ASYMPTOTIC ESTIMATES AND BLOW-UP THEORY FOR
CRITICAL EQUATIONS INVOLVING THE p-LAPLACIAN

NICOLAS SAINTIER

Let (M, g) be a smooth compact Riemannian n-manifold, and p € (1,n). We
denote by HY(M) the standard Sobolev space of functions in L? which are such
that their gradient is also in LP. We let (ha)a be a sequence of C%? functions on
M, 0 < 0 <1, and consider equations like

(Ap)gu+ hou? ™' =u? ! (1)

where (Ap)gu = —divg (|Vu|§*2Vu) is the p-Laplacian, p* = np/(n — p) is the
critical Sobolev exponent for the embedding of the Sobolev space HY (M) into
Lebesgue’s spaces, and u is required to be positive. By standard regularity results,
see Druet [8], Guedda-Véron [16] and Tolksdorf [24], u € C1(M). We let (uq)a
be a bounded sequence in HY (M) of solutions of (1) in the sense that for any a,

(Ap)gtta + hout, " = ufl ! (2)

and [[uq||gr < A where A > 0 is independent of .. We also assume that the hy's

converge in C%%(M) to some limiting function h., with the property that there
exists A > 0 such that for any v € HY (M),

[Vl + o) vy = Al ®)

We concentrate in this paper on the study of the asymptotics of the u,’s. Such
asymptotics have been intensively studied in the special case where p = 2. Brézis-
Coron [2], Lions [20], Sacks-Uhlenbeck [21], and especially Struwe [23] for the kind
of equations we are concerned with developed the H?-theory in the Euclidean case.
The result extends to the Riemannian case, and one gets that, up to a subse-
quence, the u,’s express as a solution of the limit equation, plus a finite sum of
bubbles we get by rescaling fundamental solutions of the critical Euclidean equa-
tion Au = u? ~!, plus a rest which converges to 0 in H? as a — +oo. We extend
this result of Struwe [23] to the more general equation (1) in the context of Rie-
mannian manifolds, and thus develop the HY-theory for such equations in the Rie-
mannian context. One of the interesting and promising aspects in the study of the
p-Laplacian is that the 1-Laplacian, involved in isoperimetric problems, can be seen
as the limit as p — 1 of the p-Laplacian. Such a property was used by Druet [9], [10]
when proving that sharp local isoperimetric inequalities are controled by the scalar
curvature, and when proving that the local version of the Cartan-Hadamard con-
jecture is true. The HY-theory in the Euclidean case was developped by Alves [1].
However, the restrictive condition that 2 < p < n was required in [1]. Our result,
Theorem 0.1 below, holds for all p. The complete C°-theory for the asymptotics
of the u,’s was developed by Druet-Hebey-Robert [13] in the special case p = 2.
The C%-estimate we prove in this article for the general equation (1) goes back to
1
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Schoen-Zhang [22] and Druet [11] where it was proved in specific situations (in par-
ticular when the energy is minimal). Such an estimate has interesting applications.
Among other possible references we refer to Druet [11]. See also Druet-Hebey [12].
In what follows, we let i, be the injectivity radius of (M, g). Given ¢ € (0,i4/2),
we let 775 be a smooth cut-off function in R™ such that ns =1 in By(d) and s = 0
in R™"\By(26). For x € M, we let 15, be the smooth cut-off function in M given
by

15.2(y) = ns (exp; ' (1))

where exp, is the exponential map at x. As a remark, we regard exp, as defined
in R™. An intrinsic definition is possible if M is parallelizable. If not we let Q; and
Qi, 1=1,..., N, be open subsets of M such that for any i, Q; is parallelizable and
Q; ¢ Q,, and such that M = UQ,. The canonical exponential map gives N maps
exp, defined in ; x R™, and exp,, is, depending on the situation, one of these maps.
A property of exp,, that holds for any © € M should then be regarded as a property
that holds for any i and any = € Q;. We let u be a nonnegative nontrivial solution
in D?(R") of the Euclidean equation A,u = u? ~', where D?(R™) is defined as the
completion of the space of smooth functions with compact support with respect to
the norm ||u|| = ||Vu||,. Given a converging sequence (x4 )s of points in M, and
a sequence (Ry)q of positive real numbers, with the property that R, — +oo as
a — 400, we define a bubble as a sequence (B, ), of functions in M defined by the
equation

Ba(z) = 5,00 (#)Ba” u (Roexp;(x)) (4)

We refer to the z,,’s as the centers of (B, ), and to the R,’s, or R, 1’s, as the weights
of (By)a- We let also

(Ap)gu + hoouP ™ =P ! (5)

be the limit equation we get when letting @ — +o0 in (1). Our result states as
follows:

Theorem 0.1. Let (M, g) be a smooth compact Riemannian n-manifold, p € (1,n),
and (ha)a be a sequence of C%? functions on M, 0 < 6 < 1, which converge in
C%9(M) to some limiting function ho for which (3) is true. Let (us)a be a bounded
sequence in HY (M) of positive solutions of (1). Then there exists a nonnegative
solution u® € HY(M) of the limit equation (5), there exists k € N, and there exist
k bubbles (B)a, i = 1...k, such that, up to a subsequence,

k
ua:uO‘FZB(il‘f'Sa
i=1
where (Sa)a i a sequence of functions in HY (M) such that So — 0 in HY (M) as
a — 4o00. Moreover there exists a constant C > 0 independant of a and x € M
such that for any o and any x € M,

n—p

P

( win d, (xg,x)> hta(2) — u(2)| < ©

i=1,

where dg is the distance with respect to the metric g, and the x!’s are the centers
of the bubbles (B)q-
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An additional information we have on the HY-decomposition in this theorem
is that the energies associated to the different terms in this decomposition split.
See equation (8) below for more details. Another additional information we have,
concerning this time the pointwise estimate, is that

lim lim sup  RF(z T g (z) —ul(z)] =0
il e BT () (@)

. i k i
where, RE(z) = i:r{{%'r})kdg (2%, ), and, for R > 0, Quo(R) = U;_, Byi (Rg,)-

Positive solutions of the Euclidean equation A,u = u? ~! have been classified by
Ghoussoub and Yuan [15] (see also Damascelli - Pacella [5] and Damascelli - Pacella
- Ramaswamy [6]) in the special case of positive radial solutions. We have here that
a positive radial solutions u of Ayu =u? ~! is of the form

_ p—1 % b \1-Z
u(x)z(cm(Z_f) ) (a+|ﬁc—$0|ﬁ) !

for some a > 0 and zg € R™.
We prove the HY-decomposition of Theorem 0.1 in sections 1-3, and the C%-estimate
of Theorem 0.1 in section 4.

1. THE H?-DECOMPOSITION

We prove the first part of the theorem, and deal with the more general notion of
Palais-Smale sequences (a perturbative extension of the notion of strong solutions).
We do not assume anything about the sign of the u,’s in this section. We fix
1 < p <n and consider the functional I3 defined on HY (M) by

1 1 1 .
I3 (u) = —/ [VulPdvg + —/ he(x)ulPdvg — —*/ [ul? dv,
P Jm P Jm P Jm

We recall that a sequence (uq)a C H} (M) is said to be a Palais - Smale (P-S)
sequence for I if the following holds:

(1) I (uq) is bounded w.r.t. o, and

(2) DIy(uq) — 0 strongly in HY (M) as a — +o0.
Given a P-S sequence (uq)q for I3, we claim here that there exist k € N, sequences
(R!)o of positive real numbers with R! — +00 as a — +00, converging sequences
(2%,)q of points in M, i =1...k, a solution u® € HY(M) of the limit equation

Apt + hoo|ulP~2u = ulP 2u (6)

and k nontrivial solutions u* € D¥(R™) of the Euclidean equation Ayu = |ul?”~2u,
i = 1...k, such that up to a subsequence, the following equations hold. Namely
that

k

Ug = u’ + Znéufx +0(1), and (7)
—1 )

I (ua) = I;O(uo) + ZE(uZ) +o(1) (8)

where
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77?1 = N5,x8, ||0(1)||Hf —0asa— ~+00,

1 1 1 "
I°(w) =~ | |Vu|Pdv, + —/ hoo () |ulPdvg — —*/ [ulP dvg ,
DJm P Jm P Jm

hoo is the limit in C%?(M) of the h,’s, and

1 1 x
E(u) = —/ |Vu|Pdr — —*/ |ulP dx
D Jrn P Jre

It is easily checked that (7), (8) imply the first part of Theorem 0.1 if we prove in
addition (see section 3 below) that u® and the u'’s have to be nonnegative when
the u,’s are nonnegative. Note here that, obviously, a bounded sequence in HY (M)
of solutions of (1) is a P-S sequence for I¢*. We divide the proof of (7) and (8) into
several steps. Step 1.1 is very classical. We state it with no proof.

Step 1.1. Palais-Smale sequences for IS are bounded in HY (M).

Step 1.1 easily follows from the definition of a P-S sequence. There is no change
in the proof when passing from the p = 2 case (as detailed for instance in Druet-
Hebey-Robert [13] or Struwe [23]) and the cases p # 2. See also Brézis-Nirenberg
[4]. Step 1.2 in the proof of (7) and (8) is as follows.

Step 1.2. Let (ua)a be a P-S sequence for I such that ug — u® in HY(M). Then

u® is a solution of the limit equation (6).

Proof of step 1.2. Step 1.2 is straightforward when p = 2, and a little bit more
tricky when p # 2. Thanks to step 1.1, the u,’s are bounded in HY(M). Hence,
by the definition of a P-S sequence,

/ |Vua|’g’_2VuaV¢dvg+/ ha|ua|p_2ua¢dvg—/ [P " uaddv, = o(1) (9)
M M M

for all smooth functions ¢ on M. Without loss of generality, up to a subsequence,
we can assume that u, — u” almost everywhere and in LP. By standard integration
theory, we easily pass to the limit in the second and third terms in the left hand
side of the equation. Then, we need to prove that

/M Vo |P~2Vu, Vodu, — /M|vu0|P*2vu0v¢dvg (10)

as o — +oo. We borrow ideas from Evans [14] and Demengel-Hebey [7]. We
denote by X, and © the vector fields |Vu, [P~2Vu, and [Vu®|P~2Vu’. Then (X,)a
is bounded in Lﬁ(M ) and we can thus assume that (¥X,), converges weakly in

Lﬁ(M) to some vector field ¥ € L#(M) Let 6 > 0 be given. By Egoroff’s
theorem, there exists Fs C M such that

/ dvg < 0
M\Es

and (ug)a converges uniformly to u® in Es. As a consequence, for a given € > 0,
we can take o sufficiently large to get that |us(z) — u®(x)| < €/2 for all x € E.
We define a truncation function . by

Bu(x) = {9; if |[z] <€

El if |[x] > €
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It is easily checked that
(Za —0).V (Be o (uq —u’)) >0

almost everywhere in M. Indeed, since p > 1, the function ¢ : X € R" — | X P
is convexe and thus ¢’ is nondecreasing in the sense that, for any X,Y € R", the
equation (|X|P72X — |Y[P72Y;X —Y) > 0 holds true. Applying this equation to
Vu, and Vu®, we get that (X4 — 0).V(ug —u®) > 0. Thus, for a sufficiently large,
we have that

/ (Ba —0).V (uaq — uo) dvg < / (X4 —0).V (ﬁe o (U — uo)) dvg
Es M
Now we note that 3¢ o (u, — u°) converges weakly to 0 in HY (M) so that
/@V Be 0 (ua 0))dvg—>0
We also have that for o sufficiently large,
/ ..V (ﬁe o (Ug — uo)) dvg < €
M
Indeed, since (B o (uq — u”)) is bounded in HY (M),
ng(ua) (ﬂe © (ua - uO)) = 0(1)

so that
/ Y.V (ﬁe o (U — uo)) dvg=o0(1)+ 1 + I,
M

where

| \ [ el 2 (50 (=) g
M

M

and, for « sufficiently large,

o] =

/ ha|ua|p_2ua (ﬁe © (ua - uO)) dvg
M

< e(||hoo||oo+1)/ [ua P~ du, < Ce
M

As a consequence, we get that

a——+00

lim sup/ (20 —0).V (uq — u’) dvg < Ce
Es

Since € > 0 is arbitrary, it follows that (X, — ©).V(uq — u°) converges to 0 in
L'(E;s) and thus, up to a subsequence, also a.e in Es. We now use the fact that if
a sequence (X, ), C R™ is such that

(1 XalP2Xo — [X[P72X) . (Xa —X) =0

then X, — X to obtain that Vu, — Vu® a.e in Es. Since § > 0 is arbitrary, this
implies that Vu, converges to Vu’ a.e in M and, thus, |Vue[P~2Vu, — © a.ein M.
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Since (|Vua[P~?Vug), is bounded in L1 (M), we get that (IVualP~2Vu,) , con-

verges weakly to © in L7°T (M) and thus that ¥ = ©. This proves (10). Returning
to (9), letting a — 400, we then get that

/ |Vu0|’g’_2Vu0V¢dvg + / hoo|u® P20l pdv, = / [u® P ~2ul pdu,
M M M
for all smooth functions ¢ on M. In particular, u° is a solution of the limit equation

(6). This proves step 1.2. O
From now on, we let I, be the functional defined for w € HY (M) by

1 1 *
Iy(u) = ;/M |VulPdug — p /M [ul? dug .

Given a normed vector space (E, ||-||), and p > 1, we recall that for 6 > 0 sufficiently
small, depending only on p,

[l +yllP~2(z +y) = llz]|P~2z — [ly[P~y| a1)
< C (el = liyll® + =yl ~=?)

and
Iz +ylI7 = llll” = Il < C (el Iyll® + NylP~ll]?) (12)

for all x and y in £, where C' > 0 is independent of x and y. Now step 1.3 in the
proof of (7) and (8) is as follows.
Step 1.3. Let (ua)a be a P-S sequence for I$ such that ue — u® in HY (M), and
Vo = Uy — u°. Then

Iy(va) = I (ua) — Ig° ()
and (vq) ts a P-S sequence for I.
Proof of step 1.3. We write that

I (ua) = Ig (u®) + Iy(va)
1
+ 5/ (IV(va +u®)[P = |[VU'|P — |V, |P) do,
M

1
* ‘/ ha (Jva +u°[P = [u®P) du,
PJm

1 . « .
e | (o ool = 0P ) o,
M

Since the embedding HY (M) < LP(M) is compact, we can assume that, up to a
subsequence, u, — u’ in LP(M). In particular, the second integral in (13) goes
to 0 as & — +00. Moreover, we can prove as in Step 1.2 that |Vu,| — |[Vu?| a.e.
Theorem 1 of [3] implies then that the first and third integrals in (13) also go to 0.
We thus obtain that

Ig (ua) = Iy (u®) + Ig(va) + o(1)
Noting that I;°(u’) = I (u®) + o(1), we actually get that

Iy(va) = I (ua) — Ig% (u°) + o(1)
Now we prove that (v, ) is a P-S sequence for I,. First we write that

Ii(va) = If(ua)— I;o(uo) +0(1)
= O(1)+o(1)
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so that (I2°(vg))_ is bounded. Then it remains to prove that DIy(v,) — 0 in
HP(M)', namely that DI, (v,).¢ = oD@l v (ary for all ¢ € HY(M). For a given
p € C®(M),

DI (u0).¢ — DI, (va).6

=— / ®pdv, + / Ve |P~2Vua Vdu,
M M

14
— / |V P2V, Vedo, + / ha |t P2 uagdu, (14)
M M

M
where
Do = |va + 0P "2 (v + ul) — [val? 2va — [uf]P 200
We let C > 0, given by (11), be such that for any «

o + 672 (w0 + ) = Jal” " va — W2

< C (|l 1010l + e P 1)

Then, using Holder’s inequality and convexity, we get that

/@mwgsmwaWJ*lmw ﬁ+MWW19mﬂp*)
M =1 PF—1
By standard integration theory,
| @atdv, = o)]ol,
M
= 0(1)||¢||H{’(M)
Since u is a weak solution of the limit equation, it remains to prove that

oW|ollgr = /M |Vt [P~ 2Vu, Vodo, — /M |Ve [P2Vu, Vody,
—/M |Vul P2 Vu’Vdu,

—|—/ ha|ua|p72ua¢dvg — / hm|u0|p72u0¢dvg
M M
and thus, by Holder’s inequality, that
/ [[Vua P> Vg — Voo P2 Vo, — |vu0|P—2vu0\p% dvg =o(1)  (15)
M

and
/ |ha|ual? ?ua — hoo|u’[P72u’|7~T dvg = o(1) (16)
M

The proof of (15) uses (11) as above, whereas (16) is a consequence of [3] (since
o — u® a.e. and (|ua|p’2ua)a is bounded in L7 T (M)). This proves Step 1.3. O

In what follows, we let K(n, p) be the sharp constant K in the Euclidean Sobolev

inequality
1/p* 1/p
</ |u|p*dx) <K (/ |Vu|pdx) .
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The value of K(n,p) is well known and can be found, for instance, in Hebey [17].
We let also 5* be given by

L1 “n
5 = 2 K(np) a7)
Step 1.4 in the proof of (7) and (8) is as follows.

Step 1.4. Let (va)a be a P-S sequence for I, such that va, — 0 in HY(M) and
I;(va) — B asa — +oo. If B < * then 3 =0 and vo, — 0 in HY (M) as a — +00.

Proof of step 1.4. We write that
o(l) = DIy(va)-va

= /M |Vva|Pdug — /M |va|p*dvg

and I;(ve) = 8+ o(1). Combining these two equations with the definition of I, we
get that

/ |Vue[Pdvg =nf + o(1)
M
and
/ |Ua|p*dvg =np+o(1)
M

In particular 3 > 0. Since the embedding HY (M) — LP(M) is compact, we can
assume that v, — 0 in LP(M). For € > 0, there exists a constant B, such that for
any a,

[[va Z* < (K(n,p)’ + E)vaang + BEHUa”g

(see, for instance, Hebey [17]). Passing to the limit in this equation, we get that

(nB)7" < (K(n,p)’ + €)np

and since € > 0 is arbitrary, we obtain that

(nB)7 < K(n,p)’nf

If we assume that 3 is positive, then

(nB)7 ' = (nf)" % < K(n,p)”

and we get that
K(n,p)’ = (nB*)"» < (nf)”» < K(n,p)”
which is absurd. Hence, = 0 and

/ |Vva|Pdug = o(1)
M
Since v, — 0 in LP(M), this proves that v, — 0 in HY(M). Step 1.4 is proved. O

Another step we need in the proof of (7) and (8) is as follows. We let D} (R™)
be the Beppo-Levi space defined above. Namely the completion of C°(R™) with
respect to the norm ||ul| = ||[Vu/,.

Step 1.5. Let u € DY (R™) be a nontrivial solution of the critical Euclidean equation
Apu = |u|P" ~2u. Then E(u) > (*.
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Proof of step 1.5. We let (u,), be a sequence of smooth functions with compact
support such that ||u, — u|| — 0 as n — 400. Then

/R |Vu|p_2VuVund;v:/ [ulP” 2w, da (18)
and
/ |Vu|p_2VuVunda:—/ |[VulPdz| < / |VulP~V (uy, — u)|dz
< e = ull ffulP7

which goes to 0 as n — 4o00. Similarly, by the Sobolev theorem for the embedding

DY(R") — L”"(R™),
R’!‘L

/ [ulP” 2w, de — / lulP” da
n R’!‘L
p—1
e
which also goes to 0 as n — +o0. Passing to the limit in (18), we then obtain that

/|Vu|pdx:/ |ulP” da
R" Rn

The sharp Euclidean Sobolev inequality gives that

/|Vu|pda: = / lulP" dx

IN

IN

[ = unllp-[[u

2
< Koy ([ wupa)
and thus that
/ |VulPdz > K(n,p)™"
R’n
It follows that
1 1
E(u) = (— - —*> / |VulPdx
p P R~
1
= = / |[VulPdx
n Jrn
1 —-n *
> _K(nap) = 5
n
and this proves Step 1.5. |

In addition to steps 1.1-1.5, we need the following lemma in the proof of (7) and
(8). Given a converging sequence () of points in M, and a sequence (Ry)q of
positive real numbers, with the property that R, — 400 as o« — +00, we define a
generalized bubble as a sequence (Bg)q of functions in M defined by the equations

n—p

Ba(r) = 5,2 () Ra” v (Ra exp; ! (2)) (19)

where v is a solution of the critical Euclidean equation A,u = |u[P" ~2u.
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Lemma 1.1. Let (vo)a be a P-S sequence for I, such that ve, — 0 in HY(M)
but not strongly. Then there exists a generalized bubble (Ba)a such that, up to a
subsequence, (Wa)a where wo = Vo — Ba is a P-S sequence for I;, wo, — 0 in
HY(M), and Iy(wa) = I4(ve) — E(v) + o(1) where v € DY(R™) is the function from

which the By’s are defined as in (19).

Lemma 1.1 is the main step in the proof of (7) and (8). We postpone its proof
to the next section, and show now how we get (7) and (8) from Lemma 1.1 and
Steps 1.1-1.5.

Proof of (7) and (8). We let (uqa)a be a P-S sequence for I¢¥. By Step 1.1, (uq)a is
bounded in HY(M). We may then assume that there exists u® € HY (M) and ¢ € R
such that, up to a subsequence, u, — u’ weakly in HY (M), strongly in L?(M), and
a.e, and such that I*(ua) — c. By Step 1.2, uY is a solution of the limit equation
and by Step 1.3, v = uq — u” is a P-S sequence for I, satisfying that

Iy(va) = I(ua) = I(u”) + o(1)
= c—I;’O(uO)—i—o(l)

If ¢ — I>°(u®) < (* then, according to Step 1.4, (va)a converges strongly to 0 in
HY(M) and we get that (7) and (8) hold with k& = 0. If not, applying Lemma 1.1,
we get a new P-S sequence (v}), for I, converging weakly to 0 in HY (M) and such
that

Iy(vg) = Ig(va) — E(v) +o(1)
where v € DY(R™) is a solution of the critical Euclidean equation A,u = |u[P" ~2u.
In view of Step 1.5, E(v) > #* and thus

Iy(vg) < Ig(va) = B* +o(1)
If ¢ — I° (u®) < 2%, we may again apply Step 1.4 to get that (vl), converges
strongly to 0 in HY(M). In particular, (7) and (8) hold with k& = 1. If not, namely
if e—Ig° (u®) > 23*, we apply once again Lemma 1.1 and get a new P-S sequence
(v2)a for Iy. Then either ¢ — I3°(u®) < 34*, or ¢ — I;°(u®) > 3(*. Going on with
such a process, we clearly get by finite induction that (7) and (8) hold with some
k>1. ([l

2. PrROOF OF LEMMA 1.1

We prove Lemma 1.1 in this section. Up to a subsequence, we may assume that
I,(va) — B as o — +oo. We may also assume that the v,’s are smooth since, if
not, using the density of C°°(M) in HY (M), there always exists U, smooth and
such that [[va — Valgr — 0 as & — +oo. Then I4(va) = I,((v)o + o(1) and
DIy(va)¢ = DIy(va)¢ + o(1)[|@|| gr for any ¢ € HY (M) anf thus (Ta)a is a P-S
sequence for I,. Moreover T, — 0 in HY (M) but not strongly and if the conclusion
of Lemma 1.1 holds for (Ty)a, i.e. if there exists a generalized bubble (Bg) built
from v € D? (R™) as in (19) such that, up to a subsequence, Wy = U4 — Bg is
a P-S sequence for I, with I;(wa) = I4(0a) — E(v) + o(1), then it holds also for
(Va)a since then wy, := v — By, satisfies I (wa) = I, (W) + 0(1) and DI,(wa )¢ =
DIy (wa)p + o(1)||¢| gr for any ¢ € HY(M). Since DIy(va) — 0,

/ |Vva|Pdug = np + o(1) (20)
M
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while, by Step 1.4 of section 1, 8 > *. For t > 0, we let
o (t) = max Vv [Pdvu
zeM B (t) g

where B, (t) is the geodesic ball of center z and radius ¢. Given to > 0 small, it
follows from (20) that there exist 2o € M and Ag > 0 such that, up to a subsequence,

/ [VuaPdog > Ao
Bmo (tO)

for all o. Then, since ¢ — 4 (t) is continuous, we get that for any A € (0, Ag), there
exists t, € (0,%9) such that p,(t,) = A. Clearly, there also exists z, € M such
that

hata) = [ [Voalrd,.
Bag (ta)

Up to a subsequence, (To)a converges. We let ro € (0,74/2) be such that for all
x € M and all y,z € R™, if |y| < rp and |z| < rp, then
dg (expr(y)7expz(z)) < 00|Z - y|

for some Cy € [1,2] independent of z, y, and z. Given R, > 1 and z € R™ such
that |z| < igRq, we let

n—p

Da(2) = Ra * va (exp,, (R;'w))
Ja(z) = (exp, g) (RS'2) .
Then, if |z| +r < iR, we get that

/ |Viq [Pdug, :/ [Vva|Pdug . (21)
B.(r) exp, ., (R;lBZ (r))
When |z| +7 < 19 Ra,
exp,, (Ra'Ba(r)) C By (rats) (CorRLY) (22)
while
exp,,. (Ry'Bo(Cor)) = By, (CorR;") - (23)

Given 7 € (0,70), we fix to such that Corty* > 1. Then, for any A € (0, \), to be
fixed later on, we let R, > 1 be such that CorR;! = t,. By (21) to (23), for any
z € R™ such that |z| < roR, — T,

/ |Voq|[Pdvg, <X, and
B.(r)

/ VialPdug, = A -
Bo(Cor)

We let § € (0,4y) and C; > 1 be such that for any z € M, and any R > 1, if
9z,r(y) = exp} g(R™'y), then

1
o / Vulds < / VulPdv,, , < O / VulPds (25)
1 JRn n Rn

for all u € DY(R™) such that supp u C By(dR). Without loss of generality, we also

assume that )
o [ wlde < [ uldvy. <6 [ Juide (26)
1 JR» R” R

(24)
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for all u € L'(R™) such that supp u C Bo(dR). We let 7 € C§°(R™) be a cut-off
function such that 0 <7 <1, 7=11in By(1/4), and 7 = 0 in R™\By(3/4). We set
fla(z) = 7 (6 "' R;'x), where § is as above. Then,

[ IV Gaa)lPdes, = o)

and it follows from (25) that the sequence (7o7a)a is bounded in DY(R™). In
particular, up to a subsequence, there exists v € DJ(R™) such that 7,0, — v
weakly in DY (R™). Now we divide the proof of Lemma 1.1 into several steps. As a
first step, we claim that the following holds.

Step 2.1. For r and )\ sufficiently small,
Nala — v in HY (Bo(Cor)) (27)
as o — +00.
Proof of Step 2.1. We fix g € R". Then by Fatou’s lemma and Fubini’s theorem
2r
/ lim inf Ne¢(Tata)dvn, | dp
r a—00 Sag ()

< liminf Ne¢(Nala)de < C

A0 J By (2r)

where h, and & stand respectively for the standard metric on the sphere S, (p) and
the Euclidean metric, and where N¢(u) = |Vu|§ + |ulP. Then there exists p € [r, 2r]
such that up to a subsequence, and for any «,

/ Ng(ﬁa’[)a)dvhp <

Szg(p)

Let C' = C(p) > 0 be such that for any ¢ € C>*(R),
Np, (¢|S10(P)) < CNe(9)

on Sy, (p). Then ((ﬁaﬁa)lszo(p)) is bounded in H? (S;,(p)) and, by compactness

of the embedding HY (S4,(p)) — HY_, (Sz,(p)), we get that a subsequence 7o 0q
P

converges to v in HY , (Sg,(p)). Let A = By, (3r) — By, (p) and

v
Mala —v i By, (p)
Yo = { Za in By, (3r) — Bz, (p)
0 otherwise
where z,, is the solution of the Dirichlet problem
Apu=0in A4,
U =Tolq —v on Sy, (p), and (28)
uw=0 on Sy, (3r)

The existence of z, follows from Step 2.2 below. Moreover, still by Step 2.2, ¢, — 0
in H}(A) and we also have that ¢, — 0 in D}(R"). We fix r < & and denote by
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Vo € HP(M) the function in M obtained by rescaling 1,. Namely,
n—p
1;(1(37) _ JRa" Yo (Ra expgja1 (x)) if dg(za,z) < 67
0 otherwise

Then 7 (6~ exp; }(z)) = 1 if dg(xa, ) < 6r and, if in addition |z¢| < 3r, we have
that

DI (va) e = DIy(flava)ta
[ 19t < V(a5 Vi g, dus,
Bay (31) «

_/ |ﬁa6a|p*72ﬁaf}a¢adv§a
Ba (37)

The sequence (¢y )4 is bounded in DY (R™). The Sobolev inequality then gives that
(a)a is also bounded in HY(R™). By the definition of ¢, and g, we then get that

(a)a is bounded in HP(M). Since (v4)q is a P-S sequence for I,, we thus obtain
that

DI4(va)ha = o(1) (29)
We remark that if

I= /A IV (a2 (V (i) Vi) 5, do,

then I = o(1). Indeed, by Holder’s inequality,

1] < ( /. |V<ﬁaaa>|§advga) ( /. lwalzadvaa>

Up to reduce r, we may assume that supp(v,) C By, (3r) C Bo(d) C Bo(dR4).
Then

/ Vall dv;, < C / Vb [Pda
A A

= o(1)
Moreover, by the definition of 7., supp(fats) C Bo(?’é%) C Bo(dR,), and then
[ 1Vl v, < C [ 9t
A A
= 0(1)

We eventually get that I = o(1). Now we prove that

/ 1V (o) 272 (V (aB)- Vi) . dvg
BZO(BT)

_ /R Veal?_dug, +o(1)
In order to prove (30) we first note that
V(fla¥a) — Vv a.e (31)

We proceed as in the proof of Step 1.2 to get that (31) holds true. If we let
Yo = |V(ﬁa17a)|§72V(ﬁa17a), it suffices to prove that, for € > 0, there exists C' > 0
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such that [, oV adz < Ce where fe o = fBc © (ala — v). Now, for # > 0 small
and C' > 0 given by (11) we can write that

/B ()\|V(¢a+v>|§;2vwa+v> IV al2 2V ~ (V022 0| ™ duy,

p(p—1-6) p(p—1-0)
<c Vibaln T [VlET dug, +C / Vbl 2 [Vl 7 du,
Bzo(P)

p(p—1-0) p(p—1—6)
go/ Vibals 77 Vo2 lda:—i-C’/ |wa|§*1 Vole 7T da
20 (P)

Since |Vi)a| — 0 a.e by (31), and (¢ )a is bounded in DY (R™), it follows from
standard integration theory that

/ 1V 4+ 0829 (W +0) — [Vl Vb — [Vol2 20| g, = o(1)
Bno (P)
By Holder’s inequality and since (14 )q is bounded in DY (R™), we then get that
[ e+ 0 (V(wa+ 0.V,
Bag (p)

(32)
- / Vall dvg, + / V022 (Vo.V4ha),, [dvg, + o(1)
Bno(P) 4

Bz (p)

Using (29), (32), the fact that ¢, — 0 in D¥(R™) and the fact that ¢, — 0 in
DY (A), we eventually obtain that

[ It (950).960);, dvs,
By (37)
— [ V) (V(a50) V), dug, + o)
Bazg (p)
_ / IVl dvg, + / IVo22 (Vo.V4a),, dug, +o(1)
Bzo( ) Bno(P)
- / IVal?_dug, +o(1)
Bl‘() (P)
:/R |V¢a|§adu§a +0o(1)
and this proves (30). In a similar way we can prove that
/ |ﬁaﬁa|p*72ﬁa6awadv§a
Bz, (3r)

_ / G + 07 "2 (e + 0)adug, + o(1)
20 (P)

- / bal?” dug., + / [o]P" ~2urpadug, + o(1)
Bmo (p)

Bmo (p)

- / Wl dug., + o(1)
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Finally, by (29), and according to what we just proved, we get that

/ Val? dug, - / al?” dug, = o(1) (33)
R» R»
Now we prove that
/ Val? dug, = / IV ()2 dus., — / Vo2 dog, +o(1)  (34)
R™ Bzg (P) Bzg (P
We fix 8 > 0 small and C > 0 such that

[ vwas o, - 19k, ~ 190,
Bmo(P)

dvga
<c / Va2 V0|2 dug, + C / IV4bal? |02 dv;,
Ba (p) Bay (p)

< c// Vb [P0 (V0| da + c’/ Vb [Vo PO da
Bz (p) B

xq (P)

By standard integration theory, we then get that

[ ww. o,
Bmo (P)

_ / Vof? dvg, + / IV al? dvg, +o(1)
Bmo (P) Bzo(P)

Writing that

| vl v,

/ IVal? dus, +o(1)

Bzo (P)
= / [V (flata )}, dvg, —/ [Vol? dvg, +o(1)
Bzo (P) Bzo (P)
this proves (34). In particular, it follows from (34) that
[Vt dos, < [ (95, dog, + o) (35)
R™ ° Bay (p) °

From now on, we let N € N be such that By(2) is covered by N balls of radius 1
centered in By(2). Then there exist N points 1, ...,xy in By, (2r) such that

N
Ba,(p) C By, (2r) C U By, (r)
i=1
and we get with (24) and (35) that for zy and r such that |xo| + 3r < ro,
/R V4l dug, < NA+o(1) (36)

For x¢ and r such that |zg| + 3r < §, with (33) and the Sobolev inequality, there

exists C' > 0 such that
p/p" X p/p”
([ 1vvas.aus.) ([ wuave. ) ot
C s [Vibal?, dvg, + o(1)

IA
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and with (36), we get the existence of a constant C' > 0 such that
/Rn [Vials, dvg, < (ONF 7 +o(1)) /R IVal?_dug, +o(1)

Choosing A\ > 0 sufficiently small such that O\ 1< 1, we get that

[ 19l g, = o)
and thus that 1, — 0 in DY (R™). Since r < p, it follows that

Nala — U IN Hf(B$o (r)) (37)
and the convergence holds as soon as ol < 1, |zo| < 3r, |xo|+3r < min{ro,d}
and r is sufficiently small. We fix r > 0 and A such that the above are satisfied.
Then (37) holds for any x¢ € By(2r). Since Cy < 2, Byo(Cor) is covered by N balls

of radius r centered in By(2r). It follows that 7,0, — v in H} (Bo(Cor)) and this
proves Step 2.1. O

Step 2.2 below was used in the proof of Step 2.1.

Step 2.2. Let Q be a smooth bounded open subset of R"™, p € (1,n), and p be given
by p = pT?l. Let also h € HZ(9Q). Then there exists a solution u € HY(Q) of the
equation

Apu =0 in,

u=~h ondf.

Moreover, ||lu||grqy < Cl|h||gr@aq) where C > 0 is independent of u and h.

Proof of Step 2.2. Following Struwe [23], see Appendix A in [23], we easily get that
there exist Cy,Cy > 0 such that for any u € H} (),

/|u|pda:§C’1/ |vu|de+02/ luppa|Pdz (38)
Q Q o0

Let h € HJ(0$2) and M be the set consisting of the functions v € H{ () which are

such that v — h € Hy?(Q), where Hy*(2) is the closure in H?(€) of the space of
smooth functions with compact support in 2. We let

A= inf / |Vo|Pdx
veEH Jo

and let (vy,)m be a minimizing sequence for A. Thanks to (38), (vp)m is then

bounded in HY (). We may therefore assume that v,, — u in H} (), that v,, — u

in L?(2), and that v,, — u in LP(9S2). In particular, v € H and [, [Vu[Pdz = A.

It follows that w is a weak solution of Apu = 0in Q and v = h on 9Q. Let H be

given by the extension operator from Hf(99) into HY(Q2). Then H € H{(Q) and

H pq = h. It easily follows from the equation satisfied by u that
/ |Vu|P~2VuVods = 0
Q

where v =u — H € Hy?(Q),
and hence, by Holder’s inequality, that

/|Vu|pd;v§/|VH|pd;v
Q Q
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In particular, by the continuity of the extension operator,
IVullp < Cllhll gz a0)

where C' > 0 is independent of u and h. Coming back to (38), it follows that

[ullzr@)y < Clhllgr a0y where C > 0 is independent of u and h. This ends the
P

proof of Step 2.2. (]

It easily follows from Step 2.1 that v # 0. To see this we return to (24) and
write that

A= / IV (i) [P,
By (Cor)

IN

o) / VolPdz + o(1)
Bo(Cor)

Hence, v # 0. Similarly, it also follows from Step 2.1 that R, — 400 as @ — +00.
Indeed, if R, — R as @ — +00, R > 1, then 9, — 0 in HY (By(Cor)) since vy — 0
in HY(M). A contradiction with Step 2.1 and the above claim that v # 0. Hence,

R, — 400 (39)
as a« — +o00. Thanks to (39) we can then prove that for any R > 0,
Uq — v in HY (Bo(R)) (40)

as a — 4oo. To see this, we let R > 1 be given. Since R, — oo, we have
that R, > R for a large. Then (24) holds for z € R™ such that |2| < roR — r,
and it follows from the proof of Step 2.1 that (37) holds if |zo| < 3r(2R — 1),
|zo| + 3r < roR, and |zo| + 3r < JR. In particular, (37) holds if |z¢| < 2rR and
thus 7,04 — v strongly in HY(Bo(2rR)). Since R > 1 is arbitrary and 7, (x) = 1
for « large if |z| < R, we obtain (40). An easy claim then is the following.

Step 2.3. The limit v of Step 2.1 is a solution of Apu = |u|P” ~2u.
Proof of Step 2.3. Let ¢ € C°(R™) and Ry > 0 such that supp ¢ C By(Ryp), and
let ¢ € C°(R™) be given by

an (33) = ROtT ¢(Ra$)
Then supp do C Bo(RoR_'). For a large, we define ¢, € C°°(M) by the equation
¢a = ¢o 0 exp,_. Then, for o large, we get that

/M|Vva|’g’_2(Vva.V¢a)gdvg = /R ) Vo[22 (Via.V), dvg,

/ IV (o) 22 (V (afi)-V6) 5, vy,
and that

[valP" "2 vadadyg
M

/ |DalP” " 2tapdug,

-~ o~ P =2~ ~
/n |70 0a [P TNaVaPdvg,
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Moreover (¢q)q is bounded in HY(M). Thus

0(1) = D‘Zg(va)'(ba
[ 9t (Vat0) 90, o,

~ o~ P =2~ ~
- /n Ta0al? ~“Talat dvg,,

Since Ry — 00, we can write that g, — & in C'(By(R)) and thus that dvs, = eqdz
where €, — 1 uniformly in By (R). Since in addition 7,9, — v in D} (R™), we get,
by passing to the limit in the above equation that, for any ¢ € D}(R™),

/ |Vo|P~2VuVede = / [v]P" ~2vgpdx
Rn n

In other words, v is a weak solution of A,u = |u[P"~2u. This ends the proof of Step
2.3. O

For z € M and é € (0, %), we let

n—p

Va(@) = 1a(z)Ra” v (Ra eXp;al (CC))

where 1, = 7; - and set w, = vy — V. A last step in the proof of Lemma 1.1 is
as follows.

Step 2.4. On the one hand,
we — 0 in HY(M) (41)
as @ — 400. On the other hand,
DIy(Vy) = 0 and DIj(w,) — 0 (42)
in HY (M) as o — +00. At last,
Iy(wa) = Ig(va) = E(v) + o(1) (43)
where o(1) — 0 as o — +o0.

Proof of Step 2.4. First we prove that w, — 0 in HY(M). There it clearly suffices
to prove that V,, — 0 in H}(M). We note that (V,), is bounded in HY (M) and,
since HY(M) — LP(M) compactly, it suffices in turn to prove that V, — 0 in
LP(M). In what follows we let f € L4(M) where ¢ = -£5. Given R > 0 arbitrary,
we let

Bo = B, (R;'R) , BE = B,_(20)\B,.(R;'R) , and g = exp},_g
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Then, we can write that

fVady,
Ba

<R / | f(exp,_ (2))] 0(Rat)]| du,,
Bo(Ra'R)

<CR. ( / |v<Rax>|de) ( / |f<expu<x>>\qdvga>
Bo(R:'R) Bo(R:'R)

< C|| IR ( / |v|Pda:>
Bo(R)

and, in a similar way, that
1
ciflerst( o
Bo(28Ra)\Bo(R)

1
< il ( | |v|p*dx>
Bo(20Ra)\Bo(R)

Since R, — o0, and R > 0 is arbitrary, we get that

/ fVadvg = o(1)
M
Noting that f € L?(M) is arbitrary, this proves that V,, — 0 weakly in HY (M),

and thus that (41) holds. The proof of (42) is an easy adaptation of [18]. We skip
it here and restrict ourself to prove (43). We write that

/ |Vwa [fdvg — —/ [walP dv,
/ |Vwa|§dvg=/ |Vwa|§dvg+/ |Vwa|hdv,
M Ba Bg

e
Qe

fVadyg
Bg,

IN

A

and that

(44)
+ / |Vwa [bdvg
M\Bg,, (26)
where B, and B, are as above. On the one hand,
/ [Vwg |hdv, = / Ve — VU|§a dvg,,
e BO(R)
< C |V, — Vol? dx
Bo(R)
and since 0, — v in HY(By(R)), we get that
/ |Vwa [Fdvg = o(1) (45)

@

On the other hand, mimicking what was done in [18], we also have that

/ |Vwg [hdv, = / |Vualfdvg + Br(a) + o(1) (46)
S B
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where here, and in what follows, Bgr(a) stands for any expression such that

lim limsup Br(a) =0

R—+00 q—+o00

At last, by definition of n; , , we can write that

/ |Vwa P dvg
M\B,, (

/|Vva|pdvg / |Vva|§dvg—/ Ve [bdu,
Bg

Plugging (45), (46), and (47) into (44), we get that
/ |Vwg [bdvg = / Vg [hdvg — / |Va[bdvg + Br(a) +o(1)

Since g, — £ in C° (By(R)) and 9, — v in HY (Bo(R)),
/ Vg [bdv, = / [Vl dvg,

Ba Bo(R) “

_ / IVolPdz + Br(a) + o(1)
and we eventually get that
/ |Vwa Pdu, = / Vo l2dvy / VolPdz + Br(a) + o(1)
M M R

In a asimilar way we can also write that

/ wal? dvg :/ va P dug _/ [v|P"dz + Br(a) + o(1)
M M R™

and since R > 0 is arbitrary, it follows that (43) holds true. This ends the proof of
Step 2.4. 0

According to what we said up to now, and thanks to Steps 2.1-2.4, Lemma 1.1
holds for some 6§ € (0,%). Given §; < bz in (0,%), we can check, using the
definition of 7s, 4., that

= o(1)

where Bl (2) = 1, 5. (x)Ra” v (Raexp,!(z)), i = 1,2. For instance,

. Lo 1P" “
/ 8y - B2[ i, < 2/ (o]?" dvg. = o(1)
M Bo(262Ra)—Bo(61 Ra)

and we proceed in a similar way for the gradient term. It follows that Lemma 1.1
holds for any 6 € (0,%). This ends the proof of Lemma 1.1.
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3. POSITIVITY OF THE BUBBLES

We prove in this section that if the u,’s of section 1 are nonnegative, then 19 and
the u?’s of section 1 are also nonnegative. That u® is nonnegative is straightforward.
On what concerns the u'’s, we proceed as follows. We fix an integer N in {1,..,k}
and prove that u™ > 0 by showing that @) — u” a.e in R" where

A (@) = ()7 o (expoy (uhw)) (48)
We let pu, = 1/R!, vo = uq — u® and ¥ and a%" be given by
3 (2) = () T va (expay (u)w))
9N (2) = () 7" (expoy (ua))

We assume for the moment that there exist an integer p and p sequences (y2), in
M, and (M) of positive real numbers, j = 1...p, such that A, /uY — 0 as a — +oo,
the sequence consisting of the dg(x,y?)/ul is bounded, and such that for any
R,R >0,

/ ow—u[” dug = o(1) + e(R') (49)
B,x (Rl )\US_, B ; (R'AL)
where €(R') — 0 as R’ — +o0.
We then get with (49) that
/ | [ = u T de = o(1) + e(R)) (50)
Bo(R)-Uj_; By, (R'C2%)

where ), = exp, v (uX32). Noting that the 7/ ’s are bounded, we may assume that
72 — ¢ as a — oo. Then (50) gives that

o — N in LY (Bo(R\{§”,j = 1...,p})

for any R > 0, and we may thus assume that

~N _ ~0,N N _ . mn
U, — Uy —u aeinR (51)

Moreover, if g, (z) = ((exprg)*g) (ulz), we can write that for any R > 0,

[ e < o @,
Bo(R) Bo(R)

_ / 0" dv,
B~ (Rull)

which goes to 0 as o — +o0. Hence, a%N — 0 in LP" (By(R)) for all R > 0, and we
may thus also assume that @%% — 0 a.e in R™. By (51) we then get that a2 — u®V
a.e in R™. In particular, the fact that «° and the u’s of section 1 are nonnegative if
the uq’s are nonnegative follows from (49). Now we prove (49) as a particular case
of the following statement. Namely we claim that for any integer N € {1,..,k} and
for any integer s € {0,.., N — 1}, there exist an integer p and p sequences (y7), in
M, and (M) of positive real numbers, j = 1...p, such that A, /uY — 0 as a — +oo0,



22 NICOLAS SAINTIER

the sequence consisting of the dg(xY,y?)/ul is bounded, and such that for any
R, R >0,

*

dvg =o(1) +e(R")  (52)

S
Vo — g ul, —ul
i=1

where €(R') — 0 as R’ — +o0 and the (ul)’s and (z%))’s are the ordered sequences
in 4 that we got in the preceding section. Clearly, (49) follows from (52) when s = 0.
In order to prove (49), we fix an integer N in {1, .., k} and prove that (52) holds for
all s by inverse induction on s. If s = N — 1, then, by (40), for any R > 0,

N
/ Vo — E uy,
B, (Ruil) i=1

and it follows that (52) holds with p = 0. Now we suppose that (52) holds for some
5§ < N—1and we fix R,R > 0. If dy(z%,2Y) /£ 0 as @ — oo, then, for R > 0
given, and up to a subsequence, ng(RuJaV ) Bzs (Rpf,) = 0. As a consequence,

wlidy, < [ ey 69
M\Bys (Rp3)

/Bmg (Rud)=Ui—y B; (R'A8)

*

P
dvg = o(1)

/Bmg(Rug)\Uil B ; (R'AL)

)
a

< C ) |u5|p*dw
R™\ By (R)

Since u® € LP"(R™) and R > 0 is arbitrary, we get that

/ i dvg = o)
By (Rud \UL, B, (R'AL)

and thus that

*

s—1 p
/ v va—Zufl—uflV dvg
B,n (Rud)\Uj=y B j (R'X%) i—1
s p*
<C _ va—Zuia—u]av dvg
B,n (Rud)\Uj-1 B g (R'Xa) i=1

+C ug|? *dvg
B, (R )\Uj=y B j (R'A)
=o(1) + €(R)
This proves (52) for s—1. We may thus assume in what follows that d (22, zY) — 0
as @ — 00. Then we need to compare carefully the respective growth of the

distances dgy(z2,z) and the radii pg and p). We let g > 0 and C > 1 be
such that for all x € M and all y,z € R™, if |y|, |z| < ro then

1

If &3, and g}, are such that 3, = exp,~ (u]75) and y), = exp,~ (u'7%), then

R' N, 1, N v
B (G ) © et (Butwn) < sy (megk) o
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and

Hence, by (52),

/ : P dvg = o(1) + e(R')
(Boy (RIENUL, B ; (R'NA)) N Buy (Risg)

and it follows from (54) and (55) that

/ ; o NP dr = o) + €(R)) (56)
(Bo(rN UL, By (RC2%) ) M By (B 25)

Now we ditinguish two cases. In the first case, we assume that dg(zf,zd)/ul) is
such that dg(zf,z))/ull — +oo as o — oo. Then dy(x, ) /s, — +oo since, if
not, we get by (56) with R large enough that uf /ul — 0, while

dy(d,8) _ dy(xg, 73)) psy

13, pl

Ha
It follows that B,n (Rpd )N Bas (Rut) = 0 for R > 0 and we may proceed as in

the case where d, (2%, zY) does not converge to 0 to get that (52) holds for s-1. In
the second case, we assume that the dg(z5,zY)/u2’s converge as a — +o00. By
(56), we must have that u5/uly — 0. We set y2™! = x5, and A2t = 4%, Clearly,
by (52),

*

p

/Bmg(R#éV)\UP

TLL B (RIAL)

S
Vo — g ul, —ulY
i=1

dvg = o(1) + €(R')

while

s |p* s |p*
/ 1 . |uo¢| d’l}g < / |ua| dUg
B, v (Rpd) )\ USZ, B (R'A%) M\Bgs (R'pg,)

e(R)
It follows that
s—1 P’
Cva =Y wlh —ul| dv, =o0(1) + €(R)
~/Bmg(R#§ NUGLL B (R/A%) ; !

and (52) holds for s-1. As already mentioned, this implies that (49) is true, and
thus that u® and the u*’s of section 1 are nonnegative if the u,’s are nonnegative.
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4. THE CY-ESTIMATE

By the maximum principle and standard regularity results as in Druet [§],
Guedda-Véron [16], and Tolksdorf [24], u® € C1?(M) and either u® > 0 every-
where, or u° = 0. In order to prove the C-estimate of Theorem 0.1 it suffices thus
to prove that there exists C' > 0 such that for any «, and any =,

n—p

(vl{nnkdg (xg,x))Tua(m) <C (57)

i=1,...,
where d,, is the distance with respect to the metric g, and the z%,’s are the centers
of the bubbles (B,), in Theorem 0.1. We define the function ®, by

b, (z) = l:r{unk dy (2%, 2)

and the function v, by

We let y, € M be such that
Va(Ya) = max o (2)

and assume by contradiction that v, (ys) — +00 as o — +o00. We let p, > 0 be
given by o = tq(ya) P/ "P). Then po — 0 as a — +oo. For § € (0,4,), where i,
is the injectivity radius of (M, g), we define the function w, in the Euclidean ball
Bo(6u;t) of center 0 and radius du, ! by

n—p

U}a(ﬁ) = ,Uzozp U (expya (/J’Otx))
By the definition of yq,

a——+00 Ma
for all i. For R >0, z € By(R), and i = 1,... k, we write that
dg (2}, exp, (pat)) > dg (), ya) — dg (Yo, exp,, (Hat))
> Da(Ya) — pal|
Ry, )
1-— Do (Yo
( Pa(ya) (v

Thanks to (58), the right hand side in the above equation is positive. Then, we can
write that

Y

n—p

pa” v (exp,, (Hat))

we(T) = " p
o, (eXpya (Max)) i

(1- gy 7 U (¥a) v (0)
q)a(ya) o

. Pa(ya) *
(o)

and we get that the w,’s are uniformly bounded in any compact subset of R™. Let
ga be the Riemannian metric on R™ given by

ga(z) = (exp}_g)(taz)
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Then, equation (2) becomes
(Ap)g,Wa + Mgﬁawzo);l = wﬁ*71 (59)

where ho(z) = ha (exp,, (tax)). For any compact subset K of R", go — &, the
Euclidean metric, in C?(K) as o — +o0. By (59) and the De Giorgi-Nash-Moser
iterative scheme we then get the existence of C' > 0, independent of «a, such that
for any «,

1/p
sup wq(z) <C / wk dv,, (60)
zEBy(1) Bo(2)

/ uP, dv, z/ wk dvg, (61)
Byq (2ta) Bo(2)

while, thanks to the HY-decomposition of the first part of Theorem 0.1,

k "
/ uk’ dvg = / <u0 + Z B + Ra> dvg
By, (21a) By, (211a) i=1

where u°, the B?’s and the R,’s are as in Theorem 0.1. In particular, since u
a continuous function,

Independently,

Yo

0 is

k
ug*dvg <C
‘/Byoc (2M0¢) Z

=1

/ (BL)P" dv, + o(1) (62)
Bya (2N’0<)

where C' > 0 is independent of «, and o(1) — 0 as o — +o0. We fix i =1,...,k,
and let the z¢’s and pi, = (R%)~1’s be the centers and weights of (BY), as given
by (4). We distinguish two cases: Case 1: For any R > 0, and any «, By, (21a) N
Byi (Rpl,) = 0, and Case 2: There exists R > 0 such that for any o, By, (2a) N
B (Rul) # 0. Up to a subsequence, we are either in case 1 or in case 2. In case

1 we write that

[ wya | (B v,
By,, (2#(1) M\Bapg (Rl"é)

and noting that

lim  lim (BL)P" dvy =0
fimtoo =t JM\B,; (Rui)

we get that
/ (BL)P" du, = o(1) (63)
Bya (2/'%4

)
In case 2 we have that dgy(2%,vs) < 2ua + Rpl,, and it follows from (58) that
po = o(pt,) and that dg(z%,ys) = O(pt,). Writing that

, 2o,
By, (2pa) C expgi (uéBza (C : ))

where
1 _
Za = — exp. (Ya)
«
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converges in R™ (up to a subsequence) and C' > 1 is independent of «, we then get

that
/ (BL)” dvg < / u dvg,,
By (2Na) B, (02#71&>

e

where u is given by (4). Since pq = o(ul),

/B (CM> up*dvga =o(1)

a

and we get here again that
[ s = o) (64
Bya (2M0¢)
In particular, thanks to (63) and (64), we get that, up to a subsequence,

[ B = o) (65)
By, (21a)
foralli=1,..., k. Combining (61), (62) and (65), it follows that

lim Wk dv,, =0 (66)
a0 /By (2)
Noting that w,(0) = 1, we then get a contradiction by combining (66) and (60).
This proves the C%-estimate of Theorem 0.1.
As a consequence of the C%-estimate, we see that the u,’s are uniformly bounded
on any compact subset of M — S where
S = { lim 2% i = 1,...,k}

a— 00

is the set of the geometrical blow-up points of the uy,’s (S = @ if the u,’s don’t

blow-up).
Since uq — 0 in HY,, (M — §), the Moser iterative scheme implies that, up to a
subsequence,

Uy — 0 in CL (M — S) (67)

In order to conclude, we need to prove the remark after the theorem. Namely
that

lim lim sup  RF(z T ug(z) — ul(z)| = 0 68
R—>+ooa—>+ooz€M\Qa(R) ( ) ‘ ( ) ( )| ( )

where, R¥(z) = min d, (2%, ), and, for R >0

i=1,....k

k
Qa(R) = | Bo (i)
i=1
We prove (68) by contradiction and assume that there exists a sequence (yq)a Of
points in M, and that there exists g > 0 such that for any ¢ =1,... k,
8
as a@ — 400, and such that for any «,

— +00 (69)

n—p

ngz(ya) P ‘ua(ya) - uo(ya)‘ > 0o - (70)




CRITICAL EQUATIONS INVOLVING THE p-LAPLACIAN 27

Clearly, R (y,) — 0 as a — o0 since if not, by (67), ua(ya) — u®(ya) — 0 as
o — +oo which contradicts (70). We let o = ta(ya) /"), Then we can
rewrite (70) as

R4 (Ya)

P

where 5%"7’))/” = 8p/2. In particular, u, — 0 as a — +oo. Given § > 0 less than
the injectivity radius of (M, g), we define the function w, in the Euclidean ball
Bo(dug') b

>4, (71)

Wal2) = fta” U (exp,,, (Ha))
and let g, be the metric given by g,(x) = (expya ) (o). For any compact subset
K of R™, and if ¢ stands for the Euclidean metric, we have that g, — £ in C?(K)
as @ — +o00. By (71) we can write that if (z,) is a sequence in By(d1/2), then

dg (2%, expy, (HaTa)) = dg(Yar24) = dg(Yar XDy, (fata))
Z 51,”(1 - |33a|,uo¢
for all 7 and all @. In particular, d (xia,expya (HaTa)) = Cpq for some C > 0
independent of a, and up to a subsequence, we get with the C°-estimate that
we(r) < C (72)

for all x € By(d1/2) and all &, where C > 0 is independent of o and z. Now we
may follow the arguments of the proof of the C%-estimate. On the one hand, the
W, ’s are solutions of an equation like

(Ap) goWer + piEhGuP ™t = wP ~1 (73)

in By(81/2), where hy () = ha (€xpy, (iax)). On the other hand, they are bounded
in By(01/2) by (72). We then can assume (see [19]) that, up to a subsequence,
wa — w in C°(By(61/8)) as a — +o00 where w satisfies

Apw = wP 7!
Moreover

w(0) =1

since wq (0) = 1 for all a.
Let 02 = 01/8. We have that

P~ _ P
/ ub, dvg = / wh, dvg,
By, (92pa) By (32)

= / w? dz +o(1)
Bo((SQ)

where o(1) — 0 as a — +o0, while, by the HY-decomposition of the first part of
theorem 0.1,

(74)

/ o dvg<CZ/ (BL)P dv, + o(1) , (75)
By, (821a) By, (62p1a)

o

where C' > 0 is independent of . Independently, as in the proof of C-estimate,
see equation (65), we have that

/ (BLY dvy = o(1) (76)
Yo (62P‘a
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for all i. We prove (76) as we prove (65) by considering the two cases where
By, (02f10) N Byi (Rul,) = 0 for all R > 0, and By, (d241a) N By (Ruh,) # 0 for some
R > 0. In the second case we recover (58) thanks to (69) by noting that (71) and
the nonempty intersection give that §1/1q < d2jia + Rul, so that p, < Cpl . Then,
combining (74)-(76), we get that w satisfies

/ w” dx =0
Bo(d2)

and this is impossible since w is continuous, nonnegative, and such that w(0) = 1.
This proves Lemma 76).
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