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Abstract We describe the asymptotic behaviour in Sobolev spaces of sequences of
solutions of Paneitz-type equations [Eq. (E) below] on a compact Riemannian manifold
(M, g) which are invariant by a subgroup of the group of isometries of (M, g). We also prove
pointwise estimates.

Mathematical Subject Classification (2000) 35B40 - 35J20 - 35B33

1 Introduction

Fourth-order equations of critical Sobolev growth have been an intensive target of
investigations in the last years, particularly because of the applications of the fourth-order
Paneitz operator to conformal geometry (see, e.g. [2] or [3] for a survey), and also because
of the parallel that exists between fourth-order equations of critical growth and their second-
order analogues. Independently, we know from the work of Hebey—Vaugon [12] that symme-
try allows us to get better Sobolev embeddings, i.e. the critical Sobolev exponent increases
when considering functions having some symmetry. This fact has already been used in [18]
to prove the existence of an infinity of non-equivalent solutions to a fourth-order critical
equations in R”. These two facts leads naturally to the study of the asymptotic behavior of
symmetric solutions to such equations.

We now describe precisely the problem we are interested in. Let (M, g) be a smooth com-
pact Riemannian n-manifold and G a closed subgroup of the group of isometries Isom (M)
of (M, g) suchn —k > 5, where k = min,cpy dim Gx, and Gx denotes the orbit of a
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386 N. Saintier

point x € M under the action of G. We say that a function f : M — R is G-invariant if
f(gx) = f(x) forany x € M and g € G. Note that if f is invariant under the action of
an arbitrary subgroup G’ of Isomg,(M) then it is also G’-invariant, so that the closedness
assumption on G is not restrictive. We consider equations like

Aiu + ko Agu + hqu = fuzt*l, u > 0, u G-invariant, (Ey)

where Aéu = Ay(A4u) is the Bilaplacian of u for g, A ju = —div,(Vu) being the Laplacian

ofu, 2! = i(fkiki is the critical exponent for the embedding of the Sobolev space H22 ¢ (M),
consisting of the G-invariant functions u € L*(M) such that Vi, V2u € L*(M), into the

Lebesgue spaces L9(M) (in particular, the space HZQG(M ) is continuously embedded in

L% (M): this assertion is a consequence of Hebey—Vaugon [12]), f is a C! G-invariant
function, (k) is a sequence of real numbers converging to some ko, and (hy) is a sequence
of continuous G-invariant functions uniformly converging to some /.. We assume that the
operator AS + koo Ay + hoo is coercive in the sense that there exists some A > 0 such that

forany u € H} (M),

[ (@02 + ke VR + ) vy = i M
M

When k,, and &, are constant independent of «, we refer to Hebey—Robert [11] for a necessary
and sufficient condition for (1) to hold. It is easily seen that a necessary condition for (Ey)
to admit a positive solution u is maxy; f > 0. Indeed, multiplying (E,) by u, integrating by
parts and using the coercivity assumption (1) yields

/fup*dvg > )L||u||§_122 +o(1).
M

We then deduce that f must be positive somewhere, and then maxy; f > 0. From now on, we
assume that maxy; f > 0. We also consider the limit equation obtained by letting formally
o — +ooin (Ey), namely

A2+ koo Agu + hoout = fu 7. (Eso)

Foreacha, letu, be a G-invariant weak positive solution of (£, ) and assume that the sequence
(uy) 1s bounded in H22 (M). The purpose of this note is to describe the asymptotic behavior
in sz of the u,’s. In the case where g, and & are constant independent of ¢, f = 1 and G
is reduced to identity, Hebey—Robert [11] solved the problem by showing that the u, can be
written as the sum of a solution of the limit equation (E~,) plus a finite sum of bubbles plus a
rest strongly converging to 0 in H22. A bubble is a sequence of functions obtained by rescaling
a positive solution of the Euclidean critical equation Agu =u?'inR", g =2n/(n — 4),
where £ is the Euclidean metric. We prove here (cf. theorem below) that this decomposition
still holds in the context of G-invariant functions under some assumptions on the orbits
of G [assumption (H) below] and with an extended notion of bubble. The same technique
can be used to deal with critical equations involving only the Laplacian, generalizing thus
Clapp’result [4] who considered such equations in a smooth bounded open subset of R”, with
the standard Euclidean metric, invariant under the action of some subgroup of O (n).

We now recall some known facts and fix some notations. We refer to Bredon [1] for more
details (see also [7,12]). Let G’ be a closed subgroup of Isom,(M). Then G’ is a Lie group.
For each x € M, we let x = Il(x), where I1 : M — M/G’ is the canonical surjection,
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Asymptotic in Sobolev spaces for symmetric Paneitz-type equations 387

and denote by G'x = {gx, g € G’} (resp. Sx = {g € G', gx = x}) the orbit (resp. the
stabilizator) of x under the action of G’. Then G'x is a compact submanifold of M naturally
isomorphic to the quotient group G’/S,. An orbit G'x is said principal if its stabilizator is
minimal up to conjugacy, i.e. for all y € M, Sy contains a subgroup conjugate to S,. In
particular, the principal orbits are of maximal dimension (but the converse is false). If we
denote by €2 the union of all the principal orbits, then €2 is a dense open subset of M and
/G’ is a smooth connected manifold which can be equipped with a Riemaniann metric g
in such a way that the canonical surjection from € to /G’ is a Riemannian submersion.
We then consider the metric g belonging to the conformal class of g defined by
2

§=vnkag, )
where v(x) = Vol(IT™ 1()c)) = Vol(G'x) denotes the volume of G’x computed with respect

to the induced metric. We will denote by BJ(r) and B q(r) the geodesic balls centered at x
of radius r for the metric g and g, respectively. We let H 2(M ) [resp. H. 2(M )] be the usual
Sobolev spaces of the functions u € LZ(M) suchthat Vu € L2(M) [resp. and VZu e L2(M)]
with the norm ||u||H2 = ||l/t||2 + ||Vu||2 (resp. lull? = ||u|| —|— ||V2u||%). It follows from

the Bochner—Lichnerowicz—Weitzenbock formula that H2 M ) can also be equipped with the
equivalent norm |u ”22 = [ Agull3 + llu ”?12 (see [5]). We will always use this last norm in
2 1

the sequel. We also consider the closure of C°°(M ) for the norm ||.|| H2 that we denote by
1322 (M). Welet H G/(M) [=0,1,2,and H 2 o (M) be the space of G’-invariant functions
in le (M) and H2 (M), respectively:

HI%G/(M) ={ue Hf(M)s.t.Vg € G', u(gx) =u(x)a.e.in M},

o

H3 G (M) = {u €H; (M) s.t.¥ g € G', u(gx) = u(x) a.e.in M].

Weletk := min,cpy dim Gx,and make the following assumption on the G-orbits of minimal
dimension k:

(H) for each G - orbit Gxq of minimal dimension k, there exist § > 0 and a closed normal
subgroup G’ of G such that

G'xo = Gxo (H1)

and, for all x € By, (8) :={y € M, dy(y, Gxo) < 6},
G'x is principaland G'x C Gx. (H2)
We will also need the assumption (H3) defined later. We refer to Faget [7] for examples of
groups satisfying (H). In particular, dim G'x = dim Gxp = k for all x € Bgy, () and we
can consider the Riemannian quotient (n — k)-manifold N := By, (8)/G’. We fix a smooth

cut-off function n € CZ° (R"*) with support in Bp(2) suchthat 0 < np < landn = 1in
Bo(1). Given X1 € N and 8’ € (0, i3(¥1)/2), we let

dg(xy, x)
)

for x € N. Here, i3(x;) denotes the injectivity radius of N at xj.

We define a bubble in this context. Let (x,) be a sequence of points in M converging to
some point xo € M such that Gxg is of dimension k and f(x9) > 0. Then assumption (H)
provides us with a subgroup G’ of G and a§ > 0 such that (H1) and (H2) hold. Let 28" > O be

Ng,6 (X) = n(
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388 N. Saintier

inferior to the injectivity radius of the quotient (n —k)-manifold N := B¢y, (8)/G’. Consider
also asequence (Ry) C [0, +00) such that R, — +00. Given a (non-trivial non-necessarily)
positive solution u € D% (R"=*) [where D% (R"~*) is the closure of C 0 (R"=*) for the norm
llull = ||Aull2] of the Euclidean equation

AZu = f(x0)Vol(Gxo) ™7 [ul* ~2u, 3)
we can define classically a bubble B = (Bg) by
_ n—k—4
Bu(®) = n5,y (DRa * u(Ruexpy) (®), EeN, @)

where exp is the exponential map of (N, ). Since G’ is a normal subgroup of G, the quotient
group G := G/G’ acts on N by gx := gx. This way G C Isomg(N) (see [8]). Note that
Gxg = x¢ in view of (H1). We will assume that

either (i) dimGx > 1 or (ii) Gx is discrete for any X € N\{Xo}. (H3)

In case (ii), the orbit GX, is discrete and we will prove later that its cardinal is bounded
uniformly in «, so that, up to a subsequence, we can suppose it constant equal to k(B). For
notational convenience we also let k(B) = 1 in case (i). We let m be the Haar measure
of G normalized by m(G) 1, and consider, in both cases (i) and (ii), the symmetrized
BG = (BG o) of B under G, namely

Bg ::/éa 0 & din(o) o)

G

Notice that Bé,a is G-invariant. See (39) for the explicit expression of Bé,a in case (ii).
A (generalized) bubble B = (By) of center (Gx,) and weights (R) is then defined by the
relation

By =Bg ,oTl, (6)

where IT : Bgy,(8) — N := Bgy,(8)/G’ is the canonical surjection. Note that B, is
G-invariant.

This definition clearly extends the usual definition of a bubble to the case of G-invariant
functions. We define the energy E (B) of B by

_ Vol G
EB) = / (Aguy2dx — LLOV0 ( al % g, )
]Rn—k Rn—k
and then the energy of the generalized bubble B by
E(B) = k(B)E(B) ®)

Arguing as in Hebey—Robert [11], we can prove the following minoration of the energy:

E(B
where g% = 2 7 Ko(n — k) , Ko(n — k) being the best Sobolev constant for the injection
D3Ry < Lzm (R") (see [10] or [5]), namely
1 . f]R"—k (Agu)2 dx

inf

o > 0. 9
Ko(n —k)  uecx®r—)\(0} (‘/‘R”*k lu|? dx)2/2t
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The value of Ko(n) is explicitly known (see [6,13,15]). If we denote by A the minimum
volume of G-orbit of dimension k, we then have the minoration

E(B) > k(B) (mﬂf}x f) AB* (10)

n—k—4
7

which holds for any generalized bubble. Moreover, since a nonnegative nontrivial solution
of (3) is of the form (see [11,14])

n—k—4
2

_n—k—4 3 A
ux) = flxo)~ ¥ Vol(Gxo)?an—k (m) ’

where A > 0,y e R" ¥, o), = (n(n —4) (n? — 4))(n_4)/8, the energy of a bubble is exactly

n—k—4

E(B) =k(B)f(x0)~ * Vol(Gxo)p* an

Our result is the following:

Theorem Let (M, g) be a Riemaniann manifold, G a closed subgroup of Isom (M) satis-
Sying (H1)—-(H3) and (uy) be a sequence of nonnegative G-invariant solutions of (Ey) boun-
ded in H22 (M). There exist a nonnegative solution ul e H22’G(M) of (Exo) and | bubbles

Bl = (Bé)a, i =1...1, such that, up to a subsequence,

I
ua=u0—|—ZB£[+Sa, (12)
i=1
where the sequence (Sy) C H22 (M) converges strongly to 0 in H22, and

[
T8 ue) = I @) + D E(B') +o(1), (13)
i=1
where ]g and J;o are the functional defined on H22(M ) by (16) and (18), respectively,
x;i = lim xé, the (x";{) being the centers of the bubble B', and E(B') is the energy of B!
defined by (11).
Moreover, if we assume that >0, koo >0 and the hy’s are real numbers with
O<hoo < kgo /4, then either u® > 0 0r u® =0, and there exists a constant C > 0 independent
of o and x € M such that for any o and any x € M,

n—k—4

Ro(¥) 7 |ug(x) —u’(x)| = C, and (14)
lim lim  sup  Re(0)" T |ug(x) — u’(x)| =0, (15)
R—>000=> 400 e M\Q4y (R)

where the (fo)a are the inverse of the weights qfthe bubble B!, Ry(x) = min;—; _; dg(Gxé,
Gx) and, for R > 0, Qy(R) = Uf.‘zl BGX(,-X (Rul,); when there is no symmetry assumption we
refer to Struwe [20,21].

Moreover, we have V f(x;) = 0 for any i in the particular case where u® = 0.

The paper is organized as follow. The first section is devoted to the proof of the
Hf-decomposition, i.e. the relations (12) and (13) for a Palais—Smale sequence for the func-
tional Jg' defined by (16), whereas the second one deals with the proof of the pointwise
estimates (14) and (15).
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390 N. Saintier

2 Proof of the sz-decomposition for Palais—Smale sequences

Let J ;‘ be the functional defined on H22 (M) by

T8 () = /(A u)>dv, + /k |Vul2dv, + 2/ha|u|2dvg

M

/f|u|2jdvg, (16)

and (uy) C H22 (M) be a Palais—Smale (P-S) sequence for J;‘, i.e. the sequence (J;‘ (ug))
is bounded and DJ{ (ug) — 0 strongly in H2 (M)’

It follows from Hebey—Robert ([11], Step 1) that, up to a subsequence, the sequence (i)
weakly converges in H2 (M) and also a.e. to some u € H22’ (M) which is a weak solution of

(Eso). Let vy = ug —u®. Since vy — 0 strongly in H 12 (M), we can prove as in Hebey—Robert
([11], Step 2) that (vy) is a (P-S) sequence for the functional J, defined on HZZ(M) by

1 1
Ty () = 5/(Agu)2dvg - ﬁ/flulzndvg. (17)
M M

Moreover
Ty(a) = T (ug) — I3 %) + o(1),
where J(‘]’o is the functional defined on H22 (M) by

1
T (u) = /(Agu) dvy + /kOO|Vu|2dvg 2/hoo|u|2dvg

M

/flulanvg (18)

According to Hebey [6], there exists C > 0 such that for any u € H22(M ),

n—4
n

2n
[ an,) < Ko [ @i+ Clully,,,

where K¢(n) is defined in (9). The constant K¢ (n) is optimal. Its value is explicitely known
and depends only on n. As for Sobolev spaces of first order, one can improve the order of
integrability when we have invariance under isometries. More precisely, the space Hi (M)

is continuously embedded in L (M) and there exist constants K, C > 0 such that for any
2
u € H2 (M),

2
28

t ~
/|u|2 dv, | < K/(Agu)zdvg + C||u||§112. (19)
M M

This result can be proved as in Hebey—Vaugon [12] (see [19]). We define Ko to be the smallest
possible constant K in (19). In other words, for any € > 0 there exists C¢ > 0 such that for
any u € H22’G(M),
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2

2f
/|u|2‘dvg < (1%0 + e) /(Agu)zdvg + Cellullye. (20)
M M

and Ky is the least constant such that such an inequality holds for any € and u. The value of
K is studied in Saintier [19]. We can now adapt the argument in Hebey—Robert ([11], Step 3)
to prove that if (w) is a (P-S) sequence for J, such that

wy — 0 weakly in H22 and lim Jy(wg) < || flloo 74 B,

. _n—k

K, * ,then

where g% = ﬁ

wy — 0 strongly inH22 .

Using this remark and the minoration (10) of the energy of a generalized bubble, we can
prove the theorem by induction by repeated use of the following lemma:

Lemma Let (vy) be a (P-S) sequence for J, converging to 0 in H22 weakly but not strongly.
Then there exists a generalized bubble B = (By,) such that wy, := vy — By is a (P-S) sequence
for Jy weakly converging to 0 in H22. Moreover

Jg(wot) = Jg(va) — E(B) +o(1).

The remainder of this section is devoted to the proof of this lemma. According to the
density of the set of smooth G-invariant functions on M in Hf (M) (see [12]), we can
assume that the v, ’s are smooth. Independently, since the v,’s don’t converge strongly to 0,
the definition of a (P-S) sequence implies that there exists 8 > 0 such that

/(Agva)zdvg = %ﬂ +o(l) Q1)
M

and

/f|va|2tdvg = %ﬁ +o(l)
M

n—k—4

with 8 > || flloo K B% > 0. Since M is compact we deduce the existence of a point xo € M
such that for any § > 0 small,

lim sup / Flval¥dv, > 0. (22)
By ®)

Such an orbit is called orbit of concentration. We first give some basic properties of such
orbits:

Step 1.1 (1) There are a finite number of orbits of concentration. If Gx¢ is one of
them, then dim Gxo = k and f(xp) > 0. In the particular case where u% = 0 and
DJ;‘ (ug) = 0, we have also V f(xg) = 0. Moreover Gx is an orbit of concentration
if and only if for any § > 0,

lim sup / (Agvg)?du, > 0. (23)

a—>—+00
BGXO (O]
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(2) Let Gxg be an orbit of concentration for (vy). According to 1) and in view of
assumption (H), there exist 89 > 0 and a subgroup G’ of Isom4(M) such that we can
consider the Riemannian quotient (n — k)-manifold (N := Bgy,(80)/G’, §). Then X
is a point of concentration for (vy) in the sense that for any § > 0 small,

lim sup / (Azie)*dvg > 0 (24)
a——+00 R
BL )

where ¢ is defined by (2), and vy (X) = vg (x).

Proof We first prove (1). Assume that Gxg is an orbit of concentration of dimension k' > k.
Then there exists § > 0 such that dim Gx > k' > k for any x € Bgy,(8) (see [8, lemma

2]) Since 2% = 2(",{3 < i("k/k) it thus follows from Hebey—Vaugon [12] that the injection

H22,G (BGxo(8)) — L (BGxy(8)) is compact for all 8’ € (0, 8). In fact, the results proved
in Hebey—Vaugon [12] only concern Sobolev spaces of first order but can easily be extended
to the second order (see also [19]). Since v, — 0 weakly in HZZ(M ), we get a contradiction
with (22). Hence Gxg is of minimal dimension k.

Since the sequence (v,) is bounded in Hi (M), there exist two positive G-invariant

measures @ and v such that |va|2udv9 — v and (Agva)zdvg — p weakly in the sense of
measures. Let € > 0 and C¢ > 0 be such that (20) holds. We thus have for any G-invariant
function ¢ € C2(M) that

R

/ pval¥dvy | < (Ko+e) / (B (@ve))*dvy + Cellgvallyo-
M M

Since v, — 0 strongly in H]Z(M ), we get by passing to the limit « — +o0 and then e — 0
in this inequality that

2

/|¢|2”dv <R /¢>2du

for any G-invariant function ¢ € C%(M). By density, this inequality also holds for any
G-invariant function ¢ € C(M). Lemma 1.1 in Lions [15] then gives the existence of I C N,
a sequence of points (x;);ic; C M and two sequences of positive reals (u;)iey and (v;)ier
such that

2t
vl dvg — v =" vidGy
iel
2
(Agva)’dvg = i = D" 1ti8Gy, and
iel

2

v < KopiViel. (25)

where gy, is defined by d¢gy, (¢) = fG ¢(ox;j)dm(o) for ¢ € C(M), m being the Haar
measure of G such that m(G) = 1 [in particular, if ¢ is G-invariant, then 8¢, (¢) = ¢ (x;)].
Let ¢ € C(M). We can write that
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o(1) = DJy(va)-(vadh)

= / Agug Ag(vad)dvy — / f1val? pdv,
M

M

:/¢(Agva)2dvg+/vaAgvaAg¢dvg
M

M
2 [ 8 (Tva VOdv, = [ Flua o,
M M

Using Holder inequality and the strong convergence v, — 0 in H ]2(M ), we get by passing
to the limit in this relation that [,, ¢dp = [,, fédv for any ¢ € C(M). Hence o = fv.In
particular

wi < f(x;j)v; foranyi € I.
Hence f(x;) > 0 forany i € I and, using (25),
i = (Ro)= =0/ 4 (max f)=0r—k=4/4
- M
for any i € I. We thus get with (21) that

n—k
2

B = /(Angzdvg +o(l) = (M) = D" i
M

> (card 1)(k0)7(”7k)/4(mﬁ:5[1x )y~ (k=74

which implies that 7 is finite, i.e. (vy) has a finite number of orbit of concentration, namely
the Gx;, i € I. Eventually,
w=fv=2 vif@)scy (26)
iel
which implies the equivalent definition (23) of an orbit of concentration.

Assume now that u® = Oand D J. g (ug) = Oforall @, and consider an orbit of concentration
Gx;. We are going to prove that V f (x;) = 0. Let G’ be the group given by (H) at the point
x;. Let ¢ be a smooth G-invariant function with compact support in some neighbourhood
Bgy,; (8) of Gx; not intersecting other concentration orbit, satisfying V¢ (x;) = V f(x;) and
V2¢ (x;) = 0. Then the function (Vi V@), is smooth and we can write that

1 2
Vil Vf i) 4 o)

1 21
= ?/(Vfa V¢)g|ua| dvg
M
1
-5 / (V(Flual), Vo) dvy — / Flital 2ua(Vita, V) ydv,
M M

1 i
= ?/f(Ag¢)|ua|2 dvg—/AguaAg(Vua,V¢))gdvg
M M

- / ke (Vitg, V(Vitg, Vb)) dvy — / hata(Vitg, V) ydv,.
M M

@ Springer



394 N. Saintier

Since Ay (x;) = 0, the first integral tends to 0. The same is also true for the last one by
Holder inequality. We can write the third integral as

/klx(vu()M V(Vug, Vqs)g)gdvg
M

= /(Vua, V (ke (Vitg, V$)g))gdvg + O(Vitg13)
M

= /ka(Vua, V@)gAgugdvg + o(1)
M

with, by Holder inequality,

/ka(Vua, V§)gAguaduvg| < Cl[Vugll2| Aguallz = o(1)O(1) = o(1).
M

Hence

1
5 VIV 15 ) Agltq Ag(Vitg, V) gdvg + o(1)

Agitg Ay (Viig, Vé)godvg + o(1)

M

N
where N = Bgy;(8)/ G, ug = lig o I, ¢ = Goll, I1: Bgy; (8) — N being the canonical
surjection. Following Robert [16], we write, using the Cartan expansion of g in the exponential
chart, that

Ay(Viig, V§); = (V(Agitg), V)5 + O(Vitglz) + O(x||V2ilglz)
+0(V2iig|51V?013).

By Holder inequality (25) and since the sequence (iy) is bounded in H22 (N) and converges
strongly to 0 in le, we have:

/lAgﬁaIIVﬁalgﬁdvg < CllAgua|l2I Vi ll2 = O(1)o(1) = o(1),
N
/IAgliaIIXI|V2IZaIg|V¢_5|gl7dvg < C8||V2%iig 21| Agitgll2 = §0(1) and
N
1
2

[ 18580119%,15190 15000, < 1Tl ([ 1926208 0 Py,
N M

=C (\/ V2l (x:) +0(1)) =o(l),
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where o(1) — 0 and O (1) are independent of §. Hence

1 _
ﬁvinl;(x,-) = —/Agﬁa(V(Agﬁa),V(j))gﬁdvg—i-o(l)-i-SO(l)

N

= —/Agua(V(Agua), V) dv, + o(1) +80(1)

M

M

1
-3 /(Agua)zAg¢dvy +o(1)+380(1)
M

=o(1) +50(1),

Letting « — +o0 and then § — 0 gives V f(x;) = 0.

—% /(V(Agua)27 V) dvg +o(1) +80(1)

We now prove (2). The metric g being defined by (2), we have dvg = 17_"554 dvg and

(see [9]),

n—k—2._

_ __2 _ _n=k=6 _ _
Aglg = Vi k=2 Agy + —————v %4 (Vy, V).

n—k—4

Then for § > 0 small,

/(Agva)zdvg: /(Agﬁa)zﬁdvg
BGx (8) BY (9)
= / (Aga)*dvz + 11 + I

BY )

where /| and I, satisfy estimates of the form

I <C / |V17a|§17dv§§C / V|5 0d v

7 g
BY (6) BY (®)

e / IV val2du,,
By ®)

and

bl < C / gl - [Vial; dvg
B2 )

= CllAzv|l |Vl

sl i
L2(BY, 6) L2(BY, (4))

=< C“ Agl_)l)l ”LZ(BQ ) ”Vvol ||L2(BGX0 )"
0

€2))
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Since vy, — O strongly in H{ (M), we deduce that
/ (Agve)*dv, = / (AzUe)*dvg + o(1).
BGx, (8) B}%’O )
Letting

m = inf p"/"1=k=H,

BL )
we get that Bgo ) C Bgo (8/m), and thus
(Agve)’dv, < / (Azie)*dvg + o(1)
By (8) 8 6/m)
which, together with (23), proves (24). m]
The next step shows that the notion of (P-S) sequences passes to the quotient.

Step 1.2 Let Gxq be an orbit such that there exist 8y > 0 and a subgroup G’ C Isomgy(M)
satisfying (H1) and (H2). Then (vy) is a (P-S) sequence for the functional J; defined on

H3 (N) by
- 1 _ 1 S ot __ 4
T3 (i) = E/(Agu)zdvg— ?/flulz v =t dvy
N N

where N = Bgy,(80)/ G, f oIl = fand IT : Bgy,(6p) — N is the canonical surjection.
Proof Let¢ € C2°(N) and ¢ € C° (Bgx,(80)) such that ¢ o IT = ¢. Then
oM@l 2 = DJy(ve)¢

i
= / Agug Agpdvg — / f|va|2 2vo[dwlvg

By (80) B (80)

_ - PN C
— [ @gioapiay - [ fia g, (8)
Bgo((S) B;go(a)

Using the metric g defined by (2), we have
Fi= 282- 7- Fi- 2 T4
R TR B e P T S
BZ (5) BY )
In view of (27), we see that
/ (AgUe) (Agp)vdvg = / (AgUa)(Ag@)dvg + 1) + I

g g
B (5) B (5)
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where /] and I, are terms satisfying, by Holder inequality, estimates of the form

L] =C

[ 19adu; (125613 + 1V613)

BY ®)

= o(lIBl20)-

and
n—k—-2 [ __ - _
L= m/v ' (V. VD), Agia dvg
N
n—k—2 _ —_1 - —
= m/(VUO,,V(v (V¢,Vv)§))§ dvg
N

OMIVaall 247 (5 19Nz vy
= oMl 2wy
Hence (28) becomes
DI3(@)¢ = 0(DII@ 2
]

As explained above, there exists an orbit of concentration Gxg. According to Step 1.1,
dim Gxo = k. Assumption (H) then gives 8o > 0and a subgroup G’ C Isomq(M) satisfying
(H1) and (H2) on Bgy,(280). We let N = By, (80)/ G’ and consider, for ¢ > 0,

Qa (1) := sup /(Agﬁa)zdvg.

XeN
In view of Step 1.1, there exist A¢ such that, up to a subsequence, for any o
Qu(d0) = / (Aj0a)*dvg = o.
BY (60)

Since Q, is continuous, we then get for any A € (0, Ag) the existence of 7, € (0, §p) and
Xo € N, Xo — Xo, such that for any «

Qu(le) = / (Agva)’dvy =
BY (ta)
In view of Step 1.2, (vq) is a (P-S) sequence for J_g on H22 (N). According to

Hebey—Robert [11], there exist a sequence Ry — +ooandv € D3 (R"¥) (where D3 (R"~*)
is the completion of CZ° (R"*) for the norm u > || Agul|2) such that

b = vin HE o (R7) (29)
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and v # 0, where, if i3(xo) denotes the injectivity radius of (N, g) at Xo,

n—k—4

Uo(x) = Ry > g (exps, (Ry'X)), x € By (Raiz(Xo)).

We now prove that

Step 1.3 v is a solution of the Euclidean equation

P, S g
Afv = f(%0)b(Eo) k4 [v[* v
4

= f(XO)VOZ(GXO)_n—kﬂt |v|2ﬁ—2v.

(30)

€1V}

Proof Let ¢ € C° (R”_k) and R > 0 such that supp ¢ C By(R). For « large enough, we

define ¢ € C°(N) by

n—k—4

$oa(X) =Ry > ¢ (Ryexps, (X)) .
Then (¢ ) is bounded in };22 (N). Thus
o(1) = DJ;(Va) ¢
= / Ag, Vo Ag, ¢dvg,

Bo(R)

__4  _
- / 1501?20 (exps, (Ry %)) 75 F (exps, (Ry'x)) dvy,

Bo(R)

where g, is the metric defined in the Euclidean ball By (i3 Ry) C Rk by

G (x) = (exp}, 3) (Ry'x).

Since Ry — +00, the g,’s converge locally uniformly to the Euclidean metric &. Passing to

the limit, we then get with (29) that

/ AevAed dx — f(5o) (i) 7= / v 2ug dx =0

Rn—k Rn—k
forany ¢ € C° (R"_k), which proves (31).

For § > 0 small, we let
n—k—4

Bo(®) = 15, 5(ORe * v (Reexpy! ()
and Wy = Uy — By. Then, according to Hebey—Robert ([11], Step 3),
By — 0 weakly in H22 (N),
DJ_!}(BQ) — 0 and D.l_g(li)o,) — 0 strongly in H22(N),
J5(Wa) = J3(0a) — E(v) + o(1)

where

2

4
E(v)=%/(Agu)2dx—w / lv% dx.
Rr—k Rn—k
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We now prove that these relations still hold when considering Bé,a as defined in (5) and

IZJG’a = Uy — BC’;,“.

Step 1.4
éé,a — 0 weakly in H22(N), 35)
DJ_,@(B(;,Q) — 0 and D.]_g(lz)(’;’a) — 0 strongly in H3(N),
T35 o) = J3(Va) — E(B) + o(1), (36)

where E(B) is defined in (8).

Proof If (i) dim G%, > 1 up to a subsequence, we claim that

1Ba = B o3 = 185(Ba = B )13 + 1V (Be = Bg )13 + 1B = Bg o113 = 0.
In view of (32)~(34), this will prove Step 1.4 in that case. We prove that || By — Bg ,II5 — 0.
The convergence of the gradient and laplacian term can be proved in the same way. Since by

Jensen’s theorem
2

1By — B I3 = / / (Bu(®) — Bo(6(5)) din(@) | duy(®)
N \G

< / / (Ba(®) — Bu(3(0))? dii(5)dvy (),
N G

it suffices to prove that
|Bo = BuoGllg >0
uniformly in & € G. To do this we write, given a & € G, that for any R > 0
1Bo = Ba 0 &l 1200,
< 1Ba = Bull 528, (Riser) + 1 = B © 3 5206, (Rua
+e 06 = Bu 06l 25, (Rug) + 21Ball 2B, Rie)
= 21 Ba = Vel 2 s, (R + 2Bl 2o, (Rite)
since 7, is G-invariant, where pq = R, 1 Assume for the moment that

sup dg (0 Xa, Xo) < Clig (37

oeG
for some constant C > 0 independent of & and o'. Then B % (Rpta) C Bz, (R py) for some
R’ > R. It follows that

||Ba - Ba o 5”1122(1\/) =< 2||ch - l_)a”sz(B)Ea(R/lLa)) + 2”3&”1-122(1\/\3}&(1?#&))

which proves the claim in view of (_29) and the definition of By
It remains to prove (37). Since Gxg = Xg, we have to prove that

dg_](iou X0) < Cpg.
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We do this using ideas from Faget [8]. For any 6 € G, 5(Xp) = %o [because Gxg = G'xp
according to (H1)], so that do (xo) : TzyN — Tx,N. Moreover do (xg) = exp;()l 00 o
expz, € Isomg(z,) (Tx,N). In the exponential chart at Xo that we consider, g(Xo) = & the
Euclidean metric. Welet S’ = {d& (%), 6 € G} C Isomg(Tx,N). There holdexpi_ol(éi) =
A\ (expg, (&) for any x € N sufficiently close to Xxo, in particular for x = x,. Considering
the exponential chart at Xy and identifying (7%, N, &) with (R", &) via an orthogonal map, it
follows that we only have to prove that

dE (X, 0) < Clg.

Since Xy is the unique finite orbit under G, ds (¥y, 0) < diam(S}X,), where S denotes the
connected component of the identity in ', and diam the diameter (see [8, lemma 9]). If we
assume by contradiction that di am(S}ia) > Uy Ng for some sequence Ny, — +00, then we
can find N, distinct isometric balls centered at points of S})Ea and whose radius r, satisfies

2Nyry > diam(S)Zy)

(see [8, lemma 8]). Since these balls are isometric,

_ #t _ #t
o) =/|va|2 dv; = Ny / a2 dvg,
N

BY (ra)
so that
/ |5 dvg — 0.
BY (ra)
On the other hand,

- 2t o ~ 28
/ |5a|” dvg = / al™ Ve 5yrg 100

B,ga (re) Bo(Rara)

where U is defined by (30). From 2Ny r, > diam(S})Ea) > uaNo%,we getthat Ryry — +00.
Moreover (exp;a 9)(R;'x) — & locally uniformly. Hence, for any R > 0, we obtain by
passing to the limit using (29) that

/ /% dx = 0.

Bo(R)

This contradicts the fact that v # 0.

If we are in case (ii) of hypothesis (H3), then each orbit Gi, is discrete. Since G acts
continuously on N, the orbit of X, under the action of any connected component of G is a
point. Hence the cardinal of Gx, is less or equal to the number of connected components
of G which is finite since G is compact. Hence, up to a subsequence, we can write that
Giy = {xo = )E;, ce, i(’;} for some k independent of «. Notice that v, has the same
asymptotic behaviour along each sequence ()E[’;t) since we pass from one to another by an
isometry. Applying the method described in lemma 2.2 in Hebey—Robert [11] successively
to the sequences ()?Olt), e ()Zf;), and (32)—(34) each time, we get (35) and (36) but with the
function
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k = L Lo
> st ORa * u(Reexpy) o () = Buo (@)
i=1 i=1

in place of Bé,u’ where the 6&’5 are such that )Eé = 6&()2(1), i=2,...,k, 601 = Id. Notice
that the function defined by this sum is invariant under the action of G /S, where S, denotes
the stabilizator of x.

To get the full result, it suffices to prove that each term of this sum can be replaced
up to o(1) term by a S,-invariant function. We will prove this for B, which is the term
corresponding to ()Eolt).

Let B S = f 5, By 0 & ding (&) be the symmetrized of B,, under S,,, where m,, denotes
the Haar measure of S,. We are going to prove that

1By — B, o ll g2 — 0.

As above it suffices to prove that for any € there exists ¢« such that for any o > «p and any
Ou € Sa»

1B — Bo 0 Gall 2 < . (38)
Given some G, € Sy and R > 0, we write as previously that
1Ba = B Gl 2y,
= 1Ba = Ball u2 s, Rpeary + 190 = B © Gl 28, (Rysa)
e © G = B 0 Gall u2 s, (Rug)) + 21 Ball 120\ Be, (R
< 201Ba = all 28y, Rysay 2 Berll 20\ B, (R

since Bz, (R ) is invariant by Sy according to the definition of S,. This proves (38) and as
explained above proves (35) and (36) in case (ii). Notice that

k
Bg, = Z By 406" (39)
i=1

We now define a bubble (B,) by the relation
By =Bg oIl

[see (6)] and wy = vy — By = 12)@’ o« © T1. We claim that the following holds:

Step 1.5
we — 0 weakly in Hy (M), (40)
DJy(By) — 0and DJy(wy) — 0,
Jg(we) = Jg(va) — E(B) + o(1) (4D

Proof We first prove that B, — 0 weakly in H22(M ) [which implies (40) since v, — 0
weakly in H22 (M)]. Since (By) C H22 o (M) is bounded in H22(M), it suffices to prove that
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By — O weakly in LZ,(M). Let ¢ € LZ,(M) and yy € L*(N) be such that ¥ = v o IT in
Bgx,y(25). Then, using (35),

- - 4
/Bawdvg = / B o yv = =tdvg — 0.
M N
We prove in the same way that D J,;(B,) — 0. We now prove that

DJy(wq) — 0. (42)

Let ¢ € HiG(M), 8 € (0,80/6) and no = 1z, 35 € C°(Bgx,(68)). For « large enough
so that dj(xy, Xo) < & [in particular supp By C B;,(28) C Bgy,(36)], straightforward
computations yield

DJy(wa)p = DJy(we)(10¢) + DJy(we)(1 = 10)h)
= D) (10®) + DJy(wa) (1 = m0)$)

=o0 (||M|IH22(N)) +o (||(1 - 710)4’”1—122(/14))
=0 (||¢||H22(M)) (“43)

Now consider ¢ € H22(M )etpg € H22’ (M) defined by

#G (x) =/¢(UX)dm(0),
G

where m is the Haar mesure of G such that m(G) = 1. Then, according to what we just did,
we have

DJy(wa)dpg = o(DldGl 2

with

DJ,(wy)dc :/ /Ang,Ag(¢oa) dvy | dm(o)

G M

—/ /f|wa|2“*2wa<¢>oa)dvg dm(o)
G M
=D~Ig(wot)¢

and, using Holder inequality,

2
16613,

2 2

:/ /Ag(¢oo)dm(a) dvg—i-/ /V(¢oa)dm(o) dvg
M |G

M
2

G
+/ /(¢oa)dm(a) dvg
M \G
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< //(Ag(¢oa))2dvgdm(o)+//|V(¢oa)|§dugdm(a)

G M G M

+//|¢oa|2dvgdm(<7)

G M

= 9l
Hence
DJy(wa)¢ = o)1l 2

for any ¢ € H22 (M), which proves (42).
It remains to prove (41). We write that

21
M\ Bgx (20) M\ Bgx (20)

1 1 1 =
Jywa) = 5 / (Agvg)dvy — — / Flval* dvg + T5(0g o)
We then get using (36) and the arguments of the Proof of Step 1.2 that

2t
M\ By (28) M\ By (26)

—E(B) +o(1)
= Jy(va) — E(B) + o(1)

1 2 1 2:1 -
Jg(wa) = 5 (Agva) dvg ey S1val dvg + -]g(va)

which proves (41). Note that v # 0. O

This ends the proof of the Lemma and thus of the H%—decomposition for a (P-S) sequences
(ugy) for Jl;" of arbitrary sign. If we assume that u, > O for any o, then ° > 0 a.e. since
ue — u® weakly in sz and thus also almost everywhere (up to a subsequence). Moreover,
according to Hebey—Robert [11], the B! are bubbles and hence so are the B', 1 <i < k.

To conclude this section, let us remark thatif f > 0, koo > 0 and the &, ’s are real numbers
with 0 < hgo < kgo/4, then 1 is smooth and either u® = 0 or u® > 0. Indeed, since u° is a
solution of (E ), we have

koo g 0 0 242 K
(Ag+7) u =bu’, b= fu~" +%°—hoo.

Since b € L"*(M), lemma 2.1 in [5] gives that u® € LS (M) forall s > 1. Hence, according
to the standard regularity theory, u® € H (M) forall s > 1. In particular u® e C*(M). From
the maximum principle and noting that

k 2
(Ag+ %) u’ =0,

we then get that either u% = 0 or u® > 0. In both cases, we deduce that u° C®(M).
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3 Proof of the C%-estimates (14) and (15)

We assume that f > 0, koo > 0 and the h,’s are real numbers with 0 < hy < kgo/4.
Let (u#,) be a bounded sequence of positive solutions of (E,). We prove in this section the
pointwise estimates of the Theorem following Hebey—Robert [11] and Robert [16].

We first prove (14). According to the remark concluding the previous section, we know
that u® € C (M), where uY is the weak limit in H22 of the u,’s. It thus suffices to prove that
there exists C > 0 such that for every « and every x € M,

Ra ()" ug(x) < C. (44)
Actually, we are going to prove the following stronger result: there exists C > 0 such that

n—k

Ve (x) = R, ()" ug(x) < C (45)

forall x € M and all @ > 0, where

R, (x) = _min Idg(G;x, Gixl)
andforalli € {1, ..., 1}, the group G/ is given by hypothesis (H) at the orbit of concentration
Gxl,, where limg s 100 X}, = x._.

We assume by contradiction that there exists y, € M such that

Vg (Vo) = max vy (x) — +00 (46)
xeM
when @ — +o00 and we let uq = ug(Ve) Z"*4 — 0 when « — +oo. We let

limy— 400 Ya = Y0, Up to extraction.

We claim that the orbit Gyg has minimal dimension k. Indeed, we argue by contradiction
and assume that dim Gyg > k. As in Step 1.1, we then get that there exists § > 0 such that
limy— yoo Uy = u®in L (BGy, (8)). It then follows from (E, ) and standard regularity theory
that limg— 400 #e = u° in C O(BGyO (8")) for all ' < §. A contradiction with the assumption
(46). This proves the claim.

We then let G’ be the group given by hypothesis (H) at the point yy. We let
Iy = {i ell,..., l}/xé>O € Gyo} (note that Ip may be empty). Then, for all i € Iy, we
have that G’ = G/. We consider the quotient manifold N := Bgry,(8)/G’, where § > 0 is
small and given by (H). Here again, we consider the function i1, (X) = uy(x) for x € N.
We fix Ry € (0,i3(y0)) and we consider the function w, defined on the Euclidean ball
Bo(Ropg ") by

n—k—4

Wo (X) =g * il (expy, (aX)).

In this expression, the exponential map is taken with respect to the metric g. For p > 0 and
x € Bo(p) C R"* weletz, € M be such that G'zy = 7y = expy, (LaX). Given i € I,
we get that
dy(G'za, G'xg) = dy(G'xy, G'ya) — dg(G'ya, G'za)
= R:y(ya) - dg(ﬁa, za)
> R:x(ya) — Malx]

PHa ’
1-— R, (yq).
= ( R(/x()’a)) « ()
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By definition of y, and ji4, we have that uq R}, (y«)~! — 0 when @ — +00, and hence the
right-hand-side of the above equation is positive. In case i & Iy, we get that

QEIEOO dg(exps, (Hax), Gix,) = dy(G'yo., Gixg)
= dy(Gyo, Gx')) > 0in CD _(R"75).
Since R}, (yo) — 0 when o — +o00, we then get that

PHa
R&()’a)

1
Ry, (expy, (X)) = 5 (1 - ) Ry, (ye) >0

for all x € By(p) and all « > 0. We can then write for x € By(p) that

n—k—4
Mo : Vg (Zar)
We () = n—k=4
R}, (expy, (ko)) 2
_ n—k—4 _
< pn—k=4)/2 (1 _ PHa ) T g (Ya) lvotk();a)
Re(ve) R, (o) T
nflch4

< p(i=k=4)/2 (1 _ f/’l/va )_
R}, (¥a)

uniformly for x € By(p) C R" ¥ when « — 400. Thus the sequence (wy) is uniformly
bounded on every compact subset of R” ¥ Let g, be the Riemannian metric on R" ¥ defined
by

Ja(x) = expj?ag(uax).
Equation (E,) becomes

~ . ~ ~ 5o~ #_
A_z'}a (UO{A_(_]O( Wy) — Mikadlvﬁa (Ve Vwg) + Mihavawa = favawg !

where /14 (x) = ho(exp;, (1aX)). fa(x) = f(exp;, (1LeX)). and Ty (x) = B(exp;, (LaX)).
Since @y — 0 when @« — 400, the metric g, converges to the Euclidean metric £ in
Clzoc (R"%) when @ — +o00. It then follows that, up to extraction, there exists w € CHR"Hky
such that

lim wy = win C} (R,
oa—>+00

Since wy (0) = 1, we get that w(0) = 1 and then w # 0. We let R > 0. Since
/ wgﬁ dvg, = / ﬁiﬁ dvg = / Vol(G’x)_luit (x)dvg(x),
Bo(R) Bs, (Rite) Bgryy (Rita)

we get that

lim / w2 dv, = Vol(Gyo) / w? dve > 0.

a——+00
Bty (Rita) Bo(R)
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With the H22 decomposition of Theorem, we then get that

2_
l
1<cC / u+ D BL+ S, ) dy,

By (Rita) =l

l
=c> / (BL)Y dv, + o(1)
=B Gy, (Rita)

<c> / (B dv, + o(1)

i€log;,  (Rita)

<c> / (BL)Y dvy + o(1)
1€lops, (Ryta)

where, here again, we have taken the quotient w.r.t. the group G’: this is licit since we work
at the points xc’; such that xéo = yp. We can then prove exactly as in Saintier [12] that the
right-hand side of this inequality goes to 0 as « — +00. A contradiction, and then (45)
holds.

We claim that (44) holds. Indeed, the proof goes by contradiction and we consider a

sequence of points (y,) such that limy_, 40 Ry (x)#ua(ya) = +o00. With arguments
similar to the ones above, we get that limy_, yo0 Yo = Yo € M is such that Gyy is an orbit of
concentration of the u,’s. Hypothesis (H) yields a group G’ that satisfies (H1) and (H2). With
(H2), we get that dy(Gyy, Gx},) < dy(G'yy, G'x}) for the i’s such that limg—, 4 X%, € Gyp.
Studying separately the remaining i’s, we get that Ry (yy) < cR),(yo) and we apply (45) to
get a contradiction with our initial assumption. This proves that (44) holds.

The proof of (15) goes the same way: if (15) is not satisfies, then we construct a sequence
(o) which traducts it. We blow-up u, at y, and we get a contradiction as above.
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