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1. Introduction

The purpose of this paper is to analyze the Sobolev immersion theorem for variable exponent spaces in
the critical range from the point of view of the I'-convergence. Our motivation comes from the existence
problem for extremals of these immersions. By extremals we mean functions u € VVO1 P (')(Q) where the
infimum

Vol

(1.1)
veW PO (Q) vllqgc)

S = S(p()?Q()’Q> =

is attained. Here € is a smooth bounded subset of R™, and p,q : @ — R are two functions satisfying the
following assumptions:
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(H1) p is Log-Holder continuous on (2 (see (2.2) below), ¢ € C(Q),
(H2) 1 <p_ =inf5p < py ==supgp <n,
(H3) 1< q(z) < p*(z) :=np(x)/(n — p(x)) for any z € Q.

We refer to the next section for the definition and basic properties of the variable exponent Sobolev spaces
appearing in (1.1). Notice that the exponent p* is critical from the Sobolev point of view. We shall also
assume that

(H4) the set A = {x € Q:q(z) = p*(x)} is non-empty.

Because of (H4) the embedding of WP()(Q) into L) (Q) is not compact, making non-trivial the problem
of existence of an extremal for S.

This problem was recently treated in [14] where the authors provide sufficient conditions to ensure
the existence of such extremals. The approach in [14] was the so-called direct method of the calculus of
variations. That is, they considered a minimizing sequence for S and find a sufficient condition that ensured
the compactness of such sequence.

In this paper, we follow a different approach. Instead of looking for minimizing sequences for S, we
approximate the critical problems by subcritical ones, where the existence of extremals is easily obtained,
and then pass to the limit. In fact, following G. Palatucci in [29] and [30] where the constant exponent case
is studied, we want to determine the asymptotic behavior in the sense of the I'-convergence of the subcritical
approximations

Vol

Se = S(p(~>7 Q() - & Q) = R )
vewd O @) 1vllg()-<

e >0,

and then deduce the behavior of their associated extremals wu.. We thus introduce the functional
F.:B(Q) = R, ¢ > 0, defined by

F.(u) = / |u]?)=¢ da,
Q

where
B(Q) = {u e WaP(Q), |Vullpy0 < 1}, (1.2)

with the purpose of finding its I'-limit as ¢ — 0.

This approach not only provides us with the existence of extremals for the critical embeddings but also
gives us the asymptotic behavior of the subcritical extremals as the exponent g reaches a critical one. As in
the constant exponent case, a concentration phenomenon occurs in the sense that the subcritical extremals
concentrate at some point. In the constant exponent case the location of this point is related to the geometry
of Q) via its Robin function (see e.g. [18]). The Gamma convergence turns out to be a useful tool in such
analysis as was shown in [2] and in general in the study of the asymptotic behavior of variational problem
(see e.g. [7]). On the other hand the study of such concentration phenomena in the variable exponent setting
is a recent and rapidly growing area (see e.g. [1,13,14,16,15,19,24]). In particular the results in [13,16,15] let
us think that the location of the concentration point may result of interplay between the exponents p and
q on the one hand, and on the geometry of 2 on the other hand. The results of this paper are a first step
toward a finer comprehension of the concentration phenomenon in the variable exponent setting.

In view of the concentration—compactness principle stated in (2.7)-(2.9) below, it turns out to be conve-
nient to extend F. to the space
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2= 2(9) = {(wn) € Wg () x ME): (@) < 1, = [Vul'O do+ i+ pusd, },
el

where M(Q) is the space of bounded measures over 2 and, in the decomposition of u, fi is a nonnegative
measure without atoms, the set I is at most countable, the u; are positive real numbers, and the atoms z;
belongs to the critical set A defined in hypothesis (H4).

We say that a sequence {(ue, f1c)}e>0 C X converges in X' to (u, i), which is denoted by (uc, pe) = (u, 1),
if u. — u weakly in L90)(Q) and pe — p in M(Q). We recall that . — p means that [ ¢du. — [ ¢du for
any ¢ € C(Q).

We then extend F; to the whole space X' by

Fe(u,p) = { Jo lul™==de it p = |Vul"®) do + j
0 otherwise in X

We also consider the limit functional F*: X — R defined by

pry)
F*(u,,u) = / |u‘q() dx + Z'uip(zi) SQ;P (I1)7
a icl
where S, i € I, is the localized best Sobolev constant at z; defined in (2.4).
Our main result is the following

Theorem 1.1. Assume that p and q satisfies assumptions (H1)-(H4). The functionals {F:}.>0 I'-converge
to F'* in the sense that for any (u,pu) € X there holds that:

o For every sequence {(ue, itc) }eso C X converging to (u,p) in X, we have

lim sup F (ue, pre) < F*(u, ). (1.3)
e—0
o There exists a sequence {(ug, pi) tie C X converging in X to (u, i) with the property that for any sequence
{€;}jen converging to 0 as j — oo, there exists subsequence {¢j, }ren C {€;};en such that

liminf F., (ug, pr) > F*(u, ). (1.4)
k— oo k

Remark 1.2. Observe that this is not the usual definition of I'-convergence. The most common definition is
to replace the liminf inequality (1.4) by

lim inf Fy (ue, pe) > F*(u, p), (1.5)
e—0

for some pair (ue, pe) converging to (u, u). These conditions are not equivalent. In fact, (1.5) implies (1.4).
However, the condition (1.4) is sufficient for our purposes. Indeed it is easily seen that the following property,
one of the most useful consequence of the I'-convergence, holds: if (uc, p.) is a maximizer of Fy, then any
cluster point of the sequence {(uc, itc)}< is a maximizer of F* and lim._,o max F. = max F*. This property
will be useful in the proof of Theorem 1.6 below.

Remark 1.3. What we called I'-convergence in Theorem 1.1 is what other authors called I'*-convergence
following De Giorgi’s original notation — see [29].

Remark 1.4. We mention that I'-convergence in the framework of variable exponent spaces has already been
used to study homogenization problems in [3] and [4].
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Define

§ = 5(p(),q(), Q) = sup / 1) de, (1.6)

u€eB(R)

where B(Q) is defined in (1.2). We also define a local best constant ,5’;01, xg € A, in a similar way as in (2.4)
by

§;01 = lim sup / |ul?C) dz | zo € A. (1.7)
£20 | weB(Be(z0)N9Q)
= (o)
Noticing that B(B,,(e) N Q) C B(Q), we have that
sup g_ < g1 (1.8)

Q( 0)

We also prove in Lemma 3.3 below that S L= = S where S, is defined in (2.4) and appear in the

definition of F™.
We now consider the subcritical approximations 56_ 1 of S=1 defined by

S7t=8(p(),q(-) —&,Q) "= sup /|u|q() “dx.
ueB(Q)

We first prove that

Proposition 1.5. There holds that
lim S =gt
e—0

In the same spirit as in [14, Theorem 4.2], we can deduce from the T'-convergence of F; to F the asymptotic
behavior of extremals for S.:

Theorem 1.6. Assume that p and q satisfies assumptions (H1)—(H4) and also that g— > p4. Let u. € B(Q)
be an extremal for S=1, i.e.

/|ug|q(‘)_5 de = S

Q

Then the following alternative holds:

(1) either the sequence {u:}eso has a strongly convergent subsequence in LIC)(Q) and the strong limit is
an extremal for S~1,
(2) or the sequence {us}eso concentrates around a single point o € A in the sense that

lueltO dz — §716,,  and  |Vue PO da — by,

Moreover
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As an immediate consequence of (1.8) and (1.9), we obtain the following sufficient condition for the
existence of an extremal for S™':

Corollary 1.7. If sup,c 4 5’;1 < S~ then any sequence of extremals for S’gl converges, up to a subsequence,
to some u € B(Q)) which is an extremal for S—1. In particular, there exists an extremal for S~'.

This kind of sufficient condition of existence is common in the study of problems with critical exponent. In
the constant exponent case, it goes back to [6,9,23]. In the variable exponent case, it was recently established
and used by the authors in [14,13,15,16] where precise condition on the exponents p and ¢ were provided
for this condition to hold.

2. Preliminary notations
2.1. Lebesque and Sobolev spaces with variable exponents

Let Q be smooth open bounded subset of R™. Given a measurable function p: Q — [1, +00), the Lebesgue
variable exponent space LP()(Q) is defined as

LPO(Q) = {u e LL (Q): / [uPO) dz < 400
Q
This space is endowed with the norm

¢)
]|y i=1nf ¢ A > 0O: L de <15,
p(+) b\
Q

which turns LP()(Q) into a Banach space. Assuming moreover that

1l<p_ = igfp < py =supp < +0o0, (2.1)
Q

it can be proved that LP()(Q) separable and reflexive.

These spaces where first considered in the seminal W. Orlicz’ paper [28] in 1931 but then where left
behind as the author pursued the study of the spaces that now bear his name. The first systematic study
of these spaces appeared in H. Nakano’s works at the beginning of the 1950s [26,27] where he developed a
general theory in which the spaces LP(')(Q) were a particular example of the more general spaces he was
considering. Even though some progress was made after Makano’s work (see in particular the works of the
Polish school H. Hudzik, A. Kaminska and J. Musielak in e.g. [20,21,25]), it was only in the last 20 years
that major progress has been accomplished mainly due to the following facts:

e The discovery of a very weak condition ensuring the boundedness of the Hardy-Littlewood maximal
operator in these spaces, i.e. the log-Hélder condition that implies, to begin with, that test functions
are dense in LP()(Q).

e The discovery of the connection of these spaces with the modeling of the so-called electrorheological
fluids [32].

o The application that variable exponents have shown in image processing [10].

A complete presentation of variable Lebesgue and Sobolev spaces can be found in the book [11]
and [5].
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Of central importance in the above mentioned applications are the variable exponent Sobolev spaces
WP (Q) defined as

whrO)(Q) = {u e Wl (Q):u, du e LPOQ) i=1,... ,n} ,

loc

and the subspace of functions with zero boundary values

Wol’p(')(ﬂ) = {u € W1r()(Q):u has compact support},
where the closure is taken in the W) (Q)-norm || - ||; ,(.) that is defined as

ull1,pcy = lullpey + 1VUllpe)-

As first noticed in [33], when p is log-Holder in the sense that

sup, [(p(z) — p(y)) log(|z — y[)| < +oo, (2.2)

it can be proved that the space C>°(Q) is dense in LP()(Q) and in Wol’p(')(ﬂ), and also that the Poincaré
inequality holds i.e. there exists a constant C' = C (2, p) > 0 such that

[ullpey < ClIVullpe
for any u € W P(Q). It follows in particular that [ V|| p(.y is an equivalent norm in Wy (Q).
2.2. Critical Sobolev embedding

A major tool in order to study existence and regularity properties of solutions to partial differential equa-
tions is the Sobolev embedding theorem. For variable exponents spaces this theorem has been established
in [22] (see also [12]). Given a measurable function ¢: Q — [1, 4+00), it basically says that, assuming p™ < n,
we have a continuous embedding

W§7p(')(Q) C Lq(')(Q)

if and only if ¢(z) < p*(z) = np(z)/(n — p(x)). Moreover, when the exponent q is strictly subcritical in the
sense that

;gg(p*(w) —q(x)) >0,

then this embedding is compact (see e.g. [11]). On the other hand when the critical set
A:={z € Qq(x) =p*(z)} (2.3)

is not empty, the immersion is no longer compact in general (see [24] for some very restricted cases where
A # () but the immersion still remains compact). The existence of extremal for the best constant S defined
in (1.1) is then not granted. Indeed the well-known Pohozaev identity implies that when p is constant and
Q) is star-shaped then S is not attained.

Recall that in [14] the definition of A does not contain the points on the boundary of Q. That is not
correct, and the set A in [14] has to be the same as in (2.3). However the results in [14] still holds with
minor modifications.
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The problem of existence of extremals for S in the variable exponent setting was recently considered in
[14] where the authors provided sufficient existence conditions. A fundamental tool used in their proof, as
well as in almost every problem dealing with critical exponent in general, is the so called Concentration
Compactness Principle (CCP) that was introduced by P. L. Lions in the 80’s (see [23]) and was recently
extended to the variable exponent setting in [17] (see also the refinement in [14]). This version of the CCP
relies on a notion of localized Sobolev constant defined as follows. For x € A we define the localized best
Sobolev constant S, as

5 IVollp),B. )00

% = Iy S0, a0), B() N =y s ey Tl motomnn @4)
Notice that
0 < S(p(),a(-), ) < inf S, (2.5)
and that for any z¢ € A,
S < [Vullpa,) (2.6)

~ ueC> (R") ||u\|p*(£0) '

Observe that the r.h.s. of this inequality is the best constant in the usual Sobolev embedding in R™ with
constant exponent p(zg). We refer to [14] for a proof of this inequality.

The CCP proved in [17] and refined in [14] states that given a weakly convergent sequence {uy}ren C
I/VO1 P (‘)(Q) with weak limit u, there exists a countable set of indices I, positive real numbers {u;}icr,
{vitier C R4, points {x;};c1 € A and nonnegative measures u, v such that

lug |10 da = dv = |u|10) da + Z Vi g, 27)
i€l
VPO de = dp > |VulPO) da + ZMi [ (2:8)
i€l
& ey oD
Smiyip (z) é ﬂip(lm) fOr any 1 € I. (29)

It is also easily checked that the nonnegative measure

fo= = <|Vu|p(') doe+ Yy i 5w>

el

has no atoms.

By analyzing the behavior of minimizing sequences using the CCP, it is proved in [14] that if the inequality
in (2.5) is strict, ¢ < p4 and p, g are slightly more regular than merely Log-Holder continuous, more
precisely if

oim (p(y) = p(x))log(jx —y[) = lim_(q(y) — q(x))log(|jz —y|) = 0, uniformly in z € 2 (2.10)

is satisfied, then there exists an extremal for S(p(-), ¢(+),2), i.e. a function u € Wol’p(')(Q) where the infimum
in (1.1) is attained.
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3. Proof of Theorem 1.1

We divided the proof into two subsections: one for the lim sup inequality (1.3) and other for the lim inf
inequality (1.4). The strategy of the proof is completely analogous to that of [2] and [29] where the constant
exponent case is treated with difficulties specific to the variable exponent setting. We mention that an
alternative approach to that used here in the proof of the liminf-inequality has recently appeared in [31]
when dealing with the fractional Laplacian.

3.1. Proof of the limsup property (1.3)
Consider a sequence {(ue, jic) }e>o C X converging as € — 0 to some (ug, i19) € X. We can assume without

loss of generality that u. = |Vuc|P ) dx+fi. for all € > 0 where ji. is a non-negative and non-atomic measure.
We first assume that ji. = 0 i.e. e = |Vu.|P() dz. Then by Hélder inequality (see [11, lemma 3.2.20]):

Fs(usvﬂs):/|us|q(')_s dx
Q

1 1
q(-)—¢
< (s * ) el g Ml

a()—e e

Since ( ¢) >_ — 1, (@)_ — 00, and ||1]|4» — 1 as € — 0, we obtain

q
q()—e

lim sup Fs(usaﬂe) < lim sup H|us|q(.)76”7‘1(') .
e—0 e—0

Up to some subsequence, by the CCP, there exists u € VVO1 P() (2) and measures v, u € M(Q) of the form
v=[ul10dz + 3, vibe,, p = |VulPOdz + fi+ 3, pi6s, such that

U — U weakly in Wol’p(')(Q) and in LQ(')(Q))

luc|? de 2 v and  |Vu PO de = p.

Observe that u = ug and pig = p since (ue, pre = |Vue [P dx) 5 (ug, po) in X. It follows that

Pq(x) (us) = / ‘u6|q“ dr — / ‘Uolq(.) dx + Z v as € — 0.
Q o iel

Since

(%)i

el O] o < max {py (u)

we obtain, in view of (2.9), that

_ p* ()
timsup P e, ) < [ Juoft)d 30857050 = B o o) (31)

e—0t 5 icl

This is the limsup inequality.
We now assume that p. = |Vu.|[P() dz + fi. for all ¢ > 0 where fi. is a non-negative and non-atomic

measure. Since fic(2) < p(Q) < 1, we can assume that ji. converge weakly as ¢ — 0 to some non-negative
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measure [ig. Notice that jip may have atoms. Passing to the limit in p. — po gives po = p + fio with g as
before. Notice that according to the definition of F., we have F.(u.,p.) = F.(ue, |Vu:|P") dz). Applying
the first part of the proof to p. — jic = |Vuc|P*) dz, we deduce from (3.1) that

lim sup Fe (ue, pe) = lim sup Fe (ue, |vu€|p(~) dz) < F*(uo, fto — fio)-

e—0t e—0t
It follows from pg = p + fig > fio that any atom z of fip is an atom of py with uo({zo}) > fio({zo}). Thus
F*(ug, po — o) < F*(ug, f10) which concludes the proof. O

3.2. Proof of the liminf property (1.4)

The proof of the liminf property (1.4) follows the original scheme of [2] and mainly consists in proving
it in two particular cases: when p has no atoms (see Proposition 3.1) and when p is purely atomic with a
finite number of atoms (see Proposition 3.2).

We first prove the lim inf property when p has no atoms.

Proposition 3.1. Let (u, ) € X such that p has no atomic part i.e. p = |Vul[PC) dx + fi. Then
tim F. (e, 1) = F* (. 1)
for every sequence {(uc, pe = |Vuc|PY) dx + fic)}eso0 C X converging to (u, ) as € — 0.
Notice that we can take in particular the constant sequence (uc, pte) = (u, ).

Proof. Consider a sequence {(uc, 1z = |Vue|PO) dx 4 fic)}eso C X converging to (u, u). According to the
CCP, the atoms of the measure v := lim |uc|9) dz (limit in M(Q) — which exists up to a subsequence)
are also atoms of u. Since by assumption p has no atomic part, we deduce that v also has no atoms so
that the measure |u.|?") dz weakly converges to |u|?) dz. In particular lim._,o [, |uc|?") do = [, |u|?0) da
i.e. lime o [|uellq¢) = l|uellq()- Since we also have the weak convergence of u. to u in L40)(Q), which is
a uniformly convex Banach space since 1 < q— < ¢4 < oo (see [11, thm 3.4.9]), we deduce that v, — u
strongly in L) (Q). Up to a subsequence we can further assume that the convergence holds a.e.
As in the proof of the lim sup property we obtain that

e—0

limsup/ |10~ da < /|u|q(‘) dx.
Q Q
Moreover using Fatou lemma,

liminf/|u6|q(')*5dx2 /|u|q(')dx.
e—0
Q Q

Hence
; _ 5 q()—€ g, — () Jp — F*
lim F (ue, pe) glg(l)/luel dx /IUI dz = F*(u, p),
Q Q

as we wanted to show. O

We now prove the liminf property assuming that u is purely atomic with a finite number of atoms and
total mass strictly less that 1.
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Proposition 3.2. Consider (u,p) € X of the form (u,p) = (O,Zfzo Widy,) with z; € A and p; > 0 such
that p(Q) = 3", i < 1. Then there exists a sequence (ug, |Vug|P")) € X converging in X to (u, u) with
the property that for any sequence {¢;}jen converging to 0 as j — oo, there exists subsequence {;, }ren C
{e;}jen such that

Jim e, [VaiO) = F*(u, ).

The proof relies on the following two lemmas. The first one gives the relation between the two localized
Sobolev constants S,, and S,, defined in (2.4) and (1.7) for a point zo € A.

Lemma 3.3. For any z¢ € A,

-1 _ g—q(z
Sy =S o),

Proof. First, suppose that §;01 > 1. So there exists £g > 0 such that

sup / |ul?) dz > 1 for all € < gq.
)ne)

uweEB(B:(zo B.(z0)
e\Zo
It follows that
swp Nl gy € s [ udes sl
weB(B.(z0)n) TN T e B(BL (20)NQ) / weB(Be(zo)nQ)  PENTO
e(Zo
where ¢; := infp_(4) q(-) and ¢t :=supp_(,,) ¢(-). Notice that
-1
sup [ullg().B. (x :( _inf IVullp).B. (x ) ,
uEB(BE(mm)\ a0)Bew) = || g b p(),Be (w0)

where B(U) = {u € Wol’p(')(U): llullg(y,v < 1} for any open set U C R™. So, recalling that

lim inf YVl B (z0) = S
s—)OuEB(BE(wD)ﬂQ)” o, B2 (o) 0

in view of (1.7), we get
a— G—1
Sxoq(xo) =S, L
The case where S’v;o I <1 is analogous. O

Lemma 3.4. For any zo € A there exists a sequence (u;); C Wol’p(')(Q) such that

(0 [Tl ) 5 (0.8,)  and [t de 3,
Q
As a consequence, for any sequence {€;};en such that e; — 0 as j — oo, there exists subsequence {€;, }1en C

{ej}jen such that
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Proof. The existence of a subsequence {¢;, }icn follows from the fact that

111% |u|?0) =5 dz = / [u|1) da: for any u € L1O(Q). (3.2)
e—
Q Q

Indeed this is an application of the dominated convergence theorem noticing that
|u|q(.)fs — ‘u|q(~)761{|u‘21} + |U|q(')751{|u\§1} < |u|q(~) +1.

Concerning the existence of (u;);, notice that for any I > 0 there exists ¢; > 0, ¢, — 0, such that

8t = B0).0), By lwo) n0) | < 7,

and that there exists u; € Wol’p(')(le (9) N Q) such that ||Vayl[,.) <1 and

S(p(-),q(-), Bsz (LL'()) N Q)_l - % < / |ul|q() dr < g(p(')7Q(')7 Bez (LL'()) N Q)_l
Be, (wo)

In particular

2
wo /|ul|q 7

Observe that u; € Wol’p(')(Q) with [[Vug |,y <1 so that (u;); is bounded in Wol’p(')(ﬂ). Moreover supp u; C
B, (z9) N Q). It easily follows that for any ¢ € C2(Q), [wddr — 0, so that w; — 0 weakly in L10)(1Q),
and also that [ju]l,.) — Sa 1/p (o = S;! in view of the previous lemma. Moreover notice that o :=
lim inf ||Vul||p( > 0. Indeed otherw1se u; — 0 strongly in W'P()(Q), and in particular in L1)(Q), so that
SgcO =01i.e. Sy, = +oo. This contradicts (2.6). Then, in view of the definition (1.7) of S,, we obtain that

| 4.
lim Jlullg) = Sp) <11 min fM <liminfm.
l—+oc0 l—+oco || UlHq l—+oco (6%

It follows that lim [[Vu||,) = 1. As a consequence |Vug[P() — 6, weakly in the sense of measures. O
We can now prove Proposition 3.2:
Proof of Proposition 3.2. We prove the claim in the case k = 2 i.e. for p of the form p = 1905, + 4165, with

xg,x1 € A and pg, 1 > 0, u(Q) = po + p1 < 1. We denote by up  and u; ; the functions corresponding to
the points z and z; given by Lemma 3.4, and by {¢j, }ren a subsequence such that:

(UOJW |VU0,k|p(')) N (Oa5w0>7 klim /|U0,k|q(')_€jk dr = 5’;}!}(%)7
— 00

(L, [Vurpl") 5 (0,6,,),  lim / | 9070 d = 90
— 00

Since xg # 71, the supports of ug and uy ; are disjoint for €;, small. It follows that the functions

1
p(xg) (11)

k= o ugk + Yy 1,k
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satisfy for any given ¢ € C() that
p(x) p(z)
/}HVUHﬁjiv=‘/uﬁm”MVumM“Jdx+:/MF“WMVuLH”’d$
Q

amwmwwwun:/ww

in view of (3.3). In particular limg_o [, |Vug [P do = po + py < 1. Hence (ug, |Vug|P()) belongs to X for
€j, small and converges to (0, 1) as € — 0.
Moreover, recalling the ug ; and u; 5 have disjoint support, we have

a()—ej, a()—ej,
stk (uk7|vuk|p(')> :/‘uk|q(')—€jk dr = /:U’O p(z0) |uO’k‘q(')_Ejk dx_’_/ul p(z1) |u1,k|Q(.)_Ej’“ dr
Q Q Q
q() q(-)
= (14 o(1)) /,ug(”") |u07k|q(')75jk de+ (14 0(1))/;1{’(”1) |U17k|q(')76jk dx
Q Q

a(zq) a(z1)

- Mg(z[’) g;oq(wo) + eV 5;111(171) +o(1)
= F*(O’ /-LO(S&UO + Ml(sﬁh) + 0(1)

Now, we note that if for any sequence {¢;};en such that e; — 0 as j — oo, there exists subsequence
{ej, Jren C {&;} en and a sequence (ug, |[Vug[P1)) € X converging in X' to (u, u) such that

lim ngk (ug, |Vuk\p(')) = F*(0, Oz + H104,)-
k—o0

In particular, this finishes the proof of Proposition 3.2 in the case k = 2. The proof when p has an arbitrary
finite number of atoms is similar. O

The next lemma was first proved in [2] and [30] in the constant exponent case and allows to deduce the
general case from the two particular cases stated in Propositions 3.1 and 3.2. Since its proof is identical to
that of [2, lemma 4.1] and [29] we omit it.

Lemma 3.5. If the liminf property (1.4) holds for every (u,pn) € X such that
(1) u(@) <1,
(3) dist(supp(|ul + i), Ui, {=:}) > 0,

then it holds for any (u,p) € X.
Finally, we can prove the principal result.

Proof of the lim inf inequality. We only have to check the hypotheses of Lemma 3.5. Given some (u, u) € X
as in Lemma 3.5, we can descompose i as pp = pu'+p? with pt = 3°7  11;6,, and p? = |Vu|PO) + 1. Moreover
there exist relatively open subsets A, B C Q such that supp(u!) C A and supp(|u| + i) C B and ANB = {.

By Propositions 3.1 and 3.2, there exist sequences (u}, ui = |[Vui[P©)) € X and (u?, p2 = [Vu2[PO) +
i2) € X with ul € Wo*"(A), u2 € W) P(B) converging in X to (0,x1) and (u, u2) respectively, and a
subsequence (e;, ) of (g;) satisfying
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FEjk (ullc,/’('llc> - F*(Oal’él) and FEjk (uivl”’i> - F*(u’/’éz)'

Consider ug = ui + uﬁ and pr = u,lg + ui. As u,lg and uﬁ have disjoint support, it is easily seen as in the
proof of Proposition 3.2, that (uy, ux) belongs to X and converges to (u, ). Moreover

Ffjk (uku ;U'k) = FEjk (ullc7 :ullc) + Ffjk (uiv Mi)
= F*(0, ") + F*(u, pu?) + o(1)

nooPte)
= / [ul?) dz + Zuimi) S,P @) 4 o(1)
P =0
= F"(u, 1) + o(1).
This finishes the proof. O
4. Proof of Proposition 1.5 and Theorem 1.6

4.1. Proof of Proposition 1.5

Using Holder inequality (A.1), we have for any u € B(£2) that

=y
Jruroar < | o e | [ ds 102y
A (L>_ (;)_ o E

— 1+ 0(1))(/ ) az) "

Q

from which we deduce that limsup,_,, 5= < S~1.
We prove the opposite inequality. For a given ¢ > 0, consider us € B(£2) such that

/|u5|q(4) >S54
Q

Recalling (3.2), we then have

lim inf S-1 > lim inf/ ug|10) ¢ = /|U5|Q(') dx > S~' -4
e—0 e—0
Q Q

The proof is now complete.
4.2. Proof of Theorem 1.6

Before proving Theorem 1.6 we need the following Sobolev type inequality deduced from the definition
of S:

Proposition 4.1. For any u € Wol’p(')(Q),

. ~N— + -
/|u|q< ) dz < §1 max {||vu|\g(,), ||VuHZ(.)}. (4.1)
Q
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Proof. Let u € Wg’p(')(ﬂ). By definition of the norm || - ||,,(.y, there holds

)
/(M)p dex = 1.
J [Vl

It follows that v := HVZHp is admissible for S~! so that
|u|q(~) =
IIVUH

(- )
The result follows noticing that HVqu(m < max {HVuHZ?_), ||Vu||g(7_)} forae. z €. O
We can now prove Theorem 1.6.

Proof of Theorem 1.6. Observe that as an immediate consequence of the I'-convergence of F. to F* as
stated in Theorem 1.1, we have

lim sup F. = sup F*. (4.2)

e—0 X

See [7] and Remark 1.2. Noticing that sup, Fr = 5’8_1 — S~ as ¢ — 0 according to Proposition 1.5, we
obtain

sup F* = §71, (4.3)
X

Being subcritical, the embedding V[/O1 P (‘)(Q) s L90)=¢(Q) is compact for any € > 0. It follows that there
exists an extremal u, € B(Q) for S

/ \u5|q(')75 dx = S;l =514 o(1). (4.4)

According to the CCP (2.7)-(2.9), we can assume that (u, |Vuc|P() dz) — (u, ) in X, where the measure
v can be written as p = |Vu|PO) do + fi + > ic1 Midz;. The limsup property (1.3) and the definition of
then gives

pre)
hmsup/ luc |90 dae < F*(u, ) = / lul?C) da: + Zui”(‘m SpF (@),
Q

e—0 5 icl

We then obtain in view of (4.3), (4.4) that (u, ) is an extremal for F* i.e.

These inequalities together with the Sobolev inequality (4.1) allow to deduce from the 2nd equality in (4.5)
that
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p*(z;)

1 < max {HVUHZF), HVUHZE)} Zﬂmr

el

Moreover since

1> pu(Q /IVuI” ) dz + Zﬂu (4.6)
we have

max {[Val 2, [Vallc, } = 19ullg, < ([ (9uP® do) ™.
Q

It follows that

/\Vu|p( dm 2 +ZM

el

Since 4=, P (i)
p+’ p(xi)

we obtain that

> 1 for any ¢, and noticing that each term of the above sum is less than 1 in view of (4.6),

/|VU|p()dx p+ +ZMZW /|Vu|p( dCC-FZlJz <1,

el

where the 2nd inequality is strict, leading to a contradiction, if one of the terms in the sum belongs to (0, 1).
It follows that

(i) either [, |Vu[P®) dz =0 and all the p; are 0 except one p;, = 1,
ii) or u; = 0 for any i € I and VulPO) dx = 1.
(i) or p y Q

In the first case (i), the CCP (2.7)—(2.9) reduces to
luc |10 do = vy, sy » |V PO do = 04y » vi, < S 1

= Tig "

Then using Holder inequality as at the beginning of the proof of Proposition 1.5,

S = hm/|u |90~ 5dx<hmsup/|u 190 do = vy, < S7F < ST

Tig

It follows that v;, = S~ and we obtain the second alternative in Theorem 1.6.
In the second case (ii), it follows from (4.5) that u is an extremal for S—'. Since u. — u a.e. and
Jo lus|70) dz — Jo |u|9¢) da, we obtain using the Brezis-Lieb Lemma (see [8] and also [17, Lemma 3.4]) that

/ lue — u|10) do = / |ug |10 dx — / lul?") dxz + o(1) = o(1)
Q Q Q

i.e. u. — u strongly in LI0)(Q). This ends the proof of Theorem 1.6. O
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Appendix A

We state and prove an easy version of the Holder inequality, that, although being well known (see e.g. [11]),
is not the most common version. So we provide here with a proof for the sake of completeness.

Lemma A.1. Let f € LPO)(Q) and g € LP’O(Q) where 1 < p_ < p(-) < ps < 00 and p'(-) = -2 is the

p()—1
conjugate exponent. Then
1 1
f(z dx<(—+—)f Mgl ey
[ 16 Lt ) Ul ol

In particular

1/p- 1/p+

1 1
/ flalgtoydo < (4 - ) max / s | | @) Hglyo. ()
- )
Proof. Let A = || f|l,) and p = ||g|,(.). By Young’s inequality, we get
() ' (x)

f(z) g(x) / 1 <|f( )|>p / 1 <Ig(x)|>
" dr < de + | —— dz

An p(z) \ A p(x) \ nu

Q Q Q

pL_Q/ (@)M dﬁp_}—ﬂ/ (@)pw .

1 1
+
p-  p-

IA

Now, the result follows just observing that

1/p- 1/p+

A= Iflly < maxd | [1@pr@ac) | [lr@p@a)  Fo o
Q

Q
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