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WEIGHTED EMBEDDING THEOREMS FOR RADIAL BESOV
AND TRIEBEL-LIZORKIN SPACES

PABLO L. DE NAPOLI, IRENE DRELICHMAN, AND NICOLAS SAINTIER

ABSTRACT. We study the continuity and compactness of embeddings for radial
Besov and Triebel-Lizorkin spaces with weights in the Muckenhoupt class Ao .
The main tool is a discretization in terms of an almost orthogonal wavelet
expansion adapted to the radial situation.

1. INTRODUCTION

Weighted embedding theorems for smooth function spaces have beeen studied
by many authors, mainly because they are a fundamental tool in the variational
analysis of some nonlinear partial differential equations, for instance of degenerate
or singular elliptic equations. It is therefore natural to study embedding results
in the framework of Triebel-Lizorkin and Besov spaces, since these include many
of the classical functional spaces. In the unweighted case, a fundamental result
in this context is the embedding theorem of Jawerth [14] and Franke [10], which
generalizes the classical Sobolev embedding theorem.

Weighted Besov and Triebel-Lizorkin spaces have also been studied by many
authors under different assumptions on the weights (see e.g. [2,[BL25]). Embeddings
of Besov and Triebel-Lizorkin spaces with Muckenhoupt’s A, weights were studied
by Haroske and Skrzypczak in [12] [13] and Meyries and Veraar in [20] (see also [19]
for an earlier work by the same authors in the case of power weights).

On the other hand, it is well known, since the pioneering works of Ni [21] and
Strauss [29], that many embedding results can be improved when one considers sub-
spaces of radial functions. More precisely, by restricting ourselves to the subspace
of radial functions, we can recover, for instance, compactness properties of embed-
dings that are in general non-compact due to the action of some non-compact group
of transformations such as the group of translations in R™ (see, e.g. [18]). Notice
that compact embeddings are a fundamental feature for the success of variational
methods in PDE. In the case of weighted embedding theorems one can also obtain
a wider range of exponents for the admissible power weights in the radial situation
(see e.g. [6]).

In the case of unweighted radial subspaces of Besov and Triebel-Lizorkin spaces,
Sickel and Skrzypczak [26, 27] and Sickel, Skrzypczak and Vybiral [28] obtained
compactness of the related embeddings and an extension of Strauss’ radial lemma.
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Quantitative information in terms of entropy numbers for the embeddings was
obtained by Kiihn, Leopold, Sickel and Skrzypczak in [16]. In these papers, the
main tool is an atomic decomposition adapted to the radial situation.

Early results on embeddings for weighted radial Besov and Triebel-Lizorkin
spaces can be found in Triebel’s book [31] Section 6.5.2], where the weights consid-
ered are of the special forms w (z) = (1 + |z[2)*/2 with a € R, and w?(z) = el*”
with |z] > 1 and 0 < 8 <1 (see also references therein). However, to the authors
knowledge, results on weighted radial Besov and Triebel-Lizorkin spaces for other
important classes of weights, such as power weights or, more generally, Mucken-
houpt weights, were still missing in the literature. The first two authors recently
showed in [7] that the approach used by Meyries and Veraar [I9] to obtain em-
bedding theorems with power weights can be improved to obtain a better range of
admissible exponents in the radial case. In this work we consider embedding the-
orems for radial subspaces of Besov and Triebel-Lizorkin spaces with general A,
weights. It is important to stress that in the latter case the functions considered
are radially symmetric, but the weights can be arbitrary. In the Triebel-Lizorkin
case, we follow an argument by Meyries and Veraar [20] to derive the embeddings
from the Besov case, but this time restrict ourselves not only to radially symmetric
functions but also to radially symmetric A, weights (see the discussion in Section
B). In both cases we obtain sufficient conditions for the continuity and compactness
of the embeddings that improve with respect to the non-radial case.

For our proof, instead of using the atomic decomposition for radial subspaces of
Sickel and Skrzypczak [26], we shall follow closely the approach used by Haroske
and Skrzypczak [12] [13] in the non-radial case, which is based on a discretization
in terms of wavelet bases. To this end, we need a wavelet decomposition adapted
to the radial situation, which we obtain by adapting arguments used by Epperson
and Frazier [9] in the unweighted radial case. We remark that this is not a wavelet
decomposition in the traditional way, since the wavelets are localized near certain
annuli instead of cubes. Hence, they have the advantage of being better adapted
to the radial situation but have no translation structure and, more importantly,
since they are not actual bases but rather frames, they do not characterize the
(weighted) Besov and Triebel-Lizorkin spaces. In other words, they are useful to
obtain sufficient conditions for the continuity and compactness of the embeddings,
but cannot be used to prove sharpness of the conditions obtained. Unfortunately,
as far we know, there are no known orthogonal wavelet decompositions for radial
functions except in dimension three (see, e.g. [24, []).

The rest of the paper is as follows. In Section 2 we recall some definitions
and known properties of Besov and Triebel-Lizorkin spaces. Section 3 in devoted
to the construction of the wavelet bases and the representation of the weighted
radial Besov and Triebel-Lizorkin spaces in terms of sequence spaces (Theorems
B and B2). In Section 4 we prove our main theorem (Theorem []) on sufficient
conditions for the continuity and compactness of the embeddings for weighted radial
Besov spaces and use it to analyze some important special examples. Finally, in
Section 5 we obtain sufficient conditions for the continuity and compactness of the
embeddings for Triebel-Lizorkin spaces with radial A, weights (Theorem [B.1]) and
an example in this case.
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2. WEIGHTED BESOV AND TRIEBEL-LIZORKIN SPACES

First we recall some necessary definitions. For classical references on Besov and
Triebel-Lizorkin spaces see [22, [30]. For weighted versions see [3] [25].

Definition 2.1 (Construction of the Littlewood-Paley partition). Let ¢ € . (R™)
be such that

(1) 0<PO <1, €eR,  FO=1 <L BE=0 i [f23.

Let go = @, ¢1(§) = p(§/2) — @(€), and
Bu(l) = Pr(277H1e) = B(27M€) — (27 H1e), £ eR”, p>1
Then

- N 3 N B 3
0<@u@ <1 Gu@)=11if 52¢ L <2t supp @y C {2“ t<yg < 52“}.

Let @ be the set of all sequences (yp,)u>0 constructed in the above way from a
function ¢ that satisfies 2.1]).

For ¢ as in the definition and f € %//(R™) one sets

Suf =pux f=F[ufl,
which belongs to C*°(R"™)N.7"(R™). Since } ., Pu(§) =1 for all £ € R, we have
2,50 Suf = [ in the sense of distributions.

Given a weight w, that is a non-negative locally integrable function on R", and
a real number p € [1,+00], we denote by LP(R™ w) the weighted Lebesgue space
defined as the space of those measurable functions f : R™ — R such that

Wy = [ 117 0la)dn <

if 1 <p <400, and || f]|Loe@nw) = [lfl|lLoo@n)-

Let us recall that, for 1 < p < 400, the Muckenhoupt class A, is the class
of weights w for which the maximal Hardy-Littlewood operator is bounded from
LP(R™, w) to itself, and that it can be characterized by the condition

(1 f,2) G o) <

for all balls B C R", where the constant C depends on w but is independent of
B. On the other hand, we say that w € A; if Mw(z) < Cw(z) a.e., and we set
Aso = U,>1 Ap. We refer to [11] for a detailed account of these weights.

Given real numbers p,q € [1,00], s € R and a weight w € A, we can de-
fine following [2] the weighted Besov and Triebel-Lizorkin spaces B ,(R",w) and
Fy (R™,w) in the following way

Definition 2.2. The (inhomogeneous) Besov space By (R™, w) is defined as the
space of all f € ' (R™) for which

1/q
115 = (3 290 ) < 00

n=0

with the usual modifications for ¢ = co.



4 PABLO L. DE NAPOLI, IRENE DRELICHMAN, AND NICOLAS SAINTIER

Definition 2.3. Assume that p < co. The (inhomogeneous) Triebel-Lizorkin space
Fy (R™,w) is defined as the space of all f € #'(R™) for which

1/
”f”F;Yq(R",w) = H(Z 2qﬂS|SHf|q) Q‘

00.
>0 Lr (R w)
with the usual modifications for ¢ = co.
Remark 2.1. (1) It can be proved that these definitions do not depend on the

choice of the particular ¢ in (21)), see e.g. [3].

(2) The corresponding homogeneous spaces denoted by B;)Q(R", w) and F;)Q(R", w)
are defined in a similar way with the sum running over Z with appropriate
modifications of the partition of unity. Observe that ||f||B;,q(Rn7w) =0 if

and only if suppf = {0}, i.e., f is a polynomial. For this reason it is usual
to consider instead the quotient spaces By (R",w)/P and F; (R",w)/P
where P is the space of polynomials.

(3) If w =1, we write B, ,(R") instead of B, ,(R",w) and F; ,(R") instead of
F;)Q(R", w).

The group O(n) of R™ acts on . (R™) by (0, ¢) € O(n) x L (R™) = ¢ € S (R")
with o¢(x) := ¢(c~'x). Then, for any f,¢ € S (R") and o € O(n) there holds
that (o.f,@)r2 = (f,0 '¢)r2. We thus define the action of O(n) on .%'(R") by
(0,f) € O(n) x L' (R™) = o.f € ' (R™) with

(2.2) (0.f,6) = (f,o™'¢)  forany ¢ € F(R").
This motivates our next definition:

Definition 2.4. We say that a tempered distribution f € ' (R™) is radial if o.f =
f for any o € O(n) where o.f is defined by (22]).

The Besov and Triebel-Lizorkin spaces of radial distributions will be denoted by
RB, ,(R",w) and RF,; (R",w), respectively. The following embeddings between
these spaces are elementary and follow from the corresponding non-radial situation
(see [2, Theorem 2.6]).

Theorem 2.1. Let w € Ay. Then
(1) Forall1 <q1 < g2 <0 and s € R one has

RB; , (R",w) <= RB;  (R" w), pe€[l,o0l;

p,q1 Pp,q2

RF; (R",w) — RFE’_ (R",w), pe€]l, o0].

p,q1 p,q2

(2) For all q1,q2 € [1,00], s € R and € > 0 one has

s+ n s n .
RB, I (R, w) — RBy ,,(R",w), p € [L,00];

RFESTE(R™,w) — RF? (R™,w), p€[l,00].

p.a1 P42
(3) Forallge [1,00], s€ R and p € [1,00) one has

RB (R",w) < RF? (R",w) < RBS (R", w).

S
p,min{p,q} p,max{p,q}
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We now state a weighted version due to [2] of the continuity of Peetre maximal
function originally defined in [23].
Let a > 0 and {¢, },>0 be a sequence of functions in .#/(R™) such that

supp g, C {207 < [¢] < 21},

and
D¢, (€)] < Cp2 Mol for all 4 >0, a € N, ¢ € R™.

This holds e.g. if &;(5) =1 (27#¢). For a given A > 0 the Peetre maximal functions
of f € S'(R") are

¢ (@ —y)

2.3 . z)=¢  f(x) = sup ————= xR" u>0.
( ) (blu.,)\f( ) Qb#f( ) yG]RQL (1 + 2H|y|)>\ H
Theorem 2.2. [2| Section 5] Let ro = inf{r: w € A,}.
i) If A > max{=2 2} then
(2.4) > 2t f(@)) < Clfllps @ forall f €. (RY).

n=>0
L, (R™,w)

ii) If A > 2 then

> 2N @) | < Cllfllss @raw for all f €. (RY).
n=0

3. CONSTRUCTION OF RADIAL WAVELETS FOR WEIGHTED BESOV AND
TRIEBEL-LIZORKIN SPACES

In this section we develop a suitable wavelet decomposition adapted to the
weighted radial situation. Our starting point is the construction of radial wavelets
of Epperson and Frazier [9].

Let @, 0, ¢, 9 € #(R™) be radial functions such that

supp @, supp ¥ C {[¢] < 1}, D), [W(E)] > ¢ >0 if [¢] < 5/6,

supp @, 9 C {1/4 < || <1}, |@],[¥] > ¢ > 0if 3/10 < [¢] < 5/6,
and

OV +Y. Zul© vu&) =1 fore#0.

p>1
where @, (z) = 2""p(2 x) and ¢, (x) = 2#")(2*x). We then define a family of
functions (@uk)u>0k>1 by

( 9(n(n=2)+1)
jZkJSJrl(ju,k)wn—l

1/2
) op*doy-nj,,  for p>1,

ok = 5 1/2
' ] ® x doy-n; for =0,
(]Zle%—i-l(]u,k)Wn_l) v,k

where do; denotes the (unnormalized) surface Lebesgue measure on the sphere of
radius ¢ in R™, w,,—1 the surface of the unit sphere, and

0<jvi<fvo2<...<Jur <...
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denote the positive zeros of the Bessel function J, with v = (n — 2)/2. We define
in a similiar way the functions (¢ux).>0,k>1. Then the Epperson-Frazier wavelet
expansion for a radial distribution f € .#/(R™) is given by

f = Z Z <f7 ¢#7k>1/),u,k-
n>0k2>1

Epperson and Frazier were able to characterize the membership of f to (un-
weighted) Besov or Triebel-Lizorkin spaces in terms of the wavelet coefficients
(f,¢uk). Our purpose in this section is to show that analogous results hold for
the weighted version of these spaces when the weight belongs to the A, class.

We consider the annuli A, 5, > 0, k > 1, defined by
A,u,k = {ZZT S Rn, 2_Hj,/7k,1 < |:E| < 2_Hj,/7k} with jv,O =0,

and denote by X,k = [Auk|"/2x4,, its L*normalized characteristic function.
Given real numbers p,q € [1,00], s € R and a weight w € A we let b,  (w) and
(W) be the spaces of sequences of complex numbers A := (A, k), x such that

: :
sz = (2| 2 Pk )" < o0
#20 kZl P( 7w)
and

[IA]

F3a(w) 1= H(Z ZB“SIAMIXMP)E

p>0k>1

LP(R™,w)
respectively, with the usual modifications if ¢ = oc.
Our first result is the following:

Theorem 3.1. Let p,q € [1,00] and w € As,. Then, the operators

S:feRE] (R, w) = ({f, pr))uk € fpq(w)
and

T:Xxe f3,(w) = > Y Nuwthur € RES (R, w)
u>0 k>1

are bounded, and the composition T o S is the identity on RF;q(R", w). In partic-
ular, || fllrrs  (w) 2 [1S() 15, (w)-

Remark 3.1. The same type of result holds for homogeneous spaces with the usual
modification, namely, by summing over y € Z and suppressing ® and V.

Proof. The case w = 1 corresponds to [9, Theorem 2.1 and 2.2]. Since the proof
in the general case is a modification of those results, we sketch it indicating where
changes are needed. These mainly concern the continuity of the Peetre maximal
function and of the Hardy-Littlewood maximal function for sequences of functions.

Concerning the continuity of S we have as in the proof of [9, Theorem 2.1] that
for any 4 > 0 and A > 0,

D @ k) Xk ()T < Ca2259i0 £ ()] e
k>1
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where ¢, is the Peetre maximal function as defined in ([23) for A > 0. According
to Theorem 2.2] we obtain, taking A big enough, that

1S(llg3.,00 = || (D2 291ef (@)]7) < Ollf s (w)-
n=>0

L,(R™,w)

Concerning the continuity of T, fix A € f7 (w) andlet f =37 0> o1 Auktpu k-
Then for any n € (0,1] such that p/n, ¢/n > 1 we have as in [J] that

1

1l = || (D2 @l % £)7)

< CH ( Z (M(Z@#Sp‘u,kb(u,k)n))%)%

where M is the Hardy-Littlewood maximal function. According to [Il Theorem 3.1]
or [I5] Theorem 1], the vector-valued maximal function between weighted spaces

M :(fu)u € L¥Ug,w) — (M f,), € L%ls,w)

Lr(R™,w)

n

A )
L7 (R™,w)

is continuous when the weight w belongs to the A, class with 1 < «, 8 < co. Here
L(¢£#) denotes the space of sequences of locally integrable functions (f,), such

that
o 7
1l ey = [ (S 1l?) wds <o,
"

Since w € A,, taking n small enough to have p/n > ro ;== inf {r : w € A,} we get
that w € A%. It follows that M : LP/"(Kq/n,w) — LP/"(Kq/n,w) is continuous. We
thus obtain

a
n

1 lg ) < €[ (32 (2@ b)) ")

u>0  k>1

n .1
q||n

Lp(R*w)
n

Since for given p the annuli A, k, K > 1, are essentially disjoint we obtain

gy < € (3 S0 @ klun)?)

p>0k>1

=Cl Al ss ,w)-

L,(R™,w)

The analogous statement for weighted Besov spaces reads as follows:
Theorem 3.2. Let p,q € [1,00] and w € Ay,. Then, the operators

S f € RBp(R™ w) = ((f, o))k € b q(w)
and
T:xeb) (w) =Y > Nuwtun € BB (R™, w)
u>0k>1

are bounded, and the composition T oS is the identity on RB;q(R", w). In partic-
ular, |fllrBs ,(w) 2= [1S(f)los ,(w)- The same result holds also for the homogeneous
version of these spaces.
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Proof. The unweighted case w = 1 corresponds to [9, Theorems 5.1 and 5.2].
For the continuity of S, as in the proof of the previous theorem, we obtain that

D25 ) Xk () < C2°|7 f ()] ae
E>1

where ¢}, is the Peetre maximal function for a given A > 0. Taking A big enough
and using Theorem we have

1
1Sl < C@ 25t f sy ) < CF IRy 0
pn=>0

For the continuity of 7', fix A € by, ,(w) and let f =37 > 3~ Auktuk Then,
arguing similarly as in the Triebel-Lizorkin case we see that for any p > 0,

o i <€ & (S hoarats))’

~o $ (S|l

Since w € Ao, setting as before ry := inf{r : w € A, } and taking n small enough to
have ro < p/n we get that w € Az so that the maximal operator M : LP/"(R", w) —
n

LP/M(R™ w) is continous. Then

Lr(R™,w)

Le/n(Rm w)

1/n 1/n
M4 < M1
HM(Z |)\V7k| XVJC)‘ Lp/'r](Rn’w) - CH Z |)\V7k| nyk‘ LP/W(]R”,UJ)
E>1
o CH )\V v ’
E kX | gy’

k>1

where we have used the fact that for given v, the annuli A, j are essentially disjoint.
We deduce that

”f”RBs Z 2#5(1”‘?# * f”Lp(Rn

n>0
u+1
seX 2t B[S b,
<oy DT S,
pn>0 v=p—1 k>1
<C 2HS‘1‘ A ‘
> 2| S b
n>0 k>1
= ClIAl; )

4. CONTINOUS AND COMPACT EMBEDDINGS OF WEIGHTED RADIAL BESOV
SPACES

In this section we use Theorem to obtain sufficient conditions for the con-
tinuity and compactness of the embeddings of weighted radial Besov spaces, and
apply these results to some relevant examples.
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Theorem 4.1. Let p1,p2,q1,q2 € [1,00] and wy,ws be Ax-weights. There is a
continuous embedding RBS' . (R™, wy) — RB32 . (R™, wsy) provided that

P1,q1 p2,92
w?,
(4.1) g nls1=s2) || & BT € Ly
Cuk ) 41l
-
where
Wt = X 2o @ w0y Wiy = XA, [ Lo2 (@7 05)»
and

1'<1 1) 1'<1 1>
o\, m/), ¢ \e a/,

The embedding is compact provided that [ holds and moreover

lim 2r(s2=s1) || ¢ K2 =0 ifq" =00
p—>+o00 w k
#k ) glle,,
wl
uk ook
\k\—>+oow—2:oo for all p >0 if p* = 0.

pk

Proof. By Theorem it suffices to study the embedding of the corresponding
sequence spaces

by a0 (W1) = b5 g, (w2)
that is, using the notation of [I7, section 3],

ﬂth (2u81£171 (wl)) - ﬂqz (2M82£;D2 (w2))

Notice that the continuity of this embedding is equivalent to the continuity of the

embedding

wy

EQI (2#(51_52)€p ( )) - ng (KPZ)

w2
Indeed
||)\||gq2 (21920, (w3)) = ||)\||g (£py)> with S\Mk = )\”kwik2“52.
We can rewrite this embedding using the notation of [I7] as
wl
lg, (Bulp, (w)) = Ly (£p,)  with B, = Hlo152) = (Wpak) ahes Wy = w—gk
o
According to [I'7, Theorem 3.1], this embedding is continuous if and only if
(B M wpe Dxlle,- u € Lo

which proves that RBP1 o (w1) € RB2 | (ws) if (T holds.

This embedding is compact if moreover

1 B e ow
hm Wy = 00 forallluz()ifp*:oo'
|k|—+o0

which proves the theorem. O
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As an example of application we now consider the case wy(z) = |z|7, wa(x) =
|x|72 with 41,72 > —n so that wi,wy are Ax-weights. In order to simplify the
statement of the following examples we introduce

(4.2) 5::51—2—524—2.
b1 b2

Example 4.1. Let p1,p2,q1,q2 € [1,00] and v1,72 > —n. There is a continuous
embedding RBS* _ (R™, |z|") — RB32 _(R™,|x|"?) provided that

P1,91 Pp2,92
N2>y — 1 _ 1 if p* = N2 e —
{51 pe-n(on) dree {ﬁzzi A
1 2 n p o2
p_1_p_2>p_* pr < 00 >p1 P2 qu<OO

where § is as in [@2)). This embedding is compact provided that the previous con-
ditions hold and moreover

1 1
E—E>(n—1)<———> ifp* =00 and §> 102 if ¢F = oc.
b2 P p1 P2

Proof. Since |x| ~ k27" for x € Ak, we have for i = 1,2 that

AukDp_i-

whie = %A Lo ooy ~ [Auel 72 ((R27H)

Moreover |A,;| ~ k"~127#" Hence

2
w ntv1 _ntyz Y2 o1 1) (L1
—*1”“ N2”( P1 P2 )kpz o (=1 (5; Pl),
w

pk

Then if e.g. p*, ¢* < co then ([@I]) writes

SR GO DGEED) oo and S 2 HED <o
k

ie.

1 1
p*<ﬁ—£+(n—1)<———))<—1 and q*(ﬂ—ﬁ—5><0.
p2 D1 P2 D1 P1 D2

Recalling the definition of p*, ¢* this gives the statement.
Concerning the compactness we have

1
E3

2 p* p L*
21s2ms) 0N (w—lfk> ~ 9G35 =9) {Z W (-5 )}p
w
k

k wk

where the sum in the right hand side is finite.
O

Remark 4.1. (1) It is immediate form the above example that one has an
improvement with respect to the non-radial case, c.f. [12] Proposition 2.8].
Indeed, in the case p* = oo (that is, p1 < p2) we can have 2+ — 12 <0,
in which case § can be negative as well, while in the non-radial case both
values must be non-negative.
(2) An alternative proof of the continuity part of the above example can be found

in [0, Theorem 12]. For the corresponding non-radial case see [19, Theorem
1.1].
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Our next examples concern weights of purely polynomial growth. To this end,

|z|* if x| <1
let wo g = with «, 8 > —n.
o {|x|ﬁ if 2| > 1 b

Example 4.2. Let —00 < 59 <51 <00, 0<p1 <00,0<py<o0oand0 < qr,q2 <
oco. Then, there is a continuous embedding RB;! | (R™,w, 5) — RB;? . (R™) pro-
vided

B 1 1 ; —
{;zm—mg—m if p* = o0

= > 0 if p* < oo

5> max(2, (n - 1)(k - 1)) if¢* = o0,p" = o0
(5>max(z%,(n—1)(pi2—p%)) if ¢* < o00,p* =00

a n ook * n o
5>max(p—1,F) qu =00,p° <00, D* 7£p1
6 > max(.-, 7t) otherwise

Moreover the embedding RB3! . (R"™, wqa,5) — RB32 . (R™) is compact provided that

P1,01 P2,q2
Loty (E - L) ifp=oo
pﬁl > ]% if p* < oo

and

§>max(g, (n—1)(5; —50)  ifp =00
6 > max(-, 7% ) if p* < oo

Proof. Consider first the Besov case. We have

’LU2 1 1 1
Bk k(nfl)(gfﬁ) 2*#”(5*7 5 s

wl, w25 ifk > on

L kT2 itk <ow
X
pk

Then if e.g. p* = 00, ¢* < oo, [@T]) writes

q
3 g a4 (Sup k<"—1><£2—51>—:§> c o
" E<2m

and

q
3 g a4 (Sup k(n—l)(,}z—,}g—%> ‘>
"

which gives the statement. As for the compactness, we need that

The remaining cases are analogous.
O

The generalization to the following two-weighted embeddings is straightforward:



12 PABLO L. DE NAPOLI, IRENE DRELICHMAN, AND NICOLAS SAINTIER

Example 4.3. Let —00 < s9 < 51 < 00, 0 < p1 < o0, 0 < po < o0 and
0 < q1,q2 < oo. Then, there is a continuous embedding RBy | (R", wa, 5,) —
RB3? . (R™, wa, p,) provided

P2,q2
T | e R
B _ 2> X if p* < oo

and one of the following conditions is satisfied:

0 = max(§h — 22, (n—1)(55 — 57))  if ¢* = 00,p" =00
6>max(%—%,(n—l)(p%—p%)) if ¢* < o00,p* =00

§ > max(Tr — 2, 7%) if " = o0,p* < oo, L # ot — 22
6 > max($t — 22, ) otherwise

where 0 is as in ([E2).
Moreover the embedding RB,} (R™, way.8,) — RB;? (R™, Way.8,), P1,P2 €
(0,00), is compact provided that

{Z——Z—> (=15 —55) P =00
1 2 n p %
P > > pr < o0
and one of the following conditions is satisfied:

{5 >max(2 — 2 (n—1)(L - 1)) ifp* =00

P1 P2’ D2 p1

§ > max($t — 92, %) if p* < o0

5. CONTINUOUS AND COMPACT EMBEDDINGS OF WEIGHTED RADIAL
TRIEBEL-LIZORKIN SPACES

Our next result concers embeddings for Triebel-Lizorkin spaces with radial A,
weights. We will follow the approach in [20], which is based on a Gagliardo-
Nirenberg type inequality and two lemmas on products of Muckenhoupt weights
that we recall for the reader’s convenience.

Proposition 5.1. [19, Proposition 5.1] Let ¢,q0,q1 € [1,00] and § € (0,1). Let
p,P0,p1 € (1,00) and —o0 < sg < s1 < 00 satisfy
1 1-6 0
= +— and s=(1—0)sg+ 0s;.
p bo b1

Let further w,wp, w1 € Ax be such that w = w(()l_e
constant C' such that for all f € S'(R™) one has

£l Es ) < CIISI

)p/powfp/pl. Then there exists a

1-6 2]
F;g,qo(w())HfHF;%,ﬂ (w1)”

Lemma 5.1. [20, Lemma 3.1] Let 1 < p < oo and wi,ws € A,. Then, there is
no > 0 such that, for all £,6 € [0,19) one has wy “wy™ € A,.

Lemma 5.2. [20, Lemma 3.2] Let wi,ws € Ax. Then there are ng > 0 and a
constant C' > 0 such that for all €,5 € (0,m0) and all cubes Q@ C R™ we have

—€ 1+6
/ wSwi T dr < C|QIF° (/ w1 dw) (/ wa dx) .
Q Q Q
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Since our functions are supported on annuli instead of cubes, we will need another
auxiliary lemma on the behavior of products of radial Muckenhoupt weights over
these sets. To this end, we first recall the following characterization of radial A,
weights given by Duoandikoetxea et al. in [8]:

Lemma 5.3. [8 Theorem 3.2] Let wg : (0,00) — [0,00] and wy(z) = wo(|x|)
for & € R™. Then wy is in A,(R™) if and only if dpywo is in A,(0,+00), where
Snwo(t) = wo(tH/™).

Lemma 5.4. Let wi,ws € Ax, w1(z) = @1(|z]), wa(x) = We(|z|) for all z € R™.

Then, there exists ng > 0 such that for alle € (0,m0) and any annnulus Dy, = {x €
R™:a < |z| < b},a,be Ry,

—e 1+
/ wfw%"’a de < C (/ w1 daz) (/ Wo da:)
D,y Dy Dgyp

Proof. Fix p > 1 such that w1, ws € Ay, let 19 be as in Lemma B2 and & € (0, no).
Taking polar coordinates we obtain

b
—e, 1+¢€ _ ~—e ~l+e n—1
/ wy “ W,y dz—wnfl/ Wy S wy T dr
Dab a

bn
= Wnp-1 / (671’@1)7E (5nw2)1+5 ﬁ

n

n
b —€ b 1+4¢
S C’wn,l (/ 5n’LZ)1 dT) </ 5nﬁ)2 dT)

where the last bound follows from Lemma (.2 and we have used the fact that
dp1, 0pWe € A,(0,+00) by Lemma Changing variables again we obtain the
desired bound. (I

Now we are ready to prove our result for Triebel-Lizorkin spaces:

Theorem 5.1. Let 1 < p; < py < 00, q1,¢42 € [1,00] and wy,we be radi-
ally symmetric Ao -weights. There is a continuous embedding RFS: , (R™ wy) —

P1,91
RED? o (R™, wq) provided that
w?,
(51) sup 27#(51*52)_l1‘ < 400
.k W
where
’LUAlLk = H)%Aw”Lm(Rn,wﬂa wik = ||>2AM’C||LP2(R",U}2)7

The embedding is compact provided that [B1) holds and

wl
—‘;k:oo for all p > 0.
|k|—+o00 w#k
Proof. The proof has two steps: proving the continuity of the embedding and then
the compactness.
For the first part, we follow closely the approach in [20], which we outline for the
reader’s convenience. Note that it suffices to prove the continuity of the embedding

RE;! (R wy) — RF2, (R™ wa) with g2 < min{pi,p2} since then the result

follows from Theorem 2.11(3).
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Since pa > p1, there exists 6y € [0, 1) such that - —1=00 = 0 (in fact, fo = E2—-1).
For 6 € (0, 1), let

1-0
_ P
€= _11_0 >0
p2 P1
which clearly tends to zero as # — 1, and let v, r, ¢t be defined by the identities
1 1—-0 46
v =w “wy"E, — = + =, sy=(1—0)s; + 0L

D2 P1 T

Then, one can check that wy = w§1‘9>P2/p1vP29/T, r € [p2,+00) and t < s9 < s7.

Moreover, v € Ap, C A, if 6 is sufficiently close to 1 by Lemma [5.I Hence, by
Proposition 5.1 it holds

(5-2) ||f||RFS2

P2:92

Now, since RB; , = RF;, and r > ps, by Theorem AT

Iflrre, ®e o) < CllflREz2

P2:P2

0
(R™,wa) < C”f”RFSl (R",w1)||f||RFrt,r(Rn>v)

(R™,w2)

holds provided that

1/r 1/p2
(5.3) sup 2 #5271 / v / wo < +o00.
E,p Apk Apk

But, by Lemma [5.4]
—€ 1+e
/ v S C / w1 / wa
Auk Auk AM’C
whence, replacing this bound into (53) and noting that sy — ¢t = (s1 — s2)352,
£ =118 and = = L the desired bound finally follows from condition (5.)).
p1 T P2

Since g2 < pa by the above assumption, we may replace RF;2 , on the right
hand side of (5.2) by RF}? ,,, and divide by ||f||RFs2 L (R™ w2) to obtain the bound

||f||RF§§ .

Notice that, in principle, this bound holds in the intersection RF;! | (R™, wy) N

RE;? . (R™,wy), but it can be extended by density to RF,! (R" w1) (see [20,

Proof of Theorem 1.2]).
It remains to prove that the embedding is compact. To this end, let (fx)ren be

such that ||fk||RF51 L) S C. Then, by the embedding we have already proved,
(fr)ken is also bounded in RE? , (w2) with ga < min{p;,p2} and, by Theorem
21 in RB;? , (ws). Since, under our hypotheses, the embedding RB! . (v) —
RB;2 . (ws) is compact by Theorem Bl we have that fp — f in Bf, = F!, .

Pp2,p2

Then,

(R™,w2) < C||f||RF;11 ap (R™,w1)*

Ife = fllrrsz o, w0) < 11— Fl RF S (wny 1% = fH?aF;T(v) -0

which proves our statement.



WEIGHTED EMBEDDING THEOREMS FOR RADIAL SPACES 15

Examples for the same weights considered in the Besov case can be obtained in
an analogous manner. We leave the proofs to the reader.

An interesting special case of the inhomogenous Triebel-Lizorkin spaces is given
by the Bessel potential spaces. In [6] the first two authors proved (with a more
elementary argument) the following result.

Example 5.1. [6, Theorems 6.4 and 7.2] Let 1 <p < oo, 0<s< 2, p<q<pi =

pgﬁ—t;). Then we have a continuous embedding
(5.4) H>P(R™) C LYR", |z|°dx)
provided that

—1)(g —
(5.5) —sp<c< (n=Dla=p)

p
Morevover, the embedding is compact when p < q < pk.

Proof. To see this result as a special case of the embeddings in Theorem [5.1] notice
that H.)) = RF;, and LY ,(|z|°) = RF),(|z|°) provided |z|® € A, (that is, —n <
¢ <n(qg—1)). Hence, this case corresponds to the choice wy = 1, wa = |z|¢, p1 = p,
q1 = 2, p2 = q, and g2 = 2. Moreover, since we are interested in the case ¢ > p,

this implies p* = oo, while ¢* = oo by the choice of spaces. Therefore, we obtain

c < (n*li# and q¢ < pff_—tz). The remaining conditions ¢ > —sp and s < 2 are
needed to have a non-empty interval of admissible values of gq. O

A different proof of the previous example for p = 2 was also given in [5] by the
first two authors jointly with R. Duran, where that result was used to analyze the
existence of radial solutions of a weighted elliptic system with hamiltonian structure
in R™.
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