first estimate in (6) implies that the
function D,,T(t)f is Lipschitz in z with Lipschitz constant not exceeding
Ce't73/2|| f||oo. Hence D, T(t)f is also Lipschitz with the same estimate
for the Lipschitz constant. Since D,,,T'(t)f exists, we deduce that it satisfies
estimate (6). We see in the same way that T'(¢) satisfies all the estimates
(6), (14), (16) and (17) except those concerning D, T'(t).

To prove the same result for D,,,T'(t), we take h € {1,...n} arbitrary, so
that
(21)

O ) t.) = T(0) (9" 0w)) (7,90 + [ (16~ 9)hs.)) ) .

g?% = 8hFi(9ﬂ}R - ah(UICnR) — 8mR8£‘u - 6iu8£‘773,
with vg = mru. As before, the first member in the right-hand side of
(21) belongs to CZ(R?") for any ¢t > 0. We are going to prove that g% €
B((0,T),C3?(R?™)). As a consequence of what we just did, we have g% €
B((0,T),C'(R?")). By interpolation, we have for any § € (0,1) and 1 €
Cy (R?"),

Cewt Cewt
1DzaTt)Vllco < gz lI¥llor, 1PeyTO¥llco < gy l¥llen-
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Hence, by the dominated convergence theorem applied to (21), we see that
Daay(nRu), Dayy(nru) € B((0,T), C(R?*")) for any 6 € (0,1/3) and T > 0.
As a consequence, ght € B((0,T),C*T(R?")) for any 6 € (0,1/3) and T > 0.
We use this argument once more. By interpolation,

Crewt
HDmmT(t)wHam ||nyT(t)1/’”oo < WHT/}HCH%

Cewt Cewt
[ D2z T ()Y][cr < W’|¢H01+97 [ DayT () ¢][cr < WWHCHG-

Interpolating these inequalities we get

Cewt Cewt
1PeaT(t)licrr2 < smggyall¥licrso, 1DayTO)bllcr < sggyzllvlicreo-

We now choose 6 € (1/4,1/3), so that (5 — 46)/4 < 1, and we deduce
that Dy, (ngu), and thus g%, belongs to B((0,T), C3/2(R?")) for ant T > 0.
We can now conclude that Dy, (nru) exists and is continuous by using the
interpolation inequality || DyyT(t)¥]|oo < Ce“'t=3/4|||| 372

We thus proved that u(t,.) € C’g’(Rzn) satisfies the appropriate estimates
under the assumptions that f € C$(R?*"). By density, we still have that
u(t,.) € C3(R*™) for f € BUCF(R?") for any k = 0,1,2. For a general
[ € CkR?™), it suffices to write T'(t)f = T(t/2)T(t/2)f and remark that
T(t/2)f € CZ(R*) c BUCY(R?™). Moreover, the appropriate estimates
for the derivatives of third order of u are still valid since we know that
D?T(t)f is Lipschitz with the appropriate Lipschitz constant (coming from

the estimates for D3T,(t) f) as we explained above.
U

3. PROOF OF THEOREMS 0.2 AND 0.3

Before beginning the proof of the theorems 0.2 and 0.3, we need some esti-
mates on the behavior of (T'(t));>0 between the anisotropic spaces C3%(R?")
and C3%8(R?™). We first prove that

Step 3.1. for any w > 0 there exists a constant C,, such that for any t > 0
and f € CPH(R™ x R™),

IT(#) fllcss < Cwe[|fll s

Proof. For a, A\, u, v, p, 7, x,¥,w > 0, 0,0,¢6,v < 0 to be fixed later, we
consider the function z = z. defined by

z = u®+a|Dyul’ + a|Dyu|? — aDyuDyu + A Dyyul? + pit| Dyyul?
+ut3|Dyyu]2 + QtZDwyuDyyu + p\Dmmu\Q + 0tDypauDygyu
+Tt2Dzmquyyu + qbt?’DzmuDyyyu + xt? ]Dmyu\2 + wt4]Dwyyu|2

+wt6\Dyyyul2 + UtstyyuDyyyu,
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where u = ue = Tc(.)f. Then 0yz — Kz = g1 + g2 + g3 + g4 + g5 with

91 = —|Dyul* + a(20;F; — & F;)9iudju — (o + €)| Dyul?
+ a(28jFi — ajFi)ajuaiu + 2aDuDyu,
92 = —a|Dygul* + (1 — @) Dyyul® + (3v + )| Dyyul®
+ (4X — @) DypuDgyu + 2(p + 0)t DyyuDyyu
+ 2X0;u(0; F1, 0, + 20; F1,0;1,)
+ (2utd)u + 0120 u) (0! Fydyu + 0 Frdlu + & Frdiu)
+ (2030 u + 0t20)u) (07 Fidpu + 0" Frdiu + & Fl,oiu)
— ca(|Dyyul® + | Dyyul? = DyyuDyyu),
93 = =M Dagaul? + (—eX + (2x — 1)t)| Daayul”
+ (—ept + (41h — v)t3) | Dyyyul?
+ (6wt® — evt®)| Dyyyul® — 062 Dy Dyyys + (5t* — €0t%) DyyyyuDyyyyu
+ Doy ti(0 Dyt + 27t Dyyyui + 3% Dyyyyt)
+ (2p0ijpu + otdlu + Tt20] u + ¢t3 9k

X (O F101u + 051, F10u + 031, F1051u + 0 F10ku

+ OpF0;jru + 8 Fydu + 0i Fyjqu + 0w + 9y u + 0iu)
+ (ot0ijru + 2xt°0u) (05 Fyopu + 205 Foyu + 0F F0iju + 03 F0fu
+ 20, Fjd%u + 207" )

+ (Tt28ijku + 21/1t46gku + vt> 9k y)

x (7F Fdpu + 280 Fi0fu + 0,107 u + 07F Fydyu + 207 Fi0fu + 097%)
+ (¢t 0sjxu + 2wt50" Ty + Utsafku)

x (89F By + 209 Fiofu + 8% Fioju + 207 o u + 0" F9i ),

g4 = —p|Dmmu|2 - Xt2|Dmccyu|2 - 7/)754|D:c:cyyu‘2 - Wt6‘nyyy“’2
— 0t DagpaUDzayu — 7t2a£kuaijklu - ¢t33ijkzualijku - Ut58£lku8lijku,
g5 = *EP‘Dxmy“F - EXt2|Dm:yyu|2 - €¢t4|D:ﬂyyy“|2 - 60‘”56’Dyz,lyyu‘2

- evt551jklu8ijklu - e@;jku[atﬁfjlu + Tt28ijklu + 39"k,

2

We have
(22) g1 < {1+ O0(a)}|Dsuf’ + a{ =1+ O(Va)}| Dyul?,
and, assuming that § + p =0 and \, p = o(«),

g2 = (O(t) + o(a))| Doul* + {(3v + 0) + O(t) }*| Dyyul”

23 o
) - (5(1+o(1)) +O(t>) (IDazuf® + | Doyul?) .

17
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We now estimate g3. Assuming that p, o, 7, ¢ = o(\), we first write that
(2005550 + at(‘)fju + thagku + t39k)
X (O F10iu + 01 Fi0u + 031, F1051u + 03 F10ku
+ OpFi0sj1u + 8 FyOu + 0i Fyjqu + O u + 9w + 0%u)
= 6pDypeuDyyu + 30t|DC,;3[;yu|2 + 37'752]Dzyyu| | Dgayu| + 3q5t3DmyuDyyyu
+ 0(A\)|Dazut|* + 0(@)| Dyul? + o(@) | Dygul® + O(t*)| Dyayul*
+ O(t4)|nyyu|2 + O(tﬁ)‘Dyyyuﬁ
(otOijpu + 2xt28fju)
x (O Fydyu + 208 Fidgu + 0* Fidyu + 03110 u + 20, Fiolu + 20]"u)
= 20t D pyytt Dyt + AX? Dyyyu Dy + O ()| Dyur|® + O(t) Dy
+ O(t) Dygzu|* + O(t) Dyyul® + O(t*)| Dyayu|* + 0o(N)| Dy,
(Tt20;5u + 2¢t485ku + vt?§ky)
x (" Fopu + 287 Fyofu + 9, F10)"u + 078 Fdgu + 207 Fidku + 09%)
= Tt? DyypuDyyyu + 20t Dy uDyyui + 87| Dyyul* 4+ O(t)| Dyul?
+ O()| Dayul* + O(t)| Dygu|? + O(t)| Dygz|* + O(t?)| Dy
+O(t")| Dayyul* + O(t°)| Dyyyul?,
(6130, j0u + 2wt0T*u + vt 57 u)
X (07F Fopu + 207 FioFu + 7% Foju + 289 0% u + '[9 u)
= O(t)| Dasztl* + O(t)| Dyul? + O(t) Duyul® + O(t*)| Dayyul®
+ O(tﬁ)’DyyyuP-
Hence
g1+ g2+ 93 <
{-1+0(Va) + O} Daul* + a{~1+ O(va)}| Dyul®
~ (3 +0) +0()) (1Dssul + [Dayul’)
+12{3v + 6 + O(t)}| Dyyul?
+{=A+0(3) + OO)} Dagot|* + {—p1.+ 2x + 30 + O(t) }t| Doy
+{4-v+ O(t)}ts‘DacyyuP + {bw+ v+ 0(75)}t5’Dyyyu‘2
+ (6p 4 0)DygatuD gyt + 2(0 + T)tDgppttD gy
+ (3¢ + T)t* DygauDyyyu + (37 — 0 + 4x)t*| Dyayu|| Dayyul
+ 3¢t° DygyuDyyyu + (50 + 20)t* DDy u
—€ (ut|nyyu]2 + V15‘9’|Dyyyu\2 + HtZnyyuDyyyu) .

Assuming that

o= —6p, T="06p, o =—2p, Vz%and5v+21/120,
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this becomes
g1+ 92+93 <
{~1+0(a) + O(t)}|Dyul” + a{~1 + O(Va)}| Dyul”
— (50+0(1) +0(1)) (1Dswtl? + | Doyul?)
+ {30 — i+ O(1)} Dyyul?

+{=A+0(N) + O} Dyawul? + {—p + 2x — 18p + O(t) }t| Dyuyul®

+ {4 —v+ O(t)}t3|nyyu‘2 + {6w +v + O(t)}t5’Dyyyu|2
+ (18p + p1 + 4X) | Dagyts|| Dayyus| — 6pt> Dyryyu Dy
For 0 > 0 to be fixed later, we have

’(18p +p+ 4X)t2|Da:a:yUHnyy“H

18p+p+4 1
< PR XDl + 5 (189 + 1+ 4)6t° | Dyyul”

- 20
and also
‘—6pt3DmyuDyyyu’ < 3pt| Dyayu|* + 3pt°| Dyyyul?.
Hence
g1+92+93 <

{~1+0(Va) + O)}|Doul* + a{~1 + O(Va)}[ Dyul*
— (50 +0(1) +0(1)) (1Dswtl? + | Dayu?)

+ {30 — p+ O()}| Dyyul?> + {=X + 0o(A) + O(t)}| Dyggul?
18p + p + 4x
20

1
+ {4 —v + 5(180 + 1+ 4x)0 + O (1)} Dayyul?
+ t°{6w + v + 3p + O(t) } Dyyyul®

+t{—p+2x —15p+ + O(t)} Dyyul?

We thus choose the coefficients such that

3v—pu <0,

(24) —ju 4+ 2x — 15p 4 Bt
4 — v+ $(18p 4 p+4x)s < 0,
6w + v+ 3p < 0.

19

Independently, the conditions for the quadratic forms defining z to be posi-

tive at t = 1 read as

v > 602 /Ap = pi/4,
X >0 /4p = 9p,

72 o272 _ 9px
(25) v > 4p + 16p2(x—02/p) — x—9p

)
2
(oo 22

X=% ) dpx+v(vx—9up+12xp)

- 4(px—9pv—9px)

w > 1% + 9'02 + P
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We can choose for example
2 3 14
2 a, v 7aap O‘aw X a, w 500&, € 27
for a small. With that choice, we have, for a small, that g; + g2 + g3 < 0
in [0, 7] x R?" with T independent of e. It remains to check that, with the

same choice of parameters, g4, g5 < 0 in [0, T'] x R?" with 7" independent of
€. We have
g1 = — a5 Dygppul® — 0431‘,2]D$myu\2 — a5t4\Dmyyul2 — %a‘gt(’\Dwyyu\Q
+ 6046tDmmuDzmyu — 6a6t2Dmmquyyu + 2a6t3DmmuD$yyyu

2
+ fa3t5DmyyuD$yyyu.

5
Writing
6 3af 2 65,2 2
‘604 tszxxUDmmmyu‘ < T‘Da:mmaﬂ” + 3a°6t ’Dxmcyu‘ s
6,2 3a0 2 6 ¢4 2
‘6& t Dmmquyyu‘ < T|Dmmu| + 3a°0t%| Dygyyul|”,
20543 D,y yppuD <D 2 4 a85t8| Dyyyyul?
| "t Dygaatt wyyyu‘ = F’ a:xzmu| + a’ot | zyyyu| )
2 o? J
‘5a3t5DmyyuDzyyyu < ngmyqu + ga35t6\nyyyu]2,

for 8,6 > 0 to be chosen later, we obtain

7
g1 <a’ <_1 + 5) |Daaaaul® + 0(—1 + 30°6)t| Dygayul?

1 3 0 =
+ o [ =14+ = +30% | t*|Dyayyul® + 0 | == + = +00” | t°|Dyyyyul®.
5§ 50 5
Choosing § = 14 and § = 1/4, we see that, for o small, g4 < 0 in [0, 7"] x R?"
with 7" independent of €. The same holds for g5 since we can write in the
same way that

7
e lgs <al <—1 + 5) ]Dxmyu|2 + a3(—1 + 3a35)t2|D‘,myyu|2

+a? (—1 PRI 3a36> t4 Dyyyyul® + a3 (—3 o0y 5a3> 1% Dyl
50 50 5
and we choose as before § = 14 and § = 1/4 to get the result.

We eventually have that 0;2—K.z = g1+9g2+9g3+g4+gs < 0in [0, T'] x R?"
with 77 independent of e. We conclude by using the Maximum principle and
the semigroup property as in the proof of step 2.1 that for any w > 0 there
exists a constant C,, independent of € such that for any e small, ¢ > 0 and
f ey (R x R,

ITe(t) fllosr < Coe [ fll s
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It follows from step 2.1 that
IT @) o ooy < Cett=3/2,
The interpolation equality
(Co(R*™), CPH R¥™))p00 = CVO(R*™) VO € (0,1)

proved in ([13] lemma 5.1 - see also [9] lemma 2 in appendix C.2 with p =
go = ¢1 = q = 00) then implies, as in (|13] prop. 5.4), that for every w > 0,
there exists C' > 0 such that for every t >0 and 0 < a < 3 < 1,

(26) 1T ()] (csee o388y < Cevtt=3B=)/2,

Since T'(t) is not strongly continuous neither in Cy,(R?") nor in BUC(R?")
as shown in [5], we cannot define its infinitesimal generator. Nevertheless,
as in much of the quoted literature, we can associate to (7'(t)) an operator

A which will play the role of generator as follows. For A > 0, we consider
the operator R(\) on X := Cy(R?") defined by

oo

(27) RO = [ mon (i

Since the semigroup (7'(t)) is contractive, the integral is well defined and
R()) is continuous from X to X with norm ||[R(A)|| < 1/\. Moreover, R(\)
satisfies the resolvent identity and it is one-to-one because, for every (x,y) €
R?" (R(N)f)(z,y) is the Laplace transform of the function t — (T'(¢) f)(z, y),
which is equal to f(x) for ¢ = 0. Therefore (see e.g. [22] theorem VII1.4.1),
there exists a closed operator A : D(A) — X such that

D(A) = Range of R(A\) V A >0, and R(\) = R(\, A).

We now remark that if f = R(\)¢ € D(A) with ¢ € C%/3(R* x R") for
some 6 > 1, then Af = Kf. Indeed, fix n € (3,2 + #) not an integer. By
(26) with a = 60/3 and 8 = 1/3,

T (@©))llcaars < Cet™ D26l co.0ss

with (7 — 6)/2 < 1. Moreover C/3 = C"1/3 < C?1 since 7 is not integer.
Choosing w € (0, ), we can thus apply the dominated convergence theorem
to get

Kfwy) = | T N (KT (1)) (o )t = / T e NOT(1)6) (. )t

0 0
= —¢(1‘, y) + /\f(l',y)

Hence (A — K)f = ¢ = (A — A) f which gives Kf = Af. More generally, we
can characterize D(A) and assert that A = I on D(A) as in Lorenzi [13].
We first have that given any f € CZ(R?") such that Kf € C,(R?"), there
holds

(28) THKf = KT(t)f.

The proof given in ([12] lemma 4.4) consists in remarking that (28) holds
with IC. instead of K and then passing to the limit. We can then deduce
from (28), as in ([12] prop. 4.5), that
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Step 3.2.
feDA) =
(29) 3 (fa) CCF(R™), g € Cy(R™) s.t. fo— f, Kfa — g in Cloce(R™),
SUP. ([ fnfloo + [IKfnlloc) < o0
Moreover
K =Aon D(A).
We can now prove theorem 0.2:

Step 3.3. Proof of theorem 0.2.

Proof. We fix A > 0 and f € Cy(R?") and we are going to prove that u :=
R(M\)f is a weak solution of (E). Let f,, C CZ(R?") be bounded in C,(R?*")
and converging to f in Cje(R**). Then u, := R(\)f, € CZ(R?*") N D(A)
and, as above, u,, — u in Cj,(R?™). Since K = A on D(A), we thus have that
uy is a classical solution of \u, — Ku,, = f,. Hence for any ¢ € C°(R?"),

fnopdx = / Un (A — K*)pdz.
R2n R2n

Passing to the limit in this inequality gives the result.

Now if f € C%Y/3(R?") for some 6 € (0,1), it follows from estimates
(26) and the arguments of Lunardi ([17] - theorem 2.1) that u satisfies the
Schauder estimates (2). Indeed given n € (6, 1), we are going to prove that

u G(Cn,n/S(Rn % ]Rn), 02+777(2+n)/3(Rn % Rn))lf(n79)/2 -

(30) ’
— CQ+9,(2+9)/3(R7L % Rn)

We recall that if Yo C Y7 are Banach spaces then the interpolation space

(Y1,Y2)4,00 is defined by

(YhYVZ)%oo = {u ceYr: HUH%OO ‘= Ssup g_’y’C(g?u) < OO}
0<e<l1

where
K(&,u) = inf lallv; + &[b]ly,-
a € Yl, beY,
u=a+b

For a given £ > 0, we write u = a + b with

3
a(ey) = / eN(T(L) ) (o ),

+o00
bry) = /f e N(T(E) ) (. ).

In view of (26) and lemma 3.5 in Lunardi [15], we have a € C/3(R"™ x R™)
and b € C2FHM/3(R™ x R™) with

13
C/ t_(n_e)/thHfHCe,em
0

Ce =02 fllcooss,

IN

lallgnnrs

IN
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and, choosing w < A,

IN

—+o0
C [ Ot f o
13

ce=n=0/2 [ fllco.0rs-

16]| c2m.24m) /3

IN

Hence
K(&u) < CE=2) £l o0/

which gives (30) and (2).

We now prove that v = 0 is the unique weak solution of Au — Ku = 0
which belongs to Cy(R?*") and such that A,v € Cp(R?*"). We adapt to our
situation the arguments of Lorenzi [13]. It suffices to prove that v € D(A)
(since then v := R(\)f for some f € Cyp(R?") and thus, in view of what we
just did, 0 = Av — Kv = f weakly). We are going to prove that the 0,,’s
defined by

Om = T(1/m)v

approximate v as needed in (29). According to theorem 0.1, ¥y, € C3(R?"),
Om — v in Cloe(R?™) and |9y lco < [|v]|oo for any m. We now prove that

(31) Koy, =T(1/m)Kv

which will clearly gives the desired result. To use (28), we approximate v
by ve € CZ(R?") defined by convolution by ve := v * pe, pe = € *"p(e~ z),
where p is some smooth nonnegative function with compact support in the
unit ball of R?" and of norm 1 in L'(R?"). It is standard that v, — v
and Ayve — Agv in Cpe(R?*™) as € — 0. Assuming for the moment that
Fve — Fv in Cpoe(R?"), where F is the formal operator defined by

(32) Fo:=FDyop+xDyo,
we eventually get that Kve — Kv in Coe(R*?). In view of (28),
T(1/m)Kve = KT (1/m)ve.

Passing to the limit in this equality using step 2.4 gives (31). It remains to
prove that Fve — Fv in Cpoe(R*™). Let (v™) C C}(R?*") be such that v — u
in Cjoe(R?") and v™ = v™ x p.. Then

Fud = Fo" xpe= [T + 3 + 13
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with, since v — v™ in Coe(R?") as € — 0,

Fur(z) = Fi(2) /B ) + / u(z — )0 po(€)de

Bo(e€)
— Fue,

Fv" * pe — Fuv* pe (by making integration by part),
RE) = [ (B~ Rl )~ 0p(e)de
o(e

i) = / (Fi(z) — Filz - ))olz — €)0ipe(€)de
Bo(e)
F3(2) = (WP0F) % p)(2) — falz) = (WD:F) % o) (2)
f2(z) = / £ (= — €)(0pe) (€)de
Bo(e)

— fale) = /B B CROICAAIGE:

All the previous convergence are locally uniform in z = (z,y) as n — +o0.
Hence

Fve — Foxpe = f1+ fo + f3.

We have (all the convergence are locally uniform in z = (z,y) as € — 0)
AE) = [ (R~ RG-OpG - 90n(e)de
—e [ (B - B - )tz - 0l

s o(2)OFi(2) / £e0ip(€)dE + v(2)0F F(2) / - 0up(€)de
Bo(1) Bo(1)
= —v(2)0;Fi(2),

fa(2) = (W0 Fy) % pe)(2) — v(2)9iFi(2),

fs(z) = / vz — €)(9"pe) (§)dE = Ev(z — €)' pl(€)déE
By (e) )

Bo(1

— ) [ | G ne)dE =0

Since Fv = Kv — Azv € Cy(R*™™), Fv x pc — Fv in Cppe(R?™), and we
eventually get that Fv, — Fv in Cj,.(R??). O

Step 3.4. Let f € Cy(R?") and g € C([0,+00) x R*™) such that g €
B([0,T], C*(R?*")) for T > 0. Then

u(t, z,y) = (T)f)(x,y) + /Ot (Tt = s)g(s,.)) (x,y)ds

is the only bounded classical solution to (NHCP).
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Proof. According to the previous section, T'(.) f € C([0, +00) xR2)NCH3((0, +00) x
R?7). It thus suffices to check the regularity of

(33) o(t,z,y) = /0 (T(t - $)g(s,.) (2, y)ds.

Since (T(t)) is contractive, v € C([0,+00) x R?"). According to (15),
v(t,.) € C*R™ x R") for any t > 0. Independently, for (z,y) € R?"
given, the map t — (T(t — s)g(s,.))(x,y) belongs to C1((s,+oc0)) with
OUT(t — 5)g(s,.)) () = K(T(t — £)g(s, ))(,y). Moreover

(34) KT = s)g(s, Nlcren) < CIT(E = 5)g(s;)llc2@en) < C.

Hence, according to the dominated convergence theorem, v is C' in t with
t
oulta) = [ K(T(t~ s)gls,))lw)ds + glt,a)
0

S / (T(t - $)g(s,)) (. w)ds + (¢, 2)
0

(the last equality comes from (34) and dominated convergence theorem).
We eventually get that v € C([0, +00) x R?™) N C12((0, +00) x R*™) with
O = Kv. Hence u € C([0, +00) x R?™) N C12((0, +00) x R?") with

ou=KT(t)f+Kv+g=Ku+g.
O

The proof of theorem 0.3 follows now the same scheme as the proof of
theorem 0.2.

Step 3.5. Proof of theorem 0.3.
Proof. Let f € Cy(R?") and g € Cy([0, 00) x R?") and

(35) ’U,(t, T, y) = (T(t)f)(x7y) + v(t7$7y)

where v is defined by (33). We are going to show that u is a weak solution
of (NHCP). We already now from the proof of the previuous step that
u € C([0,00) x R*™). Let g, € C;’Q([O, o) x R?") be such that g, — ¢
in Cjoe([0,00) x R?™). We denote by v, the function v with g replaced by
gn, and by wu, the function defined by (35) with v replaced by v,. Then,
according to step 3.4, u,, is a classical solution of (NHCP) with ¢ replaced by
gn. Moreover, v, — v uniformly in [0,7] x K for any T > 0 and K C R??)
compact. Indeed, since T'(t) is order-preserving,

sup ’vn(t7 Z) —v(t,z)|
(t,2)€[0,T]x K

= sup
(t,2)€[0,T]x K

T
< sup / IT(s)( sup |gn(r,.) — glr,)])(2)lds
zeK JO rel0,T]

/0 (T()(gnlt — ,.) — gt — 5,.)))(2)ds
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and we pass to the limit using step 2.4. We can now write that for any
¢ € C2((0,+00) x R*™),

/ gn@ dtdxdy = / (Opup, — Kuy) ¢ dtdxdy
(0,+00) xR2™ (0,4-00) xR2™

:/(0 | V00 = K0 dtddy
,F00) xXR<™

where IC* is the formal adjoint of K defined on a smooth function ¢ by

(36) K*% = Aptp — FDyp — (divEF )y — xDytp.
Passing to the limit in this equality shows that w is a weak solution of
(NHCP).

The Schauder estimates (3) is proved as in Lunardi [17]. Indeed if f €
C?H0:24+0/3(R™ x R™) then, in view of (26), we have

(37) sup [ T()fllaeoros < Ol fllgaenios.
o<t<T

We now estimate v. For any (¢,£) € [0,T] x (0,1), we consider the functions
a and b defined by

a(z,y) = T(t—s)g(s,.))(x,y)ds
(z,y) /(t g)+( (t = s)g(s, ) (,y)
and

=3I
b, y) = /0 (T(t - $)g(s,.) (&, y)ds

where (¢t — &) = max(t —&,0). Then u(t,.) = a+b and, for every n € (6,1),
we have a € C/3(R™ x R") and b € C*F:C+M/3(R" x R™) with, according
to (26),

¢ ds
lallgnms < C ———=5 sup ||gllge.ss
(t=&* (t —s) 2 O0<t<T
)
<Ce=" sup |\gllgooss,
0<t<T

ds
_no Sub gllce.ers
(t—s)!~72 o0<t<T

_n=96
<C¢& 2 sup gllgoass-
0<t<T

(t=&+
16| c24m2myss < C/
0

Hence
u(t,.) €(C™M/3(R™ x R™), C*FHETMBRY x R™)), _y0
2 b
— 02+9,(2+9)/3(Rn % Rn)

with

v, )|l g2+6.240)/3 < C' sup lallgnass + Elbll g2+ crn /s
9. s S .
0<¢<1 51_¥

< C sup |gcooss-
0<t<T

and the constant C' is independent of ¢. This inequality and (37) gives (3).
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Let w be a weak solution of (NHCP) on [0, 7] with f = g = 0 such that
w, Ayw € Cy([0,T] x R?™). We want to prove that w = 0. We briefly sketch
the proof of this result for the reader’s convenience and refer to Lorenzi [13]
for more details. We first extend w to R x R?” in a smooth way by setting
w(t,.) =0fort <0, and w(t,.) = w(T,.) for t > T. To apply the uniqueness
assertion of step 3.4, we then regularize w by convolution by considering

wlt2) = (0 (o))t 2) = [t s,z = Opls)o€)dsds

RxR27

with pe(s) = e tp(e7ts), (&) = e 2"p(e2"€), where p and ¢ are some
nonnegative smooth function with compact support in the unit ball of R
and R?" respectively and of L'-norm 1. For t; > 0 given, the function
Xe := we(. + to,.) is a classical solution of

Oixe(t,z) — Kxe(t, z) = ge(t +to, 2) in [0, T] x R?",
Xc(ov ) = we(t07 )
where g, := dyw, — Kw. € C2([0,T],R?"). In view of step 3.4,

t
we(t + to, 2) = Xe(t, 2) = (T'(H)we(to, .))(z) + /0 (T'(ts)ge(s + to,.))(2)ds.

Assuming for the moment that g — 0 in Cy,.((0,T) x R??), we thus get by
passing to the limit, using step 2.4, that

w(t +tg,.) = T(t)w(ty,.) in [0, T — to] x R?™.

Letting tg — 0 gives w = 0. It remains to prove that gc — 0 in Cj,.((0,T) x
R?7). Since Azwe — Azw in Cioe((0,T) x R?™), it suffices to prove that
Owe — Fwe — 0w — Fw € Cy([0,T] x R?™) in Cje((0,T) x R?™), F being
defined in (32). We do this exactly in the same way as in the proof of step
3.3. We first prove that

{Biwe(t, 2) — Fwe(t, 2)} — {(Qw % (pede))(t, 2) — (Fw x (pepe)) (¢, 2)}
- /M%(Fi(z — &) = Fi(2))w(t — 5,2 — €)pe(s)Dipe(€)dsdé

_ /]R . Ew(t — s, 2 — &) pe(8)0'pe(€)dsde — (ud; Fy) * (pecpe))(t, )
and then pass to the limit € — 0. 0
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