CHANGING SIGN SOLUTIONS OF A CONFORMALLY
INVARIANT FOURTH ORDER EQUATION IN THE
EUCLIDEAN SPACE

NICOLAS SAINTIER

Fourth order equations of critical Sobolev growth have been an intensive target
of investigations in the last years. In particular because of the applications of the
fourth order Paneitz operator to conformal geometry. Also because of the parallel
that exists between fourth order equations of critical growth and their second order
analogues. References for the Paneitz operator are Branson [2] and Paneitz [7]. We
consider in this paper the following fourth order equation

A2y = [u*2u (1)

on R™, n > 5, where 2¢ = n2f4 is the critical exponent for the Sobolev embedding of

H2-spaces (consisting of functions in L? with two derivatives in L?) into LP-spaces,
and A? = AZ is the bilaplacian operator with respect to the euclidean metric .
In [6], Lin proved that the only smooth positive solutions of (1) are the functions
given by

n—4

Ux,a(T) = o (ﬁ) o (2)

n—4

where a, = (n(n—4)(n>—4)) ¥ , A > 0 and a € R™. The result extends to
nontrivial nonnegative solutions of (1) when they belong to the Beppo-Levi space
D2(R™). Following standard terminology, we say that two solutions u and v of an
equation like (1) are equivalent if they are related by an equation like

v(@) = AT (”3_“) (3)
A
for some A > 0 and a € R™. Thanks to the above mentioned result of Lin [6], two
smooth positive solutions of (1) are always equivalent. Indeed,
una(®) = AT ur g (A(z — a))

Moreover, it is easily checked that equivalent solutions have the same energy in the

sense that
/(Av)2d;v:/ (Au)?dx

if v and v are related by (3). The energy of the uy,’s in (2) is precisely the
quantum of energy of a bubble in the blow-up study of positive solutions of Paneitz
type equations. We refer to Hebey-Robert [4] for more details.

The purpose of this paper is to prove the following theorem. Such a theorem is
the analogue of Ding’s result [3] when passing from the second order critical equa-
tion Au = |u|* (=24 to the fourth order critical equation (1) we consider in this
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paper.

Theorem: There exists a sequence (ug)5>, of solutions of (1) whose energy tend
to +00 as k — 4+00. Namely such that

/ (Aug)?dz — 400

as k — +oo. In particular, there exist infinitely many non-equivalent solutions of
equation (1). These solutions uy necessarily change sign when k is large.

We prove the theorem in the rest of the paper, following Ding’s approach [3] when
proving the existence of infinitely many non-equivalent solutions of the second or-
der critical equation Au = |u|*("~?u. Specific technical difficulties are attached
to the fourth order case.

PROOF OF THE THEOREM

The Paneitz operator P;' on the unit n-sphere (S™, h) reads as

Plu = Aiu + cpnApu + dyu
where ¢, = % and d,, = %é"%‘l) (see Paneitz [7] and Branson [2] for
the definition of Pf*). We let @ : S"\{N} — R" be the stereographic projection of

north pole N in S™. Then, as is well known,

(@) h = ¢7ig (4)
where

o) = 4"7 (14 1al?) T

We let u € C?(R™) be a solution of (1), and let @ : S™ — R be given by

= (up ") o® (6)
By the conformal properties of P!

¢¥ N (Pra) o &1 = PPu= A2u= |uf* Pu=¢* 1 (ja* %) o

Therefore 4 is a solution of

= [a]* (7)

Moreover, it is easily checked that

/|u|2“dx:/ (a2 don (8)

Conversely, if 4 is a solution of (7) then u : R® — R given by u = (.o ®~1)¢ is a
solution of (1) satisfying (8). As a remark, if @ € H3(S™) is a solution of (7), then
@ € LP(S™) for all p, and 4 is actually in C*(S™). We claim now that

/ (Agu)?dr < +o0 (9)

In order to prove (9), we let € be the Riemannian metric on R™ given by £ = qbﬁf .
Then, if g is a Riemannian metric on R”, we let L, be the conformal Laplacian
with respect to g given by

n—2

Lgu = Agu—i— m

Squ
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where S, is the scalar curvature of g. By the conformal properties of L,
Agu = Lgu
n+2 n—2
= ¢n-al é (u(b*m)

= ¢ (Aé(u¢—2—ﬁ)+@u —Z—ZZ)

Therefore, we have that

2
/n (Agu)g dve = ‘/Rn ¢ﬁ (Ag(?@“) + WU¢“> d’l}§~

and we can also write that

n—2

Aclus™#5) = A ((@o @™o 73
Ag(iio 1)~ 7 + Ag(p™ 7 ) (a0 @)
~2(V(i o ®1); Vo 1),

where (-;-)¢ is the scalar product with respect to €. Tt follows that

IN

4 / (Ap2)° doy, + Cy (1) + I + Is)

Co+ Ci(h + I + 1)

/n (Agu)2 dvg

A

where C1,Cy > 0 are positive constants, and
__2 2 4
= [ (Bnlo7m02)) (677 0 By
4 2 2
= [ (oea) [ (o oa)]
Is = / (¢72 I (ID) (uo @)2dvh
Sn

Thanks once again to the conformal invariance of the conformal Laplacian, we can
write that

ho= [ (8demm) omdn,

2n+4 n+42 ’I’L(’I’L — 2) 2 2
¢ 1 (¢n4A§¢— 1 qSM) dx
RTL

IN

Cs / (Aep)?dz+Cy | ¢¥dx < 400

Rn

where C5, Cy > 0 are positive constants. In a similar way, we can write that

I Ve wa

2
_dv;
é 13

2
€dgc<—&-oo
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At last, by (6), we also have that

|I3| < C5/ d’l}g~

= O | ¢¥dr < +oo
Rn

where C5 > 0 is a positive constant. Hence, (9) is true. In a similar way, we claim
that we also have that

/ IVl dz < +o0o (10)
where 2* = 2n/(n — 2) is the critical Sobolev exponent for the embedding of H?-
spaces (consisting of functions in L? with one derivative in L?) into LP-spaces.

Another possible equation for 2* is 2* = 2 x 1%, In order to prove (10), we note
that, by (6),

[V(aod™)|, = ¢ |Vil,

Then we write that

/ \Vu|? da

where Cg, C7,Cs > 0 are positive constants. This proves (10).

Now we consider n € CZ°(R™) be such that 0 <n <1,n=11in By(1l) and n =0
in R™\By(2) where By(r) stands for the open Euclidean ball of center 0 and radius
r in R™. For R > 0, we set

IN

06/ \V(ao¢—1)\§*¢2*dx+c7/ |V¢|§*da:
R™ R™

IN

Cs [ ¢%dx+ 06/ IVel; dz < +oo
R™ RrR™

nr(z) =n (%)

and let u be a solution of (1). Multiplying (1) by n,u and integrating by parts over
R™, we get that

/n nalul? do = /]R Ac(nru)Audz = I, (R) + I,(R) — 2I(R) (1)

where

Il(R):L(2R)ﬁR(A§U)2dx
IQ(R):/A )(AgnR)u(Agu)daj

I5(R) = /A (Vs Vabe (Agu)da

and where Ap is the annulus Ap = Bo(2R)\Bo(R). Clearly, thanks to (9), we have
that
IL(R) — (A,’:u)2 dx
Rn
as R — +o0o0. We also have that

[ ol e~ [ s
R™ R™
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as R — +o0. Independently, letting V(R) = Vol¢(ARr), by help of Holder’inequality,
and noting that V(R) < CR™, we can write that

L(R)| = / (Aenm)u(Aeu)dz
AR)
HTM
< CR|jul ( / <Agu>f—f4dx)
AR
1/2 ,
< CR™?||ullg </ (Agu)gd;v> V(R)"
AR
1/2
< Cllully ( / (A<u>2da:)
AR

Hence, Io(R) — 0 as R — +o0. In a similar way, by (10), we can write that
n+42
T

I(R) < CR™V|Vuls (/ |A§u|frzdx>
AR

IN

CR™ Y|Vl </A (Agu)gd;v> ’ V(R)»

< OVulo (/AR(Au)?dx) i

Hence, we also have that I3(R) — 0 as R — 4o00. Passing to the limit as R — 400
in (11) we get that if @ is a solution of (7), then u : R® — R given by u = (40 ®~1)¢
is a solution of (1) such that

/(Agu)zdx = / |u|2udx
= / |a|2udvh<—|—oo

In view of this result, and in order to prove the theorem, it suffices to prove that
there exists a sequence (i) of solution of (7) such that

/ |ﬁk|2ﬁdvh — 400
n

as k — +o00. Let J be the functional associated to (7) given by

1

1
J(u) = 5/5 (Apu)* + cu|Vul} + dnyu®) dop, — @/5 Jul? dvy

Let also G be a closed subgroup of the isometry group Isomp(S™) of (S™,h). For
g=1,2,and p > 1, we let
H;G(Sn) = {U € HY(S") st u(g.x) = u(x) for all g € G and a.a x € S"}

where HP(S™) is the Sobolev space of functions in L? with ¢ derivatives in LP. We
denote by OF = {g.z/g € G} the orbit of z under G and let
k = min dim OF
zesn

The composition of a continuous embedding and of a compact embedding is com-
pact. Moreover, we know from the general result in Hebey-Vaugon [5] that if £ > 1,
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then the embedding HY (S™) C L(S™) is continuous for all 1 < ¢ < p;, and com-
pact for all 1 < ¢ < p§,, where pl, = +o0 if n—k < p, and pl; = (n—k)p/(n—k—p)
if n — k > p. Noting that (2*)% > 2% when k > 1, the sequence

H3(S™) € HEg(S™) c L#)a(sm)

then gives that the embedding HS,G(S”) c L* (S™) is compact when k > 1. In what
follows, we let G be such that & > 1 and such that H. 22)G(S") is infinite-dimensional.
For instance, as in Ding [3], we can let G = O(n1) x O(ng2) where ni,ng are such
that n; +ne = n+ 1 and n1,n2 > 2. In this example, k& = min(nq,n2) — 1. We

claim now that there exists a sequence (&, )n, of critical points of J restricted to
H3 (S™) such that

/ a2 dvy, — 400 (12)
as m — +o00. In order to prove this claim, we first let || - || be the norm on H2(S™)

be given by
Jull? = [ (@0 + ol Vlf +do?) o

For J as above, it is easily seen that J is even, that J(0) = 0, and that
(A1) there exist p, > 0 such that J > 0in Bo(p)\{0} and J > a on Sy(p), and
(A2) J satisfies the Palais-Smale condition
where By(p) is the ball of center 0 and radius p in H3(S™), and Sy (p) is the sphere of
center 0 and radius p in H2(S™). We can also prove that for any finite dimensional
subspace E C Hj (S™),
(A3) EN{J >0} is bounded.
Indeed, since F is finte dimensional, there exists C' > 0 such that for any u € F,

[ull < Cllulls:. Let E = span{fi,..., fn}, where the u;’s are an orthonormal basis
for E, and u = Zfil a; f; be such that ||u|| = 1. Then, for R > 0,
R2 R2ﬁ of
J(Ru) = - — o lullz:

IN

R? 2R% 2
2\ e
and (A3) follows. Now, by (A1)-(A3) we can apply Theorem 2.13 of Ambrosetti-
Rabinowitz [1] and we get the existence of an increasing sequence (Quy, )m of critical

values for J given by

o =sup inf  J(h(u)) (13)
hel* u€ESNEL

m—1

where S = So(1), En = span{fi,..., fm}, Em is the orthogonal complement
of Ep, (fi)i=1 is an orthonormal basis of H3 ;(S™), and T'* is the space of odd
homeomorphisms of Hj ;(S™) onto H3 ;(S™) such that J(h(B)) > 0 where B is
the ball of center 0 and radius 1 in Hj ;(S™). Then, in order to prove that there
exists a sequence (i )y, of critical points of J restricted to H3 ;(S™) such that (12)
is true, it suffices to prove that

QU — +00 (14)
as m — +o00. We define

n #
T = {ue H3c(5") st. 2 ull® = 2ull3 }
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and let
s L
Then
B — 400 (15)

as m — +oo. Indeed, if it is not the case, there exists ()., such that u,, € Ex-
for all m, u,, € T for all m, the u,,’s are bounded in HZ(S™), and u,, — 0 in
H3 (S™) since u,, € E;L. The compactness of the embedding H3 4(S™) C L (S™)
then implies that (up to a subsequence) u,, — 0 in L (S™). It follows that w,, — 0
in H3(S™) since u,, € T for all m. On the other hand, by the Sobolev inequality
corresponding to the embedding H2(S™) C L% (S™), and still since u,, € T for all
m, there exists C' > 0 such that |Ju,,| > C for all m. A contradiction, and (15) is
proved. For u € E;-, we let

hm(u) = %ﬁmu

Following Ambrosetti-Rabinowitz [1], it is easily seen that h,, extends to B € T,
Given u € Hj 5(S")\{0}, we let f(u) € R be such that 3(u)u € T. Then, if

ueSNEy,
oo = 3(3) (- G) )

ﬁ_m 2 . 1 2f 2
2 2
and we get with (13) and (15) that (14) holds. In particular, there exists a sequence
(Qm)m of critical points of .J restricted to HS,G(S”) such that (12) holds. The @y,’s

are solutions of (7) when restricted to H3 ;(S™) in the sense that for any m and
any @ € H22)G(S"),

Vv
N =

/ (Do) (And) + Cn (Vi Viohn + dotimnsp) dv — / (i 22 o

n

Let ¢ be any smooth function on S™, or any function in HZ(S™). Let also ¢g be
given by the equation

pe(z) = /G o (0(z)) dy(o)

where dy is the Haar measure on G. Clearly, ¢ is smooth and G-invariant if ¢ is
smooth, or ¢ € HS,G(S”) if ¢ € H2(S™). Then we can write that

/ (D) (Ang) + en(Vitm, VoI + duitmipc) don

_ /G ( / ((@nin) (Bnlpo0))

Fen (Viim, V(0 0))n + dnlim (¢ 0 o—)) dvh> du(o)

= |G| ((Ahﬁm)(Ahﬁp) + Cn<Vﬁm, Vg0>h + dn’ﬁmgo) dvy,
S’IZ
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where |G| is the volume of G with respect to du, and that

. i9to.
/ |um|2 2l paduop

:/G</ |am|2“—2am(<poa)duh> (o)

Sn
N 9.
=|G |G |* ™ 2t pduy,
S’IZ

It follows that
/ (Do) (And) + Cn (Vi Viohn + dotimnsp) duv, — / (i [ 2 o

for all ¢ € H2(S™) and all m. In particular, for any m, 4., is a solution of (7).
The u,,’s associated to the #,,’s have to change sign for m >> 1 according to the
remark on equivalent solutions in the introduction and the fact that

/(Aum)de = / |am|2ndvh — 400
R n
This ends the proof of the theorem.
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