ESTIMATES FOR THE SOBOLEV TRACE CONSTANT
WITH CRITICAL EXPONENT AND APPLICATIONS

JULIAN FERNANDEZ BONDER AND NICOLAS SAINTIER

ABSTRACT. In this paper we find estimates for the optimal constant in

the critical Sobolev trace inequality Sllull7,. 50y < Hu”svlvp(m that are

independent of Q. This estimates generalized those of [3] for general p.
Here p, := p(N — 1)/(IN — p) is the critical exponent for the immersion
and N is the space dimension.

Then we apply our results first to prove existence of positive solutions
to a nonlinear elliptic problem with a nonlinear boundary condition with
critical growth on the boundary, generalizing the results of [16]. Finally,
we study an optimal design problem with critical exponent.

1. INTRODUCTION

Sobolev inequalities are relevant for the study of boundary value problems
for differential operators. They have been studied by many authors and it is
by now a classical subject. It at least goes back to [1], for more references see
[9]. In particular, the Sobolev trace inequality has been intensively studied
in [4, 11, 13, 16, 19], etc.

Let Q be a bounded smooth domain of RY. For any 1 < p < N, the
Sobolev trace immersion says that there exists a constant S > 0 such that

/*
s(/ up-as)"" g/ IVl + [uf? do
[oJ9) Q

for any u € W1P(Q), where W1P(€) is the usual Sobolev spaces of the
functions u € LP(2 such that Vu € LP(Q. Here p, := p(N —1)/(N —p) is
the critical exponent for this inequality.

The optimal constant in the above inequality is the largest possible .S,
that is

/ IVl + Jul? do

(/89 P ds)p/p* ’

where the infimum is taken over the set X := W1P(Q) \ Wol’p(Q), Wol’p(Q)
being the closure for the W!P-norm of the space of smooth functions with
compact support in €.

= Sp(Q) := inf

The dependance of S with respect to p and 2 has been studied by many
authors, specially in the subcritical case, i.e. where p, is replaced by any
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2 J. FERNANDEZ BONDER AND N. SAINTIER

exponent ¢ such that 1 < ¢ < p.. See, for instance [8, 14| and references
therein.

The analysis for the critical case is more involved because the immersion
WLP(Q) — LP+(09) is no longer compact and so the existence of minimizers
for S does not follows by standard methods.

To overcome this problem, in [16], the authors use an old idea from T.
Aubin [1]. In fact, let Kp_l be the best trace constant for the embedding
WLP(R?) < LP+(OR"), namely

P
f]R1 |Vul|Pdx

(1.1) Kt = inf Tor
HEWIPEROWGTEL ([ fufeds) "
+

In [16] it is shown, following ideas from [1], that if
(1.2) Sp(Q) < K,

then there exists an extremal for Sp,(£2). Taking the function v = 1 in the
definition of S,(€2) one obtain that if

Q
| |L <K,
|8Q| Px
then (1.2) is satisfied. Observe that this is a global condition on .

It follows from Lions [20] that the infimum (1.1) is achieved. The value of
K, is explicitely known when p = 2 (see Escobar [11]).

Recently, Biezuner [4] proved that [, is also the best first constant in the

inequality,
p
(/ W*dS) gA/ \vuypde/ lulPdz,
00 Q Q

in the sense that, for any ¢ > 0, there exists a constant C, such that

b
(1.3) (/ yuyp*ds> - g(Kp+e)/ \Vu]pdac—l—CE/ lulPdz,
o0 Q Q

for every u € WHP(Q), and K, is the lowest possible constant. This fact will
be used in a crucial way in the course of the paper.

On the other hand a local condition, depending only on local geometric
properties of €2, is known to hold in the case p = 2. Indeed Adimurthi-
Yadava [3| obtained (1.2) assuming the existence of a “good point” = € 92
i.e. a point x at which the mean curvature of 9€ is positive and such that,
in a neighborhood of z, Q) lies on one side of the tangent plane at x. The
method in their proof is the use as test-functions of a suitable rescaling of
the extremals of (1.1).

These extremals are explicitly known for p = 2 since Escobar’s work [11]
who conjectured the result for any p € (1, N). This conjecture has recently
been proved by Nazaret [21] using a mass-transportation method. It turns
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out that all the extremals of (1.1) are of the form

N-—p
er(p—1)

Uevyo (yvt) = N—p
(1.4) [(t +€)? + |y — yol?]2>=D

_N-p — t
. pPU<y yo,>
€ €

where € > 0 and y,yp € RV = 8]Rf, t > 0, with
1

(¢ 1)2 + [y =0

(1.5) Uly,t) =

The knowledge of this extremals allows us first to compute the explicit
value of Ky:

Proposition 1.1. The value of K, is

p=2
N—1 N-1
= (Gt) e (#=h)
= T —_— .
P -1 p(N-1)

P r ( 2(p—1) )
Applying a similar technique as in [3]|, we can use the rescaled extremals

for K, and obtain a local (geometrical) condition on € such that (1.2) is
satisfied.

In fact, we can deal with a slightly more general problem. Namely

|Vul? + h(z)|ul? dx

(1.6) A= A(p,Q) := inf 28
([ 1u-as)™
o0

where the infimum is taken over X and the function h € C*(Q) is such that
there exists ¢ > 0 satisfying

(17) /Q Vul? + h@)ul? dz > cllullfyn 0

for any u € X.

We are lead to the following generalization of the notion of “good point”
to our case: we say that a point x € 02 is a “good point” if there exists
r > 0 such that QN B, (x) lies on one side of the tangent plane at x and
either H(z) > 0 or, if H(z) = 0, either

h(z) <0if N =2,3,4and p < /n
or, if n > 5,
h(z) <0if p <2,

n —8(n—1L)h(zx) ..
TL—1§:A’2_2§AZ‘AJ'< EDCET

—2
PERZEN 203 A <0if2<p< (n+2)/3

1<j

n—1
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where the \;’s are the principal curvatures at « and H(z) is the mean cur-
vature at x.

Remark that our method gives the restriction 1 < p < (N 4 1)/2 and also
that a “good point” in the sense of Adimurthi-Yadava is also a “good point”
in our sense.

We get the following theorem:

Theorem 1.1. Let 1 < p < (N +1)/2. If there exist a “good point” x € OS,
then

-1
(1.8) A< K,
As a consequence of Theorem 1.1 we have

Corollary 1.1. Under the hypotheses of Theorem 1.1, the infimum (1.6) is
achieved.

Observe that any extremal u can be taken to be nonnegative (just replace
u by |ul), and if we take it normalized as ||u|| - (90) = 1, it is an eigenfunction
associated to the eigenvalue A in the sense that it is a weak solution of the
following Steklov-like eigenvalue problem

(19) {—Apu +h(z)uP~t =0 inQ

|Vu|p_2% = uP! on 0f)

where Ayu = div(|Vu|P~2Vu) is the p—Laplacian and v is the unit outward
normal of €.

Then it follows by the results of Cherrier [5] that u is smooth on 2 and
continuous up to the boundary. Moreover, it is strictly positive in Q (see,
for instance, [15]) so any extremal has constant sign.

As an application of Theorem 1.1, we study a shape optimization problem
related to A\. Given a € (0, |Q2]), where |2| denotes the volume of €2, and a
measurable subset A C € of volume «, we first consider the minimization
problem

|Vu|P + h(z)|ulP dx
(1.10) Mg = inf 22

(/89 P ds)p/p*

where the infimum is taken over X4 := {u € X | u|4 = 0 a.e.} and the
function h € C*(Q) is such that the coercivity assumption (1.7) holds

As a consequence of Theorem 1.1, we have

Theorem 1.2. Let 1 <p < (N +1)/2 and let A C Q be such that |A| = .
Assume that there exists a “good point” x € 02 such that By(z) N A =0 for
some r > 0. Then Ay is attained by some nonnegative nontrivial u 4.

These extremals uy are eigenfunctions associated to the eigenvalue Ay
in the sense that, if A is closed, they are weak solutions of the following
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Steklov-like eigenvalue problem

—Apu+h(x)uP~t =0 inQ\A
(1.11) |Vu|p_2% = AuP~t on 00\ A
u=0 in A

We consider the following shape optimization problem:

For a fired 0 < o < |9, find a set A, of measure a that minimizes
Aa among all measurable subsets A C Q of measure o. That is,
AMa):=  inf  Ag = Ag,.
ACQ A=«
In this paper we prove that there exist an optimal set A, (with their
corresponding extremals wu,) for this optimization problem.

This optimization problem in the subcritical case (that is, when p, is
replaced by an exponent ¢ with 1 < g < p,) has been considered recently. In
fact, in [17] the existence of an optimal set has been established, see also [12]
for numerical computations. Then, in [18], the interior regularity of optimal
sets was analyzed in the case p = 2. We remark that in the result of [18] the
subcriticality plays no role, so this local regularity result holds true also for
this critical case.

We prove,

Theorem 1.3. Let 1 < p < (N+1)/2. If there exists a “good point” x € 0N,
then A(«) is achieved.

Problems of optimal design related to eigenvalue problems like (1.11) ap-
pear in several branches of applied mathematics, specially in the case p = 2.
For example in problems of minimization of the energy stored in the design
under a prescribed loading. We refer to [6] for more details.

We want to stress that Theorem 1.3 is new, even in the case p = 2.

Organization of the paper. In the next section we deal with the proof of
the applications of the estimate A < Kp_l, that is, we deal with the proof of
Corollary 1.1 and Theorems 1.2 and 1.3. We leave for the final section the
computation of K, and the proof of Theorem 1.1.

2. APPLICATIONS OF THEOREM 1.1

In this section we use Theorem 1.1, that is proved in the Section 3, and
prove Corollary 1.1, Theorem 1.2 and Theorem 1.3.

2.1. Proof of Corollary 1.1. We first prove that )\ is attained as soon as
(1.8) is satisfied. Since this kind of criterion is classical (see e.g. [7] or [16]),
we only sketch the proof for the reader’s convenience.

Let {un }neny € X be a minimizing sequence for (1.6) normalized such that
|tnll Lp+a0) = 1. According to (1.7), this sequence is bounded in X and thus
it converges up to a subsequence to some u € X weakly in X, strongly in
LP(Q2) and a.e.
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Using Ekeland’s variational principle (see [23] Theorems 8.5 and 8.14),
we can assume that {u,}nen is a Palais-Smale sequence for the functional
J : WHP(Q) — R defined by

1 A
J(u) = / |VulP + h(x)|u|P de — / |u|P* dS,
P Ja P« Jog

in the sense that the sequence {J(uy)}nen is bounded and DJ(u,) — 0
strongly in (W1P(Q))*. Letting v, := u, — u, we can also assume that, up
to a subsequence,

| [P* dS — dv, Vo, |P dz — du,

weakly in the sense of measures, where p and v are nonnegative measures
such that supp(v) C 99Q.

According to (1.3), we have for any ¢ € C1(Q) that

/D
( [ Joua ds) < (K, +0) [ [V da+C [ (v, s
o0 Q Q

Passing to the limit in this expression, first in n — oo and then in € — 0, we

get that
P/ D
(/ ne du) <K, [ o7 du
o0 Q

for any ¢ € C1(Q). From this inequality, we can deduce as in [20] Lemma
2.3, the existence of a sequence of points {x;};c; C 9Q, I C N, and two
sequences of positive real numbers {v; }ier, {1 }icr such that

V:ZVi(Sxi, ,uzz,uiéxi and uinglyf/p* Viel.

iel i€l
Therefore,
[un|P<dS = |ulP*dS + 3,1 vide,
(2.1) |Vuy |Pde  — |Vuy|Pde + > |Vug|Pdr + 3o ; pide,

i > K WP viel

It can also be shown that {v,},ecn is a Palais-Smale sequence for the func-
tional I : WLP(Q) — R defined by

I(u):=Ju)— | h Pd
(w) = J) = [ Wl do
(see e.g. [22]). In particular, for any ¢ € C1(€),
o(1) = DI(vp)(vno)
= / |V [PV, V (v,0) do — A/ v |P* ¢ dS.
Q o0

Passing to the limit, we get that fﬂgi)d,u = )\fagqﬁdu for any ¢ € C1(Q).
Hence p = Av. Using (2.1), we then obtain the estimates

1—1

(2.2) vi > (AK,) 51, > K (AK,) bt Vel
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Now, by (2.1), (1.7) and (2.2), we arrive at

)\:/ |Vun|pd:v+/h(x)\un]pdw—l—o(l) ZZW
Q Q iel
n—1

> card(I) K, ' (AK,) »1.

We deduce that if (1.8) holds, then I is empty. In that case, u,, — u strongly
in WHP(Q) and in LP=(9€). In particular u is a minimizer for .

This completes the proof O

2.2. Proof of Theorem 1.2. Arguing exactly as in the proof of Theorem
1.1 we obtain that a normalized minimizing sequence {uy }neny C X4 for Ay
converges, up to a subsequence, strongly in W1?(£2) to some 14 as soon as

/ |Vul? + |u|P dz
(2.3) inf &

u€X 4 (/ P dS)p/p* <
oQ

Since there exists a “good point” 2 € 99 such that B,(x) N A = (), we deduce
from the computations in the next section, by choosing a cut-off function ¢
with support in B, 5(x) in the definition of the test function wu. (3.1), that
this strict inequality (2.3) holds. Hence u, — u strongly in W1?(Q) and
LP+(0Q) and also a.e.. In particular u is a minimizer for A 4. O

2.3. Proof of Theorem 1.3. We begin by noticing that
AMa) = inf{A4, A C Q measurable, |A| > a}.

Hence

/|Vu!p+|u|pd:n

inf L .

ueX, {u=0}>a (/ ’u|p* dS)P/p*
o0

Since o < || and there exists a “good point”, it follows from the test func-
tions computations of the next section, by choosing a function ¢ with support
in a ball of radius small enough in the definition of u, (3.1), that A(er) < K.

By the same argument as before, this implies the existence of a nonnega-
tive u. € X, [{ux = 0}| > «, such that

AMa) =

/ |V |P + |us|P da
Q

(/myu*

We now conclude as in [17], Theorem 1.2, that in fact [{u, = 0}| = o and
so A, = {u, = 0} is an optimal set for A(«).

= AMa).
- dS)p/p*
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3. PROOF OF THEOREM 1.1

In this section we prove our main result. First we recall some very well
known formulae and prove Proposition 1.1. Finally we prove Theorem 1.1.

In all the subsequent computations, the following well known formulae
will be used frequently:

N
on
wn_1 = volume of the standard unit sphere SV ~! of RN = T 7(TA2,) ,
2
/+00 o g — r (%—H) r (‘2B72ail) ‘ 25 -1
o @+ T 20(3) aEmes
1
I'(z)'(z+ 5) =21722/r0(22)  for Re(z) >0

We first compute the value of Kj:

Proof of Propostion 1.1. Let U be the function defined by (1.5). We first
compute the LP*-norm of U restricted to RV~! x {0} = ORY.

dy
U(y,0)|P* dy =
/]RN—1’ (y,0)[P dy /]RN—l (1 + |y]2)P(N=-D/2(p-1)

oo N 2 dr
TN /0 (1 + r2)p(N-1)/2(p=1)

(N-1)2 __ \2(p-1) ) (2@ 1)
(2(10 1) )

We now compute the LP-norm of the gradient of U. First

N-p (y,t+1)
Pl [+t e

VU(y, t) -

Using the change of variable y = (1 4 t)z and passing to polar coordinates,
we can then write

N\ P
LIVt op dyde = (5 f) / v
RY b [(1+t) + Iyl

+o0 TN72 dr
“’N 2 p(N—1)
1+t) 0 (1472)20-10

< > s *“”
<N 1))

2(10 1)

2
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Hence
[VU(y, t)| dydt No1 )\ KT
P /M _ Nﬂ?)’“;;  (dh)
p P _
§ » p—1 p(N-1)
(/£N1|U(%0)pdy)p F(2@—U>
and the proof is complete U

We now turn our attention to the proof of Theorem 1.1. Let xg € 952 be
a “good point”. By taking an appropriate chart, we can assume that g = 0
and that there exist r > 0 and A1,...,Ay_1 € R such that

B, NQ ={(y,t) € By, t > p(y)}
B, N oY ={(y,t) € B,, t = p(y)}

where y = (y1,...,yn_1) € RV~1 B, is the Euclidean ball centered at the
origin and of radius r, and

N-1
1
p(y) = 3 E Niy? + E ciieyiyiyk + O(lyl*).
=1 ik

Since xg = 0 is a “good point”, we have p > 0. Moreover, the A;’s are the
principal curvatures at 0 and thus

Let ¢ be a smooth radial function with compact support in B, /; be such
that ¢ =1 in B, ;. We consider the test functions

P(y, )

—, €>0.
[(t+€)2 + |y[2) 25D

(3.1) ue(y, t) =

In order to give the asymptotic development of the Rayleigh quotient for .,
we first compute the different terms involved:

Step 1. We have the following estimates:

(3.2) / VucPde = Aye vt + +
Q
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(3.3)
e [oe ) iy < s
De r1 + O(In(1/¢)) Z‘fp:—l-i-i \/24N+5
/szh(x)‘ue‘pdx_ O(1) if VN > p > =H/ANED
O(In(1/€)) if p= VN
O1) ifp >N
/ |ue|P* dS =Bie ~ »=1 + Bae =
19}
¢ . 0(52 = f) ifp < N?J’r2
(3.4) Bse' v+ 0(n(1/e) if p = V42
+ O(1) if 532 <p < 53+
Byln(1/e) if p= 2+
LO(1) if p> M3
where

2 —1 (N-1)
P P<2(:n71)>
e HOwy (N—p>p r(5H)T (]\Q(—,,Zﬁ’f)l>
5 = —
4 -1 (N-1)
P T (I;(pfl)>
, _ H(O)wy_o (N—p>p
A2 = —
2 p—1

N-1 N—2p+1
_wy2 (N—p rT (55 )F<2(p—1)> 3 9 N
A3 =g (p—1> p(N-1) 5 2 NN

B1 = wn_2
(N-1)
2l (I;(pfl) )
-1 N-1
By — _WN-2 2/\Z p(N —1) r (T r 2(p—1))
8 -1 (N-1)
p r (1 + ’;(pfl) )
N—-1 N—-2p+1
B _WN-2 r ( 2 )F ( Q(pfl) )
32 (N-1)
I (I;(p 1) )

(1 B2 S (2 22 |

i<j
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_ 1
B4:w];2 <N—1 >Z2 _1 Z/\)\ +o(1

D=n(0) L~ CF T (Mahh)
R €=

Proof of Step 1. We have

P 6y Vot (t+€)0,0)

N-1 N-—p 2
(P55 [ = (S22 g41vop-
Hence in B, 4,

1

)

N— p
vur = (2=7) .
b [(t + €)2 + |y[2] 2D

and then

[vupae= (S=2) - m)+0q)

with

1 1
Il = / (=) and ,[2 = / PCEDR
[+ €2 + faf2 B QN ({14 €)2 + faf2) 56D

where Qq := {(y,%) | |y| <@ and 0 <t <a}.

Changing variables y = (1 +1t)z and passing to polar coordinates, we have

1
I :/ ¥ dydt
@ [(t+ )2 + fyf2) 5o}

N—p 1

(I14+1t)»1 1+7r2)26-D
Hence
. (30T ()
N — 2 =
(3.5) =t 2=y, 20/ o)




12 J. FERNANDEZ BONDER AND N. SAINTIER
On the other hand, according to Taylor’s formula,

p(y) 1
IQ / / dtdy
ly|<a [(t+¢€)2 + |y|?] E=

:/ ( )dy _p(N-1) / p(y)* dy
i<a ( e 20-1) Jiyi<a S+

e+ [yf2) = e+ |y?)

6q
) / 9] v
i<e (€2 4 |y[2) Bo-D 1

N—p

p(N — 1) O t)  ifp< Mg
= I =5y e+ 4 0(in(1/q), if p = Vi
O( )’ lfp > N+3

As the sphere is symmetric, we have

1 2 4
Ing(O)/ ] dy 40 / ] dyN
2 lyl<a (e2 lyl<a (2

1)
+ly) 5 T [y 5o
with
ly|? dy 1_N-p a/e rNdr
sy € PTIWN-2 p(N—1)
jyl<e (¢2 4 |y[2) 2o D) 0 (147220
N P(Ng)p (N2t
(3.6) € Plwn 9 ;F(pu(vzg)l) ) +0(1) if p < &HL
— 2(p—1)
~ wn_2In(1/e) if p < 2L
o) if p > N'H
and
ly[* dy 3_N-p afe  pN+2 g,
sy € PTIWN-2 PV D)
lyI<a (2 4 |y|2) 2(p D 0 (1+47r2)26-D
N—
(37) 0(63_ p—lp) lfp < NIB
=4 0(In(1/e)) if p= 23
O(1) if p > 283
Since N+3 < % we get
3-2=p, .
I_M F(%)F(]\;&?_pf)l) O(e p—1 ) lfp < %
e rTwy oH(0) 4r(1;(N*11>) + 4 O(In(1/e)) if p = 23
Iy = vy O(1) if X3 < < N4
~ LH(0)wn_2In(1/e) if p = NH
O(1) if p > M
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Concerning I, we have

1 y4 dy
==Y )2 ¢
4 Z ! / i ) 41

s (e + [yf2) 563

1 yiy; dy
+3 ij/

p(N=1)
i<j \yISa 2+ |yl?) 2(19 -5 +1

54
40 / Y| y_
p(N=1) 7
lvi<a (€2 4 |y[2 )2(,, )

First we compute

/ v dy _ 61_27_5/ v dy
1) - 1)
lvl<a (€2 4 |y2 )2<p SyRE [vl<a/e (2 4 |y|2 )2@ SyR

_{O( )1fp>N'H

| rwn_oIn(l/e) if p = N+1

and if p < N+1

/ Yi dy
1)
vl<a (€2 4 |y|2 )2@ SIRE

|_N-p 00 TN_3 dr [e§) y4 dy
=2¢ r-1 wN_3/O : TaEE A , e +O(1).
2

1+72) 2= "2 14y?) 2=
Hence
/ v dy
1)
e (¢ 4 [yf2) B0
N— (=2 \p( N=2pt1\p(5
(3.8) 61— pif’wj\;,g ( 2 )p((zv2<f) 1)) (2) +O( )1fp< N+1
_ r(5e=+)
~wy_2In(l/e) if p= %

O(1) if p > N

In the same way

/ yiy; dy |~ wn_aIn(1/e) if p=EH
ly|<a (62 + |y’ )2(p l))+ O( ) lfp > N+1
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and if p < N+1
2,2
/ Yiy; dy
p(N—1)
[vl<a (€2 4 |y2) Er=vas
1_N-p TH dy
—€ p—1

o (1+ [yl

p 1>+1

4 ©_ rMdr * yidy © yidy
THIN—A p(N-D p(N-1) 1 IS
0 (1 + 7~2) 2(p—1) 0 (1 + y22) 2(p—1) 2 J0 (1 + Y5 ) 2(p—1)
+0(1)
Hence

yiy3 dy

1)
/|y<a (€2 + |y|? )m“

1—% WN—4 F( 2

N-3 N—2p+1

)r(3)°T (S

€ 2

~ WN— an(l/e) ifp =

r ( R 1)

N+1
2

O(1) if p > &¥H

Once again,

\yl5dy

)—G-O( )1fp<N'H

rNE3 dr

I (2 + lyf2) %

9 N-p a/e
=€ rlwy_g
B+ 0

O P:lp) if p< %

2

p(N—-1)
(1 +72)26-1 — 1

— : N+2
=4 O(In(1/e)) if p = 552
O(1) if p > &F2
Using the fact that ['(3) = @, I3 = 3\[ , and
N—1 N—1
ov-s= oy ava=200T
VI (552) T (55
we eventually get that
I 1_N:5F<A£(;2pf)l)F(N 1) )\2
16 ¢ b F(p((N 1)>+1) ( Z + Zz<] )
O(e~ = ) if p < MF2
(39 I,= +4O0(n(1/e)) if p = M

o) if X2 <p< NZ,“

ON=2 (1 /e) (l D2 Y AN+ 0(1)) if p=
O( )if p> MH

N+1
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We thus obtain

1-Y=p fo)wy_s TCFT (525
€ P 1

I

Il
S

o1 )1fp>NJrl

So the proof of (3.2) is completed.
To prove (3.3), we first observe that

/h(:n)|u6|p dr = h(O)/ |uelP dz + O (/ || |uelP dm)
Q Q Q
_ h(O)/ P dz + O (/ ]uelpdac—i-/ \mHuE]pdx) ,
Qu Qa\2 Qu

where, as before, Q, = {(y,t) | |yl <aand 0 <t <a}.

(3.10)

Now,
dydt
[ = [ e + 0
o ly|<a,0<t<a [(¢ 4 ¢)2 +¢y\]2@ D
)
_ dydt +0(1)

/|y|§a/e,0<t§a/e [(1 + t) + ‘y| ] 2(17 1%)

_ JOo@n(1/e)) ifp* =N
o) ifp? >N

If p> < N, using the change of variable y = (1 + t)z and then passing to
polar coordinates, we get

 N_p? 00 dt 00 N=24
/ ’”U,E’pd(l} =€ pfi wN—2/ / a p(l,,\nf—p) + O(l)
Qa 0 (1+ t) +1 (14 r2)26-1

Hence

(3.11)

2(p—1)

p
€ N—p?WN-2 (N=p)
/ lucPdz = ’ o (554 )
a

r N—-1 r N—p2+p—1
( )( )+mnﬁﬁ<N
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On the other hand, using Taylor’s formula,

» p(y) dt
|ue|Pdr = s dy—l—O( )
Qa\Q2 ly|<a [(t+¢€)?

)2+ lyl2] 2o

2
y|* dy
:O / ’ | P(N—p) dy +O(1)
ly|<a (€2

+lyl2) Bt
(312) Ne—p2 afe N
1_N-p rV dr
= o | [T | row
0 (1—1—7‘2)2 p—1)

O(el_]\; I )1fp< _H‘

= On(1/e)) if p = ’”VQ
O(1) if p > =LHINED

Similarly,
t
/ |xHu€\pdx—/ (5, 1) vy dydt + O(1)
@a o [(t+ €)2 + |y|2) 20D
2
=€ 71\;71 / |(yat)| p(N dydt+0(1)
2
O(el_l\; = )ifp < w

=410(n(1/e)) if p= 71+V2 +5
O(1) if p > =LEGINED

Combining (3.10), (3.11), (3.12) and (3.13), gives (3.3).
Finally, to prove (3.4), we first observe that

[
o Qa

ue|P* dS

for small € and so
1 2

[ e as = b

o0 Wl<e [(e + p(y))? + y|?] 2 ey
_/ 1+ 3Vpl? + O(ly|* )[1 p(N = 1) p(2¢ + p)
ly|<a (62—|—|y|2)% 2(p—1) e+y?
2 2 2 2 3
p*(2¢ + p) +0<( P ( 6“’;3)}@

—C
@+ P2 &+ [y

where

p(N —1) [p(N— 1)

QW:_MW4)2@—D+4'
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Hence

/ P dS =
o0

_ dy gy — 2D p(y) dy
= vy WTET WIGE)
lyl<a (¢2 = lyI<a (€2 4 |y|2)" " 26D

+ [y[?) 2D
N 1/ \Vp\Qdy _p(N 1) / P*(y) dy
2 Jyiza (&2 4 |yP2 )z@ 20— 1) Jy<a (€2 + |y[2) 21

dy
_4626N,p/ ( ) T
vIsa (2 + [yf2)*T 2D

44 44
iy lyl* d dy + ¢ ly|* dy oy
(N 1) 1+p(N 1)
ly|<a ( ) B0=1) ly|<a (62 + |y|2) 2(p—1)

+ lyl?
p(N-1) 1 p(N —1) 2
=]z — 1[ 71—7I—4 I O(Iyp).
5—€ P 7+26 20p = 1) 8 —4de“enply + O(Ihp)

We first compute [ as follows:

dy _N-p fole pN-2g,
Is = pN=p T WN-2€ P P(N—1)
yI<a (€2 4 |y|2) 2D 0 (147r2)26-D

_1_N=p [ rN=2dr
=wy_ge " "‘1/0 (p<N1>+O(1)

(314) 1+ ,,,.2) 2(p—1)

_wN_ge_l_JZfl ( T < 26 1)> +O(1).
(%)

According to (3.6) and (3.7), using the relation I' (N;rl) = Nglf (Ngl), we
have
(3.15)

I _/ [Vp|* dy
6 — p(N—1)
lyl<a (€2 + |y|2 )2<p 1)

:Z/\z/ lyi|? dy e / ly|* da
' 5 Iy\Sa( oD

lyl<a (€2 + |y|2 )2(;: & + |y|2 )2(:: )

_ XN / wPdy / Iy\“d:v
T N-—-1 p(N—1) 1)
lyl<a (2 4 |y[2) 2-D lyISa (€2 4 |y )2<p =

_N-p
1_N-p F(M)F(N—%-H) 0(63 1) ifp < N+3
TDIPHENIET R (M_i%”)*“ +1{0(In(1/e)) if p = N+3
- ey o(1) if M > p > Nf”
w Z WN—23 A _ N+1
s In(1/e)) if p = 5=
o1 ) 1fp > NH

/
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By radial symmetry, we have

_ p(y) dy
I = p(N=1)
I<a (€2 4 |y|2)' T 26—

+lyl?)
XN / ly|? dy e / lyl* dy
2N = 1) Jiiza (e2 4 |yf2)t+ 2D wl<a (&2 4 [y]2) B0
_wN QZ)\ _1— Tf afe Nd?“
2(N — 0 (1+472) 1+ z(p i)

_N-p afe rNt2 qp
+e » 10 / ]
0 (1+7.2)1+ 2(p—1)

O(e 1) if p < N1
Ni _1_N-p [°° rNd
_M 1p T(N 5 + O(ln(l/e)) ifp: N;—l
Q(N_l) 0 (1+7‘2)1+ 2(p—1) _N-p | N41
O(e »1)if p> &F
and so

(3.16)

To compute Iy we proceed as in the computations of Iy, i.e.

I :/ p(y) dy
? ly|<a (2 2+( o,
(€2 + Jy[?)"" 2D

_ 2 yi dy
4 Z A / p(N-1)

I<a (2 4 |y|2)*" 26—

1 yiy; dy ly|° dy
Ta Z Aidj / 9p 2(N=1) +0 9+ PON=1)
i<j lyl<a (€2 4 |y|2)" " 26-D lyl<a (€2 4 |y[2)" 26-D

Now
4 4
Y1 dy Nl Y1 dy
/ e A gt o)
lvl<a (€2 + Jy|2)™" 2D RN (1 4 [y[2)*" 2070

_N-1 oo rN=3 dr & stds
=2e »1 WN—S/ p(N—1) / o4 PIN-1) +0()
0 (1 0 (1 + 52) 2(p—1)
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d - 22 d
/ yzyj y( — :e,% Y:'Y; yp(N_l) +0(1)
vi<a (¢2 1 |y[2)2t 201 RN=L (] 4 |y|2)* T 26D
N1 °° rN=4dr o y? dy;
=4e »- IWN 4/ p(N1)_1/ - l+7‘p(N71)
0 (1 +T2)42(p71) 0 (1 +yi2)2 2(p—1)
o y;dy;
/ s +O)
0 (14y3) 20D
N-1
o T )T (57%)
= e o),
r(2+509)
and
/ wiPdy = 2/“/6 N+3 gy
bISo (€2 4 |y[2)* B0 0 (1425
_N-p
=0(e » 1)
Hence
B I‘(;l r N:1 ) 3
Io :°‘”1V6*25 2 (Nmi) Q) ED LD PP
(N—
(3.17) r (2 + 5=1) ) i<j
N—
+O(e » 1)
Finally, for I;g we have,
3 N—p a/e rN+2 gy 9 N-p afe PN+2 gy
Iig =€ rlwyn_9 -, +e rPlwn-2 p(N—1)
0 (1 _|_7~2) 2(p—1) 0 (1 + 702)1+ 2(p—1)
N— N
O(e*~ P*lp) if p< 283 O~ P*f) if p< &2
=4 O(In(1/¢)) 1fp—M + 4 O(eln(1/e)) 1fp—%
O(1) if p > &3 O(e) if p > NHL
and so
N—
(3.18) I = {0 )it p < g2
. 0=
O(1) if p > 832

Putting these estimates together, we arrive at (3.4). This completes the
proof of Step 1. O

Step 2. We have, for any dimension N > 2,

|

N—p

L+ O0(er 1) if p> 851

1- %H(O)Eln(l/e) +o(eln(1/e)) if p = M3+

/ |Vue|P + |ue|? de
—-1JQ

(/89 P ds)p/p*
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and, if p < %, for dimension N = 2,3,4

v s TN

(/89 P dS)p/p* N-2p+1

Dy B +O0(e*?) if p < 252
Ar (epl)fN+2<p<\ﬁ

“\owE nasg) o= vw
(ep 1) if VN <p< &
where
g _ N-plp-1) p+N E:ﬁ_2§:AA

AN —1)(N—2p+1) o

Also, for dimensions N > 5,

—I/Q |VU€’p+ ’Ue’pdx e (N—p)(p— 1)H(0)6

(/ o P dS)p/p* B N-2p+1
o0

er_i_ 0(62) prg2

Ee? +{ M o(eP) if 2 <p <N
2y . N+2
o(€?) if VN <p < MF2

O(?) if 852 <p < MF

_.I_

Proof of Step 2. Noting that

D>

_K‘

N—

BN

we have, when e.g. n > 6 and p < 2, that

/ﬁvmw+m#wx
-1JQ
/Px
(e
o0
N—pl|l/N-— By\? By By A
n p|1 P\ (B B _Bad
N-1|2\N-1 B; By B A
Using the fact that
. N+1 _N-1 (N-1
2 2

f(iv >) f( <2“>1+1>:N2<§ff$1F(Nz@2f$1)>

Ay N-pB D
A, N-1B

A
+ Ai’} €2 + o(e?).
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we get

As 1
= >\za
A1 2N—2p+1z

Ay 1
A AN -—2p+1 2p+1 Zv_zZAA ’

1<J
By 1
= -3 )\i7
B, 2 Z
1<j
2h(0
D I e ey 3)() ) ifp=2
Ay has same sign as A’,L(_O;Q otherwise.
Hence

and

A1 N—lBl N—2p+1

L(N=p \(B\"_Bs Bada| A
2 N -1 B1 Bl BlAl Al

~ (N=pp-1) p+N -2 N
C4N-1)(N-2p+1) | N-1 2N 2) N

which gives the result. We get the others equalities in much the same way.

O

Proof of Theorem 1.1. At this point is just a combination of Steps 1 and

2.

(1]
2]
3l

(4]
]
(6]

(7]

O
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