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Abstract: We consider the following transport equation in the space of bounded, nonnegative Radon
measures M*(R?):

Ot + 0, (v(x)u) = 0.

We study the sensitivity of the solution u, with respect to a perturbation in the vector field, v(x). In
particular, we replace the vector field v with a perturbation of the form v = vy(x) + hv;(x) and let ,uﬁ’
be the solution of

Ot + 0.(v' (X)) = 0.

We derive a partial differential equation that is satisfied by the derivative of u" with respect to h, d;,(u").
We show that this equation has a unique very weak solution on the space Z, being the closure of
M(R?) endowed with the dual norm (C'*(R%))*. We also extend the result to the nonlinear case where
the vector field depends on y;, i.e., v = v[u,](x).

Keywords: transport equations; space of Radon measures; differentiability of solutions; very weak
solutions

1. Introduction

Transport type equations arise ubiquitously in the physical, biological and social sciences (e.g., see
[1-3]). They were, for example, recently used to approximate the dynamics of opinion formation [3]
(see also [4] and [5]), to describe flow on networks (see [6—8]) and to model the dynamics of structured
populations [9]. Because of the natural setting of the space of measures for these equations, as it
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allows for unifying discrete and continuous dynamics under the same framework, researchers have
recently focused their efforts to study well-posedness of such equations on this space [10-12]; hence
generalizing previous results that treated these equations in the space of integrable functions (e.g, [1]).

The importance of understanding differentiability of solutions of differential equation models with
respect to parameters is crucial for many applications including optimal control (e.g., [13,14]), param-
eter estimation and least-square problems of fitting models to data [15, 16], and sensitivity analysis
of solutions to model parameters that can be used to obtain information on parameter uncertainty in-
cluding confidence intervals for estimated model parameters (e.g., [17-19]). Such applications require
the minimization of a functional that depends on the model solution and hence (numerically) solving
for the critical points of the equation that represents the derivative of the solutions with respect to
parameter often becomes necessary.

In this paper, we focus on deriving an equation that represents the derivative of a transport equation
with respect to the vector field. To this end, consider the following transport equation in the space of
bounded, nonnegative Radon measures M*(R9):

Oty + 0x(v(x)p) =0 (1.1)

where i, : [0,7] - M*(RY and v : RY — R? is a given vector field. Equation (1.1) is equipped
with the initial condition py—g = po. It is well-known that if v € Whe(R?), this equation has a unique
solution in C([0, +o0), M*(R?)) given by u; = T uy where T, is the flow of v (defined in (2.2)) and T7
denotes the push - forward along the map 7, (see Eq (2.5)). Here, the space of measures is endowed
with the so-called bounded Lipschitz norm || - ||p.- (see Eq (2.1)).

Here, we focus on the regularity of y, with respect to v, i.e., if v is slightly perturbed, how will y,
change? To be more precise, suppose v(x) is replaced with the new vector field v;(x) := vo(x) + hv,(x)
where vy and v, are fixed vector fields and & can vary. The perturbed equation is then

At + 0, (i) = 0 (1.2)

which has the unique solution u* = (T)*u, where T" is the flow of the vector field v;. It is easy to see,
using the representation formula for solutions to (1.2) presented in [20] or [21] (Eq 1.3) and estimates
similar to the ones used to prove Lemma 3.8 in [22], that the map A +— u" is Lipschitz continuous in
C([0, T], M*(R%)) so that in particular lim,_ou" = g in C([0, T], M*(R?)) for any T > 0 (see also
Eq (2.7)).

The next step in understanding the regularity of 4 — u consists in studying the existence of the
derivative d,u". This type of questions has been recently addressed in [23] for linear transport equation
and for general nonlinear structured population models (including transport equation) in [24]. Briefly,
denoting by p¥ := (ui**" — ')/ Ah, a difference quotient, the question is to give a precise mathematical
meaning to the limit limuy,_, pf}hl. It turns out that this type of problems cannot be answered in the
framework of bounded Lipschitz norm (see Example 3.5 in [24]). Indeed it is necessary to move to the
bigger space Z defined as the closure of M(R?) endowed with the dual norm (C"*(R¢)* (see Section
2.3 for a brief introduction). Then, according to Theorem 1.1 in [23], one can prove that there exists
Oin € Z such that limyy,_o pf}”l = p.x (see also Theorem 2.1 below).

In this paper we want to characterize p as the unique solution to some equation. In fact, one of the
main results in this work (see, Theorem 4.1 below) states that p is the unique solution to the equation

9pr + 0:(vo(X)py) = =0:(vp(X)y).
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This equation can then be thought of as the sensitivity equation satisfied by the directional derivative of
w under the perturbation vy + hv,. We will also prove an analogous result in the non-linear case when
the vector-field v depends on u (see Theorem 5.1 below).

The proofs of these results require the detailed study of a linear transport equation in Z of the form

Oty + 0, (VX)) = vy, Hie=0 = Ho. (1.3)

While the existence of a solution to (1.3) can be established by extending standard techniques to the
current setting on the space Z, the uniqueness issue presents some unexpected difficulties which led to
a new notion of solution. With this new concept of solution, we are able to prove in Theorem 3.1 that
this equation is well-posed.

The paper is organized as follows. In Section 2 we briefly recall some known facts concerning
transport equations in the space of measures and the space Z. We also establish new properties of the
space Z. For a smooth flow of the paper we provide the details of long proofs of these new properties
in the Appendix. In Section 3, we prove the existence and uniqueness of a solution to linear equation
of type (1.3) in Z. This allows to formulate sensitivity equations in the the linear (Section 4) and the
nonlinear (Section 5) cases. In Section 6, we discuss possible applications of our results.

2. Preliminaries

2.1. Transport equation in the space of measures
We briefly review here the formulation of the transport equation
Oy + 0,(v()u) = 0
on the space nonnegative Radon measures M*(R9). This space is equipped with the bounded Lipschitz

norm defined for u € M*(R?) as

llllprs = sup 1 L L Y®du(x), 2.1

Wy 1.0

as the total variation norm is too strong. Here, W!'(R?) is the space of bounded and globally Lipschitz
functions.

Let v be a vector field with v € W' (R?,R¢). Then, the flow of v denoted by T,v : R — R is defined
as the solution to the ODE:

d
E(TIV)(X) = v((Tv)(x)), (Tov)(x) = x. (2.2)

Notice that (7,v)(x) is defined for all # € R. If there is no risk of confusion, we write 7, instead of T,v.
Now, the classical method of characteristics allows to solve the transport equation

Oty + 0, (VX)) = vy, Hile=0 = Mo, (2.3)

where v, € C([0,T], M*(R%)). More precisely, the unique measure solution in C([0, T'], M(R%)) to
(2.3) is given by propagating the initial condition y, along the flow of v, namely

!
Uy = T,#,uo + f Tt#_svs ds, 2.4)
0
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where for f : RY — R? and measure u € M*(RY), f*u is the push-forward measure defined as
fruA) = u(f_l(A)) for any measurable A C R, (2.5

We remark here that the definition of the push-forward measure yields the following change of variables
formula: for all measurable maps 7 : RY —» R¢ and ¢ : RY — R,

fR | d(D)d(T*u)(x) = jl; ) ¢ o T(x)du(x). (2.6)
For the proof, see [25] for the case v = 0 and Proposition 3.6 in [21]. Let us also note that formula
(2.4) is true also in the setting of bounded Radon measures M(R?): as the equation is linear, one can
apply the Hahn-Jordan decomposition (see Section 4.2 in [26]) and solve the equations for the positive
and the negative parts of the measure separately.

Now, let v; and v, be two bounded and globally Lipschitz vector fields. Let ,15” and ,19) be
the solutions to (2.3) with vector fields v; and v,, respectively. Then, there is a constant C =
C(T, |v1llwr, [Ivallwr, pto) such that

1" = fPllpz- < Clvi = valle,  forany ¢ € [0, T1. 2.7)

For the proof, one simply applies the triangle and Gronwall inequalities as in the proof of Lemma 3.8
in [22]. The solution to (2.3) thus depends continuously on v.

The transport equation (2.3) can also be studied in a nonlinear setting where the vector field depends
on the measure solution itself. Then, the nonlinear transport equation takes the form

Oty + Ox(vIu (X)) = 0. (2.8)

where v : M*(R?) — WHe(R94,RY). It is common in application that v depends on u through some
weighted mean of u of the form

(o) = v(x, I y)du(y)) 2.9)
R
for given maps V : R x R —» R? and Ky : R? X R? — R.

2.2. The Holder space C'*(RY).

Given « € (0,1), we consider the space C"*(R¢) of bounded continuous functions with bounded
and a-Holder derivative endowed with the norm

|Du(x) — Du(y)|
llellcre = [lulleo + l|Dulle + sup -
ity |x =yl
Lemma2.1. [. Forany u € C**(RY),
u(x +y) — u(y) = Vu()yl < |[Vulloaly|'™™  for any x,y € R%. (2.10)

2. If ¢ € CY*RY and T € C"*(R?,RY) then ¢ o T € C"*(R?) with norm bounded by a constant
depending only on a bound of ||¢||c1.« and ||T||c1e.
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Proof. The first assertion follows from

u(x +y) — u(y) — Vu(x)y

1
d
f —u(x +ty) — Vu(x)ydt
o dt
1
= f (Vu(x + ty) — Vu(x))y dt.
0
For the second one we only need to estimate |D(¢ o T)(x) — D(¢ o T)(y)|. We have

|DG(T (x))DT (x) = DH(T (y)DT (y)|

< [IDHT (x)(DT (x) = DT ()| + [(DH(T'(x)) = DH(T (y)DT (y)l
< lgllcrallTllcralx = y1* + llgllcral T (x) = TN T et

< Clx -yl

where C = [|pllcrelITllcre + llBllcralITIIS O

We also recall the following result from Cor. 3.16 in [24] regarding the regularity of the flow 7,v
defined in (2.2):

Proposition 2.1. Assume that v € CY*(R4,RY). Then there exists a constant Cr > 0 depending only
on T and |V||cre such that ||D(Tv)||co« < Cr for any t € [0,T]. Moreover it can be checked upon
inspection of the proof that Cy — 1 as T — 0.

2.3. The space Z

We consider the space Z defined as the closure of M(R?) endowed with the dual norm (C"*(R%))* for
some « (see Remark 2.1 on the choice of @). This space was first introduced in [23] where the authors
demonstrated that Z has a lot of convenient topological properties. In particular, Z is a separable Banach
space with its dual being isometrically isomorphic to C'*(R?). Indeed it was proved in [23][Prop. 5.1]
that span{d,, x € Q?}is dense in Z. In particular this implies that any element of Z can be approximated
by bounded measures.

Notice that using duality we have for any u € Z,

llullz = sup (u, ).

Wl 1o <1

The main advantage of space Z is its applicability to studying differentiation problems with respect
to perturbation of transport equations. More precisely, let us consider Eq (2.3) with v, = 0 and vector
field vo(x) + hv,(x) where h € [-M, M] for some M > 0, and denote by ,uﬁ’ its solution, namely

Al + 8x((VO + hvp),u?) =0, im0 = po.

One is then interested in the limit ’w as Ah — 0. The following result was obtained in [23]:

h+Ah _, ,h
Oy

Theorem 2.1. Let vo, v, € C'**(RY, RY). Then, “—** converges in C([0,T],Z) as Ah — 0.
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(Cl.(l(Rd))* ,
Remark 2.1. Let Z, = M(R9) . Notice that if 0 < a < & < 1 then C* < C"* from which we

h+Ah_ h .
deduce that Z, C Z, with continuous injection. Therefore, if incremental quotient “’A—h”' converges in
Z,, it also does so in Z, for any o' < a. Moreover, since Z, C Z, continuously, both limits coincide.

So there is no ambiguity and we simply write Z instead of Z,.

Such a perturbation problem can be also studied for the nonlinear transport equation (2.8) with a
vector-field vo[u] like (2.9). We perturb vo[u] considering v"[u](x) defined as

VIl = ol (x) + vy [p](x)

=V (xf Ky, (x, y)du(y)) +hV, (xf Ky, (x, y)dﬂ(y)). (2.11)
Rd Rd

Then, we have the following result:

Theorem 2.2. Let a > % and V'[u] be given by (2.11), where Vj, V, € C*R!xR,RY) and Ky,, Ky, €
h+Ah _, h

C***(R? x RY,R). Let i be the unique solution to (2.8) with the vector field vV'[u]. Then, “—**
converges in C([0,T],Z) as Ah — 0.

Remark 2.2. The proof of existence and uniqueness of solutions as well as of a differentiability result
was actually given only for the case of R* in [22] and [24] respectively. However, the proof can be
easily extended to R?. Indeed, the main idea is to construct approximating sequence as follows. The

interval of time [0, T] is divided into 2* subintervals of the form [lzlk, I+ l)zlk] wherel =0,1,...,2 - 1.

Then, the following approximation is defined recursively: fort € (lz—Tk, I+ 1)2%], let u; be the solution to

Oupte + 0 (VIpy 2 1(0p) = 0.

with initial condition Mz One then uses the formula for the solution of the linear problem (2.4) to
conclude the proof. See [22] and [24] for more details.

2.4. New facts about the space Z

The following Propositions discuss the distributional derivatives of bounded Radon measures as
elements of space Z. For easier flow of this section long proofs are provided in the Appendix.

We can see a Radon measure u € M(R?) as a distribution by (u, ) = f pdu, ¢ € CX(R?). We
denote by 0.¢ := V¢ - x the derivative of ¢ in direction x € R?. We then define a distribution d,u
by duality letting (0.u, ¢) = —(u, d,¢). The next result shows that in fact d,u belongs to Z when u is
bounded.

Proposition 2.2. For any bounded u € M(R?), the distributional derivative 0 of u in direction x € R?
belongs to Z.

Proof. Let u € M(R?) be bounded. To prove that the distributional derivative d,u belongs to Z, we
need to find a sequence v, € M(R?) such that v, — d,u as h — 0in Z. Let 7, be the translation
operator defined by 7,¢(y) := ¢(y + hx) for any ¢. Take v, := (T‘Z,u —w/h € M®RY). Then for any
¢ € C"(R?) with lllcregay < 1 we have using (2.10) that

¢(y + hx) — ¢(y)
h

sothatv, - —-duinZash — 0. O

— 0xp()| du(y) < |h*llullry

(Vi @) = (=01, §)| = f

R4
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Proposition 2.3. Consider p1,,u € My(R?) such that u, — p narrowly (i.e. in duality with bounded
and continuous functions Cp(R?)). Then 0, — Ot in Z.

Proof. See Appendix. O

]

Proposition 2.4. For a bounded vector field v on R¢ and p1 € M,(R?) we have

10, (vllz < llellzylVllco- (2.12)

Moreover, consider measures p,,pu € My(RY) such that u, — u narrowly and vector fields v,,v €
C,(R4, RY) such that v, — v uniformly. Then 8,(v,u,) — 0,(vu) in Z.

Proof. For any ¢ such that [|¢||c1.« < 1 we have

0x(vi), DI = |(pt, vOp)| < llptllzvIVOdlleo < lltllivlIVileo-

Then, in view of Proposition 2.3, to verify the second assertion, it is sufficient to prove that v,u, — vu
narrowly. For ¢ € C,(RY), we have

(Vn,un — VM, ¢) = (/Jn, (Vn - V)¢) + (,un — M V¢)

where (-, -) denotes the dual pairing. The first term can be bounded by ||w,|l7vII(v, — V)@l < Cll(v,, —
Wl — 0 while the second tends to 0 since v¢ € C,(RY). O

We deduce that

Corollary 2.1. Let [0,T] 3 t — u; € Mp(R?) be a narrowly continuous map and v € C,(R¢,RY). Then
0.(vu;) € C([0,T], 2).

It will also be useful to define the push-forward of an element of Z. The idea is quite simple. In fact,
since this is well-defined on the space of measures, we can extend its definition for elements of Z by
means of Cauchy sequences.

Proposition 2.5. Let T € C'*(RY,R%). Then for any u € Z we can define T*u € Z by

T*u := lim Ty,

n—oo

where (i, }nen € M(R?) is any sequence such that u, — pin Z. Then, for any ¢ € C'*(R?) we have
the following analogue of the change of variables formula (2.6):

(T*u.¢) = (.¢o T)
where ¢ o T denotes composition of the maps ¢ and T.

Proof. See Appendix. O

We conclude this section with the following classical observation. By definition, if u € Z, there is
a sequence of bounded measures {u,},n such that u, — wpin Z. Now, if u € C([0,T], Z), for each
t € [0,T], one can choose an approximating sequence for each y,, t € [0, T]. However, it is possible
to construct an approximating sequence that is continuous in time and so, that approximates the whole
curve t — u,, t € [0, T]. This is the content of the following lemma.
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Lemma 2.2. Let u € C([0, T, Z). There is a sequence {u™},exs € C([0, T1, Mp(R?)) such that u™ — pu
in C([0,T],Z) as n — co.

Proof. See Appendix. O

Corollary 2.2. Let v € C([0,T1,Z) and v € C"*(R?). Then the map t — Ty"v, is continuous from
[0,T] to Z.

Proof. See Appendix. O
3. Transport equation in Z

In this section, we study the following transport equation in the space Z:

Oty + 0, (VX)) = vy, HMi=0 = Mo, (3.1)
where v € C*(R?,RY), v € C([0,T],Z) and yy € Z. We begin with a concept of a very weak solution.

Definition 3.1. We say that u € C([0,T],Z) is a very weak solution to (3.1) in Z if for any ¢ €
C([0, T1 x R?) with ¢ € C([0, T], C**(RY)) and ¢, € C([0, T], C'**(RY)) we have:

T T
(ur, (x, T)) = (1o, ¢(x,0)) + f (i 0, 0) + v - Vol )dt + f v, (., 1)) dt. (3.2)
0 0
Note that we have to use test functions of regularity at least C>*® in space variable x so that function
¢; +v(x) - Vyp lies in Z, the domain of the functional ;.

Proposition 3.1. Equation (3.1) has at least one very weak solution in C([0,T], Z) given by

!
= TFup + f T v,ds (3.3)
0

where the integral is a Bochner integral in Z.
Moreover, if up = 0 and v, = 0, then for any weak solution u, we have

(tm =0 (3.4)
foralln € C***RY) and t € [0, T].

Proof. We first verify that the integral appearing on the right-hand side of (3.3) is a Bochner integral in
Z. According to Corollary 2.2 the map f : s € [0,¢] = T v, € Z is continuous. Thus for any z* € Z*,
Z" o f 1s also continuous. Since Z is separable, we conclude using Pettis theorem that f is measurable.
Moreover for any ¢ € C'*(R?), ||¢||c1o < 1, we have

I(f(8), D = (v, ¢ o Tiop)l < [Villzllp © Trillcra < Cr

since v € C([0,T], Z) and in view of Lemma 2.1 and Proposition 2.1. It follows that maxo<,< ||f($)||z <
Cr and thus that f is Bochner-integrable. It is also easily seen that fot T v,ds is continuous in 7.

Let u, be defined by (3.3). Clearly u € C([0, T], Z). We now verify that g, is a solution in the sense
of Definition 3.1. According to Lemma 2.2, we we can find sequences {v},c € C([0, TT, Mp(R%))
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and {1!},enr € M(RY) such that [|ul” — poll; — 0 and [P\ - v,||; — 0 uniformly in ¢ € [0, T']. Then the

transport equation
Oupts + O (V) =", gy = p1g” (3.5)

has a unique solution 4™ € C([0, T, M(R9)) given by

t
w" =T + f T v ds. (3:6)
0

According to Proposition 2.5, T#ul” — T#u, in Z and, for any s, T# %" — T* v, in Z. Since

||T,#_ Svg")llz < Cr we have applying the Dominated Convergence Theorem that fot T,#_ svg") ds —

fot T# vydsin Z. Thus for any ¢ € [0, T], ,ug") converges in Z to u, given by

!

e = lim u" = Ty, +f T* v,ds.
n—+oo 0

Clearly, u € C([0,T],Z). On the other hand, weak formulation for (3.5) is valid for test functions of

class C'([0,T] x RY) n W'([0, T] x R?). In particular, taking test functions as in Definition 3.1, we

send n — oo in the weak formulation for (3.5) to deduce that y, is a very weak solution to (3.1).

To prove (3.4), we use the so-called dual problem (cf. Remark 8.1.5 and Proposition 8.1.7 in [27] or
Proposition 5.34 in [25]). More precisely, given some function y(x, 1), let ¢ be the solution of

00 +v(x)- V=14, ox,T)=0. 3.7

which is explicitly given by ¢(x, ) = — ft ! W(Ts_(x), s)ds. We consider ¢ of the form ¥(x, t) = £&(t)n(x)
where € € C2([0,T]) and np € C>*(R%). We then use the corresponding solution ¢ of (3.7) as a test
function in (3.2) to conclude

T
fo @y, mdt = 0.

Since the map ¢ — (u,n(x)) is continuous for r € [0,7T] and since ¢ is arbitrary, we deduce that
(us,1) = 0 for any n € C>*(R% and t € [0, T]. |

Unfortunately, condition (3.4) does not imply that ¢, = 0 so that we cannot deduce the uniqueness of
a solution to (3.1). The problem here is that C>**(R?) is not dense in C'**(R?). The following two
examples shows the typical problem with approximation of Holder functions.

Example 3.1. One can easily check that f(x) = +x € CY*([0,1]). Suppose there is a sequence
{fulwent € C1([0, 11) such that ||f, — fllciz — 0. Then

@) = £,0)

> sup [fn(0) = /u(O)]
7 >

1
x€(0,1] Vx

0 < |lfn = fllciz = sup 1,

x€(0,1]

contradicting {f,}nen € C([0, 1]).
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Example 3.2. We construct a nontrivial functional on C'/*([0, 1]) which vanishes on C"'/*([0, 1]). In
particular, this shows that functionals on C'?([0, 1]) cannot be uniquely characterized by their values
on CH172([0,1]). Let X = C'([0, 1]) ® lin( \/x) be a linear subspace of C''*([0, 1]). On X, we can define
a functional ¢ : X — R with

Jf(x) - f(0)

Notice that ¢ is continuous since |o(f)| < ||fllci2. By the analytic version of Hahn-Banach Theorem
(Theorem 1.1 in [28]), we can then extend ¢ to a continuous functional on C''*([0, 1]). It is easily seen
that ¢(f) = 0 for any f € C([0, 1]) by Taylor’s estimate but that (\/x) = 1.

#(f) = lim

There is also characterization of subset in C* consisting of functions that can be approximated by
smooth functions:

Remark 3.1. Let Q C R%. Then, f € C%(Q) can be approximated by smooth functions if and only if f
is an element of the set

FQ) = { f e tim sup LOZION_ 0}.

=0 [x—y|<t |X - yla

One easily checks that for Q = [0, 1], Vx ¢ F'/2(Q). Moreover, for any 5 > a, CF(Q) C FUQ).

Therefore, we realize that the space of test functions is too small to deduce uniqueness of weak solu-
tions. This is the case for many PDEs formulated in the weak sense. Probably one of the most famous
is Euler’s equation where one can construct infinitely many distributional solutions with prescribed en-
ergy profile (thus contradicting conservation of energy), see [29] and references therein. The standard
procedure in such situation for many evolutionary problems is to require some additional conditions to
be satisfied by a weak solution (like entropy condition for conservation laws, see [30], section 3.4).

To establish additional conditions required from weak solutions, we should get some insight about
which solutions we would like to extract. First, note that if v € Z, there is an approximating sequence
of measures v, € M(R?) such that v, — v in Z. Now, recall that we want to find an equation that is

satisfied by the derivative of the solution to (3.1) with respect to perturbation parameter 4. Therefore,

h+Al h
Hy ! —Hy

in our case, such approximating sequence is of the form

- We will see in the proof of Theorem
4.1 below that [|4-~

A #¢||BL* < Cy for some constant C independent of i, Ah and ¢. This suggests to
define the following admissibility class:

A={reZ:IWlen € MRY s.t. v, > vin Z and ||[v,||z- < C). (3.8)

Notice that A is a subspace of Z containing the bounded measures M,(R?) so that A is dense in Z. In
view of the proof of Proposition 2.2 we also have that d,u € A for any u € M,(R%). In fact we have
the folowing stronger result:

Proposition 3.2. Let y : [0,T] — M,RY) be continuous and TV-bounded, and let x € RY. Then
O € C([0, T, Z) with values in A and in fact there exists p" € C([0, T1, Mp(R), h € (0, 1), such that

. h h
lim max [lp; — 0:(u)llz =0 and sup  |lo/llpr- < C.
t—0 0<t<T he(0,11,7€[0,T]
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Proof. According to Proposition 2.3, d,u € C([0,T], Z). Let 7, be the translation defined by 7,¢(y) =
¢(y + hx). It is then easy to verify using the same arguments as in the proof of Proposition 2.2 that
Pl = (thu, — p,)/ h satisfies the requirements. |

We can now define a weak solutions as follows.

Definition 3.2. We say that u € C([0, T], Z) is a weak solution to (3.1) in Z if u is a very weak solution
(see Definition 3.1) and for all t € [0, T], u, € A.

With this definition we are now able to establish the following existence and uniqueness result:

Theorem 3.1. Let uy € A and v € C([0, T], Z) with values in A. Assume that there exists a sequence
v' € C([0, T], Mp(RY), n € N, such that

lim max [} = v/|lz =0 and sup  |V/llpr < C. (3.9)
n—+oo 0<t<T neN, te[0,T]

Then, equation (3.1) has a unique weak solution in the sense of Definition 3.2 which is given by

!
=Ty + f TF v, ds. (3.10)
0

Note that according to Proposition 3.2, the Theorem applies in particular when v, = 0,(u,) with yu :
[0, T] = M,(R?) continuous and TV-bounded.

Proof. To prove the uniqueness statement, since the equation is linear, it is sufficient to prove that if
o = 0and v, = 0 forall t € [0, T], then u, = O for all # € [0, T]. This is equivalent to (u,,n) = 0 for
any n € C*(RY). Fix n € C'*(R?) and for € > 0 denote by ¢ the standard mollification of 7. Since n
and its derivatives are uniformly continuous, we have |7 — 1|y~ — 0 as € — 0. Moreover, for fixed

e > 0, n° € C**(RY) so that (u;,1°) = 0 by (3.4). Since y, € A there exists a BL-bounded sequence

/JE") € M,(R?) converging in Z to u,. For a fixed & > 0 we then write

(s ) = (1) + (e = %) = lim (", = 1)

with
@1 =1 < sl = 7llwies < Clig = 7l

for some constant C independent of n. Thus

(e, I < Cllp = 7l

Since € > 0 is arbitrary, we conclude (u;,n) = 0.

Concerning the existence, we already know from Proposition 3.1 that g, = TFuo + fot T! vids
belongs to C([0,T],Z) and solves the equation. It remains to prove that y, € A for any ¢ € [0, T].
Since yy € A there exists a BL-bounded sequence ,uf)") € M,(R¢) converging in Z to . Let

!
W =i [T as
0
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where v, satisfies (3.9). We verify as in the proof of Proposition 3.1 that ,uﬁ") — i, in Z for any given ¢.

Moreover for any bounded Lipschitz ¢ we have

!
™) W poT,)+ f 0", ¢oT, ) ds
0

IA

t
g 1211 © Tllsz. + f IV i1 © Ti-llpe s
0

Since Lip(T,) < e'LP™ we have ||¢ o Tylls. < €'“P™. Thus, choosing C; = etLip(v)( sup, sz +
T sup,, g<ser ||V§")|IBL*) we see that

En)’ ¢) < Cr.

Hence, sup,qq scpo.7) 1471l < Cr. O
4. Sensitivity equation for a linear transport equation

In this section we formulate an equation that is satisfied by the derivative of the solutions y, with
h+Ah_, h
i

respect to i, i.e., oy = limyy 0 =

, where " solves
Oty + 0x(V" () = 0 (4.1)

with initial condition y"_, = uy and v = vy + hv, where vy, v, € C'**(R?,R¢) are given vector fields.
Hizo = H P P g
The derivative p,, exists according to Theorem 2.1.

To obtain the equation p, ;, should solve, we substract the equations satisfied by u”" and u/**", namely
Oty + 0.V () = 0
O™ + Ox((V'(x) + Ay, (™) = 0
to obtain that p¥ := & ?i”h_“ ! satisfies
apry + 0.0 (P = =0, (v, ().
Thus, intuitively the limit p,;, = limaj_ pf,’; should satisfy
0ipun + 0:(V" (X)prs) = =0, (v (). (4.2)

Since the right-hand side belongs to Z in view of Proposition 2.4, we are naturally led to study this
equation in Z. The following Theorem asserts that this intuition is correct and can be rigurously
justifed.

h+Ah

Theorem 4.1. The derivative p,;, = limp,—0 & Ah_“ ! where ,LL? and ,u?*Ah solve (4.1) is the unique weak
solution (cf. Definition 3.2) of
Oiprn + 0.0 (X)prp) = =0,V (X)) (4.3)

with initial condition py;, = 0.
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Proof. Let pi := (/" — uf)/Ah. Since ui**" and y] are solutions to (4.1), we have that for any
e CY(0, T xRN W1’°°([0, T]xR%:

f (x, 1) du (x) — f ¢(x, 0) dpio(x)
R4 R4
= f f Orp(x, )du(x)ds + f f (Vo(x) + hv,(x)) - V(x, 5) dudss
0 R4 0
and similarly
f p(x, 1) dpy ™ (x) — fR (x, 0) dpo(x)

= f f 0ip(x, $)d M (x)d's + f f (vo(x) + (h + Ah)v,(x)) - V(x, 5) du+*ds.
0 VR 0 Jrd

Substracting these equations and dividing by Ak, we obtain that

! !
[Lewnats = [ [ awwoaptiass [ [ viw-vewdpticoas
R4 0 0 R4

I
+ffvp(x)-V¢p(x)dy?+Ahds.
0 Jre

Since " — " in C([0, T], M(R?)) as Ah — 0, We can pass to the limit Az — 0 in the last term on
the right-hand side using the Dominated Convergence Theorem to obtain

f e(x, 1) dply = f f Orp(x, s) dpids + f f Vi(x) - Vep(x) dp§(x)d's
R"' Rd Rd
ffvp(x) Vgo(x)d,uhds

Recall that we know from Theorem 2.1 that the limit p, = limy_,o ;" exists in C([0, T'], Z) - in particular
o2z < Cr for any ¢ € [0,7] and any Ah small. Now, if ¢ satisfies ¢ € C([0,T],C**(R?)) and
6,90 € C([0, T], C**(RY)), using that vy, v, € C'**(RY,RY), we deduce that as Ah — 0,

4.4)

(050, 0rp(, 8) + V' - Vio(, 8)) = (Psps Brep(, 8) + V- Vep(, 5)).

Moreover for any s € [0, 7] and Ah small,

(035 Bipes 8) + V- Vo, )N < NoalIZNBip (., 8) + V" - Vo, 9l < Cr.

Using the Dominated Convergence Theorem, we can thus send Az — 0 in (4.4) to deduce:

(o0 (5 1)) =f f v,(x) - Vo(x, s) duds
o 4.5)

- fo (s 010 5) +C) - Vep(-, 9)) dis
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Thus, p,;, is a very weak solution of (4.3) with initial condition py; = 0.

Let us prove that p,; is the unique weak solution to (4.3). First note that due to Corollary 2.1,
0 (vp(x),u,) € C([0,T],Z). Moreover, we claim that pun € Aforall t € [0,T], where A is the
admissibility class defined in (3.8). Indeed since p* A h — pup 10 Z, 1t suffices to Verlfy that ||p g < C
with C independent of Ah. Recall that ,u, (T”)#,uo where Th is the flow of V. Usmg Gronwall
inequality it is easy to see that

T = T\, < Ah|Iv,lle exp(Lip(/)e).

Thus for any ¢ € WH(RY), [|@]lwr < 1,

(o, P 0 T)' = ¢ o T < |luolllIT) — T\
[0/l ARV lloo exp(Lip(V1)1) =: Cr AR

W = ™", 9)

IA

Taking the supremum over such ¢, we deduce that ||u" — u"*2"|g;. < Cr,Ah. Therefore, in view of
Theorem 3.1, we conclude that p,, is the unique weak solution to (4.3). O

Notice that in the previous proof we exploited the fact that we already knew that the derivative
pr = lim,_ pﬁh exists due to [23]. But the well-posedness theory we established in the previous
section and the fact p" is characterized as the unique solution to equation (4.3) allow us to give an
alternative short proof of the existence of p;,. Indeed let us define p,; as the unique solution to (4.3).
We then need to prove that

Alzglo max o2 — peallz = 0. (4.6)
In view of (4.4), p " satisfies
Aoy + 0:(" (0piy) = =0 (vp ().

Since .4, oy € A, Theorem 3.1 yields

P = f (T 'd Vi = =8,(v,(x)uh),

p[’h — f t_s #VéH—Ah dS, ?+Ah -0 (VP(X)Mh+Ah)
0

where T/ is the flow of v". Then

!
o — pth||<f||( el (Tzh_s)#V?HZdSSCT,hf||V?+Ah_V}s’||ZdS
0

where we used in the last equality that ||¢ o Tthllclﬂy < Cr,, for any ||¢||c1+« < 1. We deduce (4.6) using
Lemma 4.1 below.

Lemma 4.1. There holds

lim max |[V*4" — ||, = 0. 4.7
Ah—0 0<t<T
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Proof. The proof follows the line of the proof of Proposition 2.3. Suppose that (4.7) is not true so that
there exist & > 0 and sequences {fx,} C [0, T1, {¢an} € C'*RY), [|panllc1+= < 1 such that

h+Ah
AR

—uy v Van) > &> 0. (4.8)

As in the proof of Proposition 2.3 there exists ¢ € C'**(RY), ||¢||c1+« < 1, such that up to a subsequence

dan — ¢in C }OC(R"). Moreover there exists 7y = limay,— a5 up to a subsequence. Independently recall

that ! = (T"y*uo and p*2" = (T'*2y*uq. Tt follows that ||u||7y, [lu2"||7v < |luollrv and also that for
any ¢ > 0 there exists a compact set K € R¢ such that
W A@RAK), W' |(RI\K) <5  forany |Ah| < 1and ¢ € [0,T].
Since v,Vén, — v,V in Cj,(RY) it follows that
Ay V) — (A v, V) — 0. (4.9)

tAn AR

Eventually letting ¢ := v, V¢ we have

iT”%wﬂ@:fwmﬁm%wmwm%m.
R‘[

Since ¢ is bounded and T}"**(x)) — T (x), T} (x) — T} (x) for any x € R?, the Dominated Conver-

gence Theorem gives (2" — u", v, V) — 0. This and (4.9) contradicts (4.8). o
5. Sensitivity equation for a nonlinear transport equation

In this Section we formulate an equation satisfied by the derivative

hAh ok

N
pun = i ==
where u! solves
Oty + 0.V [ 10 = 0 (5.1)

with the initial condition /‘{;zo = po and v*["] is a vector field which depends a priori in a non-linear
way of u!.

Let us first present some heuristic computations to determine the equation p,; should satisfy. Let
P = (™ — uih/Ah. Since y**" and g are solutions to (5.1) we have that for any ¢ € C'([0, 7] x
RY) N W ([0, T] x RY):

ffmme—ffwm@mh

R R

= f f Orp(x, $)du" (x)ds + f f V(%) - Vo(x, s)dulds  (5.2)
0 R4 0

R4

and similarly
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f @(x, 1) dp ™ (x) — f @(x, 0) duo(x) = f f Oyp(x, $)du ™ (x)d s+
R4 0

R4

!
+ f O + Ahp [ (x0) - Ve(x, s) ™ ds. (5.3)
0 JRI
Notice that @/ =y + Ahp . Then performing formally a first order Taylor expansion,

[ﬂh+Ah](.X) =y [,uh +Ahpth]

(5.4)
= V'[u"] + Ah.DV' [y]p + Ah.o(1).

Substracting (5.9) from (5.10) and dividing by Ak, we then obtain

f (x, 1) dpijy (x) - f f dp(x, $)dpgy(x)ds — f f VIS0V (x, ) dpds
Rd
ff Dv[,u]p +vp[uh+Ah]+0(1))V¢(x s)du+*ds.
R4

Thus pffl’ solves the linear equation

At + 0.0 1ol = =0.(DV' [l 1o + vyl ™1 + o1 ™) (5.5)

with initial condition pt o, = 0. We thus expect the limit p,, to solve

0pun + 00" 1 Noun) = =0,((DV' il Voo + vl ). (5.6)

Comparing with the linear caser studied in the previous section where we obtained the sensitivity
equation (4.3), the situation now is more complicated because even if (5.6) is linear in p,, the right-
hand side depends on p,;, and the existence and uniqueness theory developed so far does not apply
directly.

It turns out however that the previous formal reasonning (in particular the formal Taylor expansion
(5.4)) can be justified when v"[u] is of the form (2.11), namely

VI{l(x) = vol[ul(x) + hv,[u](x)
=V, (x, f Ky, (x, y)d,u(y)) +hV, (x, f Ky, (x, y)d,u(y))
R4 R4

with Vo, V, € C'"*(R? x R,R?) and Ky,, Ky, € C**(R? x RY,R) for some a > % In that case the

derivative p,,, exists according to Theorem 2.2 and we have the following result from [24] (Lemma
4.6):

Lemma 5.1. Let V,Ky € C'"*(R? x R?) and the map h — u! be differentiable in Z. Then, for every
x € RY the map h V(x, fRd Ky(x, y)d,uﬂ’) is C**(R,R?) with norms bounded by some constant

depending on the C'*® norms of V and Ky as well as Z norm of derivative of u. Moreover, if p,), =
h+Ah__, h
limpy_,o & < %o we have the following chain rule:

0
ah V( f KV(-X, }’)dﬂ?(Y)) = V}V (x, f KV(xa )’)d/l?()’)) (pl,ha KV(-x’ )) .
R4

where V,V denotes the gradient of V with respect to the second variable.
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Then Lemma 5.1 and Lemma 2.1 gives the following rigorous Taylor expansion:

Corollary 5.1. In the framework of Lemma 5.1,

V(x, f Ky(x, y)dﬂ?+Ah)—v(x, f Ky(x, y)a’,uf)
RY Ré 5.7
= CIV, 171(x) (or> Ky (x, ) + O(lR|™*)

where

CIV, 1) = Vyv(x, fR Kl y)d#)

and the O(|h|'*®) is uniform in x € R%.

The following theorem asserts that the sensitivity equation (5.6) we obtained formally is the correct
one:

h+Ah
Theorem 5.1. The derivative p,;, = limy,_o =

solution of

4
Ah

where " and p**" solve (5.1) is the unique weak

Oipen + 0.0 [ 1(0pen) = =0V
= 0 [CLVo, 11%) (s Kvo (%, ) 1} | = 0 [CLV o 1) (010 K, (5, ) il (5.8)

with initial condition py;, = 0. More precisely, the weak formulation is satisfied for all test functions
@(x, 1) of regularity ¢ € C([0,T],C***([RY)), ¢, € C(0,T],C'**R?)), and p,;, € A forall t € [0,T]
where A is defined in (3.8).

Proof. Let pf = (u**" — pu')/Ah. Since p**" and u}' are solutions to (5.1) we have that for any
@ € C'([0, TTx RY) N W=([0, T] x RY):

[ enautr- [ ex0du= [ [ opdias
R4 R4 0 R4

+ f f (ol10) + v, (110 - Veolx, ) di'ds (5.9)
0 R4

and similarly

f @(x, 1) dp ™ (x) — f @(x, 0) dpto(x) = f f Ap(x, $)dp " (x)ds
R4 R4 0 R4
+ f ol (x) + (h + AR, [ 1(0)) - Ve(x, 5) du+Mds.  (5.10)
0 R4

The plan is to substract these equations, divide by Ak and pass to the limit Az — 0. First, in view of
(5.7),

Vol A (x) + v, [ 2 (x) = volu!1(x) + A, [11(x)
+ CIVo, 110) (s Kvy(x, ) + CLV,, 1) (5 Ky, (x,)) + O(IAI™*).
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Therefore, for ¢(x, ) of regularity ¢ € C([0, T], C***(R%) and ¢, € C([0, T], C'**(R%)), we substract
(5.9) from (5.10), divide by Ak and send Ak — 0. Recalling that p2) — p,, in Z uniformly in 7 € [0, T'],
we obtain

(O (1) = fo f vp[11(x) - Veo(x, 5) dil(x)ds
R4
+ fo (0o 0. 5) + V1) - V(e 5)) s
+ff C[VO,N?](X)(Ps,haKVO(X,'))]'VSD(X,S)dIJ?(x)dS

+h f f CLV,p 1) (s K, (x.))| - Veplx, $)dp ().

Thus, p,; 1s a weak solution of (5.8). It is also in the admissible class A due to the Lipschitz continuity
of solutions with respect to the vector field.

(€] (2

To obtain uniqueness, suppose that p, ,

difference p, ), = pflh) pfzh) € A satisfies

and p,,; are solutions to (5.8) with values in A. Then, their

(pt,h’ ‘10(’ t)) = fo (Ps,h, at()o(" S) + vh[ﬂg]() : V()D(’ S)) ds
+ f |CLVo. 1210) (D Ky (6, )| - Veplx, $)dpel(x)ds (5.11)
0 JRA

+h fo fR [CUV,o1100) (s K, (5, )] - Veplix, )il (0.

Fix ¢ € C***(R?). As in the proof of Proposition 3.1, we again use the duality method to find a test
function ¢, (x, ) such that

Qupy (-5 8) + V' 10x) - Vepy(x, ) = Py(x, 1) = Y(x).

Actually, it can be given explicitly as ¢, (x, s) = Y(T'(x, ¢, s)) where T is the flow of the non-autonomous
vector field v"[u"] which solves the ODE:

O T(x, 5,0 = V'] (T(x,5,0),  T(xt,1)=x
see Remark 8.1.5 and Proposition 8.1.7 in [27]. Using the test-function ¢, in (5.11) we deduce

(en ) = f f |CLVo, 11G0) (01 Ky (6, )| - Vepy (x, s)dp (x)dls
0 R (5.12)

+h fo f | LV 112 (0 K, (5, ))| - Vg, $)dpd (x)dls
R4

for any y € C***(R?). Since the kernels Ky, and Ky, are both assumed to be C***(R? x RY), there is a
constant C such that

(051 Kvo(x,4)) (ps,h’ Ky, (x, ‘)) <C sup (o).

Wl <1
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Moreover, for y € C***(R%) with |||+« < 1 we see from the explicit formula that there is another

constant C such that ||Vl < C. Therefore, from (5.12), we conclude

Sup (pl,/’H ’7[/) < Cf Sup (ps,h’ ‘ﬁ) ds
0

Wl 2ra <1 Wl 2ra <1

for some possibly bigger constant C. Now, Gronwall inequality implies

(,Os,h, l/’) =0
forall s € [0, 7] and all ¥ € C***(RY). As Ps. 18 in the admissible class A, we can repeat the uniqueness
proof from Theorem 3.1 to deduce that p,;, = 0 as desired. |

6. Applications

As mentioned above, transport-type equations like (1.1) represent a big variety of phenomena oc-
curring in physics, biology and social sciences. In this section we present applications that the theory
developed here is of use.

6.1. Optimal control

Here we are interested in functionals of the form
J(h) = f 1 F(x)dul(x),
]R{

where y!" is a measure solution to the perturbed transport equation (1.2) on the space of nonnegative
Radon measure, while F € C'**(R%). Such functionals can describe various quantities of practical
importance. For example, for F(x) = 1 this functional provides the total number of individuals in a
population, since u* € C([0, T], M*(R?).

Now, let d,u* € C([0, T], Z) be the derivative of u" with respect to h. Then, h > J(h) is differen-
tiable and

OnT (h) = Oupay, F),

value of this derivative can be used in the optimization of the functional 7, i.e., finding value of 4 for
which ¥ is the smallest. Our work characterizes the derivative as the solutions of some PDE, thus
allowing to work on appropriate approximating schemes for the quantity (9,u”, F).

6.2. Parameter estimation

Another application of paramount importance is parameter estimation and fitting models to data,
as this allows for model validation. To this end, let fRd d,uﬁ’, represents the total number of individuals
in a population at time ¢ provided by the perturbed transport equation model considered on the space
of nonnegative Radon measures. Suppose that D, represents data on the number of individuals in the
population at time #, k = 1,...,K (a time series of the total population). Consider the following
minimization problem involving a least-squares functional that measures the distance between the
model solution and data:

L . dﬂZ - Dy
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subject to
At + 0.0 [l = 0, pflizo = pto € MR

The derivative 9, (h) which depends on the derivative of 6h(/J§’), the solution to (4.3), can be used to
minimize the least-squares distance J (k). The value & that minimizes J(h), also provides an estimate
for the vector field given by V.

We conclude by pointing our that the above two applications demonstrate the need for the develop-
ment of numerical approximation schemes for computing solutions to transport equations of the type
(4.1) or (4.3). There has been some efforts in the direction of solving transport equations in the space
of nonnegative Radon measures endowed with the Bounded Lipschitz norm (e.g. [31, 32]), but to our
knowledge, no such numerical schemes exist for solving transport equations in the space Z. Further-
more, because minimization problems generally involve computing the solution multiple times until a
minimizer is reached, it is important that for any scheme developed to be efficient and fast.

Appendix

6.3. Proof of Proposition 2.3.

Proof. We want to prove that if u,, — u narrowly, then d,u, — 0, in Z i.e.

nEer ”axlun - ax/l”Z = lim sup |(/1n — M ax(p)l =0.

o+ gl 10 <1

Assume that this is not true. Then there exist € > 0, a subsequence (u,, ) that we still denote by (u,,),
for simplicity, and functions ¢,,, ||¢,|lc1« < 1, such that

|(ttn — 1, 0xpp)l = & > 0. (6.1)

By Arzela-Ascoli theorem, up to a subsequence, ¢, — ¢ in C'(K) for any compact set K C R
Passing to the limit in |¢,(x)| < 1, |¢;,(x)| < 1, and |¢;,(x) — ¢/,()| < |x — y|*, we obtain that ||@||c1« < 1.
From Theorem 5 in [33], we deduce that

(Uns Oxpn) = (1, 0:).

Moreover, from Theorem 4 in [33], we know that the sequence {u,},cy is tight and TV-bounded. It
follows that u is bounded and thus tight. We deduce that

(1, 0x¢pn) = (1, Ox).

These two facts contradict (6.1). O

6.4. Proof of Proposition 2.5.

Proof. Let {u,},ev € M(R?) be such that g, — pin Z for u € Z. Let ¢ € CH*(RY) with [|@]|c1e < 1.
Since T € C"*(R%, R?) we have ¢ o T € C'*(R?) with ||¢ o T||c1« < C, independently of ¢. Then

|(T# n T# ms ¢)| = |(,un _,Um,¢ © T)' < ||/Jn _ﬂm”Z”¢ o T”C]"’ < C”,un _/Jm”Z'
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Thus, [|T*u, — T*u,llz < Cli, — tmllz and so the sequence {T#u,},av is a Cauchy sequence in Z. By
completeness of Z, it converges to some element we denote by T#u. This is indepentent of the choice
of the approximating sequence u, because if {ji,},er € M(RY) is another sequence such that ji, — u in
Z then

(T o fi, —T o pty, ®)| = |(tty, — fin, ¢ o T)| < Cllu,, — pallz + Cllit, — pallz

so that ||T o fi, — T o u,l|l; — 0. Moreover, for any ¢ € C**(R9),

(T*u,¢) = lim (T*1,., ¢) = 1im (. g T) = (. ¢p o 7).

6.5. Proof of Lemma 2.2

Proof. Firstnote that map ¢ € [0, T] — w, is uniformly continuous so there is a nondeacreasing function
w : [0, 00] — [0, co] with lim,_,¢+ w(f) = w(0) = O (it is usually called modulus of continuity) such that

e = psllz < (= sy - 5,2 €[0,T].

1"} of [0, T'] with mesh points t,E”) = k6,
™ such that

Givenn € N, let 9, = T /n. We consider the partition {tg’), .

for k = 0, ..., n. For each such k, consider a bounded measure
g = 1"llz < 1/n.

Then, we define u™ € C([0,T],Z) as the polygonal curve passing through the points (t(") T My k=
0, .., n, namely

o ,u;") ift = t,({") for some k =0,...,n
o =9 7 .
5 1(:31 + "” ,u]({") ifre @™, t,(:fl) forsome k =0, ....n — 1.

Clearly, u™ € C([0, T, Z) and for any n, maxo<,<z |1 |l7v < Ch.
Now, for ¢ € [0, T, let 7 and 7 be the closest mesh points from left and right respectively. Then,

t(”)

n n - t n n n n
L _ “;)Z - _k+g M)_#;) ‘() 'U()z
< 2n+ H“f — i, < 2/n+ @l = ) < 2/n + ()
Therefore, for any ¢ € [0, T]:
[ - o< [ - Z+'ﬂ(”) i, +| 'Z
< @Q/n+w@y))+1/n+ w(dn)
Thus lim,,_, ;o MaXg<<7 ||, — ,u,H =0. O
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6.6. Proof of Corollary 2.2.

Proof. In view of Lemma 2.2 there exists ("), € C([0, T, My(R%)) such that lim,,_, ;e Vi =vllz =0
uniformly in ¢ € [0, T]. For any ¢ € C'*(R?), ||¢||c1« < 1, and any s, ¢ € [0, T], we write

(THv, — Thv,, §) < (THvs = T, ) + (TH! = TH, §)| + (T — Ty, ¢)

ss?

< vy = Vilizllp o Tillcra + (T =TI, )l + v = VVliZll¢ © Tl 1
In view of Lemma 2.1 and Proposition 2.1 we have ||¢ o T;||c1.. < C7 for any 7 € [0, T]. Thus
(T, = THvi, o) < (TH; =TIV, ¢)| + 2C7 max |lv, — V] |lz
0<t<T
Now, we handle the first term on the right-hand side as follows

(TH, =T, ) < (TH -TH!, §)+ (TH] - T}, ¢)l
V! = V" lIZll¢p © Tyllcra + IV llrvlid © T — ¢ 0 Tilleo
Crllv = Viiz + Vi lrvIvilels — .

IA

IA

Thus,

# #
(Tsvs = Tiv O < Crlive = Villz + IV lirvIvilsls = 1 + 2Cr max {lv, = v7llz.

We conclude recalling that for a fixed n, v/ is continuous in ¢ for the Z-norm and TV-bounded uniformly
inte€[0,T]. ]

Acknowledgements

Nicolas Saintier is supported by the University of Buenos Aires through the grant UBACYT
20020170200256BA. Jakub Skrzeczkowski is supported by National Science Center, Poland through
project no. 2017/27/B/ST1/01569.

Conflict of interest

The authors declare there is no conflicts of interest.

References

1. J. Smoller, Shock waves and reaction diffusion equations, volume 258. Springer Science &
Business Media, 2012.

2. B. Perthame, Transport equations in biology, Frontiers in Mathematics. Birkhduser Verlag, Basel,
2007.

3. L. Pareschi and G. Toscani, Interacting multiagent systems: kinetic equations and Monte Carlo
methods, OUP Oxford, 2013.

4. M. Pérez-Llanos, J. P. Pinasco, N. Saintier, et al., Opinion formation models with heterogeneous
persuasion and zealotry, SIAM J. Math. Anal., 50 (2018), 4812-4837.

Mathematical Biosciences and Engineering Volume 17, Issue 1, 514-537.



536

91

. L. Pedraza, J. P. Pinasco and Saintier, Measure-valued opinion dynamics, submitted, 2019.

@)

. F. Camilli, R. De Maio and A. Tosin, Transport of measures on networks, Netw. Heterog. Media,
12 (2017), 191-215.

7. F. Camilli, R. De Maio and A. Tosin, Measure-valued solutions to nonlocal transport equations on
networks, J. Differ. Equations, 264 (12), 7213-7241.

8. S. Cacace, F. Camilli, R. De Maio, et al., A measure theoretic approach to traffic flow optimisation
on networks, Eur. J. Appl. Math., (2018), 1-23.

9. J. A. Caiizo, J. A. Carrillo and S. Cuadrado, Measure solutions for some models in population
dynamics, Acta Appl. Math., 123 (2013), 141-156.

10. M. D1 Francesco and S. Fagioli, Measure solutions for non-local interaction pdes with two species,
Nonlinearity, 26 (2013), 2777.

11. J. A. Carrillo, R. M. Colombo, P. Gwiazda, et al., Structured populations, cell growth and measure
valued balance laws, J. Differ. Equations, 252 (2012), 3245-3277.

12. J. H. M. Evers, S. C. Hille and A. Muntean, Mild solutions to a measure-valued mass evolution
problem with flux boundary conditions, J. Differ. Equations, 259 (2015), 1068—1097.

13. K. Adoteye, H. T. Banks and K. B. Flores, Optimal design of non-equilibrium experiments for
genetic network interrogation, Appl. Math. Lett., 40 (2015), 84—89.

14. M. Burger, Infinite-dimensional optimization and optimal design, 2003.

15. H. T. Banks and K. Kunisch, Estimation techniques for distributed parameter systems, Birkhduser
Verlag, Basel, 1989.

16. A. S. Ackleh, J. Carter, K. Deng, et al., Fitting a structured juvenile—adult model for green tree
frogs to population estimates from capture—mark-recapture field data, Bull. Math. Biol., 74 (2012),
641-665.

17. M. T. Wentworth, R. C. Smith and H. T. Banks, Parameter selection and verification techniques
based on global sensitivity analysis illustrated for an hiv model, STAM-ASA J. Uncertain., 4 (2016),
266-297.

18. A. S. Ackleh, X. Li and B. Ma, Parameter estimation in a size-structured population model with
distributed states-at-birth, In IFIP Conference on System Modeling and Optimization, pages 43—
57. Springer, 2015.

19. A. S. Ackleh and R. L. Miller, A model for the interaction of phytoplankton aggregates and the
environment: approximation and parameter estimation, Inverse Probl. Sci. En., 26 (2018), 152—
182.

20. J. A. Canizo, J. A. Carrillo and J. Rosado, A well-posedness theory in measures for some kinetic
models of collective motion, Math. Mod. Meth. Appl. S., 21 (2011), 515-539.

21. S. Maniglia, Probabilistic representation and uniqueness results for measure-valued solutions of
transport equations, J. Math. Pures Appl., 87 (2007), 601-626.

22. P. Gwiazda, T. Lorenz and A. Marciniak-Czochra, A nonlinear structured population model:
Lipschitz continuity of measure-valued solutions with respect to model ingredients, J. Differ.
Equations, 248 (2010), 2703-2735.

Mathematical Biosciences and Engineering Volume 17, Issue 1, 514-537.



537

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

P. Gwiazda, S. C. Hille, K. Lyczek, et al., Differentiability in perturbation parameter of measure
solutions to perturbed transport equation, arXiv preprint arXiv:1806.00357, 2018.

J. Skrzeczkowski, Measure solutions to perturbed structured population models-differentiability
with respect to perturbation parameter, arXiv preprint arXiv:1812.01747, 2018.

C. Villani, Topics in optimal transportation, Springer Texts in Statistics. Springer, New York,
2006.

K. B. Athreya and S. N. Lahiri, Measure theory and probability theory, Springer Texts in Statistics.
Springer, New York, 2006.

L. Ambrosio, N. Gigli and G. Savaré, Gradient flows in metric spaces and in the space of proba-

bility measures, Lectures in Mathematics ETH Ziirich. Birkhéduser Verlag, Basel, second edition,
2008.

H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Universitext.
Springer, New York, 2011.

L. Székelyhidi, Jr. From isometric embeddings to turbulence, In HCDTE lecture notes. Part I1.
Nonlinear hyperbolic PDEs, dispersive and transport equations, volume 7 of AIMS Ser. Appl.
Math., page 63. Am. Inst. Math. Sci. (AIMS), Springfield, MO, 2013.

L. C. Evans, Partial differential equations, volume 19 of Graduate Studies in Mathematics, Amer-
ican Mathematical Society, Providence, RI, second edition, 2010.

P. Gwiazda, J. Jabtonski, A. Marciniak-Czochra, et al., Analysis of particle methods for structured
population models with nonlocal boundary term in the framework of bounded lipschitz distance,
Numer. Meth. Part. D. E., 30 (2014), 1797-1820.

J. A. Carrillo, P. Gwiazda and A. Ulikowska, Splitting-particle methods for structured population
models: convergence and applications, Math. Mod. Meth. Appl. S., 24 (2014), 2171-2197.

R. M. Dudley, Convergence of Baire measures, Studia Math., 27 (1966), 251-268.

©2020 the Author(s), licensee AIMS Press. This
is an open access article distributed under the

% AIMS Press

terms of the Creative Commons Attribution License
(http://creativecommons.org/licenses/by/4.0)

Mathematical Biosciences and Engineering Volume 17, Issue 1, 514-537.


http://creativecommons.org/licenses/by/4.0

	Introduction
	Preliminaries
	Transport equation in the space of measures
	The Hölder space C1,(Rd). 
	The space Z
	New facts about the space Z

	Transport equation in Z
	Sensitivity equation for a linear transport equation
	Sensitivity equation for a nonlinear transport equation
	Applications
	Optimal control
	Parameter estimation
	Proof of Proposition ??.
	Proof of Proposition ??.
	Proof of Lemma ??
	Proof of Corollary ??. 


